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Preface

In the twenty-first century, separations remain as important, if not more important, than in the previous
century. The development of new industries such as biotechnology and nanotechnology, the increased
importance of removing traces of compounds, and the probable need to recover and sequester carbon
dioxide have brought new separations to the fore. Chemical engineers must understand and design new
separation processes such as membrane separations, adsorption, and chromatography in addition to the
standard equilibrium-staged separations including distillation, absorption, and extraction. Since
membrane separations, adsorption, chromatography, and ion exchange were included, I changed the title
of the second edition from Equilibrium Staged Separations to Separation Process Engineering to reflect
this broader coverage. The new title has been retained for the third edition with the addition of a subtitle,
Includes Mass Transfer Analysis, which reflects the addition of Chapter 15.
The second edition was unavoidably longer than the first, and the third edition is longer than the second.
The first major addition to the third edition is the extensive Chapter 15, which includes mass transfer and
diffusion. Both the Fickian and Maxwell-Stefan approaches to diffusion are covered in detail with
examples and homework assignments. The old Chapter 15, which applied mass transfer techniques to
equilibrium-staged separations, is now Chapter 16 with the removal of Section 15.1, which is now
incorporated in the new Chapter 15.
The second major change is a much more extensive analysis of liquid-liquid extraction. Chapters 13 and
14 in the second edition both covered extraction, washing, and leaching. In the third edition, the material
is reorganized so that Chapter 13 covers only extraction and Chapter 14 covers washing and leaching. In
addition to the McCabe-Thiele, triangle, and computer-simulation analyses of extraction, Chapter 13 now
includes a section on the detailed design of mixer-settlers and a shorter section on the design of Karr
columns. Mass transfer analysis of liquid-liquid extraction systems has been added to Chapter 16.
All of the chapters have many new homework questions and problems. More than 300 new questions and
problems are included. Since all of the problems were created and solved as I continued to teach this
material at Purdue University, a Solutions Manual is available to professors who adopt this textbook for
their course. A number of spreadsheet problems have been added, and the answers are provided in the
Solutions Manual.
Since process simulators are used extensively in commercial practice, I have continued to include
process simulation examples and homework problems throughout the text. I now teach the required three-
credit, junior-level separations course at Purdue as two lectures and a two-hour computer lab every
week. The computer lab includes a lab test to assess the ability of the students to use the simulator.
Although I use Aspen Plus as the simulator, any process simulator can be used. Chapters 2, 6, 8, 10, 12,
13, and 16 include appendices that present instructions for operation of Aspen Plus. The appendices to
Chapters 2, 4, 5, 15, and 17 have Excel spreadsheets, some of which use Visual Basic programs. I chose
to use spreadsheets instead of a higher-level mathematical program because spreadsheets are universally
available. The appendix to Chapter 18 includes brief instructions for operation of the commercial Aspen
Chromatography simulator—more detailed instruction sheets are available from the author:
wankat@purdue.edu.
The material in the third edition has been extensively tested in the required junior-level course on
separations at Purdue University. Although I teach the material at the junior level, Chapters 1 to 14 could
be taught to sophomores, and all of the material is suitable for seniors. The book is too long to cover in
one semester, but almost complete coverage is probably feasible in two quarters. If mass transfer is
included, this text could easily be used for a two-semester sequence. Many schools, including Purdue,

mailto:wankat%40purdue.edu


allocate a single three-credit semester course for separations. Because there is too much material, topics
must be selected in this case. Several course outlines are included in the Solutions Manual. Instructors
may register at www.pearsonhighered.com for access to this book’s Solutions Manual and PowerPoint
slides of figures in the book.

http://www.pearsonhighered.com
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Nomenclature

Chapters 1 through 18
a

interfacial area per volume, ft2/ft3 or m2/m3

interfacial area for heat transfer on stage j, m2

aflow, aheat, amass

eddy diffusion parameters, Eqs. (15-48)
ap

surface area/volume, m2/m3

ap1, ap2, ap3, aT1, aT2, aT6

constants in Eq. (2-30) and Table 2-3
A

area, m2

A,B,C
constants in Antoine Eq. (2-34)

A,B,C,D,E
constants in Eq. (2-60)

A,B,C,D
constants in matrix form of mass balances, Eqs. (6-13) and (12-58)

AE, BE, CE, DE

constants in matrix form of energy balances, Eq. (6-34)
Aactive

active area of tray, ft2 or m2

Ac

cross-sectional area of column, ft2 or m2

Ad

downcomer area, ft2 or m2

Adu

flow area under downcomer apron, Eq. (10-28), ft2

Af

area for flow, m2

Ahole

area of holes in column, ft2

AI



interfacial area between two phases, ft2 or m2

Amixer

cross-sectional area of mixer, m2

Anet

net area, Eq. (10-13), ft2 or m2

b
empirical constant, Eq. (13-63b)

b
equilibrium constant for linear equilibrium, y = mx + b

bflow, bheat, bmass

eddy diffusion parameters, Eqs. (15-48)
B

bottoms flow rate, kmol/h or lbmol/h
C

number of components
CBM

bare module cost, Chapter 11
CC

concentration of solute in continuous phase, kmol/m3 continuous phase

concentration of solute in continuous phase in equilibrium with CD, kmol/m3

CD

concentration of solute in dispersed phase, kmol/m3 dispersed phase
CfL

vapor load coefficient, Eq. (15-38)
CA, CB, Cm

molar concentrations, of A, B, and mixture, mol/m3

Co

orifice coefficient, Eq. (10-25)
Cp

heat capacity, Btu/lb°F or Btu/lbmol°F or cal/g°C or cal/mol°C, etc.
Cp

base purchase cost, Chapter 11
Cp,size

packing size factor, Table 10-5
CpW



water heat capacity
Cs

capacity factor at flood, Eq. (10-48)
Csb

capacity factor, Eq. (10-8)
d

dampening factor, Eq. (2-57)
D

diffusivity, Fickan m2/s or ft2/h
D

distillate flow rate, kmol/h or kg/h
D, Dia

diameter of column, ft or m
D′col

column diameter, see Table 16-1, ft
dhydraulic

hydraulic diameter of drop, Eq. (13-62), m
di

impeller diameter, m
dp, dd

drop diameter, m

characteristic drop diameter, Eq. (16-97b), m
dtube

tube diameter, m
dsettler, Ds

diameter of horizontal settler, m
Dlarge, Dpilot

diameters of Karr columns for scale-up, Eq. (13-66), m
D°

infinite dilution Fickian diffusivity, m2/s
D

Maxwell-Stefan diffusivity, m2/s
Deddy

eddy diffusivity, Eq. (16-111a, b), m/s
Dtotal

total amount of distillate (Chapter 9), moles or kg



e
absolute entrainment, mol/h

e
plate fractional free area in Karr column

erf
error function, Eq. (18-70)

E
extract flow rate (Chapters 13 and 14), kg/h

Ê
mass extract, kg

energy transfer rate on stage j from bulk liquid to bulk vapor, J/s
Ek

value of energy function for trial k, Eq. (2-51)
EML, EMV

Murphree liquid and vapor efficiencies, Eqs. (4-58) and (4-59)
E0

activation energy, Kcal/mol
Eo

Overall efficiency, Eq. (4-56)
Ept

point efficiency, Eq. (10-5) or (15-76a)
Êt

holdup extract phase in tank plus settler, kg
f

friction factor
fAB

friction coefficient between molecules A and B
f = V/F

fraction vaporized
f

fractional approach to flooding
f

frequency of reciprocation of Karr column, strokes/s
f(x)

equilibrium function, Chapter 9
fk(V/F)

Rachford-Rice function for trial K, Eq. (2-43)



F
packing factor, Tables 10-3 and 10-4

F
degrees of freedom, Eq. (2-4)

F
charge to still pot (Chapter 9), moles or kg

F
mass of feed in batch extraction, kg

F
feed flow rate, kmol/h or lbmol/h or kg/h etc.

FD

diluent flow rate (Chapter 13), kg/h
Flv, FP

, flow parameter
Fm

material factor for cost, Table 11-2
Fp

pressure factor for cost, Eqs. (11-5) and (11-6)
Fq

quantity factor for cost, Eq. (11-7)
Fs,Fsolv

flow rate solvent (Chapter 13), kg/h
Fsolid

solids flow rate in leaching, kg insoluble solid/h
Fweir

weir modification factor, Eq. (10-26) and Figure 10-22
gap

gap from downcomer apron to tray, Eq. (10-28), ft
g

acceleration due to gravity, 32.2 ft/s2, 9.81 m/s2

gc

conversion factor in English units, 32.2 ft·lbm/(lbf·s2)
G

flow rate carrier gas, kmol/h or kg/h
G′

gas flux, lb/s ft2



h
pressure drop in head of clear liquid, inches liquid

h
height of liquid on stage (Chapter 16), ft

h
height, m or ft

h
height of liquid in mixer, m

h
liquid enthalpy, kcal/kg, Btu/lbmol, etc.

h
step size in Euler’s method = Δt, Eq. (8-29)

pure component enthalpy
hf

enthalpy of liquid leaving feed stage
hF

feed enthalpy (liquid, vapor or two-phase)
hheat transfer

heat transfer coefficient
hL

clear liquid height on stage, m or cm
ho

hole diameter, inches
hp

packing height, ft or m
htotal

height of flash drum, ft or m
hw

height of weir, m or cm
H

Henry’s law constant, Eqs. (8-9), (8-10), and (12-1)
H

molar holdup of liquid on tray, Eqs. (8-27) and (8-28)
H

stage height in Karr column, m
H

vapor enthalpy, kcal/kg, Btu/lbmol, etc.



partial molar enthalpy of component i in vapor on stage j, J/kmol

height of tank, m
Ht,OD

overall height of a transfer unit for mass transfer driving force in concentration
units, Eq. (16-83a analog), m

HG

height of gas phase transfer unit, ft or m
HL

height of liquid phase transfer unit, ft or m
HOG

height of overall gas phase transfer unit, ft or m
HOL

height of overall liquid phase transfer unit, ft or m
HETP

height equivalent to a theoretical plate, ft or m
HTU

height of a transfer unit, ft or m
jD, jH

j-functions, Eqs. (15-50)
JA

flux with respect to molar average velocity of fluid
k1, k2

empirical constants, Eq. (13-63b)
kB

Botzmann’s constant, J/k
kconduction

thermal conductivity, J/(ms K)

individual mass transfer coefficients in liquid and vapor phases, see Table 15-4
kc

mass transfer coefficient with concentration driving force, m/s, Eq. (15-25b)
k′y

mass transfer coefficient in concentrated solutions, Eq. (15-32f)
kx, ky

individual mass transfer coefficient in molar units



kx,c, kxD

individual mass transfer coefficients in continuous and dispersed phases,
kg/(s·m3) or kmol/(s·m3)

kLD, kLC

individual mass transfer coefficients in continuous and dispersed phases with
driving force in concentration units, m/s

kL, kV

individual liquid and vapor mass transfer coefficients in distillation, Eq. (16-
108), m/s

k
mass transfer coefficient in Maxwell-Stefan analysis, /Δz, m/s

Kd

y/x, distribution coefficient for dilute extraction
K, Ki

yi/xi, equilibrium vapor-liquid ratio
Kdrum

parameter to calculate uperm for flash drums, Eq. (2-64)
Kx, Ky

overall mass transfer coefficient in liquid or vapor, lbmol/ft2 h, or kmol/h·m2

KLD

overall mass transfer coefficient in extraction based on dispersed phase in
concentration units, Eq. (16-80b analog), m/s

KO-ED

overall mass transfer coefficient in extraction based on dispersed phase, Eq.
(16-80a), kg/(s·m3) or kmol/(s·m3)

lw

weir length, ft
L

length, m
L

liquid flow rate, kmol/h or lbmol/h

mass liquid flow rate, lb/h (Chapter 15)
L′

liquid flux, lb/(s)(ft2)
Lg

liquid flow rate in gal/min, Chapter 10
m



linear equilibrium constant, y = mx + b
m

local slope of equilibrium curve, Eq. (15-30b)
M

ratio HETPpractical/HETPpacking Eq. (10-46)
mCD

slope of equilibrium curve of continuous versus dispersed phase mass or mole
fractions, Eq. (16-80c)

mCD,conc_units

slope of equilibrium curve of continuous versus dispersed phase in
concentration units, Eq. (16-80c analog)

M
flow rate of mixed stream (Chapter 13), kg/h

M
multiplier times (L/D)min (Chapter 7)

MW
molecular weight

average molecular weight
n

moles
n

number of drops
n1, n2

empirical constants, Eq. (13-65)
nG

number of gas phase transfer units
nL

number of liquid phase transfer units
nO-ED, nO-EC

number of overall extraction transfer units in dispersed and continuous phases,
Eq. (16-81)

nOG

number of overall gas phase transfer units
nOL

number of overall liquid phase transfer units
norg

moles organic in vapor in steam distillation



nw

moles water in vapor in steam distillation
N

impeller revolutions per second
N

number of stages
NA

flux of A, lbmol/(h)(ft2) or kmol/(h)(m2)
Nf,Nfeed

feed stage

transfer to liquid from vapor on stage j, mol component i/s

transfer to vapor from liquid on stage j, mol component i/s
Nmin

number of stages at total reflux
Nfeed,min

estimated feed stage location at total reflux
NPo

power number, Eq. (13-52)
NtOD

number of overall extraction transfer units for mass transfer driving force in
concentration units, Eq. (16-81a analog)

Nu
Nusselt number, Eq. (15-33g)

NTU
number of transfer units

O
total overflow rate in washing, kg/h

p
pitch of sieve plate holes, m

p, ptot

pressure, atm, kPa, psi, bar etc.
, pB

partial pressure
P

Number of phases
P



power, W
Pe

dimensionless Peclet number in terms of molecular diffusivity, Eq. (15-33c)
Pe

dimensionless Peclet number in terms of eddy diffusivity, Eq. (16-111a)
Perf

flow perimeter, Figure 13-33B, m
Pr

dimensionless Prandt number, Eq. (15-33f)
q

LF/F = (L – L)/F, feed quality
q

volumetric flow rate/plate width, m2/s
Q

amount of energy transferred, Btu/h, kcal/h, etc.
Qc

condenser heat load
Qc, QC

volumetric flow rate continuous phase, m3/s
Qd, QD

volumetric flow rate dispersed phase, m3/s
Qflash

heat loss from flash drum
QL

volumetric flow rate of liquid, m3/s
QR

reboiler heat load
Qz

heat flux in z direction, J/s
r

radius of column, ft or m
R

gas constant, 1.9859 cal/(mol·K) or 8.314 m3Pa/(mol·K)
R

raffinate flow rate (Chapter. 13), kg/h
RA

solute radius, m



mass raffinate, kg

Holdup raffinate phase in tank plus settler, kg
Re

dimensionless Reynolds number, Eq. (15-33b)
Resettler

Reynold’s number for settler, Eq. (13-60a)
S

solvent flow rate kmol/h or lbmol/h
S

tray spacing, inches, Eq. (10-47)
S

moles second solvent in constant-level batch distillation

mass of solvent, kg
S

solvent flow rate, kg/h
ScL

Schmidt number for liquid = μ/(ρD)
Scv

Schmidt number for vapor = μ/(ρD)
Shc, Shx, Shy

dimensionless Sherwood numbers, Eq. (15-33a)
Stc, Stx, Sty

dimensionless Stanton numbers, Eq. (15-33d)
t

time, s, min, or h
tbatch

period for batch distillation, Eq. (9-28)
tdown

down time in batch distillation
(tf,95 – t0)

residence time in extractor for 95% extraction, Eq. (16-105), s
tL, tV

average residence time per pass for liquid and vapor, s
,residence

liquid residence time, Eq. (16-111c), s



tresidence,dispersed

residence time of dispersed phase in settler, s
toperating

operating time in batch distillation
tres

residence time in downcomer, Eq. (10-30), s, or on plate, Eq. (16-35e)
ttray

tray thickness, inches
T

temperature, °C, °F, K, or °R

liquid and vapor temperatures on stage j at the interface, K
Tref

reference temperature
u

vapor velocity, cm/s or ft/s
uflood

flooding velocity, Eq. (10-8)
uop

operating velocity, Eq. (10-11)
uperm

permissible vapor velocity, Eq. (2-64)
ut,hindered

hindered settling velocity, Eq. (13-58)
ut, ut,Stokes

Stokes’ law terminal velocity, Eq. (13-57), m/s
U

underflow liquid rate, (Chapter 14), kg/h
Ua

superficial vapor velocity in active area of tray, m/s
v

superficial vapor velocity, ft/s
vcharacteristic

characteristic velocity of Karr column, Eq. (13-68), m/s
vc,flood, vd,flood

continuous and dispersed phase flooding velocities, m/s
vo



vapor velocity through holes, Eq. (10-29), ft/s
vo,bal

velocity where valve is balanced, Eq. (10-36)
VA, VB

component transfer velocities, Eqs, (15-15e, f)
vref

reference or basis velocity, Eqs. (15-15c, d)
vy

vertical velocity
V

vapor flow rate, kmol/h or lbmol/h
Vi

molal volume Eq. (13-1)
VA

molar volume solute at normal boiling point, m3/kmol
Vliq,tank

volume of liquid in tank, m3

Vmax

maximum vapor flow rate
Vmixer

volume of liquid in mixing tank, m3

Vsettler

volume settler, m3

Vtank

volume tank, m3

Vsurge

surge volume in flash drum, Eq. (2-68), ft3

VP
vapor pressure, same units as p

w
plate width, m

WL

liquid flow rate, kg/h or lb/h
WL

liquid mass flux, lb/s ft2 or lb/h ft2, (Chapter 16)
WV



vapor flow rate, kg/h or lb/h
x

weight or mole fraction in liquid
x

[L/D – (L/D)min]/(L/D + 1) in Eqs. (7-42)
x*

equilibrium mole fraction in liquid
xA,ref, xB,ref

fractions to calculate velocity of center of total flux, Eq. (15-17)
xi,k, xi,k+1

trials for integration, Eq. (8-29)
xI

interfacial mole fraction in liquid
x*out

liquid mole fraction in equilibrium with inlet gas, Eq. (16-35b)
X

weight or mole ratio in liquid
y

weight or mole fraction in vapor
yvol

volume fraction in vapor
y*

equilibrium mole fraction in vapor
y*out

vapor mole fraction in equilibrium with inlet liquid in countercurrent system,
Eq. (16-35a) or in equilibrium with outlet liquid in cocurrent contactor, Eq.
(16-71)

ylm

log mean difference, Eq. (15-32d)
yI

interfacial mole fraction in vapor

mass fraction in vapor
Y

weight or mole ratio in vapor
z

weight or mole fraction in feed
z



axial distance in bed (Chapters 15 and 16)
zl

distance from downcomer exit to weir, m

Greek
αAB

KA/KB, relative volatility
αthermal

thermal diffusity, m2/s
β

Ahole/Aactive

γ
activity coefficient

δ
thickness of mass transfer film or thickness of falling film, m

δp

characteristic dimension of packing, inch, Eq. (10-38)
δi

solubility parameter, Eq. (13-1)
Δ

change in variable or difference operator
ΔEv

latent energy of vaporization, Eq. (13-1)
ΔH

steady state height of dispersion band in settler, m
Δρ

|ρC - ρD|
ε

limit for convergence
εA,εB, εAB

Lennard-Jones interaction energies, Table 15-2 and Eq. (15-22c)
η

fraction of column available for vapor flow
η

parameter, Eq. (15-42b)
θ

angle of downcomer, Figure 10-20B
λ



latent heat of vaporization, kcal/kg, Btu/lb, Btu/lbmol, etc.
μ

viscosity, cp or Pa·s = kg/(m s)
μw

viscosity of water, cp
ρL

liquid density, g/cm3 or lb/ft3 or kg/m3

ρV

vapor density
σ,γ

surface tension, dynes/cm or interfacial tension

dimensionless distance, Eq. (15-14a)
χ

term defined in Eq. (13-49)
ϕc, ϕd

volumetric fraction of continuous and dispersed phases
ϕd,feed

volumetric fraction of dispersed phase in feed
φ

liquid phase packing parameter, Eq. (16-38)
φB

solvent interaction parameter, Eq. (15-23b)
φdc

relative froth density in downcomer, Eq. (10-29)
ϕe

effective relative froth density, Eq. (16-109d)
ψ

ρwater/ρL, Chapter 10
ψ

e/(e + L), fractional entrainment, Chapter 10
ψ

packing parameter for gas phase, Eq. (16-37)
ΩD

collision integral, Table 15-2
μC μD

viscosity of continuous and dispersed phases, Pa·s



μH μL

viscosity of heavy and light phases, Pa·s
μm

mixture viscosity, Eq. (13-55), Pa·s
ρC, ρD

densities of continuous and dispersed phases, g/m3

ρm

mixture density, Eq. (13-53), g/m3

ρm

molar density, mol/m3

ω
revolutions per second

Chapter 17
a, aj

term in quadratic equations for well-mixed membrane systems, Eqs. (17-10b),
(17-74a), and 

â
constant in expression to calculate osmotic pressure, kPa/mole fraction, Eq.
(17-15a)

a′
constant in expression to calculate osmotic pressure, kPa/weight fraction, Eq.
(17-15b)

ai

activities, Eq. (17-51)
A

membrane area available for mass transfer, cm2 or m2

b, bj

term in quadratic equations for well-mixed membrane systems, Eqs. (17-10c),
(17-74b), and 

c, cj

term in quadratic equations for well-mixed membrane systems, Eqs. (17-10d),
(17-74c) and 

c
concentration, g solute/L solution

cout

outlet concentration of solute, g/L
cp



permeate concentration of solute, g/L
cw

concentration of solute at wall, g/L
c′

water concentration in permeate in Figure 17-17
CPL,p

liquid heat capacity of permeate, kJ/(kg °C)
CPV,p

vapor heat capacity of permeate, kJ/(kg °C)
dt

diameter of tube, cm
dtank

tank diameter, cm
D

diffusivity in solution, cm2/s
Dm

diffusivity in the membrane, cm2/s
Fp

volumetric flow rate of permeate, cm3/s
Fout

volumetric flow rate of exiting retentate, cm3/s
Fsolv

volumetric flow rate of solvent in RO, cm3/s

molar flow rate, mol/s, mol/min, etc.
F′

mass flow rate, g/s, g/min, kg/min, etc.
h

½ distance between parallel plates, cm
hin

enthalpy of inlet liquid stream in pervaporation, kJ/kg
hout

enthalpy of outlet liquid retentate stream in pervaporation, kJ/kg
HA

solubility parameter, cc(STP)/[cm3 (cm Hg)]
Hp

enthalpy of vapor permeate stream in pervaporation, kJ/kg



k
mass transfer coefficient, typically cm/s, Eq. (17-33)

K′solv

permeability of the solvent through membrane, L/(atm m2 day) or similar units
j

counter for stage location in staged models in Figure 17-19
J

volumetric flux, cm3/(s cm2) or m3/(m2 day), Eq. (17-1b)
J′

mass flux, g/(s cm2)or g/(m2 day), Eq. (17-1c)

mole flux, mol/(s cm2) or kmol/(day m2), Eq. (17-1d)
K′A

solute permeability, g/(m s wt frac)
Km,i

rate transfer term for multicomponent gas permeation, dimensionless, Eq. (17-
11d)

L
tube length, cm

M
concentration polarization modulus in wt fraction units, dimensionless, Eq. (17-
17)

Mc

concentration polarization modulus in concentration units, dimensionless, Eq.
(17-48)

MW
molecular weight, g/mol or kg/kmol

N
number of well-mixed stages in models in Figure 17-19

p
pressure, Pa, kPa, atm, mm Hg, etc.

pA

partial pressure of species A, Pa, atm, mm Hg, etc.
pp

total pressure on the permeate (low pressure) side, Pa, kPa, atm, mm Hg, etc.
pr

total pressure on the retentate (high pressure) side, Pa, kPa, atm, mm Hg, etc.
PA



permeability of species A in the membrane, cc(STP) cm/[cm2 s cm Hg]
R

rejection coefficient in wt frac units, dimensionless, Eq. (17-24a)
R°

inherent rejection coefficient (M = 1), dimensionless
Rc

rejection coefficient in conc. units, dimensionless, Eq. (17-48)
R

tube radius, cm
Re

Reynolds number, dimensionless, Eq. (17-35b)
Sc

Schmidt number, dimensionless, Eq. (17-35c)
Sh

Sherwood number, dimensionless, Eq. (17-35a)
tms

thickness of membrane skin doing separation, μm, mm, cm, or m
T

temperature, °C
Tref

reference temperature, °C
ub

bulk velocity in tube, cm/s
vsolvent

partial molar volume of the solvent, cm3/gmole
x

wt frac of retentate in pervaporation. In binary system refers to more permeable
species.

xg

wt frac at which solute gels in UF
xp

wt frac solute in liquid permeate in RO and UF
xr

wt frac solute in retentate in RO and UF
y

wt frac of permeate in pervaporation. In binary system refers to more
permeable species.

yp



mole fraction solute in gas permeate for gas permeation
yr

mole fraction solute in gas retentate for gas permeation
yr,w

mole fraction solute in gas retentate at membrane wall
yt,A

mole fraction solute A in gas that transfers through the membrane

Greek letters
α

selectivity, dimensionless, Gas Permeation: Eq. (17-4b), RO: Eq. (17-20),
pervaporation: Eq. (17-53a)

Δx
difference in wt frac of solute across the membrane

Δπ
difference in the osmotic pressure across the membrane, Pa, atm, mm Hg, etc.

π
osmotic pressure, Pa, kPa, atm, mm Hg, etc.

θ

cut = , with flows in molar units, dimensionless
θ′

cut = F′p/F′in in flows in mass units, dimensionless
μ

viscosity, centipoise or g/(cm s)
ν = μ/ρ

kinematic viscosity, cm2/s
ρsolv

mass solvent density, kg/m3

solv

molar solvent density, kmol/m3

λp

mass latent heat of vaporization of the permeate in pervaporation determined at
the reference temperature, kJ/kg

ω
stirrer speed in radians/s

Chapter 18
a



constant in Langmuir isotherm, same units as q/c, Eq. (18-6c)
a

argument for error function, dimensionless, Eq. (18-70), Table 18-7
ap

surface area of the particles per volume, m–1

Ac

cross-sectional area of column, m2

Aw

wall surface area per volume of column for heat transfer, m–1

b
constant in Langmuir isotherm, (concentration)–1, Eq. (18-6c)

cA

concentration of species A, kg/m3, kmol/m3, g/L, etc.
ci

concentration of species i, kg/m3, kmol/m3, g/L, etc., or
ci

concentration of ion i in solution, typically equivalents/m3

concentration of species i that would be in equilibrium with , same units as ci

average concentration of solute in pore, same units as ci

cpore

fluid concentration at surface of adsorbent pores, same units as ci

ci,surface

fluid concentration at surface of particles, εp = 0, same units as ci

cRi

concentration of ion i on the resin, typically equivalents/m3

cRT

total concentration of ions on the resin, typically equivalents/m3

cT

total concentration of ions in solution, typically equivalents/m3

Ci

constant relating solute velocity to interstitial velocity, dimensionless, Eq. (18-
15e)

CP,f

heat capacity of the fluid, cal/(g °C), cal/(mol °C), J/(g K), etc.



CP,p

heat capacity of particle including pore fluid, same units CP,f

CP,s

heat capacity of the solid, same units as CP,f

CP,w

heat capacity of the wall, same units as CP,f

dp

particle diameter, cm or m
D

desorbent rate in SMB, same units as F
D/F

desorbent to feed ratio in SMB, dimensionless
Dcol

column diameter, m or cm
D

diffusivity including both molecular and Knudsen diffusivities, m2/s or cm2/s
Deffective

effective diffusivity, m2/s or cm2/s, Eq. (18-4)
DK

Knudsen diffusivity, m2/s or cm2/s, Eq. (18-51)
Dmolecular

molecular diffusivity in free solution, m2/s or cm2/s
Ds

surface diffusivity, m2/s or cm2/s, Eq. (18-53)
erf

error function, Eq. (18-70) and Table 18-7
ED

axial dispersion coefficient due to both eddy and molecular effects, m2/s or
cm2/s

EDT

thermal axial dispersion coefficient, m2/s or cm2/s
Eeff

effective axial dispersion coefficient, same units ED, Eq. (18-68)
F

volumetric feed rate, e.g., m3/h, cm3/min, liter/h
hp



particle heat transfer coefficient, J/(K s m2) or similar units
hw

wall heat transfer coefficient, J/(K s m2) or similar units
HETP

height of equilibrium plate, cm/plate, Eq. (18-78b)
kf

film mass transfer coefficient, m/s or cm/s
km,c

lumped parameter mass transfer coefficient with concentration driving force,
m/s or cm/s, Eqs. (18-56a) and (18-57a)

km,q

lumped parameter mass transfer coefficient with amount adsorbed driving
force, m/s or cm/s, Eqs. (18-56b) and (18-57b)

KAB

mass action equilibrium constant for monovalent-monovalent ion exchange,
dimensionless, Eq. (18-40a)

KA,c

adsorption equilibrium constant in terms of concentration, units are
(concentration)-1

K′i,c
linearized adsorption equilibrium constant in terms of concentration, units are
units of q/c, Eq. (18-6b)

KAo

pre-exponential factor in Arrhenius Eq, (18-7a), same units as KA

KA,p

adsorption equilibrium constant in terms of partial pressure, units are
(pressure)-1

K′A,p

linearized adsorption equilibrium constant in terms of partial pressure, units are
units of qA/pA, Eq. (18-5b)

Kd

size exclusion parameter, dimensionless
KDB

mass action equilibrium constant for divalent-monovalent ion exchange, same
units as cT/cRT, Eq. (18-41)

KDE

Donnan exclusion factor, dimensionless, following Eq. (18-44)



L
length of packing in column, m or cm

LMTZ

length of mass transfer zone, Figure 18-23, m or cm
M

molecular weight of solute, g/mol or kg/kmol
Mi

multipliers in Eqs. (18-29), dimensionless
N

equivalent number of plates in chromatography, Eq. (18-78)
NPe

Peclet number, dimensionless, Eq. (18-62)
pA

partial pressure of species A, mm Hg, kPa, or other pressure units
ph

high pressure, mm Hg, kPa, or other pressure units
pL

low pressure, mm Hg, kPa, or other pressure units
PeL

Peclet number based on length, dimensionless, Eq. (18-78a)
qA

amount of species A adsorbed, kg/kg adsorbent, mol/kg adsorbent, or kg/L
qA,max

maximum amount of species A that can adsorb, kg/kg adsorbent, mol/kg
adsorbent, or kg/L

amount adsorbed in equilibrium with feed concentration, same units as qA

qi

average amount of species i adsorbed, kg/kg adsorbent, mol/kg adsorbent, or
kg/L

amount adsorbed that would be in equilibrium with fluid of concentration ci,
same units as qA

Q
volumetric flow rate, m3/s, L/min, etc.

rp

pore radius, m or cm



R
resolution, dimensionless, Eq. (18-82)

R

gas constant (e.g., )
Re

Reynolds number, dimensionless, Eq. (18-60)
Sc

Schmidt number, dimensionless, Eq. (18-60)
Sh

Sherwood number, dimensionless, Eq. (18-60)
t

time, s, min, or h
tbr

breakthrough time, s, min, or h
tcenter

time center of pattern exits column, s, min, or h, Eq. (18-85b)
telution

elution time, s, min, or h
tF, tfeed

feed time, s, min, or h
tMTZ

time of mass transfer zone, Figure 18-23, s, min, or h
tR

retention time, s, min, or h
tsw

switching time in SMB, s, min, or h
T

temperature, °C or K
Tamb

ambient temperature, °C or K
Ts

solid temperature, °C or K
uion,i

velocity of ion i, m/s or cm/s
us

average solute velocity, m/s or cm/s



average of solute velocities for A and B, cm/s, Eq. (18-83)
us,ion,i

diffuse wave velocity of ion i, m/s or cm/s
ush

shock wave velocity, m/s or cm/s
ush,ion,i

shock wave velocity of ion i, m/s or cm/s
uth

thermal wave velocity, m/s or cm/s
utotal_ion

velocity of total ion wave, m/s or cm/s
vA,product

interstitial velocity of A Product if it was in the column, m/s or cm/s = (A
Product)/(εe Ac)

vB,product

interstitial velocity of B Product if it was in the column, m/s or cm/s = (B
Product)/(εe Ac)

vD

interstitial velocity of desorbent if it was in the column, m/s or cm/s = D/(εe
Ac)

vFeed

interstitial velocity of feed if it was in the column, m/s or cm/s = F/(εe Ac)
vinter

interstitial velocity, m/s or cm/s, Eq. (18-2b)
vsuper

superficial velocity, m/s or cm/s, Eq. (18-2a)
Vavailable

volume available to molecule, m3, Eq. (18-1c)
Vcolumn

column volume, m3

Vfeed

volume feed gas, m3

Vfluid

volume available to fluid, m3, Eq. (18-1a)
Vpurge

volume purge gas, m3



wA, wB

width of chromatographic peak, s, min or hours
W

weight of the column per length, kg/m
x

deviation from the location of the peak maximum, dimensionless Eq. (18-79)
xl

deviation from peak maximum in length units, Eq. (18-80b)
xt

deviation from peak maximum in time units, Eq. (18-80a)
x

weight or mole fraction solute in liquid, kg solute/kg liquid or kmol solute/kmol
liquid, dimensionless

xi

= ci/cT equivalent fraction of ion in solution, dimensionless
Xbreakthrough (z,t)

general solution for column breakthrough for linear isotherms, same units as c,
Eq. (18-72)

y
weight or mole fraction solute in gas, kg solute/kg gas, or kmol solute/kmol gas,
dimensionless

yi

= cRi/cRT equivalent fraction of ion on resin, dimensionless
z

axial distance in column, m or cm.
(Measured from closed end for PSA pressure change calculations)

Greek letters
βstrong

ratio velocities of strong and weak solutes, Eq. (18-27), dimensionless
Δc

change in solute concentration, same units as c
ΔHads

heat of adsorption, J/kg, cal/gmole, etc.
ΔpA

change in partial pressure, kPa, atm, etc.
Δq

change in amount adsorbed, kmol/kg adsorbent, kg/kg adsorbent, kmol/m3, or



kg/m3

Δt
change in time, s, min, or h

ΔTf

change in fluid temperature, °C or K
Δz

increment of column length, m
γ

volumetric purge to feed ratio in PSA, dimensionless, Eq. (18-26)
εe

external porosity, dimensionless
εp

internal or pore porosity, dimensionless
εT

total porosity, dimensionless, Eq. (18-1b)
ρb

bulk density of adsorbent, kg/m3, Eq. (18-3b)
ρf

fluid density, kg/m3

molar density of fluid, kmol/m3

ρp

particle density, kg/m3, Eq. (18-3a)
ρs

structural density of solid, kg/m3

σ
standard deviation of Gaussian chromatographic peak, Eq. (18-79)

σl

standard deviation in length units, m or cm, Eq. (18-80b)
σt

standard deviation in time units, min or s, Eq. (18-80a)
τ

tortuosity, dimensionless, Eq. (18-4)
ζ

Greek letter zeta used as dummy variable in Eq. (18-70)



Chapter 1. Introduction to Separation Process Engineering

1.1 Importance of Separations
Why does chemical engineering require the study of separation techniques? Because separations are
crucial in chemical engineering. A typical chemical plant is a chemical reactor surrounded by separators,
as diagramed in the schematic flow sheet of Figure 1-1. Raw materials are prepurified in separation
devices and fed to the chemical reactor; unreacted feed is separated from the reaction products and
recycled back to the reactor. Products must be further separated and purified before they can be sold. This
type of arrangement is very common. Examples for a variety of traditional processes are illustrated by
Biegler et al. (1997), Chenier (2002), Couper et al. (2005), Matar and Hatch (2001), Shreve and Austin
(1984), Speight (2002), and Turton et al. (2003), whereas recent processes often are shown in Chemical
Engineering magazine. Chemical plants commonly have from 40% to 70% of both capital and operating
costs in separations (Humphrey and Keller, 1997).

Figure 1-1. Typical chemical plant layout

Since separations are ubiquitous in chemical plants and petroleum refineries, chemical engineers must be
familiar with a variety of separation methods. We will first focus on some of the most common chemical
engineering separation methods: flash distillation, continuous column distillation, batch distillation,
absorption, stripping, and extraction. These separations all contact two phases and can be designed and
analyzed as equilibrium stage processes. Several other separation methods that can also be considered
equilibrium stage processes will be briefly discussed. Chapters 17 and 18 explore two important
separations—membrane separators and adsorption processes—that do not operate as equilibrium stage
systems.
The equilibrium stage concept is applicable when the process can be constructed as a series of discrete
stages in which the two phases are contacted and then separated. The two separated phases are assumed
to be in equilibrium with each other. For example, in distillation, a vapor and a liquid are commonly
contacted on a metal plate with holes in it. Because of the intimate contact between the two phases, solute
can transfer from one phase to another. Above the plate the vapor disengages from the liquid. Both liquid
and vapor can be sent to additional stages for further separation. Assuming that the stages are equilibrium
stages, the engineer can calculate concentrations and temperatures without detailed knowledge of flow
patterns and heat and mass transfer rates. Although this example shows the applicability of the
equilibrium stage method for equipment built with a series of discrete stages, we will see that the staged
design method can also be used for packed columns where there are no discrete stages. This method is a
major simplification in the design and analysis of chemical engineering separations that is used in
Chapters 2 to 14.
A second useful concept is that of a unit operation. The idea here is that although the specific design may
vary depending on what chemicals are being separated, the basic design principles for a given separation



method are always the same. For example, the basic principles of distillation are always the same
whether we are separating ethanol from water, separating several hydrocarbons, or separating liquid
metals. Consequently, distillation is often called a unit operation, as are absorption, extraction, etc.
A more general idea is that design methods for related unit operations are similar. Since distillation and
absorption are both liquid-vapor contacting systems, the design is much the same for both. This similarity
is useful because it allows us to apply a very few design tools to a variety of separation methods. We will
use stage-by-stage methods where calculation is completed for one stage and then the results are used for
calculation of the next stage to develop basic understanding. Matrix solution of the mass and energy
balances will be used for detailed computer simulations.

1.2 Concept of Equilibrium
The separation processes we are studying in Chapters 1 to 14 are based on the equilibrium stage concept,
which states that streams leaving a stage are in equilibrium. What do we mean by equilibrium?
Consider a vapor and a liquid that are in contact with each other as shown in Figure 1-2. Liquid
molecules are continually vaporizing, while vapor molecules are continually condensing. If two chemical
species are present, they will, in general, condense and vaporize at different rates. When not at
equilibrium, the liquid and the vapor can be at different pressures and temperatures and be present in
different mole fractions. At equilibrium the temperatures, pressures, and fractions of the two phases cease
to change. Although molecules continue to evaporate and condense, the rate at which each species
condenses is equal to the rate at which it evaporates. Although on a molecular scale nothing has stopped,
on the macroscopic scale, where we usually observe processes, there are no further changes in
temperature, pressure, or composition.

Figure 1-2. Vapor-liquid contacting system

Equilibrium conditions can be conveniently subdivided into thermal, mechanical, and chemical potential
equilibrium. In thermal equilibrium, heat transfer stops and the temperatures of the two phases are equal.

(1-1)

In mechanical equilibrium, the forces between vapor and liquid balance. In the staged separation
processes we will study, this usually implies that the pressures are equal. Thus for the cases in this book,

(1-2)

If the interface between liquid and vapor is curved, equal forces do not imply equal pressures. In this case
the Laplace equation can be derived (e.g., see Levich, 1962).



In phase equilibrium, the rate at which each species is vaporizing is just equal to the rate at which it is
condensing. Thus there is no change in composition (mole fraction in Figure 1-2). However, in general,
the compositions of liquid and vapor are not equal. If the compositions were equal, no separation could
be achieved in any equilibrium process. If temperature and pressure are constant, equal rates of
vaporization and condensation require a minimum in the free energy of the system. The resulting condition
for phase equilibrium is

(1-3)

The development of Eq. (1-3), including the necessary definitions and concepts, is the subject of a large
portion of many books on thermodynamics (e.g., Balzhiser et al., 1972; Denbigh, 1981; Elliott and Lira,
1999; Sandler, 2006; Smith et al., 2005; Walas, 1985) but is beyond the scope of this book. However, Eq.
(1-3) does require that there be some relationship between liquid and vapor compositions. In real systems
this relationship may be very complex and experimental data may be required. We will assume that the
equilibrium data or appropriate correlations are known (see Chapter 2), and we will confine our
discussion to the use of the equilibrium data in the design of separation equipment.

1.3 Mass Transfer
In the vapor-liquid contacting system shown in Figure 1-2 the vapor and liquid will not be initially at
equilibrium. By transferring mass from one phase to the other we can approach equilibrium. The basic
mass transfer equation in words is

(1-4)

In this equation the mass transfer rate will typically have units such as kmol/h or lbmol/h. The area is the
area across which mass transfer occurs in m2 or ft2. The driving force is the concentration difference that
drives the mass transfer. This driving force can be represented as a difference in mole fractions, a
difference in partial pressures, a difference in concentrations in kmol/L, and so forth. The value and units
of the mass transfer coefficient depend upon which driving forces are selected. The details are discussed
in Chapter 15.
For equilibrium staged separations we would ideally calculate the mass transfer rate based on the transfer
within each phase (vapor and liquid in Figure 1-2) using a driving force that is the concentration
difference between the bulk fluid and the concentration at the interface. Since this is difficult, we often
make a number of simplifying assumptions (see Section 15.4 for details) and use a driving force that is the
difference between the actual concentration and the concentration we would have if equilibrium were
achieved. For example, for the system shown in Figure 1-2 with concentrations measured in mole
fractions, we could use the following rate expressions.

(1-5a)

(1-5b)

In these equations Ky and Kx are overall gas and liquid mass transfer coefficients, yA* is the mole fraction
in the gas in equilibrium with the actual bulk liquid of mole fraction xA, xA* is the mole fraction in the



liquid in equilibrium with the actual bulk gas of mole fraction yA, and the term “a” is the interfacial area
per unit volume (m2/m3 or ft2/ft3).
By definition, at equilibrium we have yA* = yA and xA* = xA. Note that as yA→yA* and xA→xA* the
driving forces in Eqs. (1-5) approach zero and mass transfer rates decrease. In order to be reasonably
close to equilibrium, the simplified model represented by Eqs. (1-5) shows that we need high values of
Ky and Kx and/or “a.” Generally speaking, the mass transfer coefficients will be higher if diffusivities are
higher (details are in Chapter 15), which occurs with fluids of low viscosity. Since increases in
temperature decrease viscosity, increasing temperature is favorable as long as it does not significantly
decrease the differences in equilibrium concentrations and the materials are thermally stable. Mass
transfer rates will also be increased if there is more interfacial area/volume between the gas and liquid
(higher “a”). This can be achieved by having significant interfacial turbulence or by using a packing
material with a large surface area (see Chapter 10).
Although some knowledge of what affects mass transfer is useful, we don’t need to know the details as
long as we are willing to assume we have equilibrium stages. Thus, we will delay discussing the details
until we need them (Chapters 15 through 18).

1.4 Problem-Solving Methods
To help develop your problem-solving abilities, an explicit strategy, which is a modification of the
strategy developed at McMaster University (Woods et al., 1975), is used throughout this book. The seven
stages of this strategy are:
0. I want to, and I can
1. Define the problem
2. Explore or think about it
3. Plan
4. Do it
5. Check
6. Generalize

Step 0 is a motivation and confidence step. It is a reminder that you got this far in chemical engineering
because you can solve problems. The more different problems you solve, the better a problem solver you
will become. Remind yourself that you want to learn how to solve chemical engineering problems, and
you can do it.
In step 1 you want to define the problem. Make sure that you clearly understand all the words. Draw the
system and label its parts. List all the known variables and constraints. Describe what you are asked to
do. If you cannot define the problem clearly, you will probably be unable to solve it.
In step 2 you explore and think about the problem. What are you really being asked to do? What basic
principles should be applied? Can you find a simple limiting solution that gives you bounds to the actual
solution? Is the problem over- or underspecified? Let your mind play with the problem and chew on it,
and then go back to step 1 to make sure that you are still looking at the problem in the same way. If not,
revise the problem statement and continue. Experienced problem solvers always include an explore step
even if they don’t explicitly state it.
In step 3 the problem solver plans how to subdivide the problem and decides what parts to attack first.
The appropriate theory and principles must be selected and mathematical methods chosen. The problem
solver assembles required resources such as data, paper, and calculator. While doing this, new



subproblems may arise; you may find there are not enough data to solve the problem. Recycle through the
problem-solving sequence to solve these subproblems.
Step 4, do it, is often the first step that inexperienced problem solvers try. In this step the mathematical
manipulations are done, the numbers are plugged in, and an answer is generated. If your plan was
incomplete, you may be unable to carry out this step. In that case, return to step 2 or step 3, the explore or
plan steps, and recycle through the process.
In step 5, check your answer. Is it the right order of magnitude? For instance, commercial distillation
columns are neither 12 centimeters nor 12 kilometers high. Does the answer seem reasonable? Have you
avoided blunders such as plugging in the wrong number or incorrectly punching the calculator? Is there an
alternative solution method that can serve as an independent check on the answer? If you find errors or
inconsistencies, recycle to the appropriate step and solve the problem again.
The last step, generalize, is important but is usually neglected. In this step you try to learn as much as
possible from the problem. What have you learned about the physical situation? Did including a particular
phenomenon have an important effect, or could you have ignored it? Generalizing allows you to learn and
become a better problem solver.
At first these steps will not “feel” right. You will want to get on with it and start calculating instead of
carefully defining the problem and working your way through the procedure. Stick with a systematic
approach. It works much better on difficult problems than a “start calculating, maybe something will
work” method. The more you use this or any other strategy, the more familiar and less artificial it will
become.
In this book, example problems are solved using this strategy. To avoid repeating myself, I will not list
step 0, but it is always there. The other six steps will usually be explicitly listed and developed. On the
simpler examples some of the steps may be very short, but they are always present.
I strongly encourage you to use this strategy and write down each step as you do homework problems. In
the long run this method will improve your problem-solving ability.
A problem-solving strategy is useful, but what do you do when you get stuck? In this case heuristics or
rules of thumb are useful. A heuristic is a method that is often helpful but is not guaranteed to help. A
large number of problem-solving heuristics have been developed. I have listed ten (Wankat and Oreovicz,
1993) that are often helpful to students.
Problem-Solving Heuristics:
1. Try solving simplified, limiting cases.
2. Relate the problem to one you know how to solve. This heuristic encapsulates one of the major

reasons for doing homework.
3. Generalize the problem.
4. Try putting in specific numbers. Heuristics 3 and 4 are the opposite of each other. Sometimes it is

easier to see a solution path without all the details, and sometimes the details help.
5. Solve for ratios. Often problems can be solved for ratios, but there is not enough information to solve

for individual values.
6. Do the solvable parts of the problem. This approach may provide information that allows you to solve

previously unsolvable parts.
7. Look for information that you haven’t used.
8. Try to guess and check. If you have a strong hunch, this may lead to an answer, but you must check

your guess.



9. Take a break. Don’t quit, but do something else for a while. Coming back to the problem may help you
see a solution path.

10. Ask someone for a little help. Then complete the problem on your own.
Ten heuristics is probably too many to use on a regular basis. Select four or five that fit you, and make
them a regular part of your problem-solving method. If you want to read more about problem solving and
heuristics, I recommend How to Model It: Problem Solving for the Computer Age (Starfield et al., 1994)
and Strategies for Creative Problem Solving (Fogler and LeBlanc, 1995).

1.5 Prerequisite Material
No engineering book exists in a vacuum, and some preparatory material is always required. The first
prerequisite, which is often overlooked, is that you must be able to read well. If you don’t read well, get
help immediately.
A second set of prerequisites involves certain mathematical abilities. You need to be comfortable with
algebra and the manipulation of equations, as these skills are used throughout the text. Another required
mathematical skill is graphical analysis, since many of the design methods are graphical methods. You
need to be competent and to feel comfortable plotting curves and straight lines and solving simultaneous
algebraic equations graphically. Familiarity with exponential and logarithmic manipulations is required
for Chapter 7. The only chapters requiring calculus are Section 8.5.2, and Chapters 9 and 15 through 18.
The third area of prerequisites concerns mass balances, energy balances, and phase equilibria. Although
the basics of mass and energy balances can be learned in a very short time, facility with their use requires
practice. Thus, this book will normally be preceded by a course on mass and energy balances. A
knowledge of the basic ideas of phase equilibrium, including the concept of equilibrium, Gibbs’ phase
rule, distribution coefficients, familiarity with graphical representations of equilibrium data, and a
working knowledge of vapor-liquid equilibrium (VLE) correlations will be helpful.
Units are a fourth critically important area. The United States’ NASA program crashed a space craft into
Mars because of failure to convert between the metric and English systems of units. Because conversion
of units will remain necessary throughout your career, I have used data in the units in which they were
originally presented. Thus, you must do conversions throughout the book. Although problem solutions and
Appendix C show conversion factors, it is assumed that you are very familiar and proficient with unit
conversions. This includes conversion from weight to mole fractions, and vice versa.
A fifth area of prerequisites is problem-solving skills. Because the chemical engineer must be a good
problem solver, it is important to develop skills in this area. The ability to solve problems is a
prerequisite for all chemical engineering courses.
In general, later chapters depend on the earlier chapters, as shown schematically in Figure 1-3. Chapters
11, 14, 16, and 17 are not required for the understanding of later chapters and can be skipped if time is
short. Figure 1-3 should be useful in planning the order in which to cover topics and for adapting this
book for special purposes.

Figure 1-3. Chapter interdependency



1.6 Other Resources on Separation Process Engineering
Since students have different learning styles, you need to customize the way you use this book to adapt to
your learning style. Of course, you will have to take charge of your learning and do this for yourself. If
you are interested in exploring your learning style, a good place to start is the Index of Learning Styles,
which was developed by Richard M. Felder and Linda K. Silverman. This index is available free on the
Internet at www4.ncsu.edu/unity/lockers/users/felder/public/ILSpage.html. Alternatively, you may search
on the term “Felder” using a search engine such as Google.
Since students (and professors) have different learning styles, no single approach to teaching or writing a
book can be best for all students. Thus, there will undoubtedly be parts of this book that do not make
sense to you. Many students use other students, then the teaching assistant, and finally the professor as
resources. Fortunately, a number of good textbooks and Web pages exist that can be helpful because their
presentations differ from those in this textbook. Table 1-1 presents a short annotated bibliography of some
of the available handbook and textbook resources. A large number of useful Web sites are available but
are not listed because URLs change rapidly. They can be accessed by searching on the term “separation
processes” using any popular search engine.

Table 1-1. Annotated bibliography of resources on separation process engineering

Belter, P. A., E. L. Cussler, and W.-S. Hu, Bioseparations. Downstream Processing for
Biotechnology, Wiley-Interscience, New York, 1988. Separations textbook with emphasis on
bioseparations.
Cussler, E. L., Diffusion: Mass Transfer in Fluid Systems, 3rd ed., Cambridge University Press,
Cambridge, UK, 2009. Textbook on basics of diffusion and mass transfer with applications to a
variety of separation processes in addition to other applications.
Doherty, M. F., and M. F. Malone, Conceptual Design of Distillation Systems, McGraw-Hill,
New York, 2001. Advanced distillation textbook that uses residue curve maps to analyze complex
distillation processes.
Geankoplis, C. J., Transport Processes and Separation Process Principles, 4th ed., Prentice
Hall PTR, Upper Saddle River, NJ, 2003. Unit operations textbook that has expanded coverage of
separation processes and transport phenomena.
Harrison, R. G., P. Todd, S. R. Rudge, and D. P. Petrides, Bioseparations Science and

http://www4.ncsu.edu/unity/lockers/users/felder/public/ILSpage.html


Engineering, Oxford University Press, New York, 2003. Separations textbook with emphasis on
bioseparations.
Hines, A. L., and R. M. Maddox, Mass Transfer: Fundamentals and Applications, Prentice-Hall
PTR, Upper Saddle River, NJ, 1985. Textbook on basics of diffusion and mass transfer with
applications to separation processes.
Humphrey, J. L,. and G. E. Keller II, Separation Process Technology, McGraw-Hill, New York,
1997. Industrially oriented book that includes performance, selection and scaleup information.
King, C. J., Separation Processes, 2nd ed., McGraw-Hill, New York, 1980. Textbook that seeks
to integrate knowledge of separation processes and has extensive case studies.
McCabe, W. L., J. C. Smith, and P. Harriott, Unit Operations of Chemical Engineering, 7th ed.,
McGraw-Hill, New York, 2004. Unit operations textbook that includes extensive coverage of
separations and transport phenomena.
Noble, R. D., and P. A. Terry, Principles of Chemical Separations with Environmental
Applications, Cambridge University Press, Cambridge, UK, 2004. Basic separation principles
with environmental examples and problems in a non-calculus based format.
Perry, R. H., and D. W. Green (Eds.), Perry’s Chemical Engineers’ Handbook, 8th ed., McGraw-
Hill, New York, 2008. General handbook that has extensive coverage on separations, but
coverage often assumes reader has some prior knowledge of technique.
Rousseau, R.W. (Ed.), Handbook of Separation Process Technology, Wiley-Interscience, New
York, 1987. Handbook containing detailed information on a number of different separation
methods.
Schweitzer, P. A. (Ed.), Handbook of Separation Techniques for Chemical Engineers, 3rd ed.,
McGraw-Hill, New York, 1997. Handbook containing detailed information on many separations.
Coverage often assumes reader has some prior knowledge of technique.
Seader, J. D., E. J. Henley, and D. J. Roper, Separation Process Principles, 3rd ed., Wiley, New
York, 2011. Textbook covering an introduction to mass transfer and a large variety of separation
processes.
Seidel, A. (Ed.), Kirk-Othmer Encyclopedia of Chemical Technology, 5th Ed., Wiley-
Interscience, New York, 2004. Extensive encyclopedia with many entries by authorities on
separation processes.
Treybal, R. E., Mass-Transfer Operations, 3rd ed., McGraw-Hill, New York, 1980. Textbook on
basics of diffusion and mass transfer with detailed applications to separation processes.
Wankat, P. C., Mass Transfer Limited Separations, Springer, Berlin, 1990. Advanced textbook
on crystallization, adsorption, chromatography, ion exchange, and membrane separations.
http://www.engineeringtoolbox.com/ and http://www.cheric.org/research/kdb/ (click on box
Korean Physical Properties Data Bank) are excellent sources for data needed for separation
problems.

1.7 Summary—Objectives
We have explored some of the reasons for studying separations and some of the methods we will use. At
this point you should be able to satisfy the following objectives:
1. Explain how separations are used in a typical chemical plant
2. Define the concepts of equilibrium stages and unit operations

http://www.engineeringtoolbox.com/
http://www.cheric.org/research/kdb/


3. Explain what is meant by phase equilibrium
4. Explain the basic concepts of mass transfer
5. List the steps in the structured problem-solving approach and start to use this approach
6. Have some familiarity with the prerequisites

Note: In later chapters you may want to turn to the Summary—Objectives section first to help you see
where you are going. Then when you’ve finished the chapter, the Summary—Objectives section can help
you decide if you got there.
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Homework
A. Discussion Problems

A1. Return to your successful solution of a fairly difficult problem in one of your previous technical
courses (preferably chemical engineering). Look at this solution but from the point of view of the
process used to solve the problem instead of the technical details. Did you follow a structured
method? Most people don’t at first. Did you eventually do most of the steps listed? Usually, the
define, explore, plan, and do it steps are done sometime during the solution. Rearrange your
solution so that these steps are in order. Did you check your solution? If not, do that now. Finally,
try generalizing your solution.

A2. Without returning to the book, answer the following:
a. Define a unit operation. Give a few examples.
b. What is the equilibrium stage concept?
c. What are the steps in the systematic problem solving approach? Explain each step in your own

words.
A3. The equilibrium stage concept

a. is a hypothetical construct.
b. assumes that phases leaving the stage are in equilibrium.
c. is useful even when phases are not in equilibrium.
d. all of the above.

A4. If you have studied heat transfer, relate Eq. (1-4) to the similar basic definition of heat transfer by
conduction and convection.

A5. Do you satisfy the prerequisites? If not, how can you remedy this situation?
A6. Develop a key relations chart (one page or less) for this chapter. A key relations chart is a

summary of everything you need to solve problems or answer questions from the chapter. In
general, it will include equations, sketches, and key words. Organize it in your own way. The
purpose of developing a key relations chart is to force your brain to actively organize the material.
This will greatly aid you in remembering the material.

B. Generation of Alternatives
B1. List as many products and how they are purified or separated as you can. Go to a large

supermarket and look at some of the household products. How many of these could you separate?
At the end of this course you will know how to purify most of the liquid products.

B2. Some separation methods are common in homes in the United States. Most of these are concerned
with water treatment. List the separations that you are familiar with and briefly describe how you
think they work.

B3. The body uses several membrane separation methods. List as many of these as you can and
describe how you think they work.

B4. Separation operations are very common in chemistry laboratories. List the separations that you
employed in various chemistry labs.

C. Derivations



C1. Write the mass and energy balances (in general form) for the separator shown in Figure 1-1. If
you have difficulty with this, review a book on mass and energy balances.

D. Problems
D1. One of the prerequisites for study of separations is the ability to convert from weight to mole

fractions and vice versa. As a refresher in this conversion, solve the following problem: We have
a flow rate of 1500 kmol/h of a feed that is 40 mol% ethanol and 60 mol% water. What is the
weight fraction of ethanol, and what is the total flow rate in pounds per hour?

E. Complex Problems
There are no complex problems for this chapter.

F. Problems Using Other Resources
F1. Look through several recent issues of Chemical Engineering magazine or similar technical

magazines and find an article that contains a process flow chart. Read the article and write a short
(less than one page) critique. Explicitly comment on whether the flow sheet for the process fits (at
least approximately) the general flow sheet shown in Figure 1-1.

F2. Arrange a tour of the unit operations laboratory in your institution to observe the different types of
separation equipment. Note that although this equipment is often much larger than the separation
equipment that you used in chemistry laboratory, it is much smaller than industrial-scale
equipment.

G. Simulator Problems
There are no simulator problems for this chapter.

H. Computer Spreadsheet Problems
There are no computer spreadsheet problems for this chapter.



Chapter 2. Flash Distillation

2.1 Basic Method of Flash Distillation
One of the simplest separation processes commonly employed is flash distillation. In this process, part of
a liquid feed stream vaporizes in a flash chamber or part of a vapor feed condenses, and the vapor and
liquid in equilibrium with each other are separated. The more volatile component will be more
concentrated in the vapor. Usually a large degree of separation is not achieved; however, in some cases,
such as the desalination of seawater, complete separation results.
The equipment needed for flash distillation is shown in Figure 2-1 for a liquid feed. The fluid is
pressurized and heated and is then passed through a throttling valve or nozzle into the flash drum. Because
of the large drop in pressure, part of the fluid vaporizes. The vapor is taken off overhead, while the liquid
drains to the bottom of the drum, where it is withdrawn. A demister or entrainment eliminator is often
employed to prevent liquid droplets from being entrained in the vapor. The system is called “flash”
distillation because the vaporization is extremely rapid after the feed enters the drum. Because of the
intimate contact between liquid and vapor, the system in the flash chamber is very close to an equilibrium
stage. Figure 2-1 shows a vertical flash drum, but horizontal drums are also common. Partial
condensation is similar to Figure 2-1, except the vapor is cooled before entering the drum.

Figure 2-1. Flash distillation system

The designer of a flash system needs to know the pressure and temperature of the flash drum, the size of
the drum, and the liquid and vapor compositions and flow rates. He or she also wishes to know the
pressure, temperature, and flow rate of the feed entering the drum. In addition, he or she needs to know
how much the original feed has to be pressurized and heated. The pressures must be chosen so that at the
feed pressure, pF, the feed is below its boiling point and remains liquid, while at the pressure of the flash
drum, pdrum, the feed is above its boiling point and some of it vaporizes. Because the energy for
vaporization comes from the hot feed, TF > Tdrum, if the feed is already hot and/or the pressure of the flash
drum is quite low, the pump and heater shown in Figure 2-1 may not be needed.
The designer has six degrees of freedom to work with for a binary separation. Usually, the original feed
specifications take up four of these degrees of freedom:

Feed flow rate, F
Feed composition, z (mole fraction of the more volatile component)



Temperature, T1

Pressure, p1

Of the remaining, the designer will usually select first:
Drum pressure, pdrum

The drum pressure must be below the critical pressure for the mixture so that a liquid phase can exist. An
approximate value of the critical pressure can be calculated from

(2-1)

where xi are the liquid mole fractions and pC,i and pC,mixture,approx are the critical pressures of the pure
components and of the mixture (Biegler et al., 1997). In addition, as the pressure increases, the pressure
and temperature of the feed and the condensation temperature of the vapor increase. We prefer a feed
temperature that can be readily obtained with the available steam (TF < Tsteam + 5°C), and if the vapor
product will be condensed, we prefer a condensation temperature that is at least 5°C above the available
cooling water temperature.
A number of other variables are available to fulfill the last degree of freedom.
As is true in the design of many separation techniques, the choice of specified design variables controls
the choice of the design method. For the flash chamber, we can use either a sequential solution method or
a simultaneous solution method. In the sequential procedure, we solve the mass balances and equilibrium
relationships first and then solve the energy balances and enthalpy equations. In the simultaneous solution
method, all equations must be solved at the same time. In both cases, we solve for flow rates,
compositions, and temperatures before we size the flash drum.
We will assume that the flash drum shown in Figure 2-1 acts as an equilibrium stage. Then vapor and
liquid are in equilibrium. For a binary system the mole fraction of the more volatile component in the
vapor y and its mole fraction in the liquid x and Tdrum can be determined from the equilibrium
expressions:

(2-2a)

(2-2b)

To use Eq. (2-2) in the design of binary flash distillation systems, we must take a short tangent and first
discuss binary vapor-liquid equilibrium (VLE).

2.2 Form and Sources of Equilibrium Data
Equilibrium data are required to understand and design the separations in Chapters 1 to 16 and 18. In
principle, we can always experimentally determine the VLE data we require. For a simple experiment,
we could take a chamber similar to Figure 1-2, fill it with the chemicals of interest, and at different
pressures and temperatures, allow the liquid and vapor sufficient time to come to equilibrium and then
take samples of liquid and vapor and analyze them. If we are very careful, we can obtain reliable



equilibrium data. In practice, the measurement is fairly difficult and a variety of special equilibrium stills
have been developed. Marsh (1978) and Van Ness and Abbott (1982, Section 6-7) briefly review
methods of determining equilibrium. With a static equilibrium cell, concentration measurements are not
required for binary systems. Concentrations can be calculated from pressure and temperature data, but the
calculation is complex.
If we obtained equilibrium measurements for a binary mixture of ethanol and water at 1 atm, we would
generate data similar to those shown in Table 2-1. The mole fractions in each phase must sum to 1.0. Thus
for this binary system,

(2-3)

Table 2-1. Vapor-liquid equilibrium data for ethanol and water at 1 atm y and x in mole fractions

where x is mole fraction in the liquid and y is mole fraction in the vapor. Very often only the composition
of the most volatile component (ethanol in this case) will be given. The mole fraction of the less volatile
component can be found from Eqs. (2-3). Equilibrium depends on pressure. (Data in Table 2-1 are
specified for a pressure of 1 atm.) Table 2-1 is only one source of equilibrium data for the ethanol-water
system, and over a dozen studies have explored this system (Wankat, 1988), and data are contained in the
more general sources listed in Table 2-2. The data in different references do not agree perfectly, and care
must be taken in choosing good data. We will refer back to this (and other) data quite often. If you have
difficulty finding it, either look in the index under ethanol data or water data, or look in Appendix D under
ethanol-water VLE.



Table 2-2. Sources of vapor-liquid equilibrium data

Chu, J. C., R. J. Getty, L. F. Brennecke, and R. Paul, Distillation Equilibrium Data, Reinhold,
New York, 1950.
Engineering Data Book, Natural Gasoline Supply Men’s Association, 421 Kennedy Bldg., Tulsa,
Oklahoma, 1953.
Hala, E., I. Wichterle, J. Polak, and T. Boublik, Vapor-Liquid Equilibrium Data at Normal
Pressures, Pergamon, New York, 1968.
Hala, E., J. Pick, V. Fried, and O. Vilim, Vapor-Liquid Equilibrium, 3rd ed., 2nd Engl. ed.,
Pergamon, New York, 1967.
Horsely, L. H., Azeotropic Data, ACS Advances in Chemistry, No. 6, American Chemical
Society, Washington, DC, 1952.
Horsely, L. H. Azeotropic Data (II), ACS Advances in Chemistry, No. 35, American Chemical
Society, Washington, DC, 1952.
Gess, M. A., R. P. Danner, and M. Nagvekar, Thermodynamic Analysis of Vapor-Liquid
Equilibria: Recommended Models and a Standard Data Base, DIPPR, AIChE, New York, 1991.
Gmehling, J., J. Menke, J. Krafczyk, and K. Fischer, Azeotropic Data, VCH Weinheim, Germany,
1994.
Gmehling, J., U. Onken, W. Arlt, P. Grenzheuser, U. Weidlich, B. Kolbe, J. R. Rarey-Nies,
DECHEMA Chemistry Data Series, Vol. I, Vapor-Liquid Equilibrium Data Collection,
DECHEMA, Frankfurt (Main), Germany, 1977–1984.
Maxwell, J. B., Data Book on Hydrocarbons, Van Nostrand, Princeton, NJ, 1950.
Perry, R. H., and D. Green, (Eds.), Perry’s Chemical Engineer’s Handbook, 7th ed., McGraw-
Hill, New York, 1997.
Prausnitz, J. M., T. F. Anderson, E. A. Grens, C. A. Eckert, R. Hsieh, and J. P. O’Connell,
Computer Calculations for Multicomponent Vapor-Liquid and Liquid-Liquid Equilibria,
Prentice-Hall, Upper Saddle River, NJ, 1980.
Stephan, K., and H. Hildwein, DECHEMA Chemistry Data Series, Vol. IV, Recommended Data
of Selected Compounds and Binary Mixtures, DECHEMA, Frankfurt (Main), Germany, 1987.
Timmermans, J., The Physico-Chemical Constants of Binary Systems in Concentrated Solutions,
5 vols., Interscience, New York, 1959–1960.
Van Winkle, M., Distillation, McGraw-Hill, New York, 1967.
Wichterle, I., J. Linek, and E. Hala, Vapor-Liquid Equilibrium Data Bibliography, Elsevier,
Amsterdam, 1973.
www.cheric.org/research/kdb/ (click on box Korean Physical Properties Data Bank).

We see in Table 2-1 that if pressure and temperature are set, then there is only one possible vapor
composition for ethanol, yEtoh, and one possible liquid composition, xEtoh. Thus we cannot arbitrarily set
as many variables as we might wish. For example, at 1 atm we cannot arbitrarily decide that we want
vapor and liquid to be in equilibrium at 95 ° C and xEtoh = 0.1.

The number of variables that we can arbitrarily specify, known as the degrees of freedom, is determined
by subtracting the number of thermodynamic equilibrium equations from the number of variables. For
nonreacting systems the resulting Gibbs’ phase rule is

http://www.cheric.org/research/kdb/


(2-4)

where F = degrees of freedom, C = number of components, and P = number of phases. For the binary
system in Table 2-1, C = 2 (ethanol and water) and P = 2 (vapor and liquid). Thus,

F = 2 − 2 + 2 = 2
When pressure and temperature are set, all the degrees of freedom are used, and at equilibrium all
compositions are determined from the experiment. Alternatively, we could set pressure and xEtoh or xw
and determine temperature and the other mole fractions.
The amount of material and its flow rate are not controlled by the Gibbs’ phase rule. The phase rule refers
to intensive variables such as pressure, temperature, or mole fraction, which do not depend on the total
amount of material present. The extensive variables, such as number of moles, flow rate, and volume, do
depend on the amount of material and are not included in the degrees of freedom. Thus a mixture in
equilibrium must follow Table 2-1 whether there are 0.1, 1.0, 10, 100, or 1,000 moles present.
Binary systems with only two degrees of freedom can be conveniently represented in tabular or graphical
form by setting one variable (usually pressure) constant. VLE data have been determined for many binary
systems. Sources for these data are listed in Table 2-2; you should become familiar with several of these
sources. Note that the data are not of equal quality. Methods for testing the thermodynamic consistency of
equilibrium data are discussed in detail by Barnicki (2002), Walas (1985), and Van Ness and Abbott
(1982, pp. 56–64, 301–348). Errors in the equilibrium data can have a profound effect on the design of
the separation method (e.g., see Carlson, 1996, or Nelson et al., 1983).

2.3 Graphical Representation of Binary VLE
Binary VLE data can be represented graphically in several ways. The most convenient forms are
temperature-composition, y-x, and enthalpy-composition diagrams. These figures all represent the same
data and can be converted from one form to another.
Table 2-1 gives the equilibrium data for ethanol and water at 1 atmosphere. With pressure set, there is
only one degree of freedom remaining. Thus we can select any of the intensive variables as the
independent variable and plot any other intensive variable as the dependent variable. The simplest such
graph is the y vs. x graph shown in Figure 2-2. Typically, we plot the mole fraction of the more volatile
component (the component that has y > x; ethanol in this case). This diagram is also called a McCabe-
Thiele diagram when it is used for calculations. Pressure is constant, but the temperature is different at
each point on the equilibrium curve. Points on the equilibrium curve represent two phases in equilibrium.
Any point not on the equilibrium curve represents a system that may have both liquid and vapor, but they
are not in equilibrium. As we will discover later, y-x diagrams are extremely convenient for calculation.

Figure 2-2. y vs. x diagram for ethanol-water



The data in Table 2-1 can also be plotted on a temperature-composition diagram as shown in Figure 2-3.
The result is actually two graphs: One is liquid temperature vs. xEtoh, and the other is vapor temperature
vs. yEtoh. These curves are called saturated liquid and saturated vapor lines, because they represent all
possible liquid and vapor systems that can be in equilibrium at a pressure of 1 atm. Any point below the
saturated liquid curve represents a subcooled liquid (liquid below its boiling point) whereas any point
above the saturated vapor curve would be a superheated vapor. Points between the two saturation curves
represent streams consisting of both liquid and vapor. If allowed to separate, these streams will give a
liquid and vapor in equilibrium. Liquid and vapor in equilibrium must be at the same temperature;
therefore, these streams will be connected by a horizontal isotherm as shown in Figure 2-3 for xEtoh = 0.2.

Figure 2-3. Temperature-composition diagram for ethanol-water

Even more information can be shown on an enthalpy-composition or Ponchon-Savarit diagram, as
illustrated for ethanol and water in Figure 2-4. Note that the units in Figure 2-4 differ from those in Figure
2-3. Again, there are really two plots: one for liquid and one for vapor. The isotherms shown in Figure 2-
4 show the change in enthalpy at constant temperature as weight fraction varies. Because liquid and vapor



in equilibrium must be at the same temperature, these points are connected by an isotherm. Points between
the saturated vapor and liquid curves represent two-phase systems. An isotherm through any point can be
generated using the auxiliary line with the construction shown in Figure 2-5. To find an isotherm, go
vertically from the saturated liquid curve to the auxiliary line. Then go horizontally to the saturated vapor
line. The line connecting the points on the saturated vapor and saturated liquid curves is the isotherm. If
an isotherm is desired through a point in the two-phase region, a simple trial-and-error procedure is
required.

Figure 2-4. Enthalpy-composition diagram for ethanol-water at a pressure of 1 kg/cm2

(Bosnjakovic, Technische Thermodynamik, T. Steinkopff, Leipzig, 1935)

Figure 2-5. Use of auxiliary line

Isotherms on the enthalpy-composition diagram can also be generated from the y-x and temperature-
composition diagrams. Since these diagrams represent the same data, the vapor composition in
equilibrium with a given liquid composition can be found from either the y-x or temperature-composition
graph, and the value transferred to the enthalpy-composition diagram. This procedure can also be done
graphically as shown in Figure 2-6 if the units are the same in all figures. In Figure 2-6a we can start at
point A and draw a vertical line to point A′ (constant x value). At constant temperature, we can find the
equilibrium vapor composition (point B′). Following the vertical line (constant y), we proceed to point B.
The isotherm connects points A and B. A similar procedure is used in Figure 2-6b, except now the y-x



line must be used on the McCabe-Thiele graph. This is necessary because points A and B in equilibrium
appear as a single point, A′/B′, on the y-x graph. The y = x line allows us to convert the ordinate value (y)
on the y-x diagram to an abscissa value (also y) on the enthalpy-composition diagram. Thus the procedure
is to start at point A and go up to point A′/B′ on the y-x graph. Then go horizontally to the y = x line and
finally drop vertically to point B on the vapor curve. The isotherm now connects points A and B.

Figure 2-6. Drawing isotherms on the enthalpy-composition diagram (A) from the temperature-
composition diagram; (B) from the y-x diagram

The data presented in Table 2-1 and illustrated in Figures 2-2, 2-3, and 2-4 show a minimum-boiling
azeotrope, i.e., the liquid and vapor are of exactly the same composition at a mole fraction ethanol of
0.8943. This can be found from Figure 2-2 by drawing the y = x line and finding the intersection with the
equilibrium curve. In Figure 2-3 the saturated liquid and vapor curves touch, while in Figure 2-4 the
isotherm is vertical at the azeotrope. Note that the azeotrope composition is numerically different in
Figure 2-4, but actually it is essentially the same, since Figure 2-4 is in weight fractions, whereas the
other figures are in mole fractions. Below the azeotrope composition, ethanol is the more volatile
component; above it, ethanol is the less volatile component. The system is called a minimum-boiling
azeotrope because the azeotrope boils at 78.15°C, which is less than that of either pure ethanol or pure
water. The azeotrope location is a function of pressure. Below 70 mm Hg no azeotrope exists for ethanol-
water. Maximum-boiling azeotropes, although rare, also occur (see Figure 2-7). Only the temperature-
composition diagram will look significantly different. Another type of azeotrope occurs when there are
two partially miscible liquid phases. Equilibrium for partially miscible systems is considered in Chapter
8.

Figure 2-7. Maximum boiling azeotrope system



2.4 Binary Flash Distillation
We will now use the binary equilibrium data to develop graphical and analytical procedures to solve the
combined equilibrium, mass balance and energy balance equations. Mass and energy balances are written
for the balance envelope shown as a dashed line in Figure 2-1. For a binary system there are two
independent mass balances. The standard procedure is to use the overall mass balance,

(2-5)

and the component balance for the more volatile component,

(2-6)

The energy balance is

(2-7)

where hF, Hv, and hL are the enthalpies of the feed, vapor, and liquid streams. Usually Qflash = 0, since the
flash drum is insulated and the flash is considered to be adiabatic.
To use the energy balance equations, we need to know the enthalpies. Their general form is

(2-8)

For binary systems it is often convenient to represent the enthalpy functions graphically on an enthalpy-
composition diagram such as Figure 2-4. For ideal mixtures the enthalpies can be calculated from heat
capacities and latent heats. Then,

(2-9a)

(2-9b)



(2-10)

where xA and yA are mole fractions of component A in liquid and vapor, respectively. CP is the molar
heat capacity, Tref is the chosen reference temperature, and λ is the latent heat of vaporization at Tref. For
binary systems, xB = 1 − xA, and yB = 1 − yA.

2.4.1 Sequential Solution Procedure
In the sequential solution procedure, we first solve the mass balance and equilibrium relationships, and
then we solve the energy balance and enthalpy equations. In other words, the two sets of equations are
uncoupled. The sequential solution procedure is applicable when the last degree of freedom is used to
specify a variable that relates to the conditions in the flash drum. Possible choices are:

Vapor mole fraction, y
Liquid mole fraction, x
Fraction feed vaporized, f = V/F
Fraction feed remaining liquid, q = L/F
Temperature of flash drum, Tdrum

If one of the equilibrium conditions, y, x, or Tdrum, is specified, then the other two can be found from Eqs.
(2-2a) and (2-2b) or from the graphical representation of equilibrium data. For example, if y is specified,
x is obtained from Eq. (2-2a) and Tdrum from Eq. (2-2b). In the mass balances, Eqs. (2-5) and (2-6), the
only unknowns are L and V, and the two equations can be solved simultaneously.
If either the fraction vaporized or fraction remaining liquid is specified, Eqs. (2-2a), (2-2b), and (2-6)
must be solved simultaneously. The most convenient way to do this is to combine the mass balances.
Solving Eq. (2-6) for y, we obtain

(2-11)

Equation (2-11) is the operating equation, which for a single-stage system relates the compositions of the
two streams leaving the stage. Equation (2-11) can be rewritten in terms of either the fraction vaporized, f
= V/F, or the fraction remaining liquid, q = L/F.
From the overall mass balance, Eq. (2-5),

(2-12)

Then the operating equation becomes

(2-13)

The alternative in terms of L/F is



(2-14)

and the operating equation becomes

(2-15)

Although they have different forms Eqs. (2-11), (2-13), and (2-15) are equivalent means of obtaining y, x,
or z. We will use whichever operating equation is most convenient.
Now the equilibrium and the operating equation (Eq. 2-11, 2-13, or 2-15) must be solved simultaneously.
The exact way to do this depends on the form of the equilibrium data. For binary systems a graphical
solution is very convenient. Equations (2-11), (2-13), and (2-15) represent a single straight line, called
the operating line, on a graph of y vs. x. This straight line will have

(2-16)

and

(2-17)

The equilibrium data at pressure pdrum can also be plotted on the y-x diagram. The intersection of the
equilibrium curve and the operating line is the simultaneous solution of the mass balances and
equilibrium. This plot of y vs. x showing both equilibrium and operating lines is called a McCabe-Thiele
diagram and is shown in Figure 2-8 for an ethanol-water separation. The equilibrium data are from Table
2-1 and the equilibrium curve is identical to Figure 2-2. The solution point gives the vapor and liquid
compositions leaving the flash drum. Figure 2-8 shows three different operating lines as V/F varies from
0 (line a) to  (line c) to 1.0 (line b) (see Example 2-1). Tdrum can be found from Eq. (2-4), from Table 2-
1, or from a temperature-composition diagram.

Figure 2-8. McCabe-Thiele diagram for binary flash distillation; illustrated for Example 2-1



Two other points often used on the McCabe-Thiele diagram are the x intercept (y = 0) of the operating
line and its intersection with the y = x line. Either of these points can also be located algebraically and
then used to plot the operating line.
The intersection of the operating line and the y = x line is often used because it is simple to plot. This
point can be determined by simultaneously solving Eq. (2-11) and the equation y = x. Substituting y = x
into Eq. (2-11), we have

or

or

since V + L = F, the result is y = z and therefore

(2-18)

The intersection is at the feed composition.
It is important to realize that the y = x line has no fundamental significance. It is often used in graphical
solution methods because it simplifies the calculation. However, do not use it blindly.
Obviously, the graphical technique can be used if y, x, or Tdrum is specified. The order in which you find
points on the diagram will depend on what information you have to begin with.

Example 2-1. Flash separator for ethanol and water

A flash distillation chamber operating at 101.3 kPa is separating an ethanol-water mixture. The feed
mixture is 40 mol% ethanol and F = 100 kmol/h. (a) What is the maximum vapor composition and (b)
what is the minimum liquid composition that can be obtained if V/F is allowed to vary? (c) If V/F =



2/3, what are the liquid and vapor compositions? (d) Repeat step c, given that F is specified as 1000
kmol/h.

Solution

A. Define. We wish to analyze the performance of a flash separator at 1 atm.
a. Find ymax.
b. Find xmin.
c. and d. Find y and x for V/F = 2/3.

B. Explore. Note that pdrum = 101.3 kPa = 1 atm. Thus we must use data at this pressure. These data
are conveniently available in Table 2-1 and Figure 2-2. Since pdrum and V/F for part c are given, a
sequential solution procedure will be used. For parts a and b we will look at limiting values of
V/F.

C. Plan. We will use the y-x diagram as illustrated in Figure 2-2. For all cases we will do a mass
balance to derive an operating line [we could use Eqs. (2-11), (2-13), or (2-15), but I wish to
illustrate deriving an operating line]. Note that 0 ≤ V/F ≤ 1.0. Thus our maximum and minimum
values for V/F must lie within this range.

D. Do It. Sketch is shown.

Mass Balances:
F = V + L

Fz = Vy + Lx
Solve for y:

From the overall balance, L = F – V. Thus
when V/F = 0.0, V = 0, L = F, and L/V = F/0 = ∞
when V/F = 2/3, V = (2/3)F, L = (1/3)F, and L/V = (1/3)F/[(2/3)F] = 1/2
when V/F = 1.0, V = F, L = 0, and L/V = 0/F = 0

Thus the slopes (–L/V) are –∞, –1/2, and –0.
If we solve for the y = x interception, we find it at y = x = z = 0.4 for all cases. Thus we can plot three
operating lines through y = x = z = 0.4, with slopes of –∞, –1/2 and –0. These operating lines were
shown in Figure 2-8.

a. Highest y is for V/F = 0: y = 0.61 [x = 0.4]
b. Lowest x is for V/F = 1.0: x = 0.075 [y = 0.4]
c. When V/F is 2/3, y = 0.52 and x = 0.17
d. When F = 1,000 with V/F = 2/3, the answer is exactly the same as in part c. The feed rate will



affect the drum diameter and the energy needed in the preheater.
E. Check. We can check the solutions with the mass balance, Fz = Vy + Lx.

a. (100)(0.4) = 0(0.61) + (100)(0.4) checks
b. (100)(0.4) = 100(0.4) + (0)(0.075) checks
c. 100(0.4) = (66.6)(0.52) + (33.3)(0.17)

Note V = (2/3)F and L = (1/3)F
This is 40 = 39.9, which checks within the accuracy of the graph

d. Check is similar to c : 400 = 399
We can also check by fitting the equilibrium data to a polynomial equation and then
simultaneously solve equilibrium and operating equations by minimizing the residual. These
spread sheet calculations agree with the graphical solution.

F. Generalization. The method for obtaining bounds for the answer (setting the V/F equation to its
extreme values of 0.0 and 1.0) can be used in a variety of other situations. In general, the feed rate
will not affect the compositions obtained in the design of stage separators. Feed rate does affect
heat requirement and equipment diameters.

Once the conditions within the flash drum have been calculated, we proceed to the energy balance. With
y, x, and Tdrum known, the enthalpies Hv and hL are easily calculated from Eqs. (2-8) or (2-9) and (2-10).
Then the only unknown in Eq. (2-7) is the feed enthalpy hF. Once hF is known, the inlet feed temperature
TF can be obtained from Eq. (2-8) or (2-9b).

The amount of heat required in the heater, Qh, can be determined from an energy balance around the
heater.

(2-19)

Since enthalpy h1 can be calculated from T1 and z, the only unknown is Qh, which controls the size of the
heater.
The feed pressure, pF, required is semi-arbitrary. Any pressure high enough to prevent boiling at
temperature TF can be used.

One additional useful result is the calculation of V/F when all mole fractions (z, y, x) are known. Solving
Eqs. (2-5) and (2-6), we obtain

(2-20)

Except for sizing the flash drum, which is covered later, this completes the sequential procedure. Note
that the advantages of this procedure are that mass and energy balances are uncoupled and can be solved
independently. Thus trial and error is not required.
If we have a convenient equation for the equilibrium data, then we can obtain the simultaneous solution of
the operating equation (2-9, 2-11, or 2-13) and the equilibrium equation analytically. For example, ideal
systems often have a constant relative volatility αAB where αAB is defined as,



(2-21)

For binary systems,
yB = 1 – yA, xB = 1 – xA

and the relative volatility is

(2-22a)

Solving Eq. (2-22) for yA, we obtain

(2-22b)

If Raoult’s law is valid, then we can determine relative volatility as

(2-23)

The relative volatility α may also be fit to experimental data.
If we solve Eqs. (2-21) and (2-11) simultaneously, we obtain

(2-24)

which is easily solved with the quadratic equation. This can be done conveniently with a spread sheet.

2.4.2 Simultaneous Solution and Enthalpy-Composition Diagram
If the temperature of the feed to the drum, TF, is the specified variable, the mass and energy balances and
the equilibrium equations must be solved simultaneously. You can see from the energy balance, Eq. (2-7)
why this is true. The feed enthalpy, hF, can be calculated, but the vapor and liquid enthalpies, Hv and hL,
depend upon Tdrum, y, and x, which are unknown. Thus a sequential solution is not possible.

We could write Eqs. (2-3) to (2-8) and solve seven equations simultaneously for the seven unknowns y, x,
L, V, Hv, hL, and Tdrum. This is feasible but rather difficult, particularly since Eqs. (2-3) and (2-4) and
often Eqs. (2-8) are nonlinear, so we resort to a trial-and-error procedure. This method is: Guess the
value of one of the variables, calculate the other variables, and then check the guessed value of the trial
variable. For a binary system, we can select any one of several trial variables, such as y, x, Tdrum, V/F, or
L/F. For example, if we select the temperature of the drum, Tdrum, as the trial variable, the calculation
procedure is:
1. Calculate hF(TF, z) [e.g., use Eq. (2-9b)].
2. Guess the value of Tdrum.
3. Calculate x and y from the equilibrium equations (2-3) and (2-4) or graphically (use temperature-

composition diagram).
4. Find L and V by solving the mass balance equations (2-5) and (2-6), or find L/V from Figure 2-8 and

use the overall mass balance, Eq. (2-5).



5. Calculate hL(Tdrum, x) and Hv(Tdrum, y) from Eqs. (2-8) or (2-9a) and (2-10) or from the enthalpy-
composition diagram.

6. Check: Is the energy balance equation (2-7) satisfied? If it is satisfied, we are finished. Otherwise,
return to step 2.

The procedures are similar for other trial variables.
For binary flash distillation, the simultaneous procedure can be conveniently carried out on an enthalpy-
composition diagram. First calculate the feed enthalpy, hF, from Eq. (2-8) or Eq. (2-9b); then plot the feed
point as shown on Figure 2-9 (see Problem 2-A1). In the flash drum the feed separates into liquid and
vapor in equilibrium. Thus the isotherm through the feed point, which must be the Tdrum isotherm, gives
the correct values for x and y. The flow rates, L and V, can be determined from the mass balances, Eqs.
(2-5) and (2-6), or from a graphical mass balance.

Figure 2-9. Binary flash calculation in enthalpy-composition diagram

Determining the isotherm through the feed point requires a minor trial-and-error procedure. Pick a y (or
x), draw the isotherm, and check whether it goes through the feed point. If not, repeat with a new y (or x).
A graphical solution to the mass balances and equilibrium can be developed for Figure 2-9. Substitute the
overall balance Eq. (2-5) into the more volatile component mass balance Eq. (2-6),

Lz + Vz = Lx + Vy
Rearranging and solving for L/V

(2-25)

Using basic geometry, (y – z) is proportional to the distance  on the diagonal line and (z – x) is
proportional to the distance FL. Then,

(2-26)

Equation (2-26) is called the lever-arm rule because the same result is obtained when a moment-arm
balance is done on a seesaw. Thus if we set moment arms of the seesaw in Figure 2-10 equal, we obtain



or

Figure 2-10. Illustration of lever-arm rule

which gives the same result as Eq. (2-26). The seesaw is a convenient way to remember the form of the
lever-arm rule.
The lever-arm rule can also be applied on ternary diagrams for extraction, where it has several other uses
(see Chapter 13).

2.5 Multicomponent VLE
If there are more than two components, an analytical procedure is needed. The basic equipment
configuration is the same as Figure 2-1.
The equations used are equilibrium, mass and energy balances, and stoichiometric relations. The mass
and energy balances are very similar to those used in the binary case, but the equilibrium equations are
usually written in terms of K values. The equilibrium form is

(2-27)

where in general

(2-28)

Equations (2-27) and (2-28) are written once for each component. In general, the K values depend on
temperature, pressure, and composition. These nonideal K values are discussed in detail by Smith (1963)
and Walas (1985), in thermodynamics textbooks, and in the references in Table 2-2.
Fortunately, for many systems the K values are approximately independent of composition. Thus,

(2-29)

For light hydrocarbons, the approximate K values can be determined from the nomographs prepared by
DePriester. These are shown in Figures 2-11 and 2-12, which cover different temperature ranges. If
temperature and/or pressure of the equilibrium mixture are unknown, a trial-and-error procedure is
required. DePriester charts in other temperature and pressure units are given by Green and Perry (2008),
Perry and Green (1997), and Smith and Van Ness (1975). The DePriester charts have been fit to the
following equation (McWilliams, 1973):

(2-30)

Figure 2-11. Modified DePriester chart (in S.I. units) at low temperatures



(D. B. Dadyburjor, Chem. Eng. Prog., 85, April 1978; copyright 1978, AIChE; reproduced by permission
of the American Institute of Chemical Engineers)

Figure 2-12. Modified DePriester chart at high temperatures

(D. B. Dadyburjor, Chem. Eng. Prog., 85, April 1978; copyright 1978, AIChE; reproduced by permission
of the American Institute of Chemical Engineers)



Note that T is in °R and p is in psia in Eq. (2-30). The constants aT1, aT2, aT6, ap1, ap2, and ap3 are given in
Table 2-3. The last line gives the mean errors in the K values compared to the values from the DePriester
charts. This equation is valid from –70°C (365.7°R) to 200°C (851.7°R) and for pressures from 101.3
kPa (14.69 psia) to 6000 kPa (870.1 psia). If K and p are known, then Eq. (2-30) can be solved for T.
The obvious advantage of an equation compared to the charts is that it can be programmed into a computer
or calculator. Equation (2-30) can be simplified for all components except n-octane and n-decane (see
Eq. (5-35a)).

Table 2-3. Constants for fit to K values using Eq. (2-30)



The K values are used along with the stoichiometric equations which state the mole fractions in liquid and
vapor phases must sum to 1.0.

(2-31)

where C is the number of components. Bubble-point and dew-point calculations are discussed in detail in
Section 5.4.
If only one component is present, then y = 1.0 and x = 1.0. This implies that Ki = y/x = 1.0. This gives a
simple way of determining the boiling temperature of a pure compound at any pressure. For example, if
we wish to find the boiling point of isobutane at p = 150 kPa, we set our straightedge on p = 150 and at
1.0 on the isobutane scale on Figure 2-11. Then read T = –1.5°C as the boiling point. Alternatively, Eq.
(2-30) with values from Table 2-3 can be solved for T. This gives T = 488.68°R or –1.6°C.
For ideal systems Raoult’s law holds. Raoult’s law states that the partial pressure of a component is
equal to its vapor pressure multiplied by its mole fraction in the liquid. Thus,

(2-32a)

where vapor pressure (VP) depends on temperature. By Dalton’s law of partial pressures,

(2-32b)

Combining these equations,

(2-32c)



Comparing Eqs. (2-32c) and (2-27), the Raoult’s law K value is

(2-33)

This is handy, since extensive tables of vapor pressures are available (e.g., Boublik et al., 1984; Dean,
1985; Green and Perry, 2008). Vapor pressure is often correlated in terms of the Antoine equation

(2-34)

where A, B, and C are constants for each pure compound. These constants are tabulated in various data
sources (Boublik et al., 1984; Yaws et al., 2005). The equations based on Raoult’s law should be used
with great care, since deviations from Raoult’s law are extremely common.
Nonidealities in the liquid phase can be taken into account with a liquid-phase activity coefficient, γi.
Then Eq. (2-33) becomes

(2-35)

The activity coefficient depends on temperature, pressure, and concentration. Excellent correlation
procedures for activity coefficients such as the Margules, Van Laar, Wilson, NRTL, and UNIQUAC
methods have been developed (Poling et al., 2001; Prausnitz et al., 1999; Sandler, 2006; Tester and
Modell, 1997; Van Ness and Abbott, 1982; Walas, 1985). The coefficients for these equations for a wide
variety of mixtures have been tabulated along with the experimental data (see Table 2-2). When the binary
data are not available, one can use infinite dilution coefficients (Table 2-2; Carlson, 1996; Lazzaroni et
al., 2005; Schad, 1998) or the UNIFAC group contribution method (Fredenslund et al., 1977; Prausnitz et
al., 1980) to predict the missing data. Many distillation simulators use Eqs. (2-34), (2-35), and an
appropriate activity coefficient equation. Although a detailed description of these methods is beyond the
scope of this book, a guide to choosing VLE correlations for use in computer simulations is presented in
Table 2-4. For final designs, you must be confident in the VLE correlation used. Check the predictions
with experimental data such as VLE data, flash distillation results, or distillation column results.

Table 2-4. Approximate guides for selection of K-value methods.



2.6 Multicomponent Flash Distillation
Equations (2-27) and (2-28) are solved along with the stoichiometric equations (2-31), the overall mass
balance Eq. (2-5), the component mass balances,

(2-36)

and the energy balance, Eq. (2-7). Equation (2-36) is very similar to the binary mass balance, Eq. (2-6).
Usually the feed flow rate, F, and the feed mole fractions zi for C – 1 of the components will be specified.
If pdrum and Tdrum or one liquid or vapor composition are also specified, then a sequential procedure can
be used. That is, the mass balances, stoichiometric equations, and equilibrium equations are solved
simultaneously, and then the energy balances are solved.
Now consider for a minute what this means. Suppose we have 10 components (C = 10). Then we must
find 10 K’s, 10 x’s, one L, and one V, or 32 variables. To do this we must solve 32 equations [10 Eq. (2-
27), 10 Eq. (2-31), and 10 independent mass balances, Eq. (2-36)] simultaneously. And this is the simpler



sequential solution for a relatively simple problem.
How does one solve 32 simultaneous equations? In general, the K value relations could be nonlinear
functions of composition. However, we will restrict ourselves to ideal solutions where Eq. (2-29) is
valid and

Ki = Ki(Tdrum, pdrum)

Since Tdrum and pdrum are known, the 10 Ki can be determined easily [say, from the DePriester charts or
Eq. (2-30)]. Now there are only 22 linear equations to solve simultaneously. This can be done, but trial-
and-error procedures are simpler.
To simplify the solution procedure, we first use equilibrium, yi = Ki xi, to remove yi from Eq. (2-36):

Solving for xi, we have

If we solve Eq. (2-5) for L, L = F – V, and substitute this into the last equation we have

(2-37)

Now if the unknown V is determined, all of the xi can be determined. It is usual to divide the numerator
and denominator of Eq. (2-37) by the feed rate F and work in terms of the variable V/F. Then upon
rearrangement we have

(2-38)

The reason for using V/F, the fraction vaporized, is that it is bounded between 0 and 1.0 for all possible
problems. Since yi = Kixi, we obtain

(2-39)

Once V/F is determined, xi and yi are easily found from Eqs. (2-38) and (2-39).

How can we derive an equation that allows us to calculate V/F?
To answer this, first consider what equations have not been used. These are the two stoichiometric
equations, Σ xi = 1.0 and Σ yi = 1.0. If we substitute Eqs. (2-38) and (2-37) into these equations, we obtain

(2-40)



and

(2-41)

Either of these equations can be used to solve for V/F. If we clear fractions, these are Cth-order
polynomials. Thus, if C is greater than 3, a trial-and-error procedure or root-finding technique must be
used to find V/F. Although Eqs. (2-40) and (2-41) are both valid, they do not have good convergence
properties. That is, if the wrong V/F is chosen, the V/F that is chosen next may not be better.
Fortunately, an equation that does have good convergence properties is easy to derive. To do this,
subtract Eq. (2-40) from (2-41).

Subtracting the sums term by term, we have

(2-42)

Equation (2-42), which is known as the Rachford-Rice equation, has excellent convergence properties. It
can also be modified for three-phase (liquid-liquid-vapor) flash systems (Chien, 1994).
Since the feed compositions, zi, are specified and Ki can be calculated when Tdrum and pdrum are given, the
only variable in Eq. (2-42) is the fraction vaporized, V/F. This equation can be solved by many different
convergence procedures or root finding methods. The Newtonian convergence procedure will converge
quickly. Since f(V/F) in Eq. (2-42) is a function of V/F that should have a zero value, the equation for the
Newtonian convergence procedure is

(2-43)

where fk is the value of the function for trial k and dfk/d(V/F) is the value of the derivative of the function
for trial k. We desire to have fk + 1 equal zero, so we set fk + 1 = 0 and solve for Δ (V/F):

(2-44)

This equation gives us the best next guess for the fraction vaporized. To use it, however, we need
equations for both the function and the derivative. For fk, use the Rachford-Rice equation, (2-42). Then
the derivative is



(2-45)

Substituting Eqs. (2-42) and (2-45) into (2-44) and solving for (V/F)k+1, we obtain

(2-46)

Equation (2-46) gives a good estimate for the next trial. Once (V/F)k+1 is calculated the value of the
Rachford-Rice function can be determined. If it is close enough to zero, the calculation is finished;
otherwise repeat the Newtonian convergence for the next trial.
Newtonian convergence procedures do not always converge. One advantage of using the Rachford-Rice
equation with the Newtonian convergence procedure is that there is always rapid convergence. This is
illustrated in Example 2-2.
Once V/F has been found, xi and yi are calculated from Eqs. (2-38) and (2-39). L and V are determined
from the overall mass balance, Eq. (2-5). The enthalpies hL and Hv can now be calculated. For ideal
solutions the enthalpies can be determined from the sum of the pure component enthalpies multiplied by
the corresponding mole fractions:

(2-47a)

(2-47b)

where  and  are enthalpies of the pure components. If the solutions are not ideal, heats of mixing
are required. Then the energy balance, Eq. (2-7), is solved for hF, and TF is determined.

If V/F and pdrum are specified, then Tdrum must be determined. This can be done by picking a value for
Tdrum, calculating Ki, and checking with the Rachford-Rice equation, (2-42). A plot of f(V/F) vs. Tdrum
will help us select the temperature value for the next trial. Alternatively, an approximate convergence
procedure similar to that employed for bubble- and dew-point calculations can be used (see Section 5-4).
The new Kref can be determined from

(2-48)

where the damping factor d ≤ 1.0. In some cases this may overcorrect unless the initial guess is close to
the correct answer. The calculation when V/F = 0 gives us the bubble-point temperature (liquid starts to
boil) and when V/F = 1.0 gives the dew-point temperature (vapor starts to condense).



Example 2-2. Multicomponent flash distillation

A flash chamber operating at 50°C and 200 kPa is separating 1000 kmol/h of a feed that is 30 mol%
propane, 10 mol% n-butane, 15 mol% n-pentane and 45 mol% n-hexane. Find the product
compositions and flow rates.

Solution

A. Define. We want to calculate yi, xi, V, and L for the equilibrium flash chamber shown in the
diagram.

B. Explore. Since Tdrum and pdrum are given, a sequential solution can be used. We can use the
Rachford-Rice equation to solve for V/F and then find xi, yi, L, and V.

C. Plan. Calculate Ki from DePriester charts or from Eq. (2-30). Use Newtonian convergence with
the Rachford-Rice equation, Eq. (2-46), to converge on the correct V/F value. Once the correct V/F
has been found, calculate xi from Eq. (2-38) and yi from Eq. (2-39). Calculate V from V/F and L
from overall mass balance, Eq. (2-5).

D. Do it. From the DePriester chart (Fig. 2-11), at 50°C and 200 kPa we find

Calculate f (V/F) from the Rachford-Rice equation:

Pick V/F = 0.1 as first guess (this illustrates convergence for a poor first guess).

Since f(0.1) is positive, a higher value for V/F is required. Note that only one term in the denominator
of each term changes. Thus we can set up the equation so that only V/F will change. Then f(V/F)
equals

Now all subsequent calculations will be easier.
The derivative of the R-R equation can be calculated for this first guess



With V/F = 0.1 this is 
From Eq. (2-46) the next guess for V/F is (V/F)2 = 0.1 + 0.8785/4.631 = 0.29. Calculating the value
of the Rachford-Rice equation, we have f(0.29) = 0.329. This is still positive and V/F is still too low.
Second Trial:

which gives (V/F)3 = 0.29 + 0.329/1.891 = 0.46

and the Rachford-Rice equation is f(0.46) = 0.066. This is closer, but V/F is still too low. Continue
convergence.
Third Trial:

which gives (V/F)4 = 0.46 + 0.066/1.32 = 0.51

We calculate that f(0.51) = 0.00173, which is close to zero and is within the accuracy of the
DePriester charts. Thus V/F = 0.51.
Now we calculate xi from Eq. (2-38) and yi from Kixi. For example,

y1 = K1 x1 = (7.0)(0.0739) = 0.5172

since F = 1000 and V/F = 0.51, V = 0.51F = 510 kmol/h, and L = F – V = 1000 – 510 = 490 kmol/h.
E. Check. We can check Σ yi and Σ xi.

These are close enough. They aren’t perfect, because V/F wasn’t exact. Essentially the same
answer is obtained if Eq. (2-30) is used for the K values. Note: Equation (2-30) may seem more
accurate since one can produce a lot of digits; however, since it is a fit to the DePriester chart it
can’t be more accurate.

F. Generalize. Since the Rachford-Rice equation is almost linear, the Newtonian convergence routine
gives rapid convergence. Note that the convergence was monotonic and did not oscillate. Faster
convergence would be achieved with a better first guess of V/F. This type of trial-and-error
problem is easy to program on a spreadsheet (see Appendix B in this chapter).



If the specified variables are F, zi, pdrum, and either x or y for one component, we can follow a sequential
convergence procedure using Eq. (2-38) or (2-39) to relate to the specified composition (the reference
component) to either Kref or V/F. We can do this in either of two ways. The first is to guess Tdrum and use
Eq. (2-38) or (2-39) to solve for V/F. The Rachford-Rice equation is then the check equation on Tdrum. If
the Rachford-Rice equation is not satisfied, we select a new temperature—using Eq. (2-49)—and repeat
the procedure. In the second approach, we guess V/F and calculate Kref from Eq. (2-38) or (2-39). We
then determine the drum temperature from this Kref. The Rachford-Rice equation is again the check. If it is
not satisfied, we select a new V/F and continue the process.
If there are nonvolatile compounds present, the Ki values for these compounds are zero. The presence of
these compounds will cause no difficulties for Eqs. (2-38) to (2-49). However, if there are
noncondensable compounds present, the Ki for these compounds will be very large, particularly if the
solubilities are small. It is tempting to set these Ki values to infinity, but then Eq. (2-42) becomes
undefined. This difficulty is easily handled by rearranging Eq. (2-42) (Hatfield, 2008). If we divide
numerator and denominator of the noncondensable term of Eq. (2-42) by KNC, this term becomes

(2-49)

Substitution of this term into Eq. (2-42) results in a well-behaved equation in the presence of
noncondensable compounds. Equations (2-38) and (2-39) become xNC = 0 and yNC = FzNC/V.

2.7 Simultaneous Multicomponent Convergence
If the feed rate F, the feed composition consisting of (C – 1) zi values, the flash drum pressure pdrum, and
the feed temperature TF are specified, the hot liquid will vaporize when its pressure is dropped. This
“flashing” cools the liquid to provide energy to vaporize some of the liquid. The result Tdrum is unknown;
thus, we must use a simultaneous solution procedure. First, we choose a feed pressure such that the feed
will be liquid. Then we can calculate the feed enthalpy in the same way as Eqs. (2-47) and (2-48):

(2-50)

Although the mass and energy balances, equilibrium relations, and stoichiometric relations could all be
solved simultaneously, it is again easier to use a trial-and-error procedure. This problem is now a double
trial and error.
The first question to ask in setting up a trial-and-error procedure is: What are the possible trial variables
and which ones shall we use? Here we first pick Tdrum, since it is required to calculate all Ki,  and 
and since it is difficult to solve for. The second trial variable is V/F, because then we can use the
Rachford-Rice approach with Newtonian convergence.
The second question to ask is: Should we converge on both variables simultaneously (that is change both



Tdrum and V/F at the same time), or should we converge sequentially? Both techniques will work, but
sequential convergence tends to be more stable. If we use sequential convergence, then a third question is:
Which variable should we converge on first, V/F or Tdrum? To answer this question we need to consider
the chemical system we are separating. If the mixture is wide-boiling, that is, if the dew point and bubble
point are far apart (say more than 80 to 100°C), then a small change in Tdrum cannot have much effect on
V/F. In this case we wish to converge on V/F first. Then when Tdrum is changed, we will be close to the
correct answer for V/F. For a significant separation in a flash system, the volatilities must be very
different, so this is the typical situation for flash distillation. The narrow-boiling procedure is shown in
Figure 6-1 for distillation.
The procedure for wide-boiling feeds is shown in Figure 2-13. Note that the energy balance is used last.
This is standard procedure since accurate values of xi and yi are available to calculate enthalpies for the
energy balance.

Figure 2-13. Flowsheet for wide-boiling feed



The fourth question is: How should we do the individual convergence steps? For the Rachford-Rice
equation, linear interpolation or Newtonian convergence will be satisfactory. Several methods can be
used to estimate the next flash drum temperature. One of the fastest and easiest to use is a Newtonian
convergence procedure. To do this we rearrange the energy balance (Eq. 2-7) into the functional form,

(2-51)

The subscript k again refers to the trial number. When Ek is zero, the problem has been solved. The
Newtonian procedure estimates Ek+1(Tdrum) from the derivative,



(2-52)

where ΔTdrum is the change in Tdrum from trial to trial,

(2-53)

and dEk/dTdrum is the variation of Ek as temperature changes. Since the last two terms in Eq. (2-51) do not
depend on Tdrum, this derivative can be calculated as

(2-54)

where we have used the definition of the heat capacity. In deriving Eq. (2-54) we set both dV/dT and
dL/dT equal to zero since a sequential convergence routine is being used and we do not want to vary V
and L in this loop. We want the energy balance to be satisfied after the next trial. Thus we set Ek+1 = 0.
Now Eq. (2-52) can be solved for ΔTdrum:

(2-55)

Substituting the expression for ΔTdrum into this equation and solving for Tdrum k+1, we obtain the best guess
for temperature for the next trial,

(2-56a)

In this equation Ek is the calculated numerical value of the energy balance function from Eq. (2-51) and
dEk/dTdrum is the numerical value of the derivative calculated from Eq. (2-54).

The procedure has converged when

(2-56b)

For computer calculations, ε = 0.01°C is a reasonable choice. For hand calculations, a less stringent limit
such as ε = 0.2°C would be used. This procedure is illustrated in Example 2-3.
It is possible that this convergence scheme will predict values of ΔTdrum that are too large. When this
occurs, the drum temperature may oscillate with a growing amplitude and not converge. To discourage
this behavior, ΔTdrum can be damped.

(2-57)



where the damping factor d is about 0.5. Note that when d = 1.0, this is just the Newtonian approach.
The drum temperature should always lie between the bubble- and dew-point temperature of the feed. In
addition, the temperature should converge toward some central value. If either of these criteria is
violated, then the convergence scheme should be damped or an alternative convergence scheme should be
used.

Example 2-3. Simultaneous solution for flash distillation

We have a liquid feed that is 20 mol% methane, 45 mol% n-pentane, and 35 mol% n-hexane. Feed
rate is 1500 kmol/h, feed temperature is 45°C, and pressure is 100.0 psia. The flash drum operates at
30 psia and is adiabatic. Find: Tdrum, V/F, xi, yi, L, V.

Solution

A. Define. The process is sketched in the diagram.

B. Explore. Since TF is given, this will be a double trial and error. K values from the DePriester
charts or from Eq. (2-30) can be used. For energy balances, enthalpies can be calculated from heat
capacities and latent heats. The required data are listed in Table 2-5.

Table 2-5. Data for methane, n-pentane, and n-hexane

C. Plan. Since this is a double trial and error, all calculations will be done on the computer and
summarized here. Newtonian convergence will be used for both the Rachford-Rice equation and
the energy balance estimate of new drum temperature. ε = 0.02 is used for energy convergence (Eq.
2-56b). The Rachford-Rice equation is considered converged when

(2-58)



εR = 0.005 is used here.
D. Do It. The first guess is made by arbitrarily assuming that Tdrum = 15°C and V/F = 0.25. Since

convergence of the program is rapid, more effort on an accurate first guess is probably not
justified. Using Eq. (2-46) as illustrated in Example 2-2, the following V/F values are obtained [K
values from Eq. (2-30)]:

Note that convergence is monotonic. With V/F known, xi and yi are found from Eqs. (2-38) and (2-
39).
Compositions are: xm = 0.0124, xp = 0.5459, xH = 0.4470, and ym = 0.8072, yp = 0.1398, yH =
0.0362.
Flow rates L and V are found from the mass balance and V/F value. After determining enthalpies,
Eq. (2-56a) is used to determine Tdrum,2 = 27.9°C. Obviously, this is still far from convergence.
The convergence procedure is continued, as summarized in Table 2-6. Note that the drum
temperature oscillates, and because of this the converged V/F oscillates. Also, the number of trials
to converge on V/F decreases as the calculation proceeds. The final compositions and flow rates
are:
xm = 0.0108, xp = 0.5381, xH = 0.4513
ym = 0.7531, yP = 0.1925, yH = 0.0539
V = 382.3 kmol/h and L = 1117.7 kmol/h

Table 2-6. Iterations for Example 2-3

E. Check. The results are checked throughout the trial-and-error procedure. Naturally, they depend
upon the validity of data used for the enthalpies and Ks. At least the results appear to be self-
consistent (that is, Σ xi = 1.0, Σ yi = 1.0) and are of the right order of magnitude. This problem was
also solved using Aspen Plus with the Peng-Robinson equation for VLE (see Chapter 2 Appendix
A). The results are xm = 0.0079, xp = 0.5374, xH = 0.4547, L = 1107.8, and ym = 0.7424, yp =
0.2032, yH = 0.0543, V = 392.2, and Tdrum = 27.99°C. With the exception of the drum temperature
these results, which use different data, are close.

F. Generalization. The use of the computer greatly reduces calculation time on this double trial-and-
error problem. Use of a process simulator that includes VLE and enthalpy correlations will be
fastest. However, any software package must be validated (Shacham et al., 2008).



2.8 Three-Phase Flash Calculations
Many systems, particularly mixtures of nonpolar organics and polar compounds such as water, will form
two liquid phases and one vapor phase. A binary example, n-butanol and water, is discussed later (see
Figure 8-2 and Problem 8.D3). In this section we consider calculations for multicomponent liquid-liquid-
vapor systems. For example, if a vapor mixture of gasoline and water is partially condensed, the result
will be an aqueous layer with a high mole fraction of water, an organic phase containing very little water,
and a vapor phase. The different components of gasoline will distribute between the three phases
differently.
With three phases, the component mass balance for a flash distillation system is

(2-59)

which is equivalent to Eq. (2-36). There are i independent component mass balances, but the overall
balance is not independent, since it is obtained by summing all of the component balances.
When there are three phases, we can write three equilibrium distribution relationships for each
component i,

(2-60a,b,c)

Solving Eq. (2-60a) for yi, and substituting this into Eq. (2-60b), rearranging and comparing to Eq. (2-
60c) we obtain

(2-61)

Thus, only two of the three K values for each component are independent. Of course, all the K values are,
in general, functions of temperature, pressure, and composition.
We can now follow exactly the same steps as were used to derive the Rachford-Rice equation [Eqs. (2-
37) to (2-42)] to derive two equations for the three-phase flash.

(2-62)

(2-63)

If temperature and pressure are specified and correlations for the equilibrium parameters are available,
these two forms of the Rachford-Rice equation can be solved simultaneously for Lliquid_1/F and V/F. Then
yi, xi,liquid_1, and xi,liquid_2 can be calculated from the three-phase equations equivalent to Eqs. (2-37) and
(2-38) (see Problem 2.C9). If only liquid 1 and vapor are present, then an equation equivalent to Eq. (2-



62) but written for vapor and liquid 1 must be used (Chien, 1994). Process simulators can do these
calculations (e.g., problem 2.G5), but the equilibrium correlations, particularly the liquid-liquid
equilibrium correlations, need to be checked against data.

2.9 Size Calculation
Once the vapor and liquid compositions and flow rates have been determined, the flash drum can be
sized. This is an empirical procedure. We will discuss the specific procedure first for vertical flash
drums (Figure 2-1) and then adjust the procedure for horizontal flash drums.
Step 1. Calculate the permissible vapor velocity, uperm,

(2-64)

uperm is the maximum permissible vapor velocity in feet per second at the maximum cross-sectional area.
ρL and ρv are the liquid and vapor densities. Kdrum is in ft/s.

Kdrum is an empirical constant that depends on the type of drum. For vertical drums the value has been
correlated graphically by Watkins (1967) for 85% of flood with no demister. Approximately 5% liquid
will be entrained with the vapor. Use of the same design with a demister will reduce entrainment to less
than 1%. The demister traps small liquid droplets on fine wires and prevents them from exiting. The
droplets then coalesce into larger droplets, which fall off the wire and through the rising vapor into the
liquid pool at the bottom of the flash chamber. Blackwell (1984) fit Watkins’ correlation to the equation

(2-65)

where  and const = 1.0 ft/s,
with WL and Wv being the liquid and vapor flow rates in weight units per hour (e.g., lb/h). The constants
are (Blackwell, 1984):

A = –1.877478097
B = –0.8145804597
C = –0.1870744085
D = –0.0145228667
E = –0.0010148518

The resulting value for Kdrum typically ranges from 0.1 to 0.35.

Step 2. Using the known vapor rate, V, convert uperm into a horizontal area. The vapor flow rate, V, in
lbmol/h is

Solving for the cross-sectional area,



(2-66)

For a vertical drum, diameter D is

(2-67)

Usually, the diameter is increased to the next largest 6-in. increment.
Step 3. Set the length/diameter ratio either by rule of thumb or by the required liquid surge volume. For
vertical flash drums, the rule of thumb is that htotal/D ranges from 3.0 to 5.0. The appropriate value of
htotal/D within this range can be found by minimizing the total vessel weight (which minimizes cost).

Flash drums are often used as liquid surge tanks in addition to separating liquid and vapor. The design
procedure for this case is discussed by Watkins (1967) for petrochemical applications. The height of the
drum above the centerline of the feed nozzle, hv, should be 36 in. plus one-half the diameter of the feed
line (see Figure 2-14). The minimum of this distance is 48 in.

Figure 2-14. Measurements for vertical flash drum

The height of the center of the feed line above the maximum level of the liquid pool, hf, should be 12 in.
plus one-half the diameter of the feed line. The minimum distance for this free space is 18 in.
The depth of the liquid pool, hL, can be determined from the desired surge volume, Vsurge.

(2-68)

The geometry can now be checked, since

should be between 3 and 5. These procedures are illustrated in Example 2-4. If htotal/D < 3, a larger liquid
surge volume should be allowed. If htotal/D > 5, a horizontal flash drum should be used.



Horizontal flash drums (Figure 2-15) are used for large flow rates because additional disengagement area
is formed by making the column longer and horizontal columns are cheaper than vertical ones.

(2-69a)

Figure 2-15. Horizontal flash drum

If we arbitrarily choose h/D = constant C and solve for diameter D, we obtain

(2-69b)

If the ideal gas law is valid, the molar density  and the mass density ρv are,

(2-69c)

Equation (2-69b) becomes

(2-69d)

The value of u is found from Eq. (2-64) with (Blackwell, 1984)

(2-69e)

where Kvertical is determined from Eq. (2-65).

The typical range for h/D is from 3 to 5. Horizontal drums are particularly useful when large liquid surge



capacities are needed. More detailed design procedures and methods for horizontal drums are presented
by Evans (1980), Blackwell (1984), and Watkins (1967). Note that in industries other than
petrochemicals that sizing may vary.

Example 2-4. Calculation of drum size

A vertical flash drum is to flash a liquid feed of 1500 lbmol/h that is 40 mol% n-hexane and 60 mol%
n-octane at 101.3 kPa (1 atm). We wish to produce a vapor that is 60 mol% n-hexane. Solution of the
flash equations with equilibrium data gives xH = 0.19, Tdrum = 378K, and V/F = 0.51. What size flash
drum is required?

Solution

A. Define. We wish to find diameter and length of flash drum.
B. Explore. We want to use the empirical method developed in Eqs. (2-64) to (2-68). For this we

need to estimate the following physical properties: ρL, ρv, MWv. To do this we need to know
something about the behavior of the gas and of the liquid.

C. Plan. Assume ideal gas and ideal mixtures for liquid. Calculate average ρL by assuming additive
volumes. Calculate ρv from the ideal gas law. Then calculate uperm from Eq. (2-64) and diameter
from Eq. (2-68).

D. Do It.
1. Liquid Density
The average liquid molecular weight is

where subscript H is n-hexane and O is n-octane. Calculate or look up the molecular weights. MWH =
86.17 and MWO = 114.22. Then . The specific volume is
the sum of mole fractions multiplied by the pure component specific volumes (ideal mixture):

From the Handbook of Chemistry and Physics, ρH = 0.659 g/mL and ρO = 0.703 g/mL at 20°C. Thus,

Then

2. Vapor Density

Density in moles per liter for ideal gas is , which in g/L is .
The average molecular weight of the vapor is

where yH = 0.60 and yO = 0.40, and thus . This gives



3. Kdrum Calculation.
Calculation of flow parameter Flv:

Kdrum from Eq. (2-65) gives Kdrum = 0.4433, which seems a bit high but agrees with Watkins’s
(1967) chart.

4.

5.

Use a 4.0 ft diameter drum or 4.5 ft to be safe.
6. If use htotal/D = 4, htotal = 4(4.5 ft) = 18.0 ft.

E. Check. This drum size is reasonable. Minimums for hv and hf are easily met. Note that units do
work out in all calculations; however, one must be careful with units, particularly calculating Ac
and D.

F. Generalization. If the ideal gas law is not valid, a compressibility factor could be inserted in the
equation for ρv. Note that most of the work involved calculation of the physical properties. This is
often true in designing equipment. In practice we pick a standard size drum (4.0 or 4.5 ft diameter)
instead of custom building the drum.

2.10 Using Existing Flash Drums
Individual pieces of equipment will often outlive the entire plant. This used equipment is then available
either in the plant’s salvage section or from used equipment dealers. As long as used equipment is clean
and structurally sound (it pays to have an expert check it), it can be used instead of designing and building
new equipment. Used equipment and off-the-shelf new equipment will often be cheaper and will have
faster delivery than custom-designed new equipment; however, it may have been designed for a different
separation. The challenge in using existing equipment is to adapt it with minimum cost to the new



separation problem.
The existing flash drum has its dimensions htotal and D specified. Solving Eqs. (2-66) and (2-67) for a
vertical drum for V, we have

(2-70)

This vapor velocity is the maximum for this existing drum, since it will give a linear vapor velocity equal
to uperm.

The maximum vapor capacity of the drum limits the product of (V/F) multiplied by F, since we must have

(2-71)

If Eq. (2-71) is satisfied, then use of the drum is straightforward. If Eq. (2-71) is violated, something has
to give. Some of the possible adjustments are:
a. Add chevrons or a demister to increase VMax or to reduce entrainment (Woinsky, 1994).
b. Reduce feed rate to the drum.
c. Reduce V/F. Less vapor product with more of the more volatile components will be produced.
d. Use existing drums in parallel. This reduces feed rate to each drum.
e. Use existing drums in series (see Problems 2.D2 and 2.D5).
f. Try increasing the pressure (note that this changes everything—see Problem 2.C1).
g. Buy a different flash drum or build a new one.
h. Use some combination of these alternatives.
i. The engineer can use ingenuity to solve the problem in the cheapest and quickest way.

2.11 Summary—Objectives
This chapter discussed VLE and the calculation procedures for binary and multicomponent flash
distillation. At this point you should be able to satisfy the following objectives:
1. Explain and sketch the basic flash distillation process
2. Find desired VLE data in the literature or on the Web
3. Plot and use y-x, temperature-composition, enthalpy-composition diagrams; explain the relationship

between these three types of diagrams
4. Derive and plot the operating equation for a binary flash distillation on a y-x diagram; solve both

sequential and simultaneous binary flash distillation problems
5. Define and use K values, Raoult’s law, and relative volatility
6. Derive the Rachford-Rice equation for multicomponent flash distillation, and use it with Newtonian

convergence to determine V/F
7. Solve sequential multicomponent flash distillation problems
8. Determine the length and diameter of a flash drum
9. Use existing flash drums for a new separation problem
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Homework
A. Discussion Problems

A1. In Figure 2-9 the feed plots as a two-phase mixture, whereas it is a liquid before introduction to
the flash chamber. Explain why. Why can’t the feed location be plotted directly from known
values of TF and z? In other words, why does hF have to be calculated separately from an equation
such as Eq. (2-9b)?



A2. Can weight units be used in the flash calculations instead of molar units?
A3. Explain why a sequential solution procedure cannot be used when Tfeed is specified for a flash

drum.
A4. In the flash distillation of salt water, the salt is totally nonvolatile (this is the equilibrium

statement). Show a McCabe-Thiele diagram for a feed water containing 3.5 wt % salt. Be sure to
plot weight fraction of more volatile component.

A5. Develop your own key relations chart for this chapter. That is, on one page summarize everything
you would want to know to solve problems in flash distillation. Include sketches, equations, and
key words.

A6. In a flash drum separating a multicomponent mixture, raising the pressure will:
a. increase the drum diameter and increase the relative volatilities.
b. increase the drum diameter and cause no change to the relative volatilities.
c. increase the drum diameter and decrease the relative volatilities.
d. not change the drum diameter but increase the relative volatilities.
e. not change the drum diameter and not change the relative volatilities.
f. not change the drum diameter but decrease the relative volatilities.
g. decrease the drum diameter and increase the relative volatilities.
h. decrease the drum diameter and not change to the relative volatilities.
i. decrease the drum diameter and decrease the relative volatilities.

A7.
a. What would Figure 2-2 look like if we plotted y2 vs. x2 (i.e., plot less volatile component mole

fractions)?
b. What would Figure 2-3 look like if we plotted T vs. x2 or y2 (less volatile component)?
c. What would Figure 2-4 look like if we plotted H or h vs. y2 or x2 (less volatile component)?

A8. For a typical straight-chain hydrocarbon, does:
a. K increase, decrease, or stay the same when temperature is increased?
b. K increase, decrease, or stay the same when pressure is increased?
c. K increase, decrease, or stay the same when mole fraction in the liquid phase is increased?
d. K increase, decrease, or stay the same when the molecular weight of the hydrocarbon is

increased within a homologous series?
Note: It will help to visualize the DePreister chart in answering this question.

A9. In the vapor-liquid equilibrium data for methanol-water, if the methanol vapor mole fraction is
0.60, what is the methanol liquid mole fraction?

A10. Is there an azeotrope in the methanol-water system at a pressure of 1.0 atmospheres?
A11. The equilibrium K value is usually defined as

a. K = y/x, where y and x are weight fractions of the component in the vapor and liquid phases,
respectively.

b. K = x/y, where x and y are weight fractions of the component in the liquid and vapor phases,
respectively.

c. K = y/x, where y and x are mole fractions of the component in the vapor and liquid phases,



respectively.
d. K = x/y, where x and y are mole fractions of the component in the liquid and vapor phases,

respectively.
A12. In a sequential solution procedure for flash distillation,

a. the mass balances, equilibrium relationships, and energy balances are solved simultaneously.
b. the mass balances and equilibrium relationships are solved first, and then the energy balance is

solved.
c. the energy balance is solved first, and then the mass balances and equilibrium relationship are

solved.
A13. Calculations are simpler for multicomponent flash distillation if the feed flow rate and mole

fractions of the feed are specified plus
a. the drum pressure and feed temperature.
b. the drum temperature and feed temperature.
c. the drum temperature and the drum pressure.
d. the feed temperature and feed pressure.
e. all of the above; they are all equally difficult.

A14. The Rachford-Rice equation,
a. has excellent convergence properties for flash distillation.
b. was derived from the mass balances, equilibrium relationships, and energy balances.
c. is only useful for binary flash distillation.
d. all of the above.
e. none of the above.

A15. Use the DePriester chart:
a. What is the K value of propane at 240 kPa and 25°C?
b. What is the normal boiling point of n-pentane?

A16. Flash distillation is usually operated adiabatically. Where does the energy to vaporize part of the
feed come from?

B. Generation of Alternatives
B1. Think of all the ways a binary flash distillation problem can be specified. For example, we have

usually specified F, z, Tdrum, pdrum. What other combinations of variables can be used? (I have
over 20.) Then consider how you would solve the resulting problems.

B2. An existing flash drum is available. The vertical drum has a demister and is 4 ft in diameter and
12 ft tall. The feed is 30 mol% methanol and 70 mol% water. A vapor product that is 58 mol%
methanol is desired. We have a feed rate of 25,000 lbmol/h. Operation is at 1 atm pressure. Since
this feed rate is too high for the existing drum, what can be done to produce a vapor of the desired
composition? Design the new equipment for your new scheme. You should devise at least three
alternatives. Data are given in Problem 2.D1.

B3. In principle, measuring VLE data is straightforward. In practice, actual measurement may be very
difficult. Think of how you might do this. How would you take samples without perturbing the
system? How would you analyze for the concentrations? What could go wrong? Look in your
thermodynamics textbook for ideas.



C. Derivations
C1. Determine the effect of pressure on the temperature, separation and diameter of a flash drum.
C2. Solve the Rachford-Rice equation for V/F for a binary system.
C3. Assume that vapor pressure can be calculated from the Antoine equation and that Raoult’s law

can be used to calculate K values. For a binary flash system, solve for the drum pressure if drum
temperature and V/F are given.

C4. Derive Eq. (2-24) and show that it is correct.
C5. Choosing to use V/F to develop the Rachford-Rice equation is conventional but arbitrary. We

could also use L/F, the fraction remaining liquid, as the trial variable. Develop the Rachford-Rice
equation as f(L/F).

C6. In flash distillation a liquid mixture is partially vaporized. We could also take a vapor mixture
and partially condense it. Draw a schematic diagram of partial condensation equipment. Derive
the equations for this process. Are they different from flash distillation? If so, how?

C7. Plot Eq. (2-40) vs. V/F for Example 2-2 to illustrate that convergence is not as linear as the
Rachford-Rice equation.

C8. Show how to use a temperature composition diagram to solve a binary flash distillation problem
when the drum temperature, feed mole fraction, drum pressure, and feed rate are specified. Show
how to determine x, y, L, and V.

C9. For a vapor-liquid-liquid flash distillation, derive Eqs. (2-62) and (2-63) and the equations that
allow calculation of all the mole fractions once V/F and Lliquid_1/F are known.

D. Problems
*Answers to problems with an asterisk are at the back of the book.

D1.* We are separating a mixture of methanol and water in a flash drum at 1 atm pressure. Equilibrium
data are listed in Table 2-7.
a. Feed is 60 mol% methanol, and 40% of the feed is vaporized. What are the vapor and liquid

mole fractions and flow rates? Feed rate is 100 kmol/h.
b. Repeat part a for a feed rate of 1500 kmol/h.
c. If the feed is 30 mol% methanol and we desire a liquid product that is 20 mol% methanol, what

V/F must be used? For a feed rate of 1000 lbmol/h, find product flow rates and compositions.
d. We are operating the flash drum so that the liquid mole fraction is 45 mol% methanol. L = 1500

kmol/h, and V/F = 0.2. What must the flow rate and composition of the feed be?
e. Find the dimensions of a vertical flash drum for Problem 2.D1c.

Data: ρw = 1.00 g/cm3, ρm,L = 0.7914 g/cm3, MWw = 18.01, MWm = 32.04. Assume vapors are
ideal gas.

f. If z = 0.4, p = 1 atm, and Tdrum = 77°C, find V/F, xm, and ym.
g. If F = 50 mol/h, z = 0.8, p = 1 atm, and ym = 0.892 mole fraction methanol, find V, L, and xm.

Table 2-7. Vapor-liquid equilibrium data for methanol water (p = 1 atm) (mol%)



D2.* Two flash distillation chambers are hooked together as shown in the diagram. Both are at 1 atm
pressure. The feed to the first drum is a binary mixture of methanol and water that is 55 mol%
methanol. Feed flow rate is 10,000 kmol/h. The second flash drum operates with (V/F)2 = 0.7 and
the liquid product composition is 25 mol% methanol. Equilibrium data are given in Table 2-7.
a. What is the fraction vaporized in the first flash drum?
b. What are y1, y2, x1, T1, and T2?

D3. We are separating a mixture of methanol and water in a flash drum at 1.0 atm pressure. Use the
equilibrium data listed in Table 2-7. Feed rate is 10.0 kmol/h.
a. The feed is 40 mol% methanol and 60% of the feed is vaporized. Find mole fractions and flow

rates of vapor and liquid products. Estimate the temperatures by linear interpolation for both
vapor and liquid products.

b. The feed is 40 mol% methanol, the product temperatures are both 78.0°C. Find the mole
fractions of liquid and vapor products and V/F.

c. We desire a vapor product that is 80 mol% methanol and want to operate at V/F = 0.3. What
must the feed composition be?

D4. We have a mixture that is 20 mol% propane, 35 mol% n-butane, and 45 mol% n-hexane. If a flash



drum operates at 400 kPa, what is the highest temperature at which the flash drum can operate and
still have vapor and liquid present? Use the DePriester chart for equilibrium.

D5. We have a feed that is a binary mixture of methanol and water (55.0 mol% methanol) that is sent
to a system of two flash drums hooked together. The vapor from the first drum is cooled, which
partially condenses the vapor, and then is fed to the second flash drum. Both drums operate at a
pressure of 1.0 atm and are adiabatic. The feed rate to the first drum is 1000 kmol/h. We desire a
liquid product from the first drum that is 30.0 mol% methanol (x1 = 0.30). The second drum
operates at a fraction vaporized of (V/F)2 = 0.25. The equilibrium data are in Table 2-7.
a. Sketch the process labeling the different streams.
b. Find the following for the first drum: vapor mole fraction y1, fraction vaporized (V/F)1, and

vapor flow rate V1.
c. Find the following for the second drum: vapor mole fraction y2, liquid mole fraction x2, and

vapor flow rate V2.
D6. A feed that is 45.0 mol% n-butane, 35.0 mol% n-pentane, and 20.0 mol% n-hexane is fed at a rate

of 1.0 kmol/min to a flash drum operating at 50°C and 200 kPa. Find V/F, liquid mole fractions
and vapor mole fractions. Use the DePriester charts.

D7. A flash drum is separating methane from propane at 0°C and 2500 kPa. The feed is 30.0 mol%
methane and 70.0 mol% propane. Find V/F, y and x. Use the results of Problem 2.C2. Use the
DePriester chart for K values.

D8.* You want to flash a mixture with a drum pressure of 2 atm and a drum temperature of 25°C. The
feed is 2000 kmol/h. The feed is 5 mol% methane, 10 mol% propane, and the rest n-hexane. Find
the fraction vaporized, vapor mole fractions, liquid mole fractions, and vapor and liquid flow
rates. Use DePriester charts.

D9.* We wish to flash distill an ethanol-water mixture that is 30 wt % ethanol and has a feed flow of
1000 kg/h. Feed is at 200°C. The flash drum operates at a pressure of 1 kg/cm2. Find: Tdrum, wt
frac of liquid and vapor products, and liquid and vapor flow rates.

D10. We have a mixture that is 35 mol% n-butane with unknown amounts of propane and n-hexane. We
are able to operate a flash drum at 400 kPa and 70°C with xC6 = 0.7. Find the mole fraction of n-
hexane in the feed, zC6, and the value of V/F.

D11. A vapor stream which is 40.0 mol% ethanol and 60.0 mol% water is partially condensed and
sent to a flash drum operating at 1.0 atm.
a. What is the highest vapor mole fraction which can be produced?
b. If 60.0 % of the feed is liquefied, what are the outlet mole fractions of liquid and vapor?

D12. Find the dimensions (htotal and D) for a horizontal flash drum for Problem 2.D1c. Use htotal/D = 4.
D13. The phenol-cresol system has an approximately constant relative volatility at αp–c = 1.76. Phenol



is more volatile. At equilibrium, if cresol mole fraction in the liquid is 0.3, what is the mole
fraction of cresol in the vapor?

D14. We are feeding 100 kmol/h of a mixture that is 30 mol% n-butane and 70 mol% n-hexane to a
flash drum. We operate with V/F = 0.4 and Tdrum = 100°C. Use Raoult’s law to estimate K values
from vapor pressures. Use Antoine’s equation to calculate vapor pressure,

where VP is in mm Hg and T is in °C.
n-butane: A = 6.809, B = 935.86, C = 238.73
n-hexane: A = 6.876, B = 1171.17, C = 224.41
Find pdrum, xi and yi

D15.* We have a flash drum separating 50 kmol/h of a mixture of ethane, isobutane, and n-butane. The
ratio of isobutane to n-butane is held constant at 0.8 (that is, ziC4/znC4 = 0.8). The mole fractions of
all three components in the feed can change. The flash drum operates at a pressure of 100 kPa and
a temperature of 20°C. If the drum is operating at V/F = 0.4, what must the mole fractions of all
three components in the feed be? Use Figure 2-11 or 2-12 or Eq. (2-30).

D16. A feed that is 50 mol% methane, 10 mol% n-butane, 15 mol% n-pentane, and 25 mol% n-hexane
is flash distilled. F = 150 kmol/h. Drum pressure = 250 kPa, drum temperature = 10°C. Use the
DePriester charts. Find V/F, xi, yi, V, L.

D17. We are separating a mixture of acetone (MVC) from ethanol by flash distillation at p = 1 atm.
Equilibrium data are listed in Problem 4.D7. Solve graphically.
a. 1000 kmol/day of a feed that is 70 mol% acetone is flash distilled. If 40% of the feed is

vaporized, find the flow rates and mole fractions of the vapor and liquid products.
b. Repeat part a for a feed rate of 5000 kmol/day.
c. If feed is 30 mol% acetone, what is the lowest possible liquid mole fraction and the highest

possible vapor mole fraction?
d. If we want to obtain a liquid product that is 40 mol% acetone while flashing 60% of the feed,

what must the mole fraction of the feed be?
D18.* We wish to flash distill a feed that is 10 mol% propane, 30 mol% n-butane, and 60 mol% n-

hexane. Feed rate is 10 kmol/h, and drum pressure is 200 kPa. We desire a liquid that is 85 mol%
n-hexane. Use DePriester charts. Find Tdrum and V/F. Continue until your answer is within 0.5°C
of the correct answer. Note: This is a single trial and error, not a simultaneous mass and energy
balance convergence problem.

D19.* A flash drum operating at 300 kPa is separating a mixture that is fed in as 40 mol% isobutane,
25% n-pentane, and 35% n-hexane. We wish a 90% recovery of n-hexane in the liquid (that is,
90% of the n-hexane in the feed exits in the liquid product). F = 1000 kmol/h. Find Tdrum, xj, yj,
V/F.

D20. A flash drum operating at a pressure of 2.0 bar and a temperature of 0°C is separating a mixture
of ethane (E), n-butane (B), and n-pentane (P). The fraction vaporized is V/F = 0.25. The feed
mole fraction of ethane is zE = 0.20. Find the mole fraction of n-butane, zB, in the feed. Use the
DePriester chart.

D21. We wish to flash distill a feed that is 55 mol% ethane and 45 mol% n-pentane. The drum



operates pdrum = 700 kPa and Tdrum = 30°C. Feed flow rate is 100,000 kg/h.
a. Find V/F, V, L, liquid mole fraction, vapor mole fraction.
b. Find the dimensions in metric units required for a vertical flash drum. Assume the vapor is an

ideal gas to calculate vapor densities. Use DePriester chart for VLE. Be careful of units.
Arbitrarily pick htotal/D = 4.

MWethane = 30.07, MWpentane = 72.15

Liquid densitites: ρE = 0.54 g/ml (estimated), ρP = 0.63 g/ml
D22. A flash drum is separating a feed that is 50 wt % n-propanol and 50 wt % isopropanol with

F=100 kmol/h. Tdrum = 90°C and pdrum = 101.3 kPa. Use the Rachford-Rice equation to find V/F.
Note: This does not have to be trial and error. Then find y and x. Determine K values from
Raoult’s law using Antoine equation for vapor pressure. Watch your units.
The Antoine constants are (Dean, 1985):

n-propanol: A = 7.84767, B = 1499.2, C = 204.64
isopropanol: A = 8.11778, B = 1580.9, C = 219.61
where the form of the Antoine equation is

D23. We wish to flash distill 1000 kmol/h of a feed that is 40 mol% methane, 5 mol% ethylene, 35%
mole ethane, and 20 mol% n-hexane. Drum pressure is 2500 kPa and drum temperature is 0°C.
Use the DePriester charts. Find V/F, xi, yi, V, F.

D24. We plan to separate a mixture of propane and n-hexane at 300 kPa.
a. Using the data in the DePriester charts, plot y propane versus x propane for this mixture at this

pressure.
b. If the feed is 30 mol% propane, and 40 mol% of the feed is vaporized, what are the liquid and

vapor mole fractions, and what is the drum temperature? Solve graphically.
c. What is the drum temperature in part b?
d. If y = 0.8 and the feed is 0.6 (both mole fraction propane), what is the value of V/F?
e. Use the Rachford-Rice equation to check the answers obtained in parts b and c.

D25. We wish to flash distill a mixture of methane and n-butane in a flash drum operating at 50°C. The
feed is 20 mol% methane and 80 mol% n-butane. Feed rate is 100 kmol/h. Feed is at a pressure
and temperature such that in the drum V/F = 0.40. Use the DesPriester charts.
a. Find the drum pressure.
b. Find the methane mole fraction in the liquid and the vapor.

D26. We are feeding 100 kmol/h of a 45 mol% propane, 55 mol% n-pentane feed to a flash distillation
system. We measure the outlet vapor and liquid mole fractions leaving the flash drum, which is an
equilibrium stage, and obtain, ypropane = 0.8, xpropane = 0.2162.
Find: (a) L and V. (b) xpentane and ypentane. (c) Tdrum and pdrum.
Use the DePriester charts. Note: This is not trial and error.

D27. For the Antoine equation in the form



with VP in mm Hg and T in °C, the constants for n-pentane are: A = 6.853, B = 1064.8, C =
233.01. n-hexane constants are: A = 6.876, B = 1171.17, C = 224.41 (Dean, 1985)
a. Predict the vapor pressure at 0°C for pure n-pentane
b. Predict the boiling point of pure n-pentane at 3 atmosphere pressure.
c. Predict the boiling pressure if pure n-pentane is boiling at 0°C.
d. At a pressure of 500 mm Hg and temperature of 30°C, predict the K values for n-pentane and n-

hexane using Raoult’s law.
e. For a binary mixture with two phases at equilibrium, F = C – P + 2 = 2 – 2 + 2 = 2 degrees of

freedom. If T = 30°C and p = 500 mm Hg, determine the mole fractions in the liquid and vapor
phases of an equilibrium mixture of n-pentane and n-hexane.

f. One mole of a mixture that is 75 mol% n-pentane and 25 mol% n-hexane is placed in a closed
chamber. The pressure is adjusted to 500 mm Hg and the temperature to 30°C. The vapor and
liquid mole fraction were found in part e. How many moles of liquid and moles of vapor are
there at equilibrium?

g. If 1 mol/min of a mixture that is 75 mol% n-pentane and 25 mol% n-hexane is fed continuously
to an equilibrium flash chamber operating at 30°C and 500 mm Hg, what are the flow rates of
the liquid and vapor products?

D28. Repeat Example 2-4, but with F = 3000 lbmol/h, and use a horizontal flash drum with h/D = 4.
D29. Design a horizontal flash drum to separate 15,000 kg/h of a feed with the following mass

fractions: methane 0.21, propane 0.39, n-butane 0.24, i-butane 0.11, and n-pentane 0.05. The feed
is at 0°C and a pressure just high enough that it is all liquid. The drum pressure is 4.0 atm and the
drum is adiabatic (heat duty = 0).
a. Find the minimum feed pressure (to within a whole number of atmospheres) that keeps the feed

a liquid. Report this pressure and the VLE correlation used, and use this as the feed pressure for
the flash calculation.

b. Find L, V (in kg/h and in kmol/h), yi, xi (in mole fractions), and Tdrum (in °C).
c. If the ratio of drum length to diameter, L/D = 4, find the length and diameter (in meters) of the

horizontal drum.
Note: The easiest way to solve this problem is to use Aspen Plus for part a (trial and error) and once

you have solved part a, obtain the solution for part b. Although Aspen Plus does not do the drum
sizing, it does calculate the physical properties needed for drum sizing. Obtain these and do the
drum sizing with a hand calculation.

D30. Data for the equilibrium of water and n-butanol at 1.0 atmosphere is given in Table 8-2. Plot yw
versus xw. A feed of 100 kmol/h that is 20 mol% water is fed to flash chamber A in the figure that
follows. The vapor from flash chamber A is 40 mol% water. This vapor is then partially
condensed and fed to flash chamber B. In flash chamber B, 40% of the vapor from chamber A is
condensed.
a. What are the flow rates LA and VA and what is the value of xA?
b. What are the flow rates LB and VB and what are the values of xB and yB?
c. Suppose we changed the operation of chamber B so that enough vapor was condensed to give a

liquid mole fraction of xB = 0.20 mole fraction water. If xB = 0.20, what are yB, LB, and VB?
We could now easily recycle this liquid to the feed (also 20% water) and produce only VB,new



and LA,new as products. Calculate these new flow rates when LB with mole fraction 0.2 is
recycled.

E. More Complex Problems.
E1. A vertical flash drum will be used to separate 1000 kmol/h of a feed that is 10 mol% isopropanol

and 90 mol% water. The feed is at 9 bar and 75°C. V/Fdrum = 0.5 and pdrum = 1.0 bar.
a. Find L, V, xi, yi, Tdrum, the heat duty in kW, and the drum diameter.
b. Unfortunately, the drum available is 1.0 m in diameter, which is too small. Your boss suggests

raising the drum pressure to use the existing drum with V/F = 0.5. The maximum pressure for the
drum is 9.0 bar. Will the current drum work at a pressure < 9.0 bar?

c. If yes, what is the lowest drum pressure that works (that is, for what pressure does Ddrum = 1.0
m)? Find L, V, xi, yi, Tdrum, and the heat duty in kW.

E2. A flash drum is to flash 10,000 lbmol/h of a feed that is 65 mol% n-hexane and 35 mol% n-octane
at 1 atm pressure. V/F = 0.4.
a. Find Tdrum, liquid mole fraction, vapor mole fraction.
b. Find the size required for a vertical flash drum.
Note, y, x, T equilibrium data can be determined from the DePriester charts. Other required
physical property data are given in Example 2-4.

F. Problems Requiring Other Resources
F1.* Benzene-toluene equilibrium is often approximated as αBT = 2.5. Generate the y-x diagram for

this relative volatility. Compare your results with data in the literature (see references in Table 2-
2). Also, generate the equilibrium data using Raoult’s law, and compare your results to these.

F2. Ethylene glycol and water are flash distilled in a cascade of three stills connected as shown in the
figure. All stills operate at 228 mm Hg. Feed is 40 mol% water. One-third of the feed is
vaporized in the first still, two-thirds of the feed to the second still is vaporized, and one-half the
feed to the third still is vaporized. What are the compositions of streams L3 and V3? Note that
water is the more volatile component.



F3.* (Long Problem!) We wish to flash distill a mixture that is 0.517 mole fraction propane, 0.091
mole fraction n-pentane, and 0.392 mole fraction n-octane. The feed rate is 100 kmol/h. The feed
to the flash drum is at 95°C. The flash drum will operate at 250 kPa. Find the drum temperature,
the value of V/F, and the mole fractions of each component in the liquid and vapor products.
Converge |ΔTdrum| to < 0.20°C.

F4. We wish to do a flash distillation of 10 kmol/h of a feed that is 25 mol% water and and 75 mol%
n-propanol. The flash chamber is at 1.0 atm and is adiabatic. We vaporize 40% of the feed in the
flash chamber. Find the flow rates of the liquid and the vapor and the mole fraction of water in the
liquid and vapor products.

G. Computer Problems
G1. We are operating a flash drum at a pressure of 1000 kPa. The flash drum is adiabatic. The feed to

the flash drum is 100 kmol/h of a multicomponent mixture. This feed is 5.3 mol% ethylene, 22.6
mol% ethane, 3.7 mol% propylene, 36.2 mol% propane, and 32.2% n-butane. The feed is at
10,000 kPa and 100°C (this is at the point after the pump and heater—immediately before the
valve to the drum where the feed is flashed).
Find the values of L, V, xi, and yi.
Use a process simulator and report the VLE package you use and briefly (one sentence) explain
why you made this choice.

G2. We are operating a flash drum at a pressure of 1000 kPa. The flash drum is adiabatic. The feed to
the flash drum is 100 kmol/h of a multicomponent mixture. This feed is 8.3 mol% ethylene, 23.6
mol% ethane, 4.7 mol% propylene, 34.2 mol% propane, and 29.2% n-butane. The feed is at
10,000 kPa and 100°C (this is at the point after the pump and heater—immediately before the
valve to the drum where the feed is flashed). Use a process simulator and report the VLE package
you use and briefly (one sentence) explain why you made this choice.
Find the values of L, V, xi, and yi.

G3. Use a process simulator to solve Problem 2.D3. Compare answers and comment on differences.
Report the VLE package you use and briefly (one sentence) explain why you made this choice.

G4. Use a process simulator to solve Problem 2.D16. Do “what if?” simulations to see what happens
to V/F and product compositions as temperature and/or pressure vary.

G5. One kmol/s of a feed containing 0.20 mole fraction furfural, 0.75 mole fraction water, and 0.05
mole fraction ethanol at 105°C and 3.0 bar is fed to a three-phase flash drum. The drum is at 1 bar
and operates with V/F = 0.4. The key component in the second liquid (bottom of drum) is water.
Find the outlet temperature, heat duty in kW, the ratio of the first liquid/total liquid, and the
compositions of the three phases.

G6. Use a process simulator to solve the following flash distillation problem. Feed is 2 mol%



methane, 30 mol% n-butane, 47 mol% n-pentane, and 21 mol% n-hexane and is a liquid. The flash
drum is at 1.0 atm, it is adiabatic (heat duty = 0), and there is no heat exchanger. Initially, for the
feed, set vapor fraction = 0 (a saturated liquid) and set the temperature. You want to obtain V/F in
the drum of 0.4000 (rounded off to the fourth decimal). Find the feed temperature that gives this
value of V/F. (As you do runs, note that feed pressure for a saturated liquid increases as feed
temperature is increased. Why?) Once you find the correct feed temperature, remove the feed
specification that vapor fraction = 0 and specify a feed pressure that is 1.0 atm above the pressure
reported by Aspen Plus when vapor fraction of feed = 0. Liquids that are saturated liquids (this is
what Aspen means by vapor fraction = 0) cannot be pumped easily. By raising the pressure, we
make pumping easy. Rerun simulation one last time to check that you have met all requirements.
Expect to do several Aspen Plus runs to solve this problem. Report the feed temperature and
pressure, drum temperature, heat duty in drum, x, and y values.

H. Computer Spreadsheet Problems
H1. Use a spreadsheet to solve Problem 2.D.16, but with iso-butane replacing n-butane.

See Appendix B for Chapter 2 before starting on this problem.
H2. Show that the spreadsheet in Figures 2.B-3 and 2.B-4. has convergence difficulties if Goal Seek

is used to make cell B19 (Σxi = 1) equal 1 by changing cell B9 (V/F).
H3. A feed containing 30 mol% isobutane, 25% n-pentane, and 45% n-hexane is flashed at a drum

pressure of 50 psia and drum temperature of 650°R. Find V/F, liquid mole fractions, and vapor
mole fractions. Use Eq. (2-30) and parameters in Table 2-3. Use a spreadsheet to solve this
problem. (Turn in two copies of the spreadsheet—one with numbers in the cells and one with
equations in the cells.)

Chapter 2 Appendix A. Computer Simulation of Flash Distillation
Multicomponent flash distillation is a good place to start learning how to use a process simulator. The
problems can easily become so complicated that you don’t want to do them by hand, but are not so
complicated that the working of the simulator is a mystery. In addition, the simulator is unlikely to have
convergence problems. Although the directions in this appendix are specific to Aspen Plus, the
procedures and problems are adaptable to any process simulator. The directions were written for Aspen
Plus V 7.2, 2010 but will probably apply with little change to newer versions when they are released.
Additional details on operation of process simulators are available in the book by Seider et al. (2009)
and in the manual and help for your process simulator.
As you use the simulator take notes on what you do and what works. If someone shows you how to do
something, insist on doing it yourself—and then make a note of how to do it. Without notes, you may find
it difficult to repeat some of the steps even if they were done just 15 minutes earlier. If difficulties persist,
see the Appendix A, “Aspen Plus Separations Trouble Shooting Guide,” at the end of the book.
Lab 1.
The purposes of this lab are to become familiar with your simulator and to explore flash distillation. This
includes drawing and specifying flowsheets and choosing the appropriate physical properties packages.
1. Start-up of Aspen Plus
First, log into your computer. Once you are logged in, use the specific steps for your computer to log
into the simulator and ask for a blank simulation. This should give you an Aspen Plus (or other
simulator) blank screen.

2. Drawing a Flowsheet in Aspen Plus



Go to the bottom menu and left-click Separators (flash drums). (If you can’t see a bottom menu, go to
VIEW and click on Model Library.) After clicking on Separators, left-click Flash2 (That is Flash drums
with two outlets). Drag your cursor to the center of the blank space and left-click. This gives the basic
module for a flash drum. You can deselect the Flash2 option (to avoid getting extra copies by accident)
by clicking on the arrow in the lower-left corner. This is the Cancel Insert Mode button—it is a good
idea to click it after completing each step of setting up the flowsheet.
Try left-clicking on the module (in the working space) to select it and right-clicking the mouse to see the
menu of possibilities. Rename the block by left-clicking Rename Block, “typing in a name such as
“FLASH” and clicking OK.
The basic flash drum needs to have a feed line and two outlets. Left-click on the icon labeled Material
Streams in the bottom menu to get possible ports (after you move the cursor into the white drawing
screen). Move cursor to one of the arrows until it lights up. Left-click (take your finger off the button)
and move cursor away from flash drum. Then left-click again to obtain a labeled material stream.
Additional streams can be obtained the same way. Put the feed, vapor product, and liquid product
streams on your flowsheet. After clicking the Cancel Insert Mode button, highlight the stream names by
clicking the left mouse button, and use the right button to obtain a menu. Rename the streams as desired.
An Aspen Plus screen shot is shown in Figure 2-A1.

Figure 2-A1. Screenshot of Aspen Plus for flash distillation

Note that Aspen Plus will happily create mass streams and modules that you do not want (and can hide
one behind another), and thus some deletion may be necessary. If a stream is created in error, highlight
it with the left button. Then click the right button to obtain a menu that allows you to delete the stream.
Click OK with the left button. Play with the functions until you determine how everything works. If
things appear that you don’t want, click the Cancel Insert Mode arrow and then delete.
Once you are happy with your flowsheet, click the Next button (blue N with an arrow in the menu bar).
This will tell you if the flowsheet connectivity is OK. If it is, click OK. If not OK, either complete
connectivity or delete blocks and streams that are not being used.

3. Input Data
You will now obtain a Setup Specifications Data Browser. Set the units you want (e.g., MET). Run
should be set at Flowsheet input mode at steady state, and stream class at CONVEN. Use mole units,



Ambient pressure = 1 bar, Valid phases = Vapor – liquid, and Free water = No. When happy with this
page, click on the Next button. The next page lets you select the components. First, pick a binary mixture
of interest (use ethanol and water). Component ID is whatever you want to call it. Type should be
conventional. Then click on the component name box or hit ENTER. If you used ethanol and water as
the component IDs, Aspen will complete that row. If you used a different ID, such as E or W, give the
appropriate component name (ethanol or water). Then do the next component. Aspen Plus will
recognize these two components. If Aspen Plus does not fill in the formula, click on the Find button and
proceed. When done with components, click on Next. Note that Aspen Plus can be picky about the
names or the way you write formulas. Note: If you use W as component ID, Aspen will think this is
tungsten. Type water as component name instead.
Click Next. You will probably now see the Properties Specifications-Data Browser screen. You must
select the appropriate physical properties package to predict the equilibrium for your chemical system.
There is no choice that is always best. The choice is made through a menu item on the right side
labeled “Property Method.” You may need to click twice to get the complete menu. This choice is very
important (Carlson, 1996; O’Connell et al., 2009; Schad, 1998). If you pick the wrong model, your
results are garbage. A brief selection guide is given in Table 2-4.
We will try different models and compare them to data. [Note that data also needs to be checked for
consistency (Barnicki, 2002; O’Connel et al., 2009; Van Ness and Abbott, 1982).] First, try the IDEAL
model. Before allowing you to check the VLE data, Aspen (in flowsheet mode) requires you to
complete the input information. Thus, we need to continue. Left-click on the Next button after you have
selected a VLE model (IDEAL). If you get a data bank with binary parameters, left-click Next again.
When you get a box that says, “Required Properties Input Complete,” click either “go to next required
input step” or “modify required property specifications.” Assuming you are happy with what you have,
left-click on OK to go to next required input step.
You should now get a data browser for your input stream. Fill this out. Try a pressure of 1.0 bar, vapor
fraction of 0.4 (click on arrow next to Temperature and select vapor fraction), total flow of 100.0
kmol/h, ethanol mole fraction of 0.9, and water mole fraction of 0.1 (use menu under Composition to
select mole fraction). Then left-click on the Next button.
Note, always use mole fraction or mass fractions for the units for the composition of the stream (use
the menu). Other choices will often lead to inadvertent errors.
Fill out the conditions for the flash drum block (same pressure and vapor fraction as in the feed) and
click on the Next button. At this point you will probably get a screen that says input is complete and
asks if you want to run the simulation now. Don’t. Click Cancel.

4. Analysis of VLE Data
Aspen will now let us look at the VLE so that we can determine if it makes sense. To do this, go to the
menu bar to tools. Choose, in order, Analysis-Property-Binary and left-click. Click OK on box that says
you will disable the Interactive Load. On the menu under Analysis Type, pick Txy plot, make sure Valid
Phases menu is Vapor-Liquid, change pressure unit to bar, and then click on GO. Cancel or minimize
this plot to reveal the data table below it. Compare the vapor and liquid mole fractions to the ethanol
water data in Table 2-1. To generate a y-x plot, click on Plot Wizard and follow the instructions.
Compare the y-x plot to Figure 2-2. Note that ideal is very far off for systems such as ethanol and water
that have azeotropes. Since Aspen Plus is quite willing to let you be stupid in picking the wrong
properties package, it is your responsibility to check that the equilibrium data make sense. Later, we
will find that some VLE packages closely match the actual data.

5. Doing a Flash Run with Ideal Model



Cancel the screens from the analysis. Click the Next button, and when the dialogue box asks if you want
to do a run, click OK, and watch Aspen Plus as it calculates (this takes very little time). When it says
“Simulation calculations completed” or “Generating results” you can either click on the blue check box
on the menu or go to Run on the menu bar and click Check Results or the Next button.
The most important item in the Results Summary is the line that hopefully says, “Calculations were
completed normally.” If it says anything else, you may have a problem. To scroll through the results, use
the << or >> buttons near the top of the screen, bracketing the word “results.” If you want to see the
input, use the menu to scroll to input. Another useful way to look at results is to go to the tool bar and
click on View, then scroll to the bottom and click on Report, then in the window click on the box next to
the block you want to see the report for and then click on OK. This report can be printed using the file
column in Notepad. By scrolling in the window labeled “Display report for,” you can obtain other
reports—Streams is very useful.
Note that Aspen Plus gives a huge amount of results. Spend some time exploring these. Write down the
values for vapor and liquid mole flow rates and drum temperature. Also look at the phase equilibrium
and record the x and y values or print the xy graph. Of course, all these numbers are wrong, since we
used the wrong VLE model.

6. Rerun with Better VLE Model
Now, cancel screens until you get back to the flowsheet (simulators run faster if there are not a large
number of open screens). Go to Data in the menu and click on properties. In the Global screen, change
the base method for VLE to NRTL-2. Click on Next. Continue clicking OK and redo the run. Check the
results. Write these results down or print the plots. Compare the vapor and liquid products with this
equilibrium data to the previous run. Go to Analysis and look at the T-x-y and the x-y plots. Compare to
the VLE data in the textbook (the most accurate comparison is with Table 2-1).

7. Try Different Inputs
Once you are happy with the previous runs, change the input conditions (using the same flowsheet) to
look at different feed compositions and different fraction vaporized. There are at least two ways to
input new data. (1). Left-click on the block for the flash. Go to Data in the menu and left-click on input.
Put in the desired numbers using the << or >> buttons (not Next button) to move to different screens. (2)
Go to Data in the menu and click on Streams. Click on the << or >> button until you get the Stream
(Material) Input-Data Browser. Change the data as desired. Try feeds that are 10, 30, 50, and 70 mol%
ethanol and vary vapor fraction.

8. Adiabatic Flash
The most common way to operate a flash system is to feed a hot liquid at elevated pressure through a
valve into an insulated (adiabatic) flash chamber that operates at lower pressure. Try a feed of 100
kmol/h that is 30 mol% ethanol and 70 mol%. The flash chamber operates at 1.0 atm and is adiabatic
(set Heat duty = 0).
a. The feed is at 110°C and a pressure of 50 psia. Repeat for 100 psia.
b. The feed is at 130°C and a pressure of 100 psia.
c. The feed is at 150°C and a pressure of 100 psia.
d. The feed is at 151.5°C and a pressure of 100 psia.
e. The feed is at 151.5°C and a pressure of 200 psia.
For all of these cases, look at the feed stream and the two product streams (e.g.,
View→Report→Streams→All). Is the feed stream entirely liquid? When the feed is not entirely liquid,
what happens to the liquid and vapor product flow rates? What is the effect of the feed pressure? Why



are the two runs for part a essentially identical, but runs d and e give very different results?
9. Switch to a Ternary Problem
Remove any leftover dialog boxes or screens. Go to Data in the menu and click on components. Use
Edit to delete the two rows. You may need to click on the row to obtain the Delete Row command in
edit. Then add propane, n-butane, and n-pentane as the three components. Using the menu, go to Data
Properties and change the choice of VLE model. Peng-Robinson is a good choice for hydrocarbons. Use
the Next button and input the mole fractions (propane 0.2, n-butane 0.3 and n-pentane 0.5). Keep
fraction vaporized at 0.4 and pressure of 1.0 bar for now. Click on the Next button and do the run when
ready. Record your results (component flow rates, T, y and x) or print out the report. If you have time,
try different fraction vaporized, different feed compositions, and different temperatures.

10. What Does It All Mean?
Reflect on the meaning of your results for both the binary and the ternary flash systems.
a. Binary: How are the compositions of the vapor and liquid streams from the flash system related?

What is the role of the fraction vaporized? How can you do the calculation by hand?
b. Ternary: How are the compositions of the vapor and liquid streams from the flash system related?

What is the role of the fraction vaporized? How can you do the calculation by hand?
Note that the calculation methods used for hand calculations will be different for the binary and ternary
systems since the equilibrium data are available in different forms (graphically for the binary and
DePriester chart for the ternary).

11. Finish. Exit Aspen Plus and log out. There is no formal lab report for this lab.
Lab 2. Find Equilibrium Data before Lab

For part 1a, use Flash2 with the Peng-Robinson VLE correlation. For part 1b, use Flash3 and find a
VLE correlation that fits the data. For part 1c, use NRTL and Flash3. Use F = 1.0 kmol/h for all cases.
Compare the predictions of Analysis with equilibrium data from the literature.
Part 1. Simulations

a. The feed is 45 mol% n-butane and 55 mol% n-hexane at 1.0 atm. The feed is a saturated liquid
(vapor fraction = 0.0). The drum pressure is 0.8 atm. Do for V/F in the drum = 0.2, 0.4, 0.6, and
0.8 (four runs). Report feed temperature, Q, drum T, y, x, V, L.

b. The feed is 55 mol% benzene and 45 mol% water at 5.0 atm and is a saturated liquid. Drum
temperature is 120°C. Do for V/F in the drum = 0.2, 0.4, 0.6, and 0.8 (four runs). Note: Delete
the block for Flash2, redraw with Flash3, and then reconnect streams and add another liquid
product. Be sure to list valid phases as Vapor-liquid-liquid in both SETUP and ANALYSIS.
Use the y-x diagram to explain your results. Report VLE correlation used, feed temperature,
drum pressure, Q, and compositions of all three phases for each V/F.

c. Feed is initially 60 mol% furfural (a cyclic alcohol) and 40 mol% water at 1.0 atm and 50°C.
The drum operates at 105°C and V/F = 0.4. Use NRTL, Flash3, and list valid phases as Vapor-
liquid-liquid. With 40 mol% water, the two liquid phases should be identical, which means
there is only one liquid phase. Try 60, 70, 90, and 99 mol% water in the feed. Generate a y-x
diagram with ANALYSIS, and use it to explain your results. Report the drum pressure, Q, and
the compositions of all three phases for each feed composition.

Part 2. Design.
Before starting, delete Flash 3 and the second liquid product, add Flash2, and connect streams. List
valid phases as Vapor-liquid in SETUP. Feed is 100 kmol/h that is 3 mol% methane, 25 mol% n-



butane, 44 mol% n-pentane, and 28 mol% n-hexane and is a liquid. The flash drum is at 1.0 atm, it is
adiabatic (heat duty = 0), and there is no heat exchanger. Choose an appropriate property method.
Initially, for the feed, set vapor fraction = 0 (a saturated liquid) and set the temperature. You want to
obtain V/F in the drum of 0.4000 (rounded off to fourth decimal). Find the feed temperature that gives
this value of V/F. (As you do runs, note that feed pressure for a saturated liquid increases as feed
temperature is increased. Why?) Once you find the correct feed temperature, remove the feed
specification that vapor fraction = 0 and specify a feed pressure that is 1.0 atm. above the pressure
reported by Aspen Plus when vapor fraction of feed = 0. Liquids that are saturated liquids (this is what
Aspen means by vapor fraction = 0) cannot be pumped easily. By raising the pressure, we make
pumping easy. Rerun simulation one last time to check that you have met all requirements. Expect to do
several Aspen Plus runs to solve this problem. Report the property method, feed temperature and
pressure, drum temperature, heat duty in drum, vapor and liquid flow rates, and x and y values.

Assignment to Hand In
Each group should write a one- to two-page memo addressed to the professor or teaching assistant from
the entire group of members. You may attach a few appropriate graphs and tables on a third page (do not
attach the entire Aspen results printout). Anything beyond three pages will not be looked at or graded
(this includes cover pages). The memo needs to have words in addition to numbers. Give a short
introduction. Present the numbers in a way that is clearly identified. Mention the graphs or figures you
have attached as backup information. (If a group member is absent for the lab and does not help in
preparation of the memo, leave his/her name off the memo. Attach a very short note explaining why this
member’s name is not included. For example, “Sue Smith did not attend lab and never responded to our
attempts to include her in writing the memo.”) Prepare this memo on a word processor. Graphs should be
done on the computer (e.g., Aspen or Excel). Proofread everything and do a spell check also!

Chapter 2 Appendix B. Spreadsheets for Flash Distillation
2.B.1 Regression of Binary VLE with Excel
McCabe-Thiele calculations are easiest to do on spreadsheets if the y versus x VLE data are expressed in
an equation. The form y = f(x) is most convenient for flash distillation and for distillation columns (see
Chapter 4) if stepping off stages from the bottom of the column up. The form x = g(y) is most convenient
for distillation columns if stepping off stages from the top down. Built-in functions in Excel will
determine polynomials that fit the data, although the fit will usually not be perfect. This will be illustrated
for fitting the ethanol-water equilibrium data in Table 2-1 in the form yE = f (xE). (Note: An additional
data point xE = 0.5079, yE = 0.6564 was added to the numbers in the table.) Enter the data in the
spreadsheet with xE values in one column and the corresponding yE values in the adjacent column.
Highlight all the x-y data. In Excel 2007 in the the menu bar, click on the Insert tab. Select a Scatter chart
and then select the icon showing “scatter with data points connected by smooth lines.” This creates a
figure of the data plotted as y versus x. If desired, you can add labels, grid lines, and other touches by
clicking on Layout in the menu and then following the instructions. If you are not familiar with these
techniques, try it step-by-step in Excel.
To find a polynomial that fits the data, first highlight the x-y data. Then go to the Excel tool bar and click
on Layout→Analysis→Trendline→More Trendline Options. Choose polynomial as type and in the menu
select the desired order of the polynomial. (You can try different orders to find which has the best fit.)
Make sure the boxes “Display Equation on Chart” and “Set intercept = 0” are checked. Then click Close.
For the ethanol-water data at 1.0 atm, the best fit was a 6th-order polynomial. This result is:



(2.B-1)

By repeating the steps with the x and y columns reversed, the function xeq = g(y) can easily be generated.

(2.B-2)

An alternative to fitting the data is to input the table of data into Excel and then use the “Lookup” function
built into Excel to linearly interpolate between data points.

2.B.2 Binary Flash Distillation with Excel
Once an equation form of the equilibrium data is available, it is relatively easy to develop a spreadsheet
to solve binary flash problems. We need to input the known values, which we will assume are the mole
fraction of the more volatile component in the feed, z, and the fraction vaporized, V/F. Then input the
constants for the VLE data in the form yMVC = f(xMVC). For this example we will separate ethanol and
water at 1.0 atm with an ethanol feed that is 30 mol% ethanol and V/F = 0.4. The VLE equation for
ethanol-water at 1.0 atm is given by Eq. (2.B-1). Next, input a guessed value for xethanol. Now calculate
yeq using this value of xguess from Eq. (2.B-1) and calculate yop from Eq. (2-13). Since yop = yeq at the
intersection of the equilibrium and operating curves, eq0 = yeq – yop = 0. Thus, calculate eq0 and use
Goal Seek to make it equal zero by changing the value of xguess. [Note: Goal Seek is hidden in Excel
2007. In the spreadsheet go to Data Tab→What if Analysis→Goal Seek.] The resulting spreadsheet with
cell formulas is listed in Figure 2-B1.

Figure 2-B1. Spreadsheet with Equations for Binary Flash

The numerical results are presented in Figure 2-B2. Goal Seek was used to set cell B12 to zero by
changing cell B8.

Figure 2-B2. Spreadsheet with Numbers for Binary Flash



Since eq0 ~ 0, the answer to this flash problem is x = 0.1555 and y = 0.5167.
 

2.B.3 Multicomponent Flash Distillation with Excel
If VLE data are available in equation form, spreadsheet calculations can also be used for multicomponent
flash distillation. These calculations are illustrated for a chemical mixture that follows Eq. (2-16) for
Problem 2.D16. First, the spreadsheet is shown in Figure 2-B3 with the equations in each cell. Cells B3
to B6, C3 to C6, D3 to D6, E3 to E6, F3 to F6, and G3 to G6 are the constants for Eq. (2-16) from Table
2-3. Conditions for the operation are input in cells B7, D7, and F7, and the feed mole fractions are in
cells B8, C8, F8, and G9. Eq. (2-16) is programmed for each component in cells B10, B11, B12, and
B13. Then the liquid mole fractions are determined from Eq. (2-38) in cells B15 to B18. These four
numbers are summed in cell B19. The Rachford-Rice terms from Eq. (2-42) for each component are
calculated in cells B20 to B23, and the sum is in B24.

Figure 2.B-3. Spreadsheet for Multicomponent Flash for Problem 2.D16 with Equations in Each
Cell.



Goal Seek was used to find the value of V/F that makes cell B25 equal to 0.0 by changing the value in B9.
Cell B25 multiplies cell B24 by 1000 to make the result obtained from Goal Seek more accurate. Goal
Seek converged for any guess of V/F from 0 to 1.0. The results are given in Figure 2-B4 for the conditions
given in Problem 2.D16: T = 10°C and p = 250 kPa. Since the constants in Eq. (2-3) are for temperature
units in °R and pressure units of psia, the temperature is input in °R (cell B7) and pressure is input in psia
(cell D7).

Figure 2-B4. Spreadsheet for Multicomponent Flash for Problem 2.D16 with Values in Each Cell.

We could also try not writing the Rachford-Rice terms and use Goal Seek to set the sum of xi in cell B19
= 1.0. In this problem, Goal Seek works for Σxi = 1.0 with V/Fguess > ~.5 but does not work for low
values of V/Fguess (See Problem 2.H2.). This difficulty reinforces the need to check results from any
software package, even one as common and robust as a spreadsheet (Shacham et al., 2008).
Note that there are many other possible approaches to solve this problem with a spreadsheet, and other
software tools such as MATLAB or Mathematica could be used (Binous, 2008)



Chapter 3. Introduction to Column Distillation

Distillation is by far the most common separation technique in the chemical process industry, accounting
for 90% to 95% of the separations. The approximately 40,000 distillation columns in use account for
approximately 40% of the energy use by the United States’ chemical process industry—equivalent to a
staggering 1.2 million barrels of crude oil a day (Humphrey and Keller, 1997).
This chapter introduces how continuous distillation columns work and serves as the lead to a series of
nine chapters on distillation. The basic calculation procedures for binary distillation are developed in
Chapter 4. Multicomponent distillation is introduced in Chapter 5, detailed computer calculation
procedures for these systems are developed in Chapter 6, and simplified shortcut methods are covered in
Chapter 7. More complex distillation operations such as extractive and azeotropic distillation are the
subject of Chapter 8. Chapter 9 switches to batch distillation, which is commonly used for smaller
systems. Detailed design procedures for both staged and packed columns are discussed in Chapter 10.
Finally, Chapter 11 looks at the economics of distillation and methods to save energy (and money) in
distillation systems.

3.1 Developing a Distillation Cascade
In Chapter 2, we learned how to do the calculations for flash distillation. Flash distillation is a very
simple unit operation, but in most cases it produces a limited amount of separation. In Problems 2.D2,
2.D5, and 2.F2 we saw that more separation could be obtained by adding on (or cascading) more flash
separators. The cascading procedure can be extended into a process that produces one pure vapor and one
pure liquid product. First, we could send the vapor streams to additional flash chambers at increasing
pressures and the liquid streams to flash chambers with decreasing pressures, as shown in Figure 3-1.
Stream V1 will have a high concentration of the more volatile component, and stream L5 will have a low
concentration of the more volatile component. Each flash chamber in Figure 3-1 can be analyzed by the
methods developed previously.

Figure 3-1. Cascade of flash chambers, p1 > p2 > p3 > p4 > p5

One difficulty with the cascade shown in Figure 3-1 is that the intermediate product streams, L1, L2, V4,
and V5, are of intermediate concentration and need further separation. Of course, each of these streams
could be fed to another flash cascade, but then the intermediate products from those cascades would have
to be sent to additional cascades, and so forth. A much cleverer solution is to use the intermediate product
streams as additional feeds within the same cascade.



Consider stream L2, which was generated by flashing part of the feed stream and then condensing part of
the resulting vapor. Since the material in L2 has been vaporized once and condensed once, it probably has
a concentration close to that of the original feed stream. (To check this, you can do the appropriate flash
calculation on a McCabe-Thiele diagram.) Thus, it is appropriate to use L2 as an additional feed stream to
stage 3. However, since p2 > p3, its pressure must first be decreased.

Stream L1 is the liquid obtained by partially condensing V2, the vapor obtained from flashing vapor
stream V3. After one vaporization and then a condensation, stream L1 will have a concentration close to
that of stream V3. Thus it is appropriate to use stream L1 as an additional feed to stage 2 after pressure
reduction.
A similar argument can be applied to the intermediate vapor products below the feed, V4 and V5. V4 was
obtained by partially condensing the feed stream and then partially vaporizing the resulting liquid. Since
its concentration is approximately the same as the feed, stream V4 can be used as an additional feed to
stage 3 after compression to a higher pressure. By the same reasoning, stream V5 can be fed to stage 4.

Figure 3-2 shows the resulting countercurrent cascade, so called because vapor and liquid streams go in
opposite directions. The advantages of this cascade over the one shown in Figure 3-1 are that there are no
intermediate products, and the two end products can both be pure and obtained in high yield. Thus V1 can
be almost 100% of the more volatile components and contain almost all of the more volatile component of
the feed stream.

Figure 3-2. Countercurrent cascade of flash chambers, p1 > p2 > p3 > p4 > p5

Although a significant advance, this variable pressure (or isothermal distillation) system is seldom used
commercially. Operation at different pressures requires a larger number of compressors, which are
expensive. It is much cheaper to operate at constant pressure and force the temperature to vary. Thus, in
stage 1 of Figure 3-2 a relatively low temperature would be employed, since the concentration of the
more volatile component, which boils at a lower temperature, is high. For stage 5, where the less volatile
component is concentrated, the temperature would be high. To achieve this temperature variation, we can
use heat exchangers (reboilers) to partially vaporize the liquid streams. This is illustrated in Figure 3-3,
where partial condensers and partial reboilers are used.
Figure 3-3. Countercurrent cascade of flash chambers with intermediate reboilers and condensers, p

= constant; T1 < T2 < T3 < T4 < T5



The cascade shown in Figure 3-3 has a decreasing vapor flow rate as we go from the feed stage to the top
stage and a decreasing liquid flow rate as we go from the feed stage to the bottom stage. Operation and
design will be easier if part of the top vapor stream V1 is condensed and returned to stage 1 and if part of
the bottom liquid stream L5 is vaporized and returned to stage 5, as illustrated in Figure 3-4. This allows
us to control the internal liquid and vapor flow rates at any desired level. Stream D is the distillate
product, while B is the bottom product. Stream L0 is called the reflux while V6 is the boilup.
Figure 3-4. Countercurrent cascade of flash chambers with reflux and boilup, p = constant; T1 < T2

< T3 < T4 < T5

The use of reflux and boilup allows for a further simplification. We can now apply all of the heat required
for the distillation to the bottom reboiler, and we can do all of the required cooling in the top condenser.
The required partial condensation of intermediate vapor streams and partial vaporization of liquid
streams can be done with the same heat exchangers as shown in Figure 3-5. Here stream V2 is partially
condensed by stream L1 while L1 is simultaneously partially vaporized. Since L1 has a higher
concentration of more volatile component, it will boil at a lower temperature and heat transfer is in the



appropriate direction. Since the heat of vaporization per mole is usually approximately constant,
condensation of 1 mole of vapor will vaporize approximately 1 mole of liquid. Thus liquid and vapor
flow rates tend to remain constant. Heat exchangers can be used for all other pairs of passing streams: L2
and V3, L3 and V4, and L4 and V5.

Figure 3-5. Countercurrent cascade with intermediate heat exchangers

Note that reflux and boilup are not the same as recycle. Recycle returns a stream to the feed to the
process. Reflux (or boilup) first changes the phase of a stream and then returns the stream to the same
stage the vapor (or liquid) was withdrawn from. This return at the same location helps increase the
concentration of the component that is concentrated at that stage.
The cascade shown in Figure 3-5 can be further simplified by building the entire system in a column
instead of as a series of individual stages. The intermediate heat exchange can be done very efficiently
with the liquid and vapor in direct contact on each stage. The result is a much simpler and cheaper
device. A schematic of such a distillation column is shown in Figure 3-6.

Figure 3-6. Distillation column: (A) schematic of five-stage column (T1 < T2 < T3 < T4 < T5 < T6),
(B) photograph of distillation columns courtesy of APV Equipment, Inc. Tonawanda, NY.





The cascade shown in Figure 3-6 is the usual form in which distillation is done. Because of the repeated
vaporizations and condensations as we go up the column, the top product (distillate) can be highly
concentrated in the more volatile component. The section of the column above the feed stage is known as
the enriching or rectifying section. The bottom product (bottoms) is highly concentrated in the less
volatile component, since the more volatile component has been stripped out by the rising vapors. This
section is called the stripping section.
The distillation separation works because every time we vaporize material the more volatile component
tends to concentrate in the vapor, and the less volatile component in the liquid. As the relative volatility α,
Eq. (2-21), of the system decreases, distillation becomes more difficult. If α = 1.0, the liquid and vapor
will have the same composition, and no separation will occur. Liquid and vapor also have the same
composition when an azeotrope occurs. In this case one can approach the azeotrope concentration at the
top or bottom of the column but cannot get past it except with a heterogeneous azeotrope (see Chapter 8).
The third limit to distillation is the presence of either chemical reactions between components or
decomposition reactions. This problem can often be controlled by operating at lower temperatures and
using vacuum or steam distillation (see Chapter 8).
While we are still thinking of flash distillation chambers, a simple but useful result can be developed. In a
flash chamber a component will tend to exit in the vapor if yi V > xi L. Rearranging this, if KiV/L > 1 a
component tends to exit in the vapor. In a distillation column this means that components with KiV/L > 1
tend to exit in the distillate, and components with KiV/L < 1 tend to exit in the bottoms. This is only a
qualitative guide, since the separation on each stage is far from perfect, and Ki, V, and L all vary in the
column; however, it is useful to remember.

3.2 Distillation Equipment
It will be helpful for you to have a basic understanding of distillation equipment before studying the
design methods. A detailed description of equipment is included in Chapter 10. Figure 3-6A is a
schematic of a distillation column, and Figure 3-6B is a photograph of several columns.
The column is usually metal and has a circular cross section. It contains trays (plates or stages) where
liquid-vapor contact occurs. The simplest type of tray is a sieve tray, which is a sheet of metal with holes
punched into it for vapor to pass through. This is illustrated in Figure 3-7. The liquid flows down from the
tray above in a downcomer and then across the sieve tray where it is intimately mixed with the vapor. The
vapor flowing up through the holes prevents the liquid from dripping downward, and the metal weir acts
as a dam to keep a sufficient level of liquid on the plate. The liquid that flows over the weir is a frothy
mixture containing a lot of vapor. This vapor disengages in the downcomer so that clear liquid flows into
the stage below. The space above the tray allows for disengagement of liquid from vapor and needs to be
high enough to prevent excessive entrainment (carryover of liquid from one stage to the next). Distances
between trays vary from 2 to 48 inches and tend to be greater the larger the diameter of the column.
Figure 3-7. Sieve trays: (A) schematic side view, (B) schematic top view, (C) photograph courtesy

of Glitsch, Inc.



To say that there is liquid on the tray is an oversimplification. In practice, any one of four distinct flow
regimes can be observed on trays, depending on the gas flow rate. In the bubble regime the liquid is close
to being a stagnant pool with distinct bubbles rising through it. This regime occurs at low gas flow rates.
The poor mixing causes poor liquid and vapor contact, which results in low stage efficiency. Because of
the low gas flow rate and low efficiency, the bubble regime is undesirable in commercial applications.
At higher gas flow rates the stage will often be in a foam regime. In this regime, the liquid phase is
continuous and has fairly distinct bubbles rapidly rising through it. There is a distinct foam similar to the
head resting atop the liquid in a mug of beer. Because of the large surface area in a foam, the area for
vapor-liquid mass transfer is large, and stage efficiency may be quite high. However, if the foam is too
stable it can fill the entire region between stages. When this occurs, entrainment becomes excessive, stage
efficiency drops, and the column may flood (fill up with liquid and become inoperative). This may
require the use of a chemical antifoam agent. The foam regime is usually at vapor flow rates that are too



low for most industrial applications.
At even higher vapor flow rates the froth regime occurs. In this regime the liquid is continuous and has
large, pulsating voids of vapor rapidly passing through it. The surface of the liquid is boiling violently,
and there is considerable splashing. The liquid phase is thoroughly mixed, but the vapor phase is not. In
most distillation systems where the liquid-phase mass transfer controls, this regime has good efficiency.
Because of the good efficiency and reasonable vapor capacity, this is usually the flow regime used in
commercial operation.
At even higher gas flow rates the vapor-liquid contact on the stage changes markedly. In the spray regime
the vapor is continuous and the liquid occurs as a discontinuous spray of droplets. The vapor is very well
mixed, but the liquid droplets usually are not. Because of this poor liquid mixing, the mass transfer rate is
usually low and stage efficiencies are low. The significance of this is that relatively small increases in
vapor velocity can cause the column to go from the froth to the spray regime and cause a significant
decrease in stage efficiency (for example, from 65% to 40%).
A variety of other configurations and modifications of the basic design shown in Figures 3-6 and 3-7 are
possible. Valve trays (see Chapter 10) are popular. Downcomers can be chords of a circle as shown or
circular pipes. Both partial and total condensers and a variety of reboilers are used. The column may
have multiple feeds, sidestream withdrawals, intermediate reboilers or condensers, and so forth. The
column also usually has a host of temperature, pressure, flow rate, and level measurement and control
devices. Despite this variety, the operating principles are the same as for the simple distillation column
shown in Figure 3-6.

3.3 Specifications
In the design or operation of a distillation column, a number of variables must be specified. For both
design and simulation problems we usually specify column pressure (which sets the equilibrium data);
feed composition, flow rate and feed temperature or feed enthalpy or feed quality; and temperature or
enthalpy of the reflux liquid. The usual reflux condition set is a saturated liquid reflux. These variables
are listed in Table 3-1. The other variables set depend upon the type of problem.

Table 3-1. Usual specified variables for binary distillation

Selecting an appropriate column pressure for distillation is an important decision that is usually done
early in the design. As discussed in Section 2.1, in order to have a liquid phase, the condenser pressure
must be below the critical pressure of the distillate mixture. In addition, if possible we would like to meet
the following heuristics (Biegler et al., 1997):
1. Because vacuum columns are more expensive, column pressure should be greater than or equal to 1

bar. There is little increase in column costs for pressures between 1 and 7 bar (Keller, 1987).
2. The condenser pressure should be set so that cooling water can be used in the condenser. Assuming

that ΔT in the heat exchanger is ~5°C, the minimum temperature of the condenser will typically range
from ~30° to 50°C depending on the location.

3. The reboiler pressure should be set so that available steam or other hot utility can be used for heating.
Thus, the boiling temperature of the bottoms should be ~5°C below the steam temperature. Note that



reboiler and condenser pressures are not independent but are related by the pressure drop in the
column (~0.1 psi per stage for column with p > 1 bar).

Heuristics are rules of thumb that often disagree with each other. If they disagree, the most important
heuristic should be followed. For distillation the most important pressure heuristic is often avoiding the
use of refrigeration in the condenser because refrigeration is expensive.
In design problems, the desired separation is set, and a column is designed that will achieve this
separation. For binary distillation we would usually specify the mole fraction of the more volatile
component in the distillate and bottoms products. In addition, the external reflux ratio, L0/D in Figure 4-6,
is usually specified. Finally, we usually specify that the optimum feed location be used; that is, the feed
location that will result in the fewest total number of stages. The designer’s job is to calculate distillate
and bottoms flow rates, the heating and cooling requirements in the reboiler and condenser, the number of
stages required and the optimum feed stage location, and finally the required column diameter. Alternative
specifications such as the splits (fraction of a component recovered in the distillate or bottoms) or
distillate or bottoms flow rates are common. Four sets of possibilities are summarized in Table 3-2.

Table 3-2. Specifications and calculated variables for binary distillation for design problems

In simulation problems, the column has already been built and we wish to predict how much separation



can be achieved for a given feed. Since the column has already been built, the number of stages and the
feed stage location are already specified. In addition, the column diameter and the reboiler size, which
usually control a maximum vapor flow rate, are set. There are a variety of ways to specify the remainder
of the problem (see Table 3-3). The desired composition of more volatile component in the distillate and
bottoms could be specified, and the engineer would then have to determine the external reflux ratio, L0/D,
that will produce this separation and check that the maximum vapor flow rate will not be exceeded. An
alternative is to specify L0/D and either distillate or bottoms composition, in which case the engineer
determines the unknown composition and checks the vapor flow rate. Another alternative is to specify the
heat load in the reboiler and the distillate or bottoms composition. The engineer would then determine the
reflux ratio and unknown product composition and check the vapor flow rate. The thread that runs through
all these alternatives is that since the column has been built, some method of specifying the separation
must be used.

Table 3-3. Specifications and calculated variables for binary distillation for simulation problems

The engineer always specifies variables that can be controlled. Several sets of possible specifications
and calculated variables are outlined in Tables 3-1 to 3-3. Study these tables to determine the difference
between design-type and simulation-type problems. Note that other combinations of specifications are
possible.
In Table 3-1 we find five specified variables common to both types of problems. For design problems
(Table 3-2), four additional variables must be set. Note that whereas column diameter is a specified
variable in simulation problem C, it serves as a constraint in simulation problems A, B, and D (Table 3-
3). Column diameter will allow us to calculate Vmax and then we can check that V < Vmax. However, we
have not specified a variable for simulation. In problem C, where we specify V = fraction × Vmax, the
column diameter serves as a variable for simulation.
Chapter 4 starts with the simple design problem and progresses to simulation and other more complicated
problems.

3.4 External Column Balances
Once the problem has been specified, the engineer must calculate the unknown variables. Often it is not
necessary to solve the entire problem, since only limited answers are required. The first step is to do



mass and energy balances around the entire column. For binary design problems, these balances can
usually be solved without doing stage-by-stage calculations. Figure 3-8 shows the schematic of a
distillation column. The specified variables for a typical design problem are circled. We will assume that
the column is well insulated and can be considered adiabatic. All of the heat transfer takes place in the
condenser and reboiler. Column pressure is assumed to be constant.

Figure 3-8. Binary distillation column: Circled variables are typically specified in design problems

From the balances around the entire column we wish to calculate distillate and bottoms flow rates, D and
B, and the heat loads in the condenser and reboiler, Qc and QR. We can start with mass balances around
the entire column using the balance envelope shown by the dashed outline in the figure. The overall mass
balance is

(3-1)

and the more volatile component mass balance is

(3-2)

For the design problem shown in Figure 3-8, Eqs. (3-1) and (3-2) can be solved immediately, since the
only unknowns are B and D. Solving Eq. (3-1) for B, substituting this into Eq. (3-2), and solving for D,
we obtain

(3-3)

and



(3-4)

Don’t memorize equations like these; they can be derived as needed.
For the energy balance we will use the convention that all heat loads will be treated as inputs. If energy is
removed, then the numerical value of the heat load will be negative. The steady-state energy balance
around the entire column is

(3-5)

where we have assumed that kinetic and potential energy and work terms are negligible. The column is
assumed to be well insulated and adiabatic. QR will be positive and Qc negative. The enthalpies in Eq.
(3-5) can all be determined from an enthalpy-composition diagram (e.g., Figure 2-4) or from the heat
capacities and latent heats of vaporization. In general,

(3-6a, b, c)

These three enthalpies can all be determined. We would find hB on Figure 2-4 on the saturated liquid
(boiling-line) at x = xB.

Since F was specified and D and B were just calculated, we are left with two unknowns, QR and Qc, in
Eq. (3-5). Obviously another equation is required.
For the total condenser shown in Figure 3-8 we can determine Qc. The total condenser changes the phase
of the entering vapor stream but does not affect the composition. The splitter after the condenser changes
only flow rates. Thus composition is unchanged and

(3-7)

The condenser mass balance is

(3-8)

Since the external reflux ratio, L0/D, is specified, we can substitute its value into Eq. (3-8).

(3-9)

Then, since the terms on the right-hand side of Eq. (3-9) are known, we can calculate V1. The condenser
energy balance is

(3-10)

Since stream V1 is a vapor leaving an equilibrium stage in the distillation column, it is a saturated vapor.
Thus,



(3-11)

and the enthalpy can be determined (e.g., on the saturated vapor (dew-line) of Figure 2-4 at y = y1). Since
the reflux and distillate streams are at the same composition, temperature, and pressure, h0 = hD. Thus,

(3-12)

Solving for Qc we have

(3-13)

or, substituting in Eq. (3-9) and then Eq. (3-3),

(3-14)

Note that Qc < 0 because the liquid enthalpy, hD, is less than the vapor enthalpy, H1. This agrees with our
convention. If the reflux is a saturated liquid, H1 − hD = λ, the latent heat of vaporization per mole. With
Qc known we can solve the column energy balance, Eq. (3-5), for QR.

(3-15a)

or

(3-15b)

or

(3-16)

QR will be a positive number. Use of these equations is illustrated in Example 3-1.

Example 3-1. External balances for binary distillation

A steady-state, countercurrent, staged distillation column is to be used to separate ethanol from water.
The feed is a 30 wt % ethanol, 70 wt % water mixture at 40°C. Flow rate of feed is 10,000 kg/h. The
column operates at a pressure of 1 kg/cm2. The reflux is returned as a saturated liquid. A reflux ratio
of L/D = 3.0 is being used. We desire a bottoms composition of xB = 0.05 (weight fraction ethanol)
and a distillate composition of xD = 0.80 (weight fraction ethanol). The system has a total condenser
and a partial reboiler. Find D, B, Qc, and QR.

Solution

A. Define. The column and known information are sketched in the following figure.



Find D, B, Qc, QR.

B. Explore. Since there are only two unknowns in the mass balances, B and D, we can solve for these
variables immediately. Either solve Eqs. (3-1) and (3-2) simultaneously, or use Eqs. (3-3) and (3-
4). For the energy balances, enthalpies must be determined. These can be read from the enthalpy-
composition diagram (Figure 2-4). Then Qc can be determined from the balance around the
condenser and QR from the overall energy balance.

C. Plan. Use Eqs. (3-3) and (3-4) to find D and B, Eq. (3-14) to determine Qc, and Eq. (3-15a) to
determine QR.

D. Do It. From Eq. (3-3),

From Eq. (3-4), B = F − D = 10,000 − 3333 = 6667 kg/h
From Figure 2-4 the enthalpies are
hD(xD = 0.8, saturated liquid) = 60 kcal/kg
hB(xB = 0.05, saturated liquid) = 90 kcal/kg
hf(z = 0.3, 40 ° C) = 30 kcal/kg
H1(y1 = xD = 0.8, saturated vapor) = 330 kcal/kg
From Eq. (3-14),

From Eq. (3-15a),
QR = DhD + BhB − FhF − QC

QR = (3333)(60) + (6667)(90) − (10,000)(30) − (−3,599,640) = 4,099,650 kcal/h
E. Check. The overall balances, Eqs. (3-1) and (3-5), are satisfied. If we set up this problem on a

spreadsheet without explicitly solving for D, B, Qc, and QR we obtain identical answers.
F. Generalize. In this case we could solve the mass and energy balances sequentially. This is not

always the case. Sometimes the equations must be solved simultaneously (see Problem 3.D3).
Also, the mass balances and energy balances derived in the text were for the specific case shown
in Figure 3-8. When the column configuration is changed, the mass and energy balances change (see
Problem 3.D2, 3.D3, and 3.D5). For binary distillation we can usually determine the external
flows and energy requirements from the external balances. Exceptions will be discussed in Chapter
4.



3.5 Summary—Objectives
In this chapter we introduced the idea of distillation columns and saw how to do external balances. At this
point you should be able to satisfy the following objectives:
1. Explain how a countercurrent distillation column physically works
2. Sketch and label the parts of a distillation system; explain the operation of each part and the flow

regime on the trays
3. Explain the difference between design and simulation problems; list the specifications for typical

problems
4. Write and solve external mass and energy balances for binary distillation systems

References
Biegler, L. T., I. E. Grossman, and A. W. Westerberg, Systematic Methods of Chemical Process
Design, Prentice Hall, Upper Saddle River, NJ, 1997.
Felder, R. M. and R. W. Rousseau, Elementary Principles of Chemical Processes, 3rd Updated ed.,
Wiley, New York, 2004.
Humphrey, J. L., and G. E. Keller II, Separation Process Technology, McGraw-Hill, New York,
1997.
Keller, G. E., II, “Separations: New Directions for an Old Field,” AIChE Monograph Series, 83
(17), 1987.

Homework
A. Discussion Problems

A1. Explain how a distillation column works.
A2. Without looking at the text, define the following:

a. Isothermal distillation
b. The four flow regimes in a staged distillation column
c. Reflux and reflux ratio
d. Boilup and boilup ratio
e. Rectifying (enriching) and stripping sections
f. Simulation and design problems
Check the text for definitions you did not know

A3. Explain the reasons a constant pressure distillation column is preferable to:
a. An isothermal distillation system.
b. A cascade of flash separators at constant temperature.
c. A cascade of flash separators at constant pressure.

A4. In a countercurrent distillation column at constant pressure, where is the temperature highest?
Where is it lowest?

A5. Develop your own key relations chart for this chapter. In one page or less draw sketches, write
equations, and include all key words you would want for solving problems.

A6. What type of specifications will lead to simultaneous solution of the mass and energy balances?
A7. Specifications for a distillation column cannot include all three flow rates F, D, and B. Why not?



A8. What are the purposes of reflux? How does it differ from recycle?
A9. Without looking at the text, name the streams or column parts labeled A to H in the following

figure.

A10. Explain in what ways reflux and boilup have similar functions.
A11. For a binary separation, is KMVCV/L usually less than, equal to, or greater than 1.0?

For a binary separation, is KLVCV/L usually less than, equal to, or greater than 1.0?
A12. Explain how to do mass balances if the percentage recovery of the more volatile component is

specified in the distillate and the percentage recovery of the less volatile component is specified
in the bottoms.

B. Generation of Alternatives
B1. There are ways in which columns can be specified other than those listed in Tables 3-1 to 3-3.

a. Develop alternative specifications for design problems.
b. Develop alternative specifications for simulation problems.

C. Derivations
C1. For the column shown in Problem 3.D2, derive equations for D, B, Qc, and L/D.
C2. For the column shown in Problem 3.D3, derive equations for D, B, , and QR.
C3. Show that Eqs. (3-3) and (3-4) are valid for a column with two feeds (e.g., shown in Figure 4-18)

as long as we define F = F1 + F2 and z = (F1z1 + F2z2)/F.
C4. A partial condenser takes vapor leaving the top of a distillation column and condenses a portion

of it. The vapor portion of mole fraction yD is removed as the distillate product. The liquid
portion of mole fraction x0 is returned to the column as reflux. The liquid and vapor leaving the
partial condenser can be assumed to be in equilibrium. Derive the mass and energy balances for a
partial condenser.

D. Problems
*Answers to problems with an asterisk are at the back of the book.

D1. A distillation column with two feeds is separating ethanol from water. The first feed is 60 wt %
ethanol, has a total flow rate of 1000 kg/h, and is a mix of liquid and vapor at 81°C. The second



feed is 10 wt % ethanol, has a total flow rate of 500 kg/h, and is liquid at 20°C. We desire a
bottoms product that is 0.01 wt % ethanol and a distillate product that is 85 wt % ethanol. The
column operates at 1 kg/cm2 and is adiabatic. The column has a partial reboiler, which acts as an
equilibrium contact, and a total condenser. The distillate and reflux are saturated liquids. Find B
and D in kg/h, and find Qc and QR in kcal/h. Use data in Figure 2-4. Do both parts a and b.
a. External reflux ratio, Lo/D = 3.0
b. Boilup ratio, /B = 2.5.

D2.* A distillation column separating ethanol from water is shown. Pressure is 1 kg/cm2. Instead of
having a reboiler, steam (pure water vapor) is injected directly into the bottom of the column to
provide heat. The injected steam is a saturated vapor. The feed is 30 wt % ethanol and is at 20 °C.
Feed flow rate is 100 kg/min. Reflux is a saturated liquid. We desire a distillate concentration of
60 wt % ethanol and a bottoms product that is 5 wt % ethanol. The steam is input at 100 kg/min.
What is the external reflux ratio, L/D?

D3.* A distillation column separating ethanol from water is shown. Pressure is 1 kg/cm2. Instead of
having a condenser, a stream of pure liquid ethanol is added directly to the column to serve as the
reflux. This stream is a saturated liquid. The feed is 40 wt % ethanol and is at −20 °C. Feed flow
rate is 2000 kg/h. We desire a distillate concentration of 80 wt % ethanol and a bottoms
composition of 5 wt % ethanol. A total reboiler is used, and the boilup is a saturated vapor. The
cooling stream is input at C = 1000 kg/h. Find the external boilup rate, . Note: Set up the
equations, solve in equation form for  including explicit equations for all required terms, read
off all required enthalpies from the enthalpy composition diagram (Figure 2-4), and then calculate
a numerical answer.

D4. A partial condenser takes vapor leaving the top of a distillation column and condenses a portion
of it. The vapor portion of mole fraction yD is removed as the distillate product. The liquid



portion of mole fraction x0 is returned to the column as reflux. The liquid and vapor leaving the
partial condenser can be assumed to be in equilibrium.
A distillation column with a partial condenser and a partial reboiler is separating 100 kmol/h of a
mixture that is 30 mol% methanol and 70 mol% water and is a saturated liquid. Column pressure
is 1.0 atm. We desire a 99% recovery of the methanol in the vapor distillate and a 98% recovery
of water in the bottoms. Equilibrium data are in Table 2-7 (in Problem 2.D1), and other data are
in Problem 3.E1.
a. Find D, B, yD,M, and xB,M.
b. If L/D = 2.0, find x0,M and L0 where subscript 0 refers to the reflux stream.
c. If L/D = 2.0, find Qc and QR.

D5.* A distillation column is separating ethanol from water at a pressure of 1 kg/cm2. A two-phase
feed of 20 wt% ethanol at 93°C is input at 100 kg/min. The column has a total condenser and a
partial reboiler. The distillate composition is 90 wt % ethanol. Distillate and reflux are at 20°C.
Bottoms composition is 1 wt % ethanol. Reflux ratio is L0/D = 3. A liquid side stream is
withdrawn above the feed stage. Side stream is 70 wt % ethanol, and side stream flow rate is 10
kg/min. Find D, B, Qc, and QR. Data are in Figure 2-4.

D6.* A distillation column receives a feed that is 40 mol% n-pentane and 60 mol% n-hexane. Feed
flow rate is 2500 lbmol/h, and feed temperature is 30°C. The column is at 1 atm. A distillate that
is 99.9 mol% n-pentane is desired. A total condenser is used. Reflux is a saturated liquid. The
external reflux ratio is L0/D = 3. Bottoms from the partial reboiler is 99.8 mol% n-hexane. Find D,
B, QR, Qc. Note: Watch your units on temperature.

where T is in °C and CPV and CPL are

Source for λ and CP data is Felder and Rousseau (2004).
D7. A continuous, steady-state distillation column is fed a mixture that is 70 mol% n-pentane and 30

mol% n-hexane. Feed rate is 1000 kmol/h. Feed is at 35°C. Column is at 101.3 kPa. The vapor
distillate product is 99.9 mol% n-pentane and the bottoms product is 99.9 mol% n-hexane. The
system has a partial condenser (thus the distillate product is a saturated vapor) and operates at an
external reflux ratio of L/D = 2.8. The reboiler is a partial reboiler. Find D, B, Qc & QR. Data are
given in Problem 3.D6. Use DePriester chart to determine boiling points.

D8. A distillation column with a partial condenser and a partial reboiler is separating methanol and
water. Column pressure is 1.0 atm. We desire 120 kmol/h of a bottoms product that is 0.0001
mole fraction methanol. Boilup ratio  is 1.5. Equilibrium data are in Table 2-7 (in Problem
2.D1), and other data are in Problem 3.E1. Assume that all streams entering and leaving the partial
reboiler contain very little methanol. Find QR.

D9. A distillation column is separating 500 kmol/h of a mixture that is 76 mol% methanol and 24
mol% water. The bottoms product contains 0.00002 mole fraction methanol, and the distillate is



0.9999 mol% methanol. The boilup ratio  = 1.5. Estimate the reboiler heat duty QR. Data
are available in Problem 3.E1.

D10. A distillation column operating at 2.0 atm. is separating a feed that is 55.0 mol% n-pentane and
45.0 mol% n-hexane. The feed is at 65°C, and its flow rate is 1000 kmol/h. The distillate is 99.93
mol% n-pentane, and we want a 99.50% recovery of n-pentane. The system uses a total
condenser, and reflux is a saturated liquid with an external reflux ratio of L/D = 2.8. There is a
partial reboiler. Data are available in Problem 3.D6 and in the DePriester charts. Find D, B, xB,
Qc, QR.

E. More Complex Problems
E1. A mixture of methanol and water is being separated in a distillation column with open steam (see

figure in Problem 3.D2). The feed rate is 100 kmol/h. Feed is 60.0 mol% methanol and is at 40
°C. The column is at 1.0 atm. The steam is pure water vapor (yM = 0) and is a saturated vapor.
The distillate product is 99.0 mol% methanol and leaves as a saturated liquid. The bottoms is 2.0
mol% methanol and, since it leaves an equilibrium stage, must be a saturated liquid. The column
is adiabatic. The column has a total condenser. External reflux ratio is L/D = 2.3.
Equilibrium data are in Table 2-7 in Problem 2.D1. Data for water and methanol is available in
Felder and Rousseau (2004) (CP, λ and steam tables) and in Perry’s.
Find D, B, Qc, and S. Be careful with units and in selecting basis for energy balance. Data:
λmethanol = ΔHvap = 8.43 kcal/mol = 35.27 kJ/mol (at boiling point)
λwater = ΔHvap = 9.72 kcal/mol = 40.656 kJ/mol
Cp,w,liquid = 1.0 cal/(g °C) = 75.4 J/mol °C
CPL,Meoh = 75.86 + 0.1683T J/(gmole °C)

Cp,w,vapor = 33.46 + 0.006880 T + 0.7604 × 10−5 T2 −3.593 × 10−9 T3

Cp,meoh,vapor = 42.93 + 0.08301 T − 1.87 × 10−5 T2 −8.03 × 10−9 T3

For Vapor T is in °C, Cp is in J/mol °C
VLE data: Table 2-7. Density and MW data Problem 2.D1

E2. A mixture of methanol and water is being separated in a distillation column with open steam (see
figure in Problem 3.D2). The feed rate is 500 kmol/h. Feed is 60.0 mol% methanol and is a
saturated liquid. The column is at 1.0 atm. The steam is pure water vapor (yM = 0) and is a
saturated vapor. The distillate product is 99.8 mol% methanol and leaves as a saturated liquid.
The bottoms is 0.13 mol% methanol and since it leaves an equilibrium stage must be a saturated
liquid. The column is adiabatic. The column has a total condenser. External reflux ratio is L/D =
3. Data for water and methanol are available in Problem 3.E1.
Find D, B, Qc, and S. Be careful with units and in selecting basis for energy balance.

F. Problems Requiring Other Resources
F1.* A mixture of oxygen and nitrogen is to be distilled at low temperature. The feed rate is 25,000

kmol/h and is 21 mol% oxygen and 79 mol% nitrogen. An ordinary column (as shown in Figure 3-
8) will be used. Column pressure is 1 atm. The feed is a superheated vapor at 100 K. We desire a
bottoms composition of 99.6 mol% oxygen and a distillate that is 99.7 mol% nitrogen. Reflux ratio



is L0/D = 4, and reflux is returned as a saturated liquid. Find D, B, QR, and Qc.
F2.* A mixture of water and ammonia is to be distilled in an ordinary distillation system (Figure 3-8)

at a pressure of 6 kg/cm2. The feed is 30 wt % ammonia and is at 20 °C. We desire a distillate
product that is 98 wt % ammonia and a 95% recovery of the ammonia in the distillate. The
external reflux ratio is L0/D = 2.0. Reflux is returned at −20 °C. Find D, B, xB, QR, and Qc per
mole of feed.

G. Computer Problems
G1. Solve for Qc and QR in Problem 3.D1 with a process simulator.

a. Part a.
b. Part b.
Note: With Aspen Plus, use RADFRAC (see Appendix to Chapter 6, Lab 3) with an arbitrary (but
large) number of stages and feed location = N/2. Do calculation for D by hand and input correct
values for D and L/D (or V/B).

G2. [This problem should be done after studying the Appendix A of Chapter 4.] Solve Problem 3.D6
using AspenPlus to find Qc and QR. To do this, do a hand calculation to find the value of D. Then
arbitrarily set N = 40 and Nfeed = 20 in RADFRAC and do the simulation.



Chapter 4. Binary Column Distillation: Internal Stage-by-Stage
Balances

4.1 Internal Balances
In Chapter 3 we introduced column distillation and developed the external balance equations. In this
chapter we start looking inside the column. For binary systems the number of stages required for the
separation can conveniently be obtained by use of stage-by-stage balances. We start at the top of the
column and write the balances and equilibrium relationship for the first stage, and then once we have
determined the unknown variables for the first stage we write balances for the second stage. Utilizing the
variables just calculated we can again calculate the unknowns. We can now proceed down the column in
this stage-by-stage fashion until we reach the bottom. We could also start at the bottom and proceed
upwards. This procedure assumes that each stage is an equilibrium stage, but this assumption may not be
true. Ways to handle nonequilibrium stages are discussed in Section 4.11.
In the enriching section of the column it is convenient to use a balance envelope that goes around the
desired stage and around the condenser. This is shown in Figure 4-1. For the first stage the balance
envelope is shown in Figure 4-1A. The overall mass balance is then

(4-1, stage 1)

Figure 4-1. Enriching section balance envelopes; (A) stage 1, (B) stage 2, (C) stage j

The more volatile component mass balance is

(4-2, stage 1)

For a well-insulated, adiabatic column (Qcolumn = 0), the energy balance is



(4-3, stage 1)

Assuming that each stage is an equilibrium stage, we know that the liquid and vapor leaving the stage are
in equilibrium. For a binary system, the Gibbs phase rule becomes

Degrees of freedom = C − P + 2 = 2 − 2 + 2 = 2
Since pressure has been set, there is one remaining degree of freedom. Thus for the equilibrium stage the
variables are all functions of a single variable. For the saturated liquid we can write

(4-4a, stage 1)

and for the saturated vapor,

(4-4b, stage 1)

The liquid and vapor mole fractions leaving a stage are also related:

(4-4c, stage 1)

Equations (4-4) for stage 1 represent the equilibrium relationship. Their exact form depends on the
chemical system being separated. Equations (4-1, stage 1) to (4-4c, stage 1) are six equations with six
unknowns: L1, V2, x1, y2, H2, and h1.

Since we have six equations and six unknowns, we can solve for the six unknowns. The exact methods for
doing this are the subject of the remainder of this chapter. For now we will just note that we can solve for
the unknowns and then proceed to the second stage. For the second stage we will use the balance
envelope shown in Figure 4-1B. The mass balances are now

(4-1, stage 2)

(4-2, stage 2)

while the energy balance is

(4-3, stage 2)

The equilibrium relationships are

(4-4, stage 2)

Again we have six equations with six unknowns. The unknowns are now L2, V3, x2, y3, H3, and h2.

We can now proceed to the third stage and utilize the same procedures. After that, we can go to the fourth
stage and then the fifth stage and so forth. For a general stage j (j can be from 1 to f − 1, where f is the
feed stage) in the enriching section, the balance envelope is shown in Figure 4-1C. For this stage the mass



and energy balances are

(4-1, stage j)

(4-2, stage j)

and

(4-3, stage j)

while the equilibrium relationships are

(4-4, stage j)

When we reach stage j, the values of yj, Qc, D, and hD will be known, and the unknown variables will be
Lj, Vj+1, xj, yj+1, Hj+1, and hj. At the feed stage, the mass and energy balances will change because of the
addition of the feed stream.
Before continuing, we will stop to note the symmetry of the mass and energy balances and the equilibrium
relationships as we go from stage to stage. A look at Eqs. (4-1) for stages 1, 2, and j will show that these
equations all have the same structure and differ only in subscripts. Equations (4-1, stage 1) or (4-1, stage
2) can be obtained from the general Eq. (4-1, stage j) by replacing j with 1 or 2, respectively. The same
observations can be made for the other Eqs. (4-2, 4-3, 4-4a, 4-4b, and 4-4c). The unknown variables as
we go from stage to stage are also similar and differ in subscript only.
In addition to this symmetry from stage to stage, there is symmetry between equations for the same stage.
Thus Eqs. (4-1, stage j), (4-2, stage j), and (4-3, stage j) are all steady-state balances that state

Input = output
In all three equations the output (of overall mass, solute, or energy) is associated with streams Lj and D.
The input is associated with stream Vj+1 and (for energy) with the cooling load, Qc.

Below the feed stage the balance equations must change, but the equilibrium relationships in Eqs. (4-4a,
b, c) will be unchanged. The balance envelopes in the stripping section are shown in Figure 4-2 for a
column with a partial reboiler. The bars over flow rates signify that they are in the stripping section. It is
traditional and simplest to write the stripping section balances around the bottom of the column using the
balance envelope shown in Figure 4-2. Then these balances around stage f + 1 (immediately below the
feed plate) are

(4-5, stage f + 1)

(4-6, stage f + 1)

(4-7, stage f + 1)



Figure 4-2. Stripping section balance envelopes; (A) below feed stage (stage f + 1), (B) stage k, (C)
partial reboiler

The equilibrium relationships are Eqs. (4-4) written for stage f + 1.

(4-4, stage f + 1)

These six equations have six unknowns: Lf, , xf, yf+1, Hf+1, and hf. xB is specified in the problem
statement; B and QR were calculated from the column balances; and yf (required for the last equation) was
obtained from the solution of Eqs. (4-1, stage j) to (4-4c, stage j) with j = f − 1. At the feed stage we
change from one set of balance envelopes to another.
Note that the same equations will be obtained if we write the balances above stage f + 1 and around the
top of the distillation column (use a different balance envelope). This is easily illustrated with the overall
mass balance, which is now

Rearranging, we have

However, since the external column mass balance says F − D = B, the last equation becomes

which is Eq. (4-5, stage f + 1). Similar results are obtained for the other balance equations. Thus the
balance envelope we use is arbitrary.
Once the six Eqs. (4-4a) to (4-7) for stage f + 1 have been solved, we can proceed down the column to
the next stage, f + 2. For a balance envelope around general stage k as shown in Figure 2-2B, the
equations are

(4-5, stage k)



(4-6, stage k)

(4-7, stage k)

the equilibrium expression will correspond to Eqs. (4-4, stage f + 1) with k − 1 replacing f as a subscript.
Thus,

(4-4, stage k)

A partial reboiler as shown in Figure 4-2C acts as an equilibrium contact. If we consider the reboiler as
stage N + 1, the balances for the envelope shown in Figure 4-2C can be obtained by setting k = N + 1 and
k − 1 = N in Eqs. (4-5, stage k), (4-6, stage k) and (4-7, stage k).
If xN+1 = xB, the N + 1 equilibrium contacts gives us exactly the specified separation, and the problem is
finished. If xN+1 < xB while xN > xB, the N + 1 equilibrium contacts gives slightly more separation than is
required.
Just as the balance equations in the enriching section are symmetric from stage to stage, they are also
symmetric in the stripping section.

4.2 Binary Stage-by-Stage Solution Methods
The challenge for any stage-by-stage solution method is to solve the three balance equations and the three
equilibrium relationships simultaneously in an efficient manner. This problem was first solved by Sorel
(1893), and graphical solutions of Sorel’s method were developed independently by Ponchon (1921) and
Savarit (1922). These methods all solve the complete mass and energy balance and equilibrium
relationships stage by stage. Starting at the top of the column as shown in Figure 4-1A, we can find the
liquid composition, x1, in equilibrium with the leaving vapor composition, y1, from Eq. (4-4c, stage 1).
The liquid enthalpy, h1, is easily found from Eqs. (4-4a, stage 1). The remaining four Eqs. (4-1) to (4-3)
and (4-4b) for stage 1 are coupled and must be solved simultaneously. The Ponchon-Savarit method does
this graphically. The Sorel method uses a trial-and-error procedure on each stage.
The trial-and-error calculations on every stage of the Sorel method are obviously slow and laborious.
Lewis (1922) noted that in many cases the molar vapor and liquid flow rates in each section (a region
between input and output ports) were constant. Thus in Figures 4-1 and 4-2,

(4-8)

and

(4-9)

For each additional column section there will be another set of equations for constant flow rates. Note
that in general L ≠  and V ≠ . Equations (4-8) and (4-9) will be valid if every time a mole of vapor is
condensed a mole of liquid is vaporized. This will occur if:



1. The column is adiabatic.
2. The specific heat changes are small compared to latent heat changes.

(4-10)

3. The heat of vaporization per mole, λ, is constant; that is, λ does not depend on concentration.
Condition 3 is the most important criterion. Lewis called this set of conditions constant molal
overflow (CMO). An alternative to conditions 2 and 3 is

4. The saturated liquid and vapor lines on an enthalpy-composition diagram (in molar units) are parallel.
For some systems, such as hydrocarbons, the latent heat of vaporization per kilogram is approximately
constant. Then the mass flow rates are constant, and constant mass overflow should be used.
The Lewis method assumes before the calculation is done that CMO is valid. Thus Eqs. (4-8) and (4-9)
are valid. With this assumption, the energy balance, Eqs. (4-3) and (4-7), will be automatically satisfied.
Then only Eqs. (4-1), (4-2), and (4-4c), or (4-5), (4-6), and (4-4c) need be solved. Eqs. (4-1, stage j) and
(4-2, stage j) can be combined. Thus,

(4-11)

Solving for yj+1, we have

(4-12a)

Since L and V are constant, this equation becomes

(4-12b)

Eq. (4-12b) is the operating equation in the enriching section. It relates the concentrations of two passing
streams in the column and thus represents the mass balances in the enriching section. Eq. (4-12b) is
solved sequentially with the equilibrium expression for xj, which is Eq. (4-4c, stage j).

To start we first use the column balances to calculate D and B. Then L0 = (L0/D)D and V1 = L0 + D. For a
saturated liquid reflux, L0 = L1 = L2 = L and V1 = V2 = V. At the top of the column we know that y1 = xD.
The vapor leaving the top stage is in equilibrium with the liquid leaving this stage (see Figure 4-1A).
Thus x1 can be calculated from Eq. (4-4c, stage j) with j = 1. Then y2 is found from Eq. (4-12b) with j =
1. We then proceed to the second stage, set j = 2, and obtain x2 from Eq. (4-4c, stage j) and y3 from Eq.
(4-12b). We continue this procedure down to the feed stage.
In the stripping section, Eqs. (4-5, stage k) and (4-6, stage k) are combined to give

(4-13)

With CMO,  and  are constant, and the resulting stripping section operating equation is



(4-14)

Once we know /V we can obviously alternate between the operating Eq. (4-14) and the equilibrium Eq.
(4-4c, stage k).
The phase and temperature of the feed obviously affect the vapor and liquid flow rates in the column. For
instance, if the feed is liquid, the liquid flow rate below the feed stage must be greater than liquid flow
above the feed stage,  > L. If the feed is a vapor, V > . These effects can be quantified by writing mass
and energy balances around the feed stage. The feed stage is shown schematically in Figure 4-3. The
overall mass balance and the energy balance for the balance envelope shown in Figure 4-3 are

(4-15)

Figure 4-3. Feed-stage balance envelope

and

(4-16)

(Despite the use of “hF” as the symbol for the feed enthalpy, the feed can be a liquid or vapor or a two-
phase mixture.) If we assume CMO neither the vapor enthalpies nor the liquid enthalpies vary much from
stage to stage. Thus Hf+1 ~ Hf and hf−1 ~ hf. Then Eq. (4-16) can be written as

The mass balance Eq. (4-15) can be conveniently solved for  − V,

which can be substituted into the energy balance to give us

Combining terms, this is

or

(4-17)

In words, the “quality” q is



(4-18)

This result is analogous to the use of q in flash distillation. Since the liquid and vapor enthalpies can be
estimated, we can calculate q from Eq. (4-17). Then

(4-19)

The quality q is the fraction of feed that is liquid. For example, if the feed is a saturated liquid, hF = h, q =
1, and . Once  has been determined,  is calculated from either Eq. (4-15) or Eq. (4-5, stage f +
1) or from

(4-20)

Which can be derived from Eqs. (4-15) and (4-19).

Example 4-1. Stage-by-stage calculations by the Lewis method

A steady-state countercurrent, staged distillation column is to be used to separate ethanol from water.
The feed is a 30 wt % ethanol, 70 wt % water mixture that is a saturated liquid at 1 atm pressure.
Flow rate of feed is 10,000 kg/h. The column operates at a pressure of 1 atm. The reflux is returned as
a saturated liquid. A reflux ratio of L/D = 3.0 is being used. We desire a bottoms composition of xB =
0.05 (weight fraction ethanol) and a distillate composition of xD = 0.80 (weight fraction ethanol). The
system has a total condenser and a partial reboiler. The column is well insulated.
Use the Lewis method to find the number of equilibrium contacts required if the feed is input on the
second stage from the top.

Solution

A. Define. The column and known information are shown in the following figure. Find the number of
equilibrium contacts required.



B. Explore. Except for some slight changes in the feed temperature and column pressure, this problem
is very similar to Example 3-1. The solution for B and D obtained in that example is still correct. B
= 6667 kg/h, D = 3333 kg/h. Equilibrium data are available in weight fractions in Figure 2-4 and in
mole fraction units in Figure 2-2 and Table 2-1. To use the Lewis method we must have CMO. We
can check this by comparing the latent heat per mole of pure ethanol and pure water. (This checks
the third and most important criterion for CMO. Since the column is well insulated, the first
criterion, adiabatic, will be satisfied.) The latent heats are (Himmelblau, 1974):

The difference of roughly 5% is reasonable particularly since we always use the ratio of L/V or /
. (Using the ratio causes some of the change in L and V to divide out.) Thus we will assume CMO.

Now we must convert flows and compositions to molar units.
C. Plan. First, convert to molar units. Carry out preliminary calculations to determine L/V and / .

Then start at the top, alternating between equilibrium (Figure 2-2 or Eq. (2.B-2)) and the top
operating Eq. (4-12b). Since stage 2 is the feed stage, calculate y3 from the bottom operating Eq.
(4-14).

D. Do It. Preliminary Calculations: To convert to molar units:

Average molecular weight of feed is
 = (0.144)(46) + (0.856)(18) =22.03

Feed rate = (10,000 kg/h)/(22.03 kg/kmol) = 453.9 kmol/h

For distillate, the average molecular weight is

which is also the average for the reflux liquid and vapor stream V since they are all the same
composition.
Then D = (3333 kg/h)/35.08 = 95.2 kmol/h and

while
V = L + D = 380.9. Thus,

Because of CMO, L/V is constant in the rectifying section.
Since the feed is a saturated liquid,

where we have converted F to kmol/h. Since a saturated liquid feed does not affect the vapor,  = V
= 380.9. Thus,

An internal check on consistency is L/V < 1 and /  > 1.
Stage-by-Stage Calculations: At the top of the column, y1 = xD = 0.61. Liquid stream L1 of
concentration x1 is in equilibrium with the vapor stream y1. From Figure 2-2, x1 = 0.4. (Note that y1 >



x1 since ethanol is the more volatile component.) Vapor stream y2 is a passing stream relative to x1
and can be determined from the operating Eq. (4-12).

Stream x2 is in equilibrium with y2. From Figure 2-2 we obtain x2 = 0.11.

Since stage 2 is the feed stage, use bottom operating Eq. (4-14) for y3.

Stream x3 is in equilibrium with y3. From Figure 2-2, this is x3 = 0.02. Since x3 = xB (in mole
fraction), we are finished.
The third equilibrium contact would be the partial reboiler. Thus the column has two equilibrium
stages plus the partial reboiler.
E. Check. This is a small number of stages. However, not much separation is required, the external

reflux ratio is large, and the separation of ethanol from water is easy in this concentration range.
Thus the answer is reasonable. We can check the calculation of L/V with mass balances.
Since V1 = L0 + D,

Since L0, V1, and D, are the same composition, L0/D and L0/V1 have the same values in mass and
molar units. We can check the equilibriom calculation with Eq. (2.B-2). For example, for y1 = 0.61
we obtain x1 = 0.385.

F. Generalizations. We should always check that CMO is valid. Then convert all flows and
compositions into molar units. The procedure for stepping off stages is easily programmed on a
spreadsheet (Burns and Sung, 1996). We could also have started at the bottom and worked our way
up the column stage by stage. Going up the column we calculate y values from equilibrium and x
values from the operating equations.
Note that L/V < 1 and /  > 1. This makes sense, since we must have a net flow of material
upwards in the rectifying section (to obtain a distillate product) and a net flow downwards in the
stripping section. We must also have a net upward flow of ethanol in the rectifying section (Lxj <
Vyj+1) and in the stripping section ( xj < yj+1). These conditions are satisfied by all pairs of
passing streams.

The Lewis method is obviously much faster and more convenient than the Sorel method. It is also easier
to program on a computer or in a spreadsheet. In addition, it is easier to understand the physical reasons
why separation occurs instead of becoming lost in the algebraic details. However, remember that the
Lewis method is based on the assumption of CMO. If CMO is not valid, the answers will be incorrect.
If the calculation procedure in the Lewis method is confusing to you, continue on to the next section. The
graphical McCabe-Thiele procedure explained there is easier for many students to understand. After
completing the McCabe-Thiele procedure, return to this section and study the Lewis method again.

4.3 Introduction to the McCabe-Thiele Method
McCabe and Thiele (1925) developed a graphical solution method based on Lewis’ method and the
observation that the operating Eqs. (4-12b) and (4-14) plot as straight lines (the operating lines) on a y-x



diagram. On this graph the equilibrium relationship can be solved from the y-x equilibrium curve and the
mass balances from the operating lines.
To illustrate, consider a typical design problem for a binary distillation column such as the one illustrated
in Figure 3-8. We will assume that equilibrium data are available at the operating pressure of the column.
These data are plotted as shown in Figure 4-4. At the top of the column is a total condenser. As noted in
Chapter 3 in Eq. (3-7), this means that y1 = xD = x0. The vapor leaving the first stage is in equilibrium
with the liquid leaving the first stage. This liquid composition, x1, can be determined from the equilibrium
curve at y = y1. This is illustrated in Figure 4-4.

Figure 4-4. Equilibrium for top stage on McCabe-Thiele diagram

Liquid stream L1 of composition x1 passes vapor stream V2 of composition y2 inside the column (Figures
3-8 and 4-1A). When the mass balances are written around stage 1 and the top of the column (see balance
envelope in Figure 4-1A), the result after assuming CMO and doing some algebraic manipulations is Eq.
(4-12) with j = 1. This equation can be plotted as a straight line on the y-x diagram. Suppressing the
subscripts j+1 and j, we write Eq. (4-12b) as

(4-21)

which is understood to apply to passing streams. Eq. (4-21) plots as a straight line (the top operating
line) with a slope of L/V and a y intercept (x = 0) of (1 − L/V)xD. Once Eq. (4-12) has been plotted, y2 is
easily found from the y value at x = x1. This is illustrated in Figure 4-5. Note that the top operating line
goes through the point (y1, xD) since these coordinates satisfy Eq. (4-21).

Figure 4-5. Stage 1 calculation on McCabe-Thiele diagram



With y2 known we can proceed down the column. Since x2 and y2 are in equilibrium, we easily obtain x2
from the equilibrium curve. Then we obtain y3 from the operating line (mass balances), since x2 and y3 are
the compositions of passing streams. This procedure of stepping off stages is shown in Figure 4-6. It can
be continued as long as we are in the rectifying section. Note that this produces a staircase on the y-x, or
McCabe-Thiele, diagram. Instead of memorizing this procedure, you should follow the points on the
diagram and compare them to the schematics of a distillation column (Figures 3-8 and 4-1). Note that the
horizontal and vertical lines have no physical meaning. The points on the equilibrium curve (squares)
represent liquid and vapor streams leaving an equilibrium stage. The points on the operating line (circles)
represent the liquid and vapor streams passing each other in the column.

Figure 4-6. Stepping off stages in rectifying section

In the stripping section the top operating line is no longer valid, since different mass balances and, hence,
a different operating equation are required. The stripping section operating equation was given in Eq. (4-
14). When the subscripts k and k − 1 are suppressed, this equation becomes

(4-22)

Eq. (4-22) plots as a straight line with slope /  and y intercept −( /  − 1)xB, as shown in Figure 4-7.
This bottom operating line applies to passing streams in the stripping section. Starting with the liquid
leaving the partial reboiler, of mole fraction xB = xN+1, we know that the vapor leaving the partial
reboiler is in equilibrium with xB. Thus we can find yN+1 from the equilibrium curve. xN is easily found



from the bottom operating line, since liquid of composition xN is a passing stream to vapor of
composition yN+1 (compare Figures 4-2 and 4-7). We can continue alternating between the equilibrium
curve and the bottom operating line as long as we are in the stripping section.

Figure 4-7. Stepping off stages in stripping section

If we are stepping off stages down the column, at the feed stage f we switch from the top operating line to
the bottom operating line (refer to Figure 4-3, a schematic of the feed stage). Above the feed stage, we
calculate xf−1 from equilibrium and yf from the top operating line. Since liquid and vapor leaving the feed
stage are assumed to be in equilibrium, we can determine xf from the equilibrium curve at y = yf and then
find yf+1 from the bottom operating line. This procedure is illustrated in Figure 4-8A, where stage 3 is the
feed stage. The separation shown in Figure 4-8A would require 5 equilibrium stages plus an equilibrium
partial reboiler, or 6 equilibrium contacts, when stage 3 is used as the feed stage. In this problem, stage 3
is the optimum feed stage. That is, a separation will require the fewest total number of stages when feed
stage 3 is used. Note in Figure 4-8B and 4-8C that if stage 2 or stage 5 is used, more total stages are
required. For binary distillation the optimum feed plate is easy to determine; it will always be the stage
where the step in the staircase includes the point of intersection of the two operating lines (compare
Figure 4-8A to Figures 4-8B and 4-8C). A mathematical analysis of the optimum feed plate location
suitable for computer calculation with the Lewis method is developed later.
Figure 4-8. McCabe-Thiele diagram for entire column; (A) optimum feed stage (stage 3); (B) feed

stage too high (stage 2); (C) feed stage too low (stage 5)



When stepping off stages from the top down, the fractional number of stages can be calculated as (see
Figure 4-8B and 4-8C),

(4-23)

where the distances are measured horizontally on the diagram. The fraction has no physical meaning
because we build either five or six stages; however, the fraction is somewhat useful when the stage
efficiency is < 1.
Now that we have seen how to do the stage-by-stage calculations on a McCabe-Thiele diagram, let us
consider how to start with the design problem given in Figure 3-8 and Tables 3-1 and 3-2. The known
variables are F, z, q, xD, xB, L0/D, p, saturated liquid reflux, and we use the optimum feed location. Since
the reflux is a saturated liquid, there will be no change in the liquid or vapor flow rates on stage 1 and L0
= L1 and V1 = V2. This allows us to calculate the internal reflux ratio, L/V, from the external reflux ratio,
L0/D, which is specified.

(4-24)

With L/V and xD known, the top operating line is fully specified and can be plotted.

Since the boilup ratio, /B, was not specified, we cannot directly calculate / , which is the slope of the
bottom operating line. Instead, we need to utilize the condition of the feed to determine flow rates in the
stripping section. The same procedure used with the Lewis method can be used here. The feed quality, q,



is calculated from Eq. (4-17), which is repeated below:

(4-17)

Then  is given by Eq. (4-19),  = L + qF, and  =  − B. We can calculate L as (L/D)D, where D and B
are found from mass balances around the entire column. Alternatively, for a simple column Eqs. (3-3) and
(3-4) can be substituted into the equations for  and . When this is done, we obtain

(4-25)

With /  and xB known, the bottom operating equation is fully specified, and the bottom operating line
can be plotted. Eq. (4-25) is convenient for computer calculations but is specific for the simple column
shown in Figure 3-8. For graphical calculations the alternative procedure shown in the next section is
usually employed.

4.4 Feed Line
In any section of the column between feeds and/or product streams the mass balances are represented by
the operating line. In general, the operating line can be derived by drawing a mass balance envelope
through an arbitrary stage in the section and around the top or bottom of the column. When material is
added or withdrawn from the column the mass balances will change and the operating lines will have
different slopes and intercepts. In the previous section the effect of a feed on the operating lines was
determined from the feed quality and mass balances around the entire column or from Eq. (4-25). Here we
will develop a graphical method for determining the effect of a feed on the operating lines.
Consider the simple single-feed column with a total condenser and a partial reboiler shown in Figure 3-8.
The mass balance in the rectifying section for the more volatile component is

(4-26)

while the balance in the stripping section is

(4-27)

where we have assumed that CMO is valid. At the feed plate we switch from one mass balance to the
other. We wish to find the point at which the top operating line—representing Eq. (4-26)—intersects the
bottom operating line—representing Eq. (4-27).
The intersection of these two lines means that

(4-28)

Equations (4-28) are valid only at the point of intersection. Since the y’s and x’s are equal at the point of
intersection, we can subtract Eq. (4-26) from Eq. (4-27) and obtain



(4-29)

From the overall mass balance around the entire column, Eq. (3-2), we know that the last term is −FzF.
Then, solving Eq. (4-29) for y,

(4-30)

Eq. (4-30) is one form of the feed equation. Since L, , V, , F, and zF are constant, it represents a
straight line (the feed line) on a McCabe-Thiele diagram. Every possible intersection point of the two
operating lines must occur on the feed line.
For the special case of a feed that flashes in the column to form a vapor and a liquid phase, we can relate
Eq. (4-30) to flash distillation. In this case we have the situation shown in Figure 4-9. Part of the feed, VF,
vaporizes, while the remainder is liquid, LF. Looking at the terms in Eq. (4-30), we note that  − L is the
change in liquid flow rates at the feed stage. In this case,

(4-31)

Figure 4-9. Two-phase feed

The change in vapor flow rates is

(4-32)

Equation (4-30) then becomes

(4-33)

which is essentially the same as Eq. (2-11), the operating equation for flash distillation. Thus the feed line
represents the flashing of the feed into the column. Equation (4-33) can also be written in terms of the
fraction vaporized, f = VF/F, as [see Eqs. (2-12) and (2-13)]



(4-34)

In terms of the fraction remaining liquid, q = LF/F [see Eqs. (2-14) and (2-15)], Eq. (4-33) is

(4-35)

Equations (4-33) to (4-35) were all derived for the special case where the feed is a two-phase mixture,
but they can be used for any type of feed. For example, if we want to derive Eq. (4-35) for the general
case, we can start with Eq. (4-30). An overall mass balance around the feed stage (balance envelope
shown in Figure 4-9) is

which can be rearranged to

Substituting this result into Eq. (4-30) gives

and dividing numerator and denominator of each term by the feed rate F, we get

which becomes Eq. (4-35), since q is defined to be (  − L)/F. Equation (4-34) can be derived in a similar
fashion.
Previously, we solved the mass and energy balances and found that

(4-17)

From Eq. (4-17) we can determine the value of q and hence the slope, q/(q − 1), of the feed line. For
example, if the feed enters as a saturated liquid (that is, at the liquid boiling temperature at the column
pressure), then hF = h and the numerator of Eq. (4-17) equals the denominator. Thus q = 1.0 and the slope
of the feed line, q/(q − 1) = ∞. The feed line is vertical.
The various types of feeds and the slopes of the feed line are illustrated in Table 4-1 and Figure 4-10.
Note that all the feed lines intersect at one point, which is at y = x. If we set y = x in Eq. (4-35), we obtain

(4-36)

Table 4-1. Feed conditions



Figure 4-10. Feed lines

as the point of intersection (try this derivation yourself). The feed line is easy to plot from the points y = x
= zF or y intercept (x = 0) = zF/(1 − q) or x intercept (y = 0) = zF/q, and the slope, which is q/(q − 1).
(This entire process of plotting the feed line should remind you of graphical binary flash distillation.)
The feed line was derived from the intersection of the top and bottom operating lines. It thus represents
all possible locations at which the two operating lines can intersect for a given feed (zF, q). Thus if we
change the reflux ratio we change the points of intersection, but they all lie on the feed line. This is
illustrated in Figure 4-11A. If the reflux ratio is fixed (the top operating line is fixed) but q varies, the
intersection point varies as shown in Figure 4-11B. The slope of the bottom operating line, / , depends
upon L0/D, xD, xB, and q as was shown in Eq. (4-25).

Figure 4-11. Operating line intersection; (A) changing reflux ratio with constant q; (B) changing q
with fixed reflux ratio. Boilup ratio varies.



In Figure 4-8 we illustrated how to determine the optimum feed stage graphically. For computer
applications an explicit test is easier to use. If the point of intersection of the two operating lines (yI, xI),
is determined, then the optimum feed plate, f, is the one for which

(4-37a)

and

(4-37b)

This is illustrated in Figure 4-12. The intersection point can be determined by straightforward but tedious
algebraic manipulation as

(4-38a)

(4-38b)

Figure 4-12. Optimum feed plate calculation

for the simple column shown in Figure 3-8.
The feed equations were developed for this simple column; however, Eqs. (4-30), and (4-33) through (4-
35) are valid for any column configuration if we generalize the definitions of f and q. In general,

(4-39a)

(4-39b)

Example 4-2. Feed line calculations



Calculate the feed line slope for the following cases.
a. A two-phase feed where 80% of the feed is vaporized under column conditions.
Solution. The slope is q/(q − 1), where q = (Lbelow feed − Labove feed)/F (other expressions could also
be used). With a two-phase feed we have the situation shown.

 = L + LF. Since 80% of the feed is vapor, 20% is liquid and LF = 0.2F.

Then

This agrees with Figure 4-10.
b. A superheated vapor feed where 1 mole of liquid will vaporize on the feed stage for each 9 moles

of feed input.
Solution. Now the situation is shown in the following figure.

When the feed enters, some liquid must be boiled to cool the feed. Thus,

(4-40)

and the amount vaporized is v = (1/9) F.
Thus,

which agrees with Figure 4-10.
c. A liquid feed subcooled by 35°F. Average liquid heat capacity is 30 Btu/lbmol°F and λ = 15,000

Btu/lbmol.

Solution.



Here some vapor must be condensed by the entering feed. Thus the situation can be depicted as
shown.

and  = L + F + c, where c is the amount condensed.
Since the column is insulated, the source of energy to heat the feed to its boiling point is the
condensing vapor.

(4-41a)

where ΔT = TBP − TF = 35°

or

(4-41b)

This agrees with Figure 4-10. Despite the large amount of subcooling, the feed line is fairly close to
vertical, and the results will be similar to a saturated liquid feed. If TF is given instead of ΔT, we
need to estimate TBP. This can be done with a temperature composition graph (Figure 2-3), an
enthalpy-composition graph (Figure 2-4), or a bubble point calculation (Section 5.4).
d. A mixture of ethanol and water that is 40 mol% ethanol. Feed is at 40°C. Pressure is 1.0 kg/cm2.
Solution. We can now use Eq. (4-17):

The enthalpy data are available in Figure 2-4. To use that figure we must convert to weight fraction.
0.4 mole fraction is 0.63 wt frac. Then from Figure 2-4 we have

hF(0.63, 40°C) = 20 kcal/kg

The vapor (represented by H) and liquid (represented by h) will be in equilibrium at the feed stage,
but the concentrations of the feed stage are not known. Comparing the feed stage locations in Figures
4-8A, 4-8B, and 4-8C, we see that liquid and vapor concentrations on the feed stage can be very
different and are usually not equal to the feed concentration z or to the concentrations of the
intersection point of the operating line, yI and xI (Figure 4-12). However, since CMO is valid, H and
h in molal units will be constant. We can calculate all enthalpies at a weight fraction of 0.63, convert
the enthalpies to enthalpies per kilogram mole, and estimate q. From Figure 2-4 H (0.63, satd vapor)



= 395, h (0.63, satd liquid) = 65 kcal/kg, and

Since all the molecular weights are at the same concentration, they divide out.

This agrees with Figure 4-10. Despite considerable subcooling, this feed line is also steep. Note that
feed rate was not needed to calculate q or the slope for any of these calculations.

4.5 Complete McCabe-Thiele Method
We are now ready to put all the pieces together and solve a design distillation problem by the McCabe-
Thiele method. We will do this in the following example.

Example 4-3. McCabe-Thiele method

A distillation column with a total condenser and a partial reboiler is separating an ethanol-water
mixture. The feed is 20 mol% ethanol, feed rate is 1000 kmol/h, and feed temperature is 80°F. A
distillate composition of 80 mol% ethanol and a bottoms composition of 2 mol% ethanol are desired.
The external reflux ratio is 5/3. The reflux is returned as a saturated liquid and CMO can be assumed.
Find the optimum feed plate location and the total number of equilibrium stages required. Pressure is
1 atm.

Solution

A. Define. The column is sketched in the figure

Find the optimum feed plate location and the total number of equilibrium stages.
B. Explore. Equilibrium data at 1 atm are given in Figure 2-2. An enthalpy-composition diagram at 1

atm will be helpful to estimate q. These are available in other sources (e.g., Brown et al., 1950, or
Foust et al., 1980, p. 36), or a good estimate of q can be made from Figure 2-4 despite the pressure
difference. In Example 4-1 we showed that CMO is valid. Thus we can apply the McCabe-Thiele
method.

C. Plan. Determine q from Eq. (4-17) and the enthalpy-composition diagram at 1 atm. Plot the feed
line. Calculate L/V. Plot the top operating line; then plot the bottom operating line and step off



stages.
D. Do It. Feed Line: To find q, first convert feed concentration, 20 mol%, to wt % ethanol = 39 wt

%. Two calculations in different units with different data are shown.

Thus small differences caused by pressure differences in the diagrams do not change the value of q.
Note that molecular weight terms divide out as in Example 4-2d. Then

Feed line intersects y=x line at feed concentration z=0.2. Feed line is plotted in Figure 4-13.
Figure 4-13. Solution for Example 4-3

Top Operating Line:



Alternative solution: Intersection of top operating line and y = x (solve top operating line and y = x
simultaneously) is at y = x = xD. The top operating line is plotted in Figure 4-13.

Bottom Operating Line:

We know that the bottom operating line intersects the top operating line at the feed line; this is one
point. We could calculate /  from mass balances or from Eq. (4-25), but it easier to find another
point. The intersection of the bottom operating line and the y = x line is at y = x = xB (see Problem
4.C9). This gives a second point.

The feed line, top operating line, and bottom operating line are shown in Figure 4-13. We stepped
off stages from the bottom up (this is an arbitrary choice). The optimum feed stage is the second
above the partial reboiler. 12 equilibrium stages plus a partial reboiler are required.

E. Check. We have a built-in check on the top operating line, since a slope and two points are
calculated. The bottom operating line can be checked by calculating /  from mass balances and
comparing it to the slope. The numbers are reasonable, since L/V < 1, /  > 1, and q > 1 as
expected. The most likely cause of error in Figure 4-13 (and the hardest to check) is the
equilibrium data.

F. Generalization. If constructed carefully, the McCabe-Thiele diagram is quite accurate. Note that
there is no need to plot parts of the equilibrium diagram that are greater than xD or less than xB.
Specified parts of the diagram can be expanded to increase the accuracy.

We did not have to use external balances in this example, while in Example 4-1 we did. This is because
we used the feed line as an aid in finding the bottom operating line. The y = x intersection points are
useful, but when the column configuration is changed their location may change.

4.6 Profiles for Binary Distillation
Figure 4-13 essentially shows the complete solution of Example 4-3; however, it is useful to plot
compositions, temperatures, and flow rates leaving each stage (these are known as profiles). From Figure
4-13 we can easily find the ethanol mole fractions in the liquid and vapor leaving each stage. Then xW = 1
− xE and yW = 1 − yE. The temperature of each stage can be found from equilibrium data (Figure 2-3)
because the stages are equilibrium stages. Since we assumed CMO, the flow rates of liquid and vapor
will be constant in the enriching and stripping sections, and we can determine the changes in the flow
rates at the feed stage from the calculated value of q.
The profiles are shown in Figure 4-14. As expected, the water concentration in both liquid and vapor
streams decreases monotonically as we go up the column, while the ethanol concentration increases.
Since the stages are discrete, the profiles are not smooth curves. Compare Figures 4-13 and 4-14. Note
where the operating line and equilibrium curve are close together. When these two lines almost touch, we
have a pinch point. Then the composition and temperature profiles will become almost horizontal and
there will be very little change in composition from stage to stage. The location of a pinch point within the
column depends on the system and the operating conditions.

Figure 4-14. Profiles for Example 4-3



In this ethanol-water column the temperature decreases rapidly for the first few contacts above the
reboiler but is almost constant for the last eight stages. This occurs mainly because of the shape of the
temperature-composition diagram for ethanol-water (see Figure 2-3).
Since we assumed CMO, the flow profiles are flat in each section of the column. As expected,  >  and
V > L (a convenient check to use). Since stage 2 is the feed stage, L2 is in the stripping section while V2 is
in the enriching section (draw a sketch of the feed stage if this isn’t clear). Different quality feeds will
have different changes at the feed stage. Liquid and vapor flow rates can increase, decrease, or remain
unchanged in passing from the stripping to the enriching section.
Figure 4-13 illustrates the main advantage of McCabe-Thiele diagrams. They allow us to visualize the
separation. Before the common use of digital computers, large (sometimes covering a wall) McCabe-
Thiele diagrams were used to design distillation columns. McCabe-Thiele diagrams cannot compete with
the speed and accuracy of process simulators (see this chapter’s appendix) or for binary separations with
spreadsheets; however, McCabe-Thiele diagrams still provide superior visualization of the separation
(Kister, 1995). Ideally, McCabe-Thiele diagrams will be used in conjunction with process simulator
results for both analysis and troubleshooting.

4.7 Open Steam Heating
We now have all the tools required to solve any binary distillation problem with the graphical McCabe-
Thiele procedure. As a specific example, consider the separation of methanol from water in a staged



distillation column.

Example 4-4. McCabe-Thiele analysis of open steam heating

The feed is 60 mol% methanol and 40 mol% water and is input as a two-phase mixture that flashes so
that VF/F = 0.3. Feed flow rate is 350 kmol/h. The column is well insulated and has a total condenser.
The reflux is returned to the column as a saturated liquid. An external reflux ratio of L0/D = 3.0 is
used. We desire a distillate concentration of 95 mol% methanol and a bottoms concentration of 8
mol% methanol. Instead of using a reboiler, saturated steam at 1 atm is sparged directly into the
bottom of the column to provide boilup. (This is called direct or open steam.) Column pressure is 1
atm. Calculate the number of equilibrium stages and the optimum feed plate location.

Solution

A. Define. It helps to draw a schematic diagram of the apparatus, particularly since a new type of
distillation is involved. This is shown in Figure 4-15. We wish to find the optimum feed plate
location, NF, and the total number of equilibrium stages, N, required for this separation. We could
also calculate Qc, D, B, and the steam rate S, but these were not asked for. We assume that the
column is adiabatic since it is well insulated.

Figure 4-15. Distillation with direct steam heating, Example 4-4

B. Explore. The first thing we need is equilibrium data. Fortunately, these are readily available (see
Table 2-7 in Problem 2.D1).

Second, we would like to assume CMO so that we can use the McCabe-Thiele analysis procedure.
An easy way to check this assumption is to compare the latent heats of vaporization per mole
(Himmelblau, 1974).

ΔHvap methanol (at bp) = 8.43 kcal/mol

ΔHvap water (at bp) = 9.72 kcal/mol



These values are not equal, and in fact, water’s latent heat is 15.3% higher than methanol’s. Thus,
CMO is not strictly valid; however, we will solve this problem assuming CMO and will check our
results with a process simulator.
A look at Figure 4-15 shows that the configuration at the bottom of the column is different than when a
reboiler is present. Thus we should expect that the bottom operating equations will be different from
those derived previously.
C. Plan. We will use a McCabe-Thiele analysis. Plot the equilibrium data on a y-x graph.
Top Operating Line: Mass balances in the rectifying section (see Fig. 4-15) are

Vj+1 = Lj + D

yj+1Vj+1 = Lj xj +DxD

Assume CMO and solve for yj+1.

Since the reflux is returned as a saturated liquid,

Enough information is available to plot the top operating line.
Feed Line:

Intersection: y = x = z

Once we substitute in values, we can plot the feed line.
Bottom Operating Line: The mass balances are

Solve for y:

Simplifications: Since the steam is pure water vapor, ys = 0.0 (contains no methanol). Since steam is
saturated, S = V and B = L (constant molal overflow).
Then

(4-42)

Note this is different from the operating equation for the bottom section when a reboiler is present.
Slope = /  (unknown), y intercept = −( / )xB (unknown),



One known point is the intercept of the top operating line with the feed line. We still need a second
point, and we can find it at the x intercept. When y is set to zero, x = xB (this is left as Problem 4.C1).
D. Do It. Equilibrium data are plotted on Figure 4-16.

Figure 4-16. Solution for Example 4-4

Top Operating Line:

y = x = xD = 0.95

y intercept = (1 − L/V)xD = 0.2375

We can plot this straight line as shown in Figure 4-16.
Feed Line: Slope = q/(q − 1) = 0.7/(0.7 − 1) = − 7/3.
Intersects at y = x = z = 0.6. Plotted in Figure 4-16.
Bottom Operating Line: We can plot this line between two points, the intercept of top operating line
and feed line, and

x intercept (y = 0) = xB = 0.08

This is also shown in Figure 4-16.
Step off stages, starting at the top. x1 is in equilibrium with y1 at xD. Drawing a horizontal line to the
equilibrium curve gives value x1. y2 and x1 are related by the operating line. At constant y2 (horizontal
line), go to the equilibrium curve to find x2. Continue this stage-by-stage procedure.

Optimum feed stage is determined as in Figure 4-8A. Optimum feed in Figure 4-16 is on stage 3 or 4
(since by accident x3 is at intersection point of feed and operating lines). Since the feed is a two-
phase feed, we would introduce it above stage 4 in this case.
Number of stages: Five is more than enough. We can calculate a fractional number of stages.



(4-43)

In Figure 4-16,

We need 4 + 0.9 = 4.9 equilibrium contacts.
E. Check. There are a series of internal consistency checks that can be made. Equilibrium should be a

smooth curve. This will pick up misplotted points. L/V < 1 (otherwise no distillate product), and 
/  > 1 (otherwise no bottoms product). The feed line’s slope is in the correct direction for a two-
phase feed. A final check on the assumption of CMO would be advisable since the latent heats vary
by 15%.

This problem was also run on the Aspen Plus process simulator (see Problem 4.G1 and chapter
appendix). Aspen Plus does not assume CMO and with an appropriate vapor-liquid equilibrium
(VLE) correlation (the nonrandom two-liquid model was used) should be more accurate than the
McCabe-Thiele diagram, which assumes CMO. With 5 equilibrium stages and feed on stage 4 (the
optimum location), xD = 0.9335 and xB = 0.08365, which doesn’t meet the specifications. With 6
equilibrium stages and feed on stage 5 (the optimum), xD = 0.9646 and xB = 0.0768, which is slightly
better than the specifications. The differences in the McCabe-Thiele and process simulation results
are due to the error involved in assuming CMO and, to a lesser extent, differences in equilibrium.
Note that the McCabe-Thiele diagram is useful since it visually shows the effect of using open steam
heating.
F. Generalize. Note that the y = x line is not always useful. Don’t memorize locations of points. Learn

to derive what is needed. The total condenser does not change compositions and is not counted as
an equilibrium stage. The total condenser appears in Figure 4-16 as the single point y = x = xD.
Think about why this is true. In general, all inputs to the column can change flow rates and hence
slopes inside the column. The purpose of the feed line is to help determine this effect. The reflux
stream and open steam are also inputs to the column. If they are not saturated streams the flow rates
are calculated differently; this is discussed later.

Note that the open steam can be treated as a feed with q = (Lbelow − Labove)/S = (B— )/S = 0. Thus, B
= . The slope of this feed line is q/(q − 1) = 0 and it intersects the y = x line at y = x = z = 0, which
means the feed line for saturated steam is the x-axis.

Ludwig (1997) states that one tray is used to replace the reboiler and 1/3 to one and possibly more trays
to offset the water dilution; however, since reboilers are typically much more expensive than trays (see
Chapter 11) this practice is economical. Open steam heating can be used even if water is not one of the
original components.
Note to Students: When you read the description of developing the bottom operating equation and plotting
the bottom operating line in Example 4-4, it probably appears a lot easier than doing the development by
yourself will prove to be. You need to practice deriving operating equations. Then practice simplifying
the operating equation, realizing that “pure steam” means ys = 0 and that “saturated steam” means S = V
and thus B = L are nontrivial steps. How did we know that the bottom operating line could be plotted
using the point x = 0 (the y intercept)? We did not know this in advance, but tried it and it worked. You
will become better at solving these problems as you work additional problems. To aid in this, there are a
large number of problems at the end of this chapter.

4.8 General McCabe-Thiele Analysis Procedure



The open steam example illustrated one specific case. It is useful to generalize this analysis procedure. A
section of the column is the segment of stages between two input or exit streams. Thus in Figure 4-15
there are two sections: top and bottom. Figure 4-17 illustrates a column with four sections. Each section’s
operating equation can be derived independently. Thus, the secret (if that’s what it is) is to treat each
section as an independent subproblem connected to the other subproblems by the feed lines (which are
also independent).

Figure 4-17. Distillation column with four sections

An algorithm for any problem is the following:
1. Draw a figure of the column and label all known variables (e.g., as in Figure 4-15). Check to see if

CMO is valid.
2. For each section:

a. Draw a mass balance envelope. We desire this envelope to cut the unknown liquid and vapor
streams in the section and known streams (feeds, specified products or specified side-streams). The
fewer streams involved, the simpler the mass balances will be. This step is important, since it
controls how easy the following steps will be.

b. Write the overall and most volatile component mass balances.
c. Derive the operating equation.
d. Simplify.
e. Calculate all known slopes, intercepts, and intersections.

3. Develop feed line equations. Calculate q values, slopes, and y = x intersections.
4. For operating and feed lines:

a. Plot as many of the operating lines and feed lines as you can.
b. If all operating lines cannot be plotted, step off stages if the stage location of any feed or side stream

is specified.
c. If needed, do external mass and energy balances (see Example 4-5). Use the values of D and B in

step 2.



5. When all operating lines have been plotted, step off stages, determine optimum feed plate locations
and the total number of stages. If desired, calculate a fractional number of stages.

Not all of these general steps were illustrated in the previous examples, but they will be illustrated in the
examples that follow.
This problem-solving algorithm should be used as a guide, not as a computer code to be followed exactly.
The wide variety of possible configurations for distillation columns will allow a lot of practice in using
the McCabe-Thiele method for solving problems.

Example 4-5. Distillation with two feeds

We wish to separate ethanol from water in a distillation column with a total condenser and a partial
reboiler. We have 200 kmol/h of feed 1, which is 30 mol% ethanol and is saturated vapor. We also
have 300 kmol/h of feed 2, which is 40 mol% ethanol. Feed 2 is a subcooled liquid. One mole of
vapor must condense inside the column to heat up 4 moles of feed 2 to its boiling point. We desire a
bottoms product that is 2 mol% ethanol and a distillate product that is 72 mol% ethanol. External
reflux ratio is L0/D = 1.0. The reflux is a saturated liquid. Column pressure is 101.3 kPa, and the
column is well insulated. The feeds are to be input at their optimum feed locations. Find the optimum
feed locations (reported as stages above the reboiler) and the total number of equilibrium stages
required.

Solution

A. Define. Again a sketch will be helpful; see Figure 4-18. Since the two feed streams are already
partially separated, it makes sense to input them separately to maintain the separation that already
exists. We have made an inherent assumption in Figure 4-18. That is, feed 2 of higher mole fraction
ethanol should enter the column higher up than feed 1. This assumption will be checked when the
optimum feed plate locations are calculated, but it will affect the way we do the preliminary
calculations. Since the feed plate locations were asked for as stages above the reboiler, the stages
have been numbered from the bottom up.

Figure 4-18. Two-feed distillation column for Example 4-5



B. Explore. Obviously, equilibrium data are required, and they are available from Figure 2-2. We
already checked (Example 4-1) that CMO is a reasonable assumption. A look at Figure 4-18 shows
that the top section is the same as top sections used previously. The bottom section is also familiar.
Thus the new part of this problem is the middle section. There will be two feed lines and three
operating lines.

C. Plan. We will look at the two feed lines, top operating line, bottom operating line, and middle
operating line. The simple numerical calculations will also be done here.

Feed 1: Saturated vapor, q1 = 0, slope = 0, y intercept = z1/(q1 − 1) = 0.3, intersection at y = x = z1 =
0.3.
Feed 2:

The feed stage for feed 2 looks schematically as shown in the figure:

Then, Lbelow feed = L′ = L + F2 + c

Amount condensed = c = (1/4) F2,



Intersection: y = x = z2 = 0.4

Top Operating Line: We can derive the top operating equation:

This is the usual top operating line. With saturated liquid reflux the slope is,

Intersection: y = x = xD = 0.72

Bottom Operating Line: We can derive the bottom operating equation:

This is the usual bottom operating line. Then, slope = /  is unknown.
y = x intersection is at y = x = xB = 0.02. One other point is the intersection of the F1 feed line and the
middle operating line, if we can find the middle operating line. Middle Operating Line: To derive an
operating equation for the middle section, we can write a mass balance around the top or the bottom
of the column. The resulting equations will look different, but they are equivalent. We arbitrarily use
the mass balance envelope around the top of the column as shown in Figure 4-18. These mass
balances are

F2 + V′ = L′ + D

F2z2 + V′ y = L′ x + DxD (MVC)

Solve this equation for y to develop the middle operating equation,

(4-44)

One known point is the intersection of the F2 feed line and the top operating line. A second point is
needed. We can try y intercept =

but this is unknown.
The intersection of the middle operating line with the y = x line is found by setting y = x in Eq. (4-44)
and solving,

From the overall balance equation,
V′ − L′ = D − F2

Thus,



(4-45)

This point is not known, but it can be calculated once D is known.
Slope = L′/V′ is unknown, but it can be calculated from the feed-stage calculation. From the definition
of q2,

(4-46)

where L = (L/D)D. Once D is determined, L and then L′ can be calculated. Then the mass balance
gives

V′ = L′ + D − F2

and the slope L′/V′ can be calculated.
The conclusion from these calculations is, we have to calculate D. To do this we need external mass
balances:

(4-47a)

(4-47b)

These two equations have two unknowns, D and B, and we can solve for them. Rearranging the first,
we have B = F1 + F2 − D. Then, we substitute this into the more volatile component (MVC) mass
balance,

F1z1 + F2z2 = DxD + (F1 + F2)xB −DxB

and we solve for D:

(4-48)

D. Do It. The two feed lines and the top operating line can immediately be plotted on a y-x diagram.
This is shown in Figure 4-19. Before plotting the middle operating line we must find D from Eq.
(4-48).

Figure 4-19. Solution for Example 4-5



Now the middle operating line y=x intercept can be determined from Eq. (4-45)

This intersection point could be used, but it is off of the graph in Figure 4-19. Instead of using a larger
sheet of paper, we will calculate the slope L′/V′.

L′ = 300(5/4) + (1.0)(242.9) = 617.9 kmol/h
V′ = L′ + D − F2 = 617.9 + 242.9 − 300 = 560.8

L′/V′ = 1.10
Now the middle operating line is plotted in Figure 4-19 from the intersection of feed line 2 and the
top operating line, with a slope of 1.10. The bottom operating line then goes from y = x = xB to the
intersection of the middle operating line and feed line 1 (see Figure 4-19).
Since the feed locations were desired as stages above the reboiler, we step off stages from the bottom
up, starting with the partial reboiler as the first equilibrium contact. The optimum feed stage for feed
1 is the first stage, while the optimum feed stage for feed 2 is the second stage. Six stages + partial
reboiler are more than sufficient.

(4-49)

We need 5½ stages + partial reboiler.
E. Check. The internal consistency checks all make sense. Note that L′/V′ can be greater than or less

than 1.0. Since the latent heats of vaporization per mole are close, CMO is probably a good
assumption. Our initial assumption that feed 2 enters the column higher up than feed 1 is shown to



be valid by the McCabe-Thiele diagram. We could also calculate  and  and check that the slope
of the bottom operating line is correct.

F. Generalize. The method of inserting the overall mass balance to simplify the intersection of the y =
x line and middle operating line to derive Eq. (4-45) can be used in other cases. The method for
calculating L′/V′ can also be generalized to other situations. That is, we can calculate D (or B),
find flow rate in section above (or below), and use feed conditions to find flow rates in the desired
section. Since we stepped off stages from the bottom up, the fractional stage is calculated from the
difference in y values (that is, vertical distances) in Eq. (4-49). Industrial problems use lower
reflux ratios and have more stages. A relatively large reflux ratio is used in this example to keep
the graph simple.

4.9 Other Distillation Column Situations
A variety of modifications of the basic columns are often used. In this section we will briefly consider the
unique aspects of several of these. CMO will be assumed. Detailed examples will not be given but will
be left to serve as homework problems.

4.9.1 Partial Condensers
A partial condenser condenses only part of the overhead stream and returns this as reflux. This distillate
product is removed as vapor as shown in Figure 4-20. If a vapor distillate is desired, then a partial
condenser will be very convenient. The partial condenser acts as one equilibrium contact.

Figure 4-20. Partial condenser; (A) balance envelope, (B) top operating line

If a mass balance is done on the more volatile component using the mass balance envelope shown in
Figure 4-20, we obtain

Vy = Lx + DyD

Removing D and solving for y, we obtain the operating equation

(4-50)

This is essentially the same as the equation for a top operating line with a total condenser except that yD
has replaced xD. The top operating line will intersect the y = x line at y = x= yD. The top operating line is
shown in Figure 4-20. The major difference between this case and that for a total condenser is that the
partial condenser serves as the first equilibrium contact.



4.9.2 Total Reboilers
A total reboiler vaporizes the entire stream sent to it; thus, the vapor composition is the same as the liquid
composition. This is illustrated in Figure 4-21. The mass balance and the bottom operating equation with
a total reboiler are exactly the same as with a partial reboiler. The only difference is that a partial
reboiler is an equilibrium contact and is labeled as such on the McCabe-Thiele diagram. The total
reboiler is not an equilibrium contact and appears on the McCabe-Thiele diagram as the single point y = x
= xB.

Figure 4-21. Total reboiler

Some types of partial reboilers may act as more or less than one equilibrium contact. In these cases, exact
details of the reboiler construction are required.

4.9.3 Side Streams or Withdrawal Lines
If a product of intermediate composition is required, a vapor or liquid side stream may be withdrawn.
This is commonly done in petroleum refineries and is illustrated in Figure 4-22A for a liquid side stream.
Three additional variables such as flow rate, S, type of side draw (liquid or vapor), and location or
composition xS or yS, must be specified. The operating equation for the middle section can be derived
from mass balances around the top or bottom of the column. For the situation shown in Figure 4-22A, the
middle operating equation is

(4-51)

Figure 4-22. Liquid side stream (A) column, (B) McCabe-Thiele diagram



The y = x intercept is

(4-52)

This point can be plotted if S, xS, D, and xD are known. Derivation of Eqs. (4-51) and (4-52) is left as
Problem 4.C3.
A second point can be found where the side stream is withdrawn. A saturated liquid withdrawal is
equivalent to a negative feed of concentration xS. Thus there must be a vertical feed line at x = xS. The top
and middle operating lines must intersect at this feed line.
Side-stream calculations have one difference that sets them apart from feed calculations. The stage must
hit exactly at the point of intersection of the two operating lines. This is illustrated in Figure 4-22B. Since
the liquid side stream is withdrawn from tray 2, we must have xS = x2. If the stage location is given, xS
can be found by stepping off the required number of stages.
For a liquid withdrawal, a balance on the liquid gives

(4-53)

while vapor flow rates are unchanged, V = V′. Thus slope, L′/V′, of the middle operating line can be
determined if L and V are known. L and V can be determined from L/D and D, where D can be found from
external balances once xS is known.

For a vapor side stream, the feed line is horizontal at y = yS. A balance on vapor flow rates gives

(4-54)

while liquid flow rates are unchanged. Again L′/V′ can be calculated if L and V are known.
If a specified value of xS (or yS) is desired, the problem is trial and error. The top operating line is
adjusted (change L/D) until a stage ends exactly at xS or yS.

Calculations for side streams below the feed can be developed using similar principles (see Problem
4.C4).



4.9.4 Intermediate Reboilers and Intermediate Condensers
Another modification that is used occasionally is to have an intermediate reboiler or an intermediate
condenser. The intermediate reboiler removes a liquid side stream from the column, vaporizes it, and
reinjects the vapor into the column. An intermediate condenser removes a vapor side stream, condenses
it, and reinjects it into the column. Figure 4-23A illustrates an intermediate reboiler.

Figure 4-23. Intermediate reboiler; (A) balance envelopes, (B) McCabe-Thiele diagram

An energy balance around the column will show that QR without an intermediate reboiler is equal to QR +
QI with the intermediate reboiler (F, z, q, xD, xB, p, L/D constant). Thus the amount of energy required is
unchanged; what changes is the temperature at which it is required. Since xS > xB, the temperature of the
intermediate reboiler is lower than that of the reboiler, and a cheaper heat source can be used. (Check this
out with equilibrium data.)
Since the column shown in Figure 4-23A has four sections, there will be four operating lines. This is
illustrated in the McCabe-Thiele diagram of Figure 4-23B. One would specify that the liquid be
withdrawn at flow rate S at either a specified concentration xS or a given stage location. The saturated
vapor is at concentration yS = xS. Thus there is a horizontal feed line at yS. If the optimum location for
inputting the vapor is immediately below the stage where the liquid is withdrawn, the L″/V″ line will be
present, but no stages will be stepped off on it, as shown in Figure 4-23B. (The optimum location for
vapor feed may be several stages below the liquid withdrawal point.) Development of the two middle
operating lines is left as Problem 4.C5. Use the mass balance envelopes shown in Figure 4-23A.
Intermediate condensers are useful since the coolant can be at a higher temperature. See Problem 4.C6.
Intermediate reboilers and condensers are fairly common because they allow for more optimum use of
energy resources, and they can help balance column diameters (see Section 10.4). During normal
operation, they should cause no problems; however, startup may be difficult (Sloley, 1996).

4.9.5 Stripping and Enriching Columns
Up to this point we have considered complete distillation columns with at least two sections. Columns
with only a stripping section or only an enriching section are also commonly used. These are illustrated in
Figures 4-24A and B. When only a stripping section is used, the feed must be a subcooled or saturated
liquid. No reflux is used. A very pure bottoms product can be obtained but the vapor distillate will not be
pure. In the enriching or rectifying column, on the other hand, the feed is a superheated vapor or a



saturated vapor, and the distillate can be very pure but the bottoms will not be very pure. Striping
columns and enriching columns are used when a pure distillate or a pure bottoms, respectively, is not
needed.

Figure 4-24. Stripping and enriching columns; (A) stripping, (B) enriching, (C) McCabe-Thiele
diagram for stripping column

Analysis of stripping and enriching columns is similar. We will analyze the stripping column here and
leave the analysis of the enriching column as a homework assignment (Problem 4.C8). The stripping
column shown in Figure 4-24A can be thought of as a complete distillation column with zero liquid flow
rate in the enriching section. Then the top operating line is y = yD. The bottom operating line can be
derived as

which is the usual equation for a bottom operating equation with a partial reboiler. Top and bottom
operating lines intersect at the feed line. If the specified variables are F, q, z, p, xB, and yD, the feed line
can be plotted and then the bottom operating line can be obtained from its intersection at y = x = xB and its
intersection with the feed line at yD. (Proof is left as Problem 4.C7.) If the boilup rate, /B, is specified,
then yD will not be specified and can be solved for. The McCabe-Thiele diagram for a stripping column
is shown in Figure 4-24C.

4.10 Limiting Operating Conditions
It is always useful to look at limiting conditions. For distillation, two limiting conditions are total reflux



and minimum reflux. In total reflux, all of the overhead vapor is returned to the column as reflux, and all
of the underflow liquid is returned as boilup. Thus distillate and bottoms flow rates are zero. At steady
state the feed rate must also be zero. Total reflux is used for starting up columns, for keeping a column
operating when another part of the plant is shut down, and for testing column efficiency.
The analysis of total reflux is simple. Since all of the vapor is refluxed, L = V and L/V = 1.0. Also,  = 
and /  = 1.0. Thus both operating lines become the y = x line. This is illustrated in Figure 4-25B. Total
reflux represents the maximum separation that can be obtained with a given number of stages but zero
throughput. Total reflux also gives the minimum number of stages required for a given separation.
Although simple, total reflux can cause safety problems. Leakage near the top of the column can cause
concentration of high boilers with a corresponding increase in temperature. This can result in
polymerization, fires, or explosions (Kister, 1990). Thus, the temperature at the top of the column should
be monitored, and an alarm should sound if this temperature becomes too high.

Figure 4-25. Total reflux; (A) column, (B) McCabe-Thiele diagram

Minimum reflux, (L/D)min, is defined as the external reflux ratio at which the desired separation could just
be obtained with an infinite number of stages. This is obviously not a real condition, but it is a useful
hypothetical construct. To have an infinite number of stages, the operating and equilibrium lines must
touch. In general, this can happen either at the feed or at a point tangent to the equilibrium curve. These
two points are illustrated in Figures 4-26A and 4-26B. The point where the operating line touches the
equilibrium curve is called the pinch point. At the pinch point the concentrations of liquid and vapor do
not change from stage to stage. This is illustrated in Figure 4-26C for a pinch at the feed stage. If the
reflux ratio is increased slightly, then the desired separation can be achieved with a finite number of
stages.

Figure 4-26. Minimum reflux; (A) pinch at feed stage, (B) tangent pinch, (C) concentration profile
for L/D ~ (L/D)min



For binary systems the minimum reflux ratio is easily determined. The top operating line is drawn to a
pinch point as in Figure 4-26A or 4-26B. Then (L/V)min is equal to the slope of this top operating line
(which cannot be used for an actual column, since an infinite number of stages are needed), and

(4-55)

Note that the minimum reflux ratio depends on xD, z, and q and can depend on xB. The calculation of
minimum reflux may be more complex when there are two feeds or a sidestream. This is explored in the
homework problems.
The minimum reflux ratio is commonly used in specifying operating conditions. For example, we may
specify the reflux ratio as L/D = 1.2(L/D)min. Minimum reflux would use the minimum amount of reflux
liquid and hence the minimum amount of heat in the reboiler, but the maximum (infinite) number of stages
and a maximum (infinite) diameter for a given separation. Obviously, the best operating conditions lies
somewhere between minimum and total reflux. As a rule of thumb, the optimum external reflux ratio is
between 1.05 and 1.25 times (L/D)min. (See Chapter 11 for more details.)

A maximum /  and hence a minimum boilup ratio /B can also be defined. The pinch points will look
the same as in Figure 4-26A or 4-26B. Problem 4.C12 looks at this situation further.

4.11 Efficiencies
Up until now we have always assumed that the stages are equilibrium stages. Stages that are very close to
equilibrium can be constructed, but they are only used for special purposes, such as determining
equilibrium concentrations. To compare the performance of an actual stage to an equilibrium stage, we



use a measure of efficiency.
Many different measures of efficiency have been defined. Two that are in common use are the overall
efficiency and the Murphree efficiency. The overall efficiency, Eo, is defined as the number of
equilibrium stages required for the separation divided by the actual number of stages required:

(4-56)

Partial condensers and partial reboilers are not included in either the actual or equilibrium number of
stages, since they will not have the same efficiency as the stages in the column.
The overall efficiency lumps together everything that happens in the columns. What variables would we
expect to affect column efficiency? The hydrodynamic flow properties such as viscosity and gas flow rate
would affect the flow regime, which affects efficiency. The mass transfer rate, which is affected by the
diffusivity, will in turn affect efficiency. Overall efficiency is usually smaller as the separation becomes
easier (αAB increases). The column size can also have an effect. Correlations for determining the overall
efficiency will be discussed in Chapter 10. For now, we will consider that the overall efficiency is
determined from operating experience with similar distillation columns.
The overall efficiency has the advantage of being easy to use but the disadvantage that it is difficult to
calculate from first principles. Stage efficiencies are defined for each stage and may vary from stage to
stage. The stage efficiencies are easier to estimate from first principles or to correlate with operating
data. The most commonly used stage efficiencies for binary distillation are the Murphree vapor and liquid
efficiencies (Murphree, 1925). The Murphree vapor efficiency is defined as

(4-57)

Murphree postulated that the vapor between trays is well mixed, that the liquid in the down-comers is
well mixed, and that the liquid on the tray is well mixed and is of the same composition as the liquid in
the downcomer leaving the tray. For the nomenclature illustrated in Figure 4-27A, the Murphree vapor
efficiency is

(4-58)

Figure 4-27. Murphree efficiency; (A) stage nomenclature, (B) McCabe-Thiele diagram for EMV



where  is vapor mole fraction in equilibrium with actual liquid mole fraction xj.

Once the Murphree vapor efficiency is known for every stage, it can easily be used on a McCabe-Thiele
diagram. (In fact, Murphree adjusted his paper to use the newly developed McCabe-Thiele diagram.) The
denominator in Eq. (4-58) represents the vertical distance from the operating line to the equilibrium line.
The numerator is the vertical distance from the operating line to the actual outlet concentration. Thus the
Murphree vapor efficiency is the fractional amount of the total vertical distance to move from the
operating line. If we step off stages from the bottom up, we get the result shown in Figure 4-27B. Note
that the partial reboiler is treated separately since it will have a different efficiency than the remainder of
the column.
The Murphree efficiency can be used as a ratio of distances as shown in Figure 4-27B. If the Murphree
efficiencies are accurate, the locations labeled by the stage numbers represent the actual vapor and liquid
compositions leaving a stage. These points can be connected to form a pseudo-equilibrium curve, but this
curve depends on the operating lines used and thus has to be redrawn for each new set of operating lines.
Figure 4-27B allows us to calculate the real optimum feed plate location and the real total number of
stages.
A Murphree liquid efficiency can be defined as

(4-59)

which is the actual change in mole fraction divided by the change for an equilibrium stage. The Murphree
liquid efficiency is similar to the Murphree vapor efficiency except that it uses horizontal distances. Note
that EML ≠ EMV.

For binary mixtures the Murphree efficiencies are the same whether they are written in terms of the more
volatile or least volatile component. For multicomponent mixtures they can be different for different
components and can even be negative.

4.12 Simulation Problems
In a simulation problem the column has already been built, and we want to know how much separation
can be obtained. As noted in Tables 3-1 and 3-3, the real number of stages, the real feed location, the
column diameter, and the types and sizes of reboiler and condenser are known. The engineer does the
detailed stage-by-stage calculation and the detailed diameter calculation, and finally he or she checks that



the operation is feasible.
To be specific, consider the situation where the known variables are F, z, q, xD, Treflux (saturated liquid),
p, Qcol = 0, Nactual, Nfeed actual, diameter, L0/D, the overall efficiency Eo, and CMO. This column is
illustrated in Figure 4-28A. The engineer wishes to determine the bottoms composition, xB.

Figure 4-28. Simulation problems; (A) existing column, (B) McCabe-Thiele diagram

We start by deriving the top and bottom operating equations. These are the familiar forms,

and

The feed line equation is also unchanged

Since the reflux is a saturated liquid and the external reflux ratio, L0/D, is known, we calculate L/V and
plot the top operating line (Figure 4-28B). The feed line can also be plotted. The intersection of the top
operating line and the feed line gives one point on the bottom operating line. Unfortunately, the bottom
operating line cannot be plotted because neither /  nor xB is known (why won’t external balances give
one of these variables?).
To proceed we must use the three items of information that have not been used yet. These are Nactual, Nfeed

actual, and Eo. We can estimate the equilibrium number of stages as

(4-60)

The feed location in equilibrium stages, NF, must be estimated as an integer, but the total number of
equilibrium stages, N, could be a fractional number. Now we can step off equilibrium stages on the top
operating line until we reach the feed stage NF. At this point we need to switch to the bottom operating
line, which is not known. To use the final bit of information, the value N, we must guess xB, plot the
bottom operating line, and check to see if the separation is achieved with N + 1 (the +1 includes the
partial reboiler) equilibrium contacts. Thus, the simulation problem is one of trial and error when a stage-
by-stage computation procedure is used. This procedure is illustrated in Figure 4-28B. Note that the
actual feed stage may not be (and probably is not) optimum.
Once xB has been determined the external balances can be completed, and we can determine B, D, Qc,



and QR. Now L, V, , and  can be calculated and we can proceed to an exact check that V and  are
less than Vmax. This is done by calculating a permissible vapor velocity. This calculation is similar to
calculating uperm for a flash drum and is shown in Chapter 10. The condenser and reboiler sizes can also
be checked. If the flow rates are too large or the condenser and reboiler are too small, the existing column
will not satisfactorily do the desired separation. Either the feed rate can be decreased or L/D can be
decreased. This latter change obviously requires that the entire solution be repeated.
When other variables are specified, the stage-by-stage calculation is still trial and error. The basic
procedure remains the same. That is, calculate and plot everything you can first, guess the needed
variable, and then check whether the separation can be obtained with the existing number of stages.
Murphree stage efficiencies are easily employed in these calculations.
Simulation problems are probably easier to do using the matrix approach developed in Chapter 6, which
is easily adapted to computer use.

4.13 New Uses for Old Columns
Closely related to simulation is the use of existing or used distillation systems for new separations. The
new use may be debottlenecking—that is, increasing capacity for the same separation. With increasing
turnover of products, the problem of using equipment for new separations is becoming much more
common.
Why would we want to use an existing column for a problem it wasn’t designed for? First, it is usually
cheaper to modify a column that has already been paid for than to buy a new one. Second, it is usually
quicker to do minor modifications than to wait for construction of a new column. Finally, for many
engineers solving the often knotty problems involved in adapting a column to a new separation is an
interesting challenge.
The first thing to do when new chemicals are to be separated is clean the entire system and inspect it
thoroughly. Is the system in good shape? If not, will minor maintenance and parts replacement put the
equipment in working order? If there are major structural problems such as major corrosion, it will
probably be cheaper and less of a long-term headache to buy new equipment.
Do simulation calculations to determine how close the column will come to meeting the new separation
specifications. Rarely will the column provide a perfect answer to the new problem. Difficulties can be
classified as problems with the separation required and problems with capacity.
What can be done if the existing column cannot produce the desired product purities? The following steps
can be explored (they are listed roughly in the order of increasing cost).
1. Find out whether the product specifications can be relaxed. A purity of 99.5% is much easier to obtain

than 99.99%.
2. See if a higher reflux ratio will do the separation. Remember to check if column vapor capacity and

the reboiler and condenser are large enough. If they are, changes in L/D affect only operating costs.
3. Change the feed temperature. This may make a nonoptimum feed stage optimum.
4. Will a new feed stage at the optimum location (the existing feed stage is probably nonoptimum) allow

you to meet product specifications?
5. Consider replacing the existing trays (or packing) with more efficient or more closely spaced trays (or

new packing). This is relatively expensive but is cheaper than buying a completely new system.
6. Check to see if two existing columns can be hooked together in series to achieve the desired

separation. Feed can be introduced at the feed tray of either column or in between the two columns.



Since vapor loading requirements are different in different sections of the column (see Chapter 10), the
columns do not have to be the same diameter.

What if the column produces product much purer than specifications? This problem is pleasant. Usually
the reflux ratio can be decreased, which will decrease operating expenses.
Problems with vapor capacity are discussed in more detail in Chapter 10. Briefly, if the column diameter
is not large enough, the engineer can consider:
1. Operating at a reduced L/D, which reduces V. This may make it difficult to meet the product

specifications.
2. Operating at a higher pressure, which increases the vapor density. Note that the column must have

been designed for these higher pressures and the chemicals being separated must be thermally stable.
3. Using two columns in parallel.
4. Replacing the downcomers with larger downcomers (see Chapter 10).
5. Replacing the trays or packing with trays or packing with a higher capacity. Major increases in

capacity are unlikely.
If the column diameter is too large, vapor velocities will be low. The trays will operate at tray
efficiencies lower than designed, and in severe cases they may not operate at all since liquid may dump
through the holes. Possible solutions include:
1. Decrease column pressure to decrease vapor density. This increases the linear vapor velocity.
2. If the column has sieve trays, cover some of the holes. This increases the vapor velocity in the open

holes reducing weeping.
3. Increase L/D to increase V.
4. Recycle some distillate and bottoms product to effectively increase F.

Using existing columns for new uses often requires a creative solution. Such problems can be both
challenging and fun; they are also often assigned to engineers just out of school.

4.14 Subcooled Reflux and Superheated Boilup
What happens if the reflux liquid is subcooled or the boilup vapor is superheated? We have already
looked at two similar cases where we have a subcooled liquid or a superheated vapor feed. In those
cases we found that a subcooled liquid would condense some vapor in the column, while a superheated
vapor would vaporize some liquid. Since reflux and boilup are inputs to the column, we should expect
exactly the same behavior if these streams are subcooled or superheated.
Subcooled reflux often occurs if the condenser is at ground level. Then a pump is required to return the
reflux to the top of the column. A saturated liquid will cause cavitation and destroy the pump; thus, the
liquid must be subcooled if it is to be pumped. To analyze the effect of subcooled reflux, consider the top
of the column shown in Figure 4-29. The cold liquid stream, L0, must be heated up to its boiling point.
This energy must come from condensing vapor on the top stage, stream c in Figure 4-29. Thus, the flow
rates on the first stage are different from those in the rest of the rectifying section. CMO is valid in the
remainder of the column. The internal reflux ratio in the rectifying column is L1/V2 = L/V, and the top
operating line is

Figure 4-29. Balance envelope for subcooled reflux



Now, L/V cannot be directly calculated from the external reflux ratio L0/D, since L and V change on the
top stage.
Balances on vapor and liquid streams give

(4-61)

(4-62)

An energy balance using the balance envelope in Figure 4-29 is

(4-63)

With CMO, H1 ~ H2. Then Eq. (4-63) becomes

(V2 − V1)H ~ L1h1 − L0hreflux

Using Eqs. (4-61) and (4-62), this becomes
cH ~ (L0 + c)h1 − L0hreflux

Solving for amount condensed, c, we obtain

(4-64a)

which can also be written as

(4-64b)

or

(4-64c)

where fc is the fraction condensed per mole of reflux. We can now calculate the internal reflux ratio, L/V
= L1/V2. To do this, we start with the ratio we desire and use Eqs. (4-61), (4-62), (4-64), and (4-65).



(4-65)

The ratio L0/V1 is easily found from L0/D as

Using this expression in Eq. (4-65) we obtain

(4-66)

Note that when fc = 0, Eqs. (4-65) and (4-66) both say L1/V2 = L0/V1. As the fraction condensed increases
(reflux is subcooled more), the internal reflux ratio, L1/V2, becomes larger. Thus the net result of
subcooled reflux is equivalent to increasing the reflux ratio. Numerical calculations (such as Problem
4.D5) show that a large amount of subcooling is required to have a significant effect on L/V. With highly
subcooled reflux, an extra tray should be added for heating the reflux (Kister, 1990).
A superheated direct steam input or a superheated boilup from a total reboiler will cause vaporization of
liquid inside the column. This is equivalent to a net increase in the boilup ratio, /B, and makes the slope
of the stripping section operating line approach 1.0. Since superheated vapor inputs can be analyzed in the
same fashion as the subcooled liquid reflux, it will be left as homework assignments 4.C14 and 4.C15.

4.15 Comparisons between Analytical and Graphical Methods
Both the Lewis and McCabe-Thiele methods are based on the CMO assumption. When the CMO
assumption is valid, the energy balances are automatically satisfied, which greatly simplifies the stage-
by-stage calculations. The reboiler and condenser duties, QR and Qc, are determined from the balances
around the entire column. If CMO is not valid, QR and Qc will be unaffected if the same external reflux
ratio can be used, but this may not be possible. The exact calculation, which can be done using the
methods developed in Chapter 6, may show that a higher or lower L0/D is required if CMO is invalid.

When a programmable calculator or a computer is to be used, the analytical method is more convenient,
particularly if a spreadsheet is used (Burns and Sung, 1996). The computer calculations are obviously
more convenient if a very large number of stages are required, if a trial-and-error solution is required, or
if many cases are to be run to explore the effect of many variables (e.g., for economic analysis).
However, since accuracy is limited by the equilibrium data, the computer calculations assuming CMO are
not more accurate than the graphical method.
If calculations are to be done by hand, the graphical method is faster than alternating between the
analytical forms of the equilibrium relationship and the operating equations. In the McCabe-Thiele
method, solution of the equilibrium relationship is simply a matter of drawing a line to the equilibrium
curve. In the analytical solution we must first either fit the equilibrium data to an analytical expression or
develop an interpolation routine. Then we must solve this equation, which may be nonlinear, each time
we do an equilibrium calculation. Since the operating equation is linear, it is easy to solve analytically.
With a sharp pencil, large graph paper, and care, the McCabe-Thiele technique can easily be as accurate
as the equilibrium data (two significant figures).
When doing the stage-by-stage calculations from the top down, we solve for x values from the equilibrium



relationship and for y values from the operating equation. If we step off stages from the bottom up, then
we calculate x values from the operating equation and y values from equilibrium. Check this statement out
on a McCabe-Thiele diagram. When going from the bottom up, we want to solve all the operating
equations for x. As noted previously, the optimum feed stage can be determined from the test in Eq. (4-
37), and the point of intersection (Eq. 4-38) is more convenient to use than the feed line. For more
complex situations, the point of intersection of a feed line and an operating equation can be found by
simultaneously solving the equations. The biggest problem in using the Lewis method on the computer is
obtaining a good fit for the equilibrium data. The data can be fit to curves, or an interpolation routine can
be used to interpolate between data points. Burns and Sung (1996) report that linear interpolation
between data points is accurate if enough data points are entered for the equilibrium data.
One of the most convenient ways to discuss computer and calculator methods is by reference to a
flowchart. The flowchart is fairly general while computer code is very specific to the language used.
Consider the specific design problem we solved in Example 4-3. Assume that we decide to step off
stages from the top down. Now the computer or calculator program can proceed as shown in Figure 4-30.
Other flowcharts are possible. If we step off stages from the bottom up, we will calculate yi from
equilibrium and xi from the operating equation. Note that a McCabe-Thiele diagram is very useful for
following the logic of flowcharts. Try this with Figure 4-30.

Figure 4-30. Computer flowchart for simple distillation column



For a more complex column the flowchart in Figure 4-30 would be modified by:
1. Including equations for intermediate operating lines.
2. Including additional tests for optimum feeds [change Eqs. (4-37a,b)].
3. Including side streams

The principles again follow McCabe-Thiele calculations step by step.
The development of digital computers has made the graphical McCabe-Thiele technique obsolete for
detailed design calculations. Engineers used to cover an entire wall with graph paper to do a McCabe-
Thiele diagram when a very large number of stages were required. The method is still useful for one or
two calculations, but its major uses are as a teaching tool and as a visualization tool. The graphical
procedure presents a very clear visual picture of the calculation that is easier to understand than the
interactions of the equations. The graphs are also extremely useful as a tool to help determine what the



effect of changing variables will be, as a diagnostic when the computer program appears to be
malfunctioning, and as a diagnostic when the column appears to be malfunctioning (Kister, 1995).
Because of its visual impact, we have used the McCabe-Thiele diagram extensively to explore a variety
of distillation systems.

4.16 Summary—Objectives
In this long chapter we developed the stage-by-stage balances for distillation columns and showed how to
solve these equations when CMO is valid. You should now be able to satisfy the following objectives:
1. Write the mass and energy balances and equilibrium expressions for any stage in a column
2. Explain what CMO is, and determine if CMO is valid in a given situation
3. Derive the operating equations for CMO systems
4. Calculate the feed quality and determine its effect on flow rates. Plot the feed line on a y-x diagram
5. Determine the number of stages required, using the Lewis method and the McCabe-Thiele method
6. Develop and explain composition, temperature, and flow profiles
7. Solve any binary distillation problem where CMO is valid. This includes:

a. Open steam
b. Multiple feeds
c. Partial condensers and total reboiler
d. Side streams
e. Intermediate reboilers and condensers
f. Stripping and enriching columns
g. Total and minimum reflux
h. Overall and Murphree efficiencies
i. Simulation problems
j. Any combination of the above

8. Include the effects of subcooled reflux or superheated boilup in your McCabe-Thiele and Lewis
analyses

9. Develop flowcharts for any binary distillation problem
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Homework
A. Discussion Problems

A1. In the figure shown, what streams are represented by point A? By point B? How would you
determine the temperature of stage 2? How about the temperature in the reboiler? If feed
composition is as shown, how can the liquid composition on the optimum feed stage be so much
less than z?



A2. For this McCabe-Thiele diagram answer the following questions.
a. (1) The actual feed tray is?

(2) The mole fraction MVC in the feed is?
(3) The vapor composition on the feed tray is?
(4) The liquid composition on the feed tray is?

b. Is the feed a superheated vapor feed, saturated vapor feed, two-phase feed, saturated liquid
feed, or subcooled liquid feed?

c. Is the temperature at stage 7 higher, lower, or the same as at stage 1?

A3. Suppose that constant mass overflow is valid instead of CMO. Explain how to carry out the
Lewis and McCabe-Thiele procedures in this case.

A4. Drawing the McCabe-Thiele graph as yMVC vs. xMVC is traditional but not necessary. Repeat
Example 4-3, but plot yw vs. xw. Note the differences in the diagram. Do you expect to get the
same answer?

A5. For distillation at CMO, show the flow profiles schematically (plot Lj and Vj vs. stage location)
for
a. Subcooled liquid feed
b. Two-phase feed
c. Superheated vapor feed

A6. A distillation column is operating under a vacuum. The column has 18 stages with the feed at
stage 9, a partial reboiler, and a partial condenser. The pressure drop per stage is 1.0 mm Hg. The
pressure of the condenser is controlled at 100 mm Hg. The pressure of the reboiler is: a. higher
than 100 mm Hg, b. 100 mm Hg, c. lower than 100 mm Hg.

A7. What is the effect of column pressure on distillation? To explore this consider pressure’s effect
on the reboiler and condenser temperatures, the volumetric flow rates inside the column, and the



relative volatility (which can be estimated for hydrocarbons from the DePriester charts).
A8. What happens if we try to step off stages from the top down and EMV is given? Determine how to

do this calculation.
A9. When would it be safe to ignore subcooling of the reflux liquid and treat the reflux as a saturated

liquid? Do a few numerical calculations for either methanol and water or ethanol and water to
illustrate.

A10. Eqs. (4-53) and (4-54) are mass balances on particular phases. When will these equations be
valid?

A11. When might you use an intermediate condenser on a column? What are the possible advantages?
A12. When would just a stripping column be used?
A13. We have a binary distillation column. The feed flow rate, F, the mole fraction MVC in the feed, z,

and the initial feed temperature are constant. The column pressure, p, and the distillate and
bottoms mole fractions, xD and xB, are constant. The reflux is a saturated liquid, and the reflux
ratio is L/D = 1.20 × (L/D)min. A heat exchanger uses waste heat, Qw, to heat the feed.
As Qw increases, does,

Think your way through this problem using the tools developed in this course (definition of q and
feed line, mass and energy balances, and McCabe-Thiele diagrams) as reasoning tools.
Hint: The parts of this problem are listed in a logical order of solution.

A14. Explain with a McCabe-Thiele diagram how changing feed temperature (or equivalently, q) may
help an existing column achieve the desired product specifications.

A15. Develop a key relations chart for binary McCabe-Thiele distillation. That is, on one sheet of
paper summarize everything you need to know about binary distillation. You will probably want
to include information about operating lines, feed lines, efficiencies, subcooled reflux, and so
forth.

B. Generation of Alternatives
B1. Invent your own problem that is distinctly different from those discussed in this chapter. Show

how to solve this problem.
B2. Several ways of adapting existing columns to new uses were listed. Generate new methods that

might allow existing systems to meet product specifications that could not be met without
modification. Note that you can postulate a complex existing column such as one with an
intermediate reboiler.

C. Derivations
C1. For Example 4-4 (open steam), show that the x intercept (y = 0) is at x = xB.



C2. Derive the bottom operating line for a column with a total reboiler. Show that this is the same
result as is obtained with a partial reboiler.

C3. Derive Eqs. (4-51) and (4-52).
C4. For a side stream below the feed:

a. Draw a sketch corresponding to Figure 4-22A.
b. Derive the operating equation and y = x intercept.
c. Sketch the McCabe-Thiele diagram.

C5. Derive the operating equations for the two middle operating sections when an intermediate
reboiler is used (see Figures 4-23A and 4-23B). Show that the operating line with slope of L′/V′
goes through the point y = x = xB.

C6. Show that the total amount of cooling needed is the same for a column with one total condenser
(Qc) as for a column with a total condenser and an intermediate total condenser (Qc + QI). F, z, q,
xD, xB, and QR are constant for the two cases. Sketch a system with an intermediate condenser.
Derive the operating equations for the two middle operating lines, and sketch the McCabe-Thiele
diagram.

C7. For the stripping column shown in Figures 4-24A and 4-24C, show formally that the intersection
of the bottom operating line and the feed line is at yD. In other words, solve for the intersection of
these two lines.

C8. Develop the McCabe-Thiele procedure for the enriching column shown in Figure 4-24B.
C9. For Example 4-3 prove that:

a. The top operating line and the y=x line intersect at y=x=xD.
b. The bottom operating line and the y=x line intersect at y=x=xB.

C10. For a continuous distillation column with a saturated liquid feed, a total condenser that produces
a saturated liquid reflux, and a partial reboiler, show that QR/D = (1 + L/D)λ if CMO is valid.

C11. The boilup ratio /B may be specified. Derive an expression for /  as a function of /B for a
partial reboiler.

C12. Show how to determine ( /B)min. Derive an equation for calculation of ( /B)min from ( / )max.
C13. Sketch the McCabe-Thiele diagram if the Murphree liquid efficiency is constant and EML = 0.75.
C14. Derive the equations to calculate /  when a superheated boilup is used.
C15. Derive the equations to calculate /  when direct superheated steam is used.
C16. Part a. In a binary distillation column with two feeds, show that the intersection of the top and

bottom operating lines occurs at the feed line for fictitious feed FT where FT = F1 + F2, zTFT =
z1F1 + z2F2, and hF,TFT = hF,1F1 + hF,2F2.
Suggestion: Draw the McCabe-Thiele diagram for the actual column with three operating lines
using both actual feed lines. On the same diagram draw the two operating lines for a column with
the single mixed feed FT (they are unchanged from top and bottom operating lines of two-feed
column) and then determine the feed line for this mixed column.
b. Assuming that CMO is valid, show that qT ≈ (F1q1 + F2q2)/FT

C17. Derive the operating equation for section 2 of Figure 4-17. Show that the equations are identical
whether the mass balance envelope is drawn around the top of the column or the bottom of the



column.

D. Problems
*Answers to problems with an asterisk are at the back of the book.

D1. A continuous, steady-state distillation column with a total condenser and a partial reboiler is
separating methanol from water at one atmosphere (see Table 2-7 for data). The feed rate is 100
kmol/h. The feed is 55 mol% methanol and 45 mol% water. We desire a distillate product that is
90 mol% methanol and a bottoms product that is 5 mol% methanol. Assume CMO.
a. If the external reflux ratio L/D = 1.25 plot the top operating line.
b. If the boilup ratio /B = 2.0 plot the bottom operating line.
c. Step off stages starting at the bottom with the partial reboiler. Use the optimum feed stage.

Report the optimum feed stage and the total number of stages.
d. Plot the feed line. Calculate its slope. Calculate q. What type of feed is this?

D2. We are separating ethanol and water. All percentages are mol%. Find the q values and plot the
feed lines.
a. Feed is 60% ethanol and flashes in the column with V/F = 0.37.
b. Feed is 40% ethanol and is a two-phase mixture with liquid and vapor in equilibrium at a

temperature of 84.1°C.
c. Feed is 40% ethanol and is a liquid at 20°C.
d. Feed is 40% ethanol and is a vapor at 120°C.
e. Feed is 50% ethanol and is a subcooled liquid. One mole of vapor must be condensed to heat

12 moles of feed to their boiling point.
f. Feed is 20% ethanol and 70% is vaporized in a flash distillation system. The products of the

flash system are fed to distillation column. Calculate the two q values and plot the two feed
lines.

D3.*
a. A feed mixture of ethanol and water is 40 mol% ethanol. The feed is at 200°C and is at a high

enough pressure that it is a liquid. It is input into the column through a valve, where it flashes.
Column pressure is 1 kg/cm2. Find the slope of the feed line.

b. We are separating ethanol and water in a distillation column at a pressure of 1 kg/cm2. Feed is
50 wt % ethanol, and feed rate is 1 kg/h. The feed is initially a liquid at 250°C and then flashes
when the pressure is dropped as it enters the column. Find q. Data are in Figure 2-4. You may
assume that CMO is valid.

D4.*
a. We have a superheated vapor feed of 60 mol% more volatile component at 350°C. Feed flow

rate is 1000 kmol/h. On the feed plate the temperature is 50°C. For this mixture the average heat
capacities are
CPL = 50 cal/(mol- °C), CPV = 25 cal/(mol- °C)
while the latent heat of vaporization is λ = 5000 cal/mol. Plot the feed line for this feed.

b. If a feed to a column is a two-phase feed that is 40 mol% vapor, find the value of q and the
slope of the feed line.

c. If the feed to a column is a superheated vapor and 1 mole of liquid is vaporized on the feed



plate to cool 5 moles of feed to a saturated vapor, what is the value of q? What is the slope of
the feed line?

D5.* A distillation column is operating with a subcooled reflux. The vapor streams have an enthalpy of
H1 = H2 = 17,500 Btu/lbmol, while the saturated liquid h1 = 3100 Btu/lbmol. Enthalpy of the
reflux stream is h0 = 1500 Btu/lbmol. The external reflux ratio is set at L0/D = 1.1. Calculate the
internal reflux ratio inside the column, L1/V2.

D6. We are separating a mixture of acetone and ethanol in a distillation column operating at one
atmosphere pressure. The column has a total condenser and a partial reboiler. The distillate is 90
mol% acetone, and the bottoms is 10 mol% acetone. The reflux is returned as a saturated liquid.
Use a boilup ratio of /B = 2.0. Two feeds are fed to the column. The first feed has a flow rate of
75 kmol/h, it is a saturated liquid, and it is 60 mol% acetone. The second feed has a flow rate of
100 kmol/h, it is a two-phase mixture that is 60% vapor, and it is 40 mol% acetone. Use the
optimum feed location for each feed. Assume CMO. Equilibrium data are in Problem 4.D7.
a. Find the distillate and bottoms flow rates, D and B.
b. Plot the two feed lines and the three operating lines.
c. Step off stages and find the optimum feed location for each feed stream and the total number of

equilibrium stages required.
D7.*

a. A distillation column with a total condenser is separating acetone from ethanol. A distillate
concentration of xD = 0.90 mole fraction acetone is desired. Since CMO is valid, L/V =
constant. If L/V is equal to 0.8, find the composition of the liquid leaving the fifth stage below
the total condenser.

b. A distillation column separating acetone and ethanol has a partial reboiler that acts as an
equilibrium contact. If the bottoms composition is xB = 0.13 mole fraction acetone and the
boilup ratio /B = 1.0, find the vapor composition leaving the second stage above the partial
reboiler.

c. The distillation column in parts a and b is separating acetone from ethanol and has xD = 0.9, xB
= 0.13, L/V = 0.8, and /B = 1.0. If the feed composition is z = 0.3 (all concentrations are mole
fraction of more volatile component), find the optimum feed plate location, total number of
stages, and required q value of the feed. Equilibrium data for acetone and ethanol at 1 atm
(Perry et al., 1963, pp. 13–4) are

D8.* For Problem 4.D7c for separation of acetone from ethanol, determine:
a. How many stages are required at total reflux?
b. What is (L/V)min? What is (L/D)min?
c. The L/D used is how much larger than (L/D)min?
d. If EMV = 0.75, how many real stages are required for L/V = 0.8?

D9. A distillation column with two feeds is separating ethanol (E) and water at a pressure of 1.0 atm.
The column has a total condenser with saturated liquid reflux and a partial reboiler. Feed 1 is a
saturated liquid and is 42 mol% ethanol. Feed 2 flow rate is F2 = 100 kmol/h. Feed 2 is 18 mol%
ethanol and is a two-phase mixture that is 30% vapor. The external reflux ratio is L/D = 1/2, and



the distillate flow rate is D = 80 kmol/h. We desire a distillate mole fraction of xD = 0.66 mole
fraction ethanol and a bottoms that is xB = 0.04 mole fraction ethanol. You can assume that CMO
is valid. Equilibrium data are in Table 2-1.
a. Find the flow rates F1 and B.
b. Find the liquid and vapor flow rates in the middle section, L′ and V′.
c. Determine and plot the operating lines. Be neat.
d. Find both optimum feed locations (above partial reboiler) and the total number of equilibrium

stages needed. Step off stages from the bottom up. Be neat.
D10.* A distillation column is separating phenol from p-cresol at 1 atm pressure. The distillate

composition desired is 0.96 mole fraction phenol. An external reflux ratio of L/D = 4 is used, and
the reflux is returned to the column as a saturated liquid. The equilibrium data can be represented
by a constant relative volatility, αphenol−cresol = 1.76 (Perry et al., 1963, pp. 13–3). CMO can be
assumed.
a. What is the vapor composition leaving the third equilibrium stage below the total condenser?

Solve this by an analytical stage-by-stage calculation alternating between the operating equation
and the equilibrium equation.

b. What is the liquid composition leaving the sixth equilibrium stage below the total condenser?
Solve this problem graphically using a McCabe-Thiele diagram plotted for αp−c = 1.76.

D11. A mixture of methanol and water is being separated in a distillation column with open steam. The
feed is 100.0 kmol/h. Feed is 60.0 mol% methanol and is at 40°C. The column is at 1.0 atm. The
steam is pure steam (yM = 0) and is a saturated vapor. The distillate product is 99.0 mol%
methanol and leaves as a saturated liquid. The bottoms is 2.0 mol% methanol and since it leaves
an equilibrium stage must be a saturated liquid. The column is adiabatic. The column has a total
condenser. External reflux ratio is L/D = 2.3. Assume CMO is valid. Equilibrium data are in
Table 2-7. Data for water and methanol are available in Problem 3.E1.
a. Estimate q.
b. Find optimum feed stage and total number of equilibrium stages (step off stages from top

down). Use a McCabe-Thiele diagram.
c. Find (L/D)min. Use a McCabe-Thiele diagram.

D12. Solve Problem 3.E2 for the optimum feed location and the total number of stages. Assume CMO
and use a McCabe-Thiele diagram. Expand the portions of the diagram near the distillate and
bottoms to be accurate.

D13. A distillation column is separating a 30% methanol–70% water feed. The feed rate is 237 kmol/h
and is a saturated liquid. The column has a partial reboiler and a partial condenser. We desire a
distillate mole fraction of yD,M = 0.95 and a bottoms mole fraction of xB,M = 0.025. Assume CMO
is valid. Data are in Table 2-7 and Problem 3.E1.
a. Find Nmin.
b. Find (L/V)min and (L/D)min.
c. If L/D = 2.0 (L/D)min, find the optimum feed plate location and the total number of equilibrium

stages required.
d. Determine the boilup ratio used.



D14. A distillation column with open steam heating is separating a feed that is 80.0 mol% methanol
and 20.0 mol% water in a steady state operation. The column has 10 stages, a total condenser, and
the feed is on stage 5. Operation is at 1.0 atm. The steam is pure water and is a saturated vapor.
CMO can be assumed to be valid. At 2:16 a.m. 25 days ago the feed and distillate flows were shut
off (D = F = 0), but the steam rate was unchanged and the total condenser is still condensing the
vapor to a saturated liquid. The column has now reached a new steady state operation.
a. What is the current methanol mole fraction in the bottoms?
b. At the new steady state estimate the methanol mole fraction in the liquid leaving the total

condenser.
D15. A partial condenser takes vapor leaving the top of a distillation column and condenses a portion

of it. The vapor portion of mole fraction yD is removed as the distillate product. The liquid
portion of mole fraction x0 is returned to the column as reflux. The liquid and vapor leaving
partial condensers and partial reboilers can be assumed to be in equilibrium. A distillation
column with a partial condenser and a partial reboiler is separating 300 kmol/h of a mixture that is
30 mol% ethanol and 70 mol% water and is a saturated liquid. We desire a 98% recovery of the
ethanol in the vapor distillate and an 81% recovery of water in the bottoms. If L0/D = 2.0 find the
optimum feed location and the total number of equilibrium stages.

D16.* Estimate q for Problem 3.D6. Estimate that the feed stage is at same composition as the feed.
D17. A mixture of acetone and ethanol (acetone is more volatile) is fed to an enriching column that has

a liquid side stream withdrawn. The feed flow rate is 100.0 mol/min. Feed is 60.0 mol% acetone
and is a saturated vapor. The liquid side product is withdrawn from the second stage below the
total condenser at a flow rate of S = 15.0 mol/min. The reflux is returned as a saturated liquid.
The distillate should be 90.0 mol% acetone. The external reflux ratio is L/D = 7/2. Column
pressure is 1.0 atm. Column is adiabatic and CMO is valid. Equilibrium data are in Problem
4.D7. Note: Trial and error is not required.
Find the mole fraction of acetone in the sidestream xS, the mole fraction of acetone in the bottoms
xB, and the number of equilibrium stages required.

D18. We have a stripping column with two feeds separating acetone and ethanol at 1 atm. Feed F1 is a
saturated liquid and is fed into the top of column (no condenser). Flow rate of F1 is 100 kgmol/h,
and this feed is 60 mol% acetone. Feed F2 is 40 mol% acetone, it is a two-phase feed that is 80%
vapor, and flow rate is 80 kmol/h. We desire a bottoms mole fraction that is 0.04 mole fraction
acetone. The column has a partial reboiler. Equilibrium data are in Problem 4.D7.
a. Calculate ( /B)min.
b. If ( /B) = 1.5, find D and yD, the optimum feed stage for feed F2, and the total number of stages.

Please step off stages from the bottom upwards.
D19.* A distillation column is separating acetone and ethanol. The column effectively has six

equilibrium stages plus a partial reboiler. Feed is a two-phase feed that is 40% liquid and 75
mol% acetone. Feed rate is 1000 kmol/h, and the feed stage is fourth from the top. The column is
now operating at a steady state with the bottoms flow valve shut off. However, a distillate product
is drawn off, and the vapor is boiled up in the reboiler. L0/D = 2. Reflux is a saturated liquid.
CMO can be assumed. p = 1 atm. Equilibrium data are in Problem 4.D7. Find the distillate
composition. If one drop of liquid in the reboiler is withdrawn and analyzed, predict xB.



D20.* A distillation column with a total condenser and a partial reboiler is separating ethanol and
water at 1 kg/cm2 pressure. Feed is 0.32 mole fraction ethanol and is at 30° C. Feed flow rate is
100 kmol/h. The distillate product is a saturated liquid, and the distillate is 80 mol% ethanol. The
condenser removes 2,065,113 kcal/h. The bottoms is 0.04 mole fraction ethanol. Assume that
CMO is valid. Find the number of stages and the optimum feed stage location.
Data: CPL EtOH = 24.65 cal/(mol- °C) at 0 °C
The enthalpy-composition diagram is given in Figure 2-4, and the y-x diagram is in Figure 2-2.
Note: Watch your units.

D21. An enricher column has two feeds. Feed F1 (input at the bottom) is a saturated vapor. Flow rate
F1 = 100.0 kmol/h. This feed is 20.0 mol% methanol and 80.0 mol% water. Feed F2 (input part
way up the column) is a two-phase mixture that is 90 % liquid. Flow rate F2 = 80.0 kmol/h. Feed
F2 is 45.0 moles % methanol and 55.0 mol% water. We desire a distillate that is 95.0 mol%
methanol. Reflux is returned as a saturated liquid. Pressure is one atmosphere. L/D = 1.375.
Assume CMO. Data are available in Table 2-7.
Find: D, B, xB, optimum feed location and number of equilibrium stages required.

D22.* When water is the more volatile component we do not need a condenser but can use direct
cooling with boiling water. This was shown in Problem 3.D3. We set yD = 0.92, xB = 0.04, z =
0.4 (all mole fractions water), feed is a saturated vapor, feed rate is 1000 kmol/h, p = 1 atm,
CMO is valid, the entering cooling water (C) is a saturated liquid and is pure water, and C/D =
3/4. Derive and plot the top operating line. Note that external balances (that is, balances around
the entire column) are not required.

D23.* When water is the more volatile component we do not need a condenser but can use direct
cooling. This was illustrated in Problem 3.D3. We set yD = 0.999, xB = 0.04, z = 0.4 (all mole
fractions water), feed is a saturated liquid, feed rate is 1000 kmol/h, p = 1 atm, CMO is valid, the
entering cooling water (C) is pure water and C/D = 3/4. The entering cooling water is at 100 °F
while its boiling temperature is 212 °F.

Find the slope of the top operating line, L/V.
Note: Equilibrium data are not needed.

D24. We have a distillation column with a partial condenser and a total reboiler separating a feed of
200.0 kmol/h. The feed is 40.0 mol% acetone and 60.0 mol% ethanol. The feed is a two-phase
mixture that is 80% liquid. We desire a distillate vapor that is 85.0 mol% acetone and a bottoms
that is 5.0 mol% acetone. Column pressure is one atmosphere. Reflux is returned as a saturated
liquid and L/D = 3.25. Assume CMO. Equilibrium data are in Problem 4.D7.
a. Find the optimum feed location and the total number of equilibrium stages.
b. What is the minimum external reflux ratio?
c. What is the minimum number of stages (total reflux)?

D25. We are separating methanol and water. Calculate the internal reflux ratio inside the column,
L1/V2, for the following cases. The column is at 101.3 kPa. Data are available in Table 2-7 and in
Problem 3.E1.
a. Distillate product is 99.9 mol% methanol. External reflux ratio is L0/D = 1.2. Reflux is cooled



to 40.0°C. (i.e., it is subcooled).
b. Repeat part a except for a saturated liquid reflux. Compare with Part a.

D26. A distillation column with a partial condenser and a total reboiler is separating acetone and
ethanol. There are two feeds. One feed is 50.0 mol% acetone, flows at 100.0 mol/min, and is a
superheated vapor where approximately 1 mole of liquid will vaporize on the feed stage for each
20 moles of feed. The other feed is a saturated liquid, flows at 150.0 mol/min and is 35.0 mol%
acetone. We desire a distillate product that is yD = 0.85 mole fraction acetone and a bottoms
product that is xB = 0.10 mole fraction acetone. The column has a partial condenser and a total
reboiler. Boilup is returned as a saturated vapor. Column operates at a pressure of 1.0 atm.
Assume CMO and use a McCabe-Thiele diagram. VLE data are given in Problem 4.D7.
a. Find ( /B)min. (Plot both feed lines to decide which one to use.)
b. Operate at /B = 3 × ( /B)min. The partial condenser is an equilibrium contact. If the stages

each have a Murphree liquid efficiency of 0.75, find optimum feed locations for each feed and
total number of real stages. (It is easiest to start at top and step down.)

D27.* A distillation column is separating methanol from water at 1 atm pressure. The column has a total
condenser and a partial reboiler. In addition, a saturated vapor stream of pure steam is input on
the second stage above the partial reboiler (see figure).

The feed flow rate is 2000 kmol/day. Feed is 48 mol% methanol and 52 mol% water and is a
subcooled liquid. For every 4 moles of feed, 1 mole of vapor must condense inside the column.
Distillate composition is 92 mol% methanol. Reflux is a saturated liquid, and L0/D = 1.0. Bottoms
composition is 8 mol% methanol. Boilup ratio is /B = 0.5. Equilibrium data are given in Table
2-7. Assume that CMO is valid. Find the optimum feed plate location and the total number of
equilibrium stages required.

D28. A stripping column is separating 10,000.0 kmol/day of a saturated liquid feed. The column has a
partial reboiler. The feed is 60.0 mol% acetone and 40.0 mol% ethanol. We desire a bottoms that
is 2.0 mol% acetone. Operate at a boilup rate /B = 1.5( /B)min. Find yD, N, D, and B.
Equilibrium data are in Problem 4.D7.

D29. A distillation column will use the optimum feed stage. A liquid side stream is withdrawn on the
third stage below the total condenser at a rate of 15.0 kmol/h. The feed is a two phase mixture that
is 20% vapor. Feed to the column is 100.0 kmol/h. The feed is 60.0 mol% acetone and 40.0 mol%



ethanol. We desire a distillate composition that is 90.0 mol% ethanol. We operate with an
external reflux ratio of L/D = 3. The bottoms product is 10.0 mol% acetone. A partial reboiler is
used. Find the mole fraction ethanol in the side stream xs, the optimum feed location, and the total
number of equilibrium contacts needed. Equilibrium data are available in Problem 4.D7.

D30.* A distillation column is separating methanol from water. The column has a total condenser that
subcools the reflux so that 1 mole of vapor is condensed in the column for each 3 moles of reflux.
L0/D = 3. A liquid side stream is withdrawn from the second stage below the condenser. This side
stream is vaporized to a saturated vapor and then mixed with the feed and input on stage 4. The
side withdrawal rate is S = 500 kmol/h. The feed is a saturated vapor that is 48 mol% methanol.
Feed rate is F = 1000 kmol/h. A total reboiler is used, which produces a saturated vapor boilup.
We desire a distillate 92 mol% methanol and a bottoms 4 mol% methanol. Assume CMO.
Equilibrium data are given in Table 2-7. Find:
a. The total number of equilibrium stages required.
b. The value of /B.

D31.* A distillation column with a total condenser and a partial reboiler is separating ethanol from
water. Feed is a saturated liquid that is 25 mol% ethanol. Feed flow rate is 150 mol/h. Reflux is a
saturated liquid and CMO is valid. The column has three equilibrium stages (i.e., four equilibrium
contacts), and the feed stage is second from the condenser. We desire a bottoms composition that
is 5 mol% ethanol and a distillate composition that is 63 mol% ethanol. Find the required external
reflux ratio. Data are in Table 2-1 and Figure 2-2.

D32.* A distillation column is separating acetone from ethanol. Feed is a saturated liquid that is 40
mol% acetone. Feed rate is 50 kmol/h. Operation is at 1 atm and CMO can be assumed. The
column has a total condenser and a partial reboiler. There are eight equilibrium stages in the
column, and the feed is on the third stage above the reboiler. Three months ago the distillate flow
was shut off (D = 0), but the column kept running. The boilup ratio was set at the value of /B =
1.0. Equilibrium data are given in Problem 4.D7. What is xB?

D33.* A distillation column is separating 1000 mol/h of a 32 mol% ethanol, 68 mol% water mixture.
The feed enters as a subcooled liquid that will condense 1 mole of vapor on the feed plate for



every 4 moles of feed. The column has a partial condenser and uses open steam heating. We
desire a distillate product yD = 0.75 and a bottoms product xB = 0.10. CMO is valid. The steam
used is pure saturated water vapor. Data are in Table 2-1 and Figure 2-2.
a. Find the minimum external reflux ratio.
b. Use L/D = 2.0(L/D)min, and find the number of real stages and the real optimum feed location if

the Murphree vapor efficiency is 2/3 for all stages.
c. Find the steam flow rate used.

D34.* A distillation column with two equilibrium stages and a partial reboiler (three equilibrium
contacts) is separating methanol and water. The column has a total condenser. Feed, a 45 mol%
methanol mixture, enters the column on the second stage below the condenser. Feed rate is 150
mol/h. The feed is a subcooled liquid. To heat 2 moles of feed to the saturated liquid temperature,
1 mole of vapor must condense at the feed stage. A distillate concentration of 80 mol% methanol
is desired. Reflux is a saturated liquid, and CMO can be assumed. An external reflux ratio of L/D
= 2.0 is used. Find the resulting bottoms concentration xB. Data are in Table 2-7.

E. More Complex Problems
E1. A system known as a pump-around is shown below. Saturated liquid is withdrawn from stage 2

above the partial reboiler, and the liquid is returned to stage 3 (assume it is still a saturated
liquid). Pump-around rate is P = 40.0 kmol/h. The column is separating methanol and water at
101.3 kPa. The feed flow rate is 100.0 kmol/h. The feed is 60.0 mol% methanol and 40.0 mol%
water. The feed is saturated liquid. We desire a bottoms product that is 2.5 mol% methanol. The
distillate product should be 95.0 mol% methanol. The column has a total condenser and the reflux
is a saturated liquid. Assume CMO. Use (L/D) = 2.0 x (L/D)min. Data are given in Table 2-7. Find
xp, the optimum feed stage and total number of equilibrium stages required.

E2.* A distillation column is separating methanol and water. The column has open (direct) steam
heating and a total of five stages. A liquid side stream is withdrawn from the second plate above
the bottom of the column. The feed is 30 mol% methanol and is a subcooled liquid. One mole of
vapor is condensed to heat 2 moles of feed to the saturated liquid temperature on the feed plate.
Feed rate is 1000 mol/h. A bottoms concentration of 1.5 mol% is desired. The steam used is pure
saturated water vapor and the steam flow rate is adjusted so that Steam flow rate/Bottoms flow
rate = 0.833. The side stream is removed as a saturated liquid. The side-stream flow rate is
adjusted so that Side-stream flow rate/Bottoms flow rate = 0.4. A total condenser is used. Reflux



is a saturated liquid, and CMO can be assumed. Find the side-stream concentration and the
distillate concentration. Data are given in Table 2-7.

E3.* A distillation column with at total condenser and a total reboiler is separating ethanol from
water. Reflux is returned as a saturated liquid, and boilup is returned as a saturated vapor. CMO
can be assumed. Assume that the stages are equilibrium stages. Column pressure is 1 atm. A
saturated liquid feed that is 32 mol% ethanol is fed to the column at 1000 kmol/h. The feed is to
be input on the optimum feed stage. We desire a distillate composition of 80 mol% ethanol and a
bottoms composition that is 2 mol% ethanol. A liquid side stream is removed on the eighth stage
from the top of the column at a flow rate of S = 457.3 kmol/h. This liquid is sent to an intermediate
reboiler and vaporized to a saturated vapor, which is returned to the column at its optimum feed
location. The external reflux ratio is L0/D = 1.86. Find the optimum feed locations of the feed and
of the vapor from the intermediate reboiler. Find the total number of equilibrium stages required.
Be very neat! Data are in Table 2-1.

E4. A distillation column is separating methanol and water at a pressure of 1 atm. Feed rate of the
mixture is 100 kmol/h. The feed is 25 mol% methanol and 75 mol% water. The feed is a
subcooled liquid. To heat the feed to the boiling point, one mole of vapor condenses on the feed
stage for every 10 moles of feed. We desire a distillate mole fraction that is 90 mol% methanol
and a bottoms mole fraction that is 2.5 mol% methanol. We operate with a boilup ratio of 1.0. The
column is operated with two reflux streams. The reflux to the first stage operates with a flow rate
of L0 = 21.4 kmol/h. Sufficient reflux (LR) is returned to stage 2 for the column to operate. Both
reflux streams are saturated liquids. The column has a total condenser and a partial reboiler.
Assume CMO. Equilibrium data are in Table 2-7.
a. Find D and B (distillate and bottoms flow rates).
b. Determine the reflux rate to stage 2 (LR) in kmol/h.
c. Find the optimum feed plate location and the total number of stages.

E5. A distillation column is separating a feed that is 30 mol% acetone and 70 mol% ethanol. The
column has a partial condenser. Operation is at p = 1 atm. The feed flow rate is 1000 kmol/day,
the feed is a saturated liquid, and feed is input at the optimum location. We desire a distillate that
is 90 mol% acetone and a bottoms that is 10 mol% acetone. Use a boilup ratio of /B = 1.25. On
the fourth stage above the partial reboiler, a vapor sidestream with flow rate S = 200 kmol/day is
withdrawn and then condensed to a saturated liquid, which is returned to the column as feed at the
optimum location. Assume CMO. Find the mole fraction of vapor side stream ys, optimum feed
location, optimum location to input saturated liquid from intermediate condenser, and total number
of equilibrium stages. Equilibrium data are in Problem 4.D7.



F. Problems Requiring Other Resources
F1. A distillation column separating ethanol from water uses open steam heating. The bottoms

composition is 0.00001 mole fraction ethanol. The inlet steam is pure water vapor and is
superheated to 700°F. The pressure is 1.0 atm. The ratio of bottoms to steam flow rate is B/S =
2.0. Find the slope of the bottom operating line.

F2. The paper by McCabe and Thiele (1925) is a classic paper in chemical engineering. Read it.
a. Write a one-page critique of the paper.
b. McCabe and Thiele (1925) show a method for finding the feed lines and middle operating lines

for a column with two feeds that is not illustrated here. Generalize this approach when q ≠ 1.0.
F3.* If we wish to separate the following systems by distillation, is CMO valid?

a. Methanol and water
b. Isopropanol and water
c. Acetic acid and water
d. n-Butane from n-pentane
e. Benzene from toluene

G. Computer Problems
G1.

a. * Solve Example 4-4 with a process simulator.
b. Repeat this problem but with L/D = 1.5.

G2. Use a process simulator and find the optimum feed stage and total number of equilibrium stages
for Problem 3.D6. Report the VLE correlation used. Record the values of Qcondenser and Qreboiler
(in Btu/h).

G3.* Write a computer, spreadsheet, or calculator program to find the number of equilibrium stages
and the optimum feed plate location for a binary distillation with a constant relative volatility.
System will have CMO, saturated liquid reflux, total condenser, and a partial reboiler. The given
variables will be F, zF, q xB, xD, α, and L0/D. Test your program by solving the following



problems:
a. Separation of phenol from p-cresol. F = 100, zF = 0.6, q = 0.4, xB = 0.04, xD = 0.98, α = 1.76,

and L/D = 4.00.
b. Separation of benzene from toluene. F = 200, zF = 0.4, q = 1.3, xB = 0.0005, xD = 0.98, α = 2.5,

and L/D = 2.00.
c. Since the relative volatility of benzene and toluene can vary from 2.61 for pure benzene to

2.315 for pure toluene, repeat part b for α = 2.315, 2.4, and 2.61.
Write your program so that it will calculate the fractional number of stages required. Check your
program by doing a hand calculation.

H. Spreadsheet Problems
H1. [VBA required] Using the spreadsheet in Appendix B of Chapter 4 or your own spreadsheet,

solve the following problem. A methanol water mixture is being distilled in a distillation column
with a total condenser and a partial reboiler. The pressure is 1.0 atm, and the reflux is returned as
a saturated liquid. The feed rate is 250 kmol/h and is a saturated vapor. The feed is 40 mol%
methanol. We desire a bottoms product that is 1.1 mol% methanol and a distillate product that is
99.3 mol% methanol. L/D = 4.5. Find the optimum feed stage, the total number of stages, D and B.
Assume CMO is valid. Equilibrium data are available in Table 2-7. Use Excel to fit this data with
a 6th-order polynomial. After solving the problem, do “What if?” simulations to see what happens
if the products are made purer and if L/D is decreased.

H2. [VBA required] Using the spreadsheet in Appendix B of Chapter 4 or your own spreadsheet, find
the minimum L/D by trial and error for a saturated vapor feed of ethanol and water with z = 0.1,
xD = 0.7, and xB = 0.0001.

H3. [VBA required] Write a spreadsheet for binary distillation with CMO that automatically
calculates (L/D)min, determines L/D = (Multiplier) (L/D)min, then calculates the number of stages
when the feed stage is specified. Use this program to find (L/D)min, the optimum feed stage, and
the total number of stages for distillation of a 0.17 mole fraction ethanol and 0.83 mole fraction
water feed with q = 0.5, xD = 0.7, xB = 0.0001, and Multiplier = 1.05.

Chapter 4 Appendix A. Computer Simulations for Binary Distillation
Although binary distillation problems can be done conveniently on a McCabe-Thiele diagram, Chapter 6
will show that multicomponent distillation problems are easiest to solve as matrix solutions for
simulation problems (the number of stages and feed locations are known). Commercial simulators
typically solve all problems this way. Lab 3 in this appendix provides an opportunity to use a process
simulator for binary distillation. Although the instructions discuss Aspen Plus, other simulators will be
similar.
Prerequisite: This appendix assumes you are familiar with Appendix 2A [in Chapter 2], which included
Labs 1 and 2, and that you are able to do basic steps with your simulator. If you need to, use the
instructions in Lab 1 as a refresher on how to use Aspen Plus. If problems persist while trying to run the
simulations, see Appendix A, “Aspen Plus Separations Trouble Shooting Guide,” at the end of the book.
Lab 3. The goals of this lab are: 1) to become familiar with Aspen Plus simulations using RADFRAC for
binary distillation systems, and 2) to explore the effect of changing operating variables on the results of
the binary distillation. There is no assignment to hand in. However, understanding this material should
help you understand the textbook and will help you do later labs.



Start a blank simulation with general metric units. At the bottom of the flowsheet page click on the tab
labeled “columns.” Use the column simulator RADFRAC. Draw a flowsheet of a simple column with one
feed, a liquid distillate product (red arrow), and a liquid bottoms product. (This is the most common
configuration for distillation columns.) Click on the arrow to the right of the RADFRAC button to see
alternative sketches of the column. Do not use a packed bed system. The screen should look similar to
Figure 4-A1.

Figure 4-A1. Aspen Plus screenshot for simple distillation

Once the drawing is finished, click on the Next button. Aspen Plus will then take you to the Setup page. In
the Global Settings on the right-hand side are a number of menus. Select Flowsheet for the Run Type,
Steady-State for the Input Type, Conven for the Stream Class, Mole for Flow Basis, 1.0 atm for Ambient
Pressure, Vapor-Liquid for Valid Phases, and No for Free Water. Then click on Next. Input the
components, properties, and the input stream in the same way as in Labs 1 and 2. After the input stream,
the Next button will take you to Setup for the distillation Block.
On the Configuration tab in Setup are a number of menus. Select Equilibrium for Calculation Type. For
the number of stages, you need to follow Aspen Plus’ method of numbering stages (illustrated in Figure 6-
2). Aspen Plus calls the condenser stage 1 and the reboiler stage N. Thus, if you specify N = 40, there are
38 equilibrium stages, a condenser, and a reboiler. Use 21 stages for now. In the next menu, if you drew a
column with a liquid distillate, select Total for Condenser. In the Reboiler menu select Kettle. Select
Vapor-Liquid for Valid Phases, and select Standard for Convergence. In the Operating Specifications
there are two menus with a variety of options. For now select Distillate Rate (use 60 kmol/h) and reflux
ratio (use 2.0). Be sure to select reflux ratio, not reflux rate.
In the Streams tab you need to select a feed location. Aspen Plus counts down from the top with the
condenser as stage 1. Input 9, and in the Convention menu select Vapor. In the Pressure tab it is only
necessary to put a pressure for the top stage. Input 1.0 atm. Ignore the Condenser and Reboiler tabs.
In the runs that follow, if RADFRAC is completed with errors, try running a similar separation that
converges, and then run the desired simulation again. Aspen Plus uses the previous converged run to
initialize the new run. A column that will converge one time may not converge when run with different
initial conditions. If the run is close to converged, the values may still be quite reasonable. You can try
changing the conditions and run again. Runs with critical errors should not be used (don’t look at the



results since they have no meaning). If Aspen Plus has a critical error, such as the column drying up,
reinitialize before you do another run. The systems for this lab were chosen so that they should
converge.
When you do runs, record L/D, feed rate, feed condition (fraction vaporized or temperature), the feed
stage location and the number of stages (you set these values), and the results: distillate and bottoms
compositions, the temperatures of distillate and bottoms, the maximum and minimum flow rates of liquid
and vapor, and the heat loads in condenser and reboiler. Do not print out the entire Aspen Plus report.

Binary Distillation. Separate 1,2-dichloroethane from 1,1,2-trichloroethane. Feed is 100 kmol/h of 60%
dichloroethane. Operation is at 1.0 atm. Column has a total condenser and a kettle type reboiler. Peng-
Robinson is a reasonable VLE package. Be sure to select the correct components from the AspenPlus
menu. Note that 1,1,1-trichloroethane should not be used since it has very different properties.
a. Plot the x-y diagram from Aspen Plus and compare to an approximate plot with a constant a relative

volatility of 2.24 (an over-simplification, but close). Note: Input the data for Step 1b first.
b. The feed is 100% vapor at 1.0 atm. (Set the vapor fraction in the feed to 1.0.) We want a distillate

product that is 92 mol% dichloroethane and a bottoms that is 8 mol% dichloroethane. Since Aspen
Plus is a simulator program, it will not allow you to specify these concentrations directly. Thus, you
need to try different columns (change number of stages and feed location) to find some that work. Use
L/D = 2.0. Set Distillate flow rate that will satisfy the mass balance. (Find D and B from mass
balances. Do this calculation accurately or you may never get the solution you want.) Pick a
reasonable number of stages and a reasonable feed stage (Try N = 21 and feed at 9 [vapor] to start).
Simulate the column and check the distillate and bottoms mole fractions. This is easiest to do with the
liquid composition profiles for stage 1 and N. They should be purer than you want. Also, check the K
values and calculate the relative volatility at the top, feed stage, and bottom of the column to see how
much it varies.

c. Continue part 1b: Find the optimum feed stage by trying different feed stages to see which one gives
the greatest separation (highest dichloroethane mole fraction in distillate and lowest in bottoms).
Then decrease the total number of stages (using optimum feed stage each time) until you have the
lowest total number of stages that still satisfies the specifications for distillate and bottoms. Note that
since the ratio (optimum feed stage)/(total number) is approximately constant you probably need to
check only three or four feed stages for each new value of the total number of stages. If your group
works together and have different members check different runs, this should not take too long.

d. Triple the pressure, and repeat steps a and b. Determine the effect of higher pressure on the relative
volatility.

e. Return to p = 1 atm and your answer for part c. Now increase the temperature of the feed instead of
specifying a vapor fraction of 1. What happens?

f. Return to the simulation in part c. Determine the boilup ratio ( reboiler/B). Now, run the simulation
with this boilup ratio instead of specifying Distillate rate. Then start decreasing the boilup ratio in the
simulation. What happens?

g. Return to the simulation in part e. Instead of setting fraction vaporized in the feed, set the feed
temperature. (Specify L/D = 2 and boilup ratio, N and feed location.) Raise the feed temperature and
see what happens.

h. Return to part b, but aim for a distillate product that is 99% dichloro and a bottoms that is 2%
dichloro. Do the mass balances (accurately) and determine settings for Distillate flow rate. Try to
find the N and feed location that just achieves this separation with an L/D = 2. Note that this



separation should not be possible since the external reflux ratio (L/D) is too low. See what happens
as you increase L/D (try 4 and 8).

i. Try varing different settings for Operating Specifications in the Radfrac Setup-DataBrowser. For
example, pick a condenser duty instead of distillate flow rate that will give the same specification.

j. Add 1,1,1 trichloroethane to your component list. Run analysis for 1,2-dichloroethane and 1,1,1
trichloroethane. Calculate αDi−1,1,1tri.

In the appendix to Chapter 6 we will use process simulators for multicomponent distillation calculations.
One caveat applies to these and all other simulations. The program can only solve the problem that you
give it. If you make a mistake in the input (e.g., by not including a minor component that appears in the
plant) the simulator cannot predict what will actually happen in the plant. A simulation that is correct for
the problem given it is not helpful if that problem does not match plant conditions. Chemical engineering
judgment must always be applied when using the process simulator (Horwitz, 1998).

Chapter 4 Appendix B. Spreadsheets for Binary Distillation
The Lewis method for binary distillation is easy to program on a spreadsheet using Visual Basic for
Applications (VBA). If you are not familiar with VBA, read Appendix 4.B. Part 1. If you are familiar
with VBA, you can skip Part 1 and proceed to Part 2.

Appendix 4.B. Part 1. Introduction to Spreadsheets and VBA
Most engineering students are familiar with the use of spreadsheets, but they may not be familiar with the
power of spreadsheets when they are coupled with VBA. VBA is an extremely useful programming
language for controlling spreadsheets, Word, and other Microsoft programs. This short introduction
focuses on use of VBA for spreadsheet calculations. The particular example is binary distillation, but the
VBA programming method is applicable to many of the separation methods in this book. Readers
interested in more information on VBA are referred to Microsoft (1999) or McFedries (2004).
Once you have learned to program with any language (MATLAB, Mathematica, FORTRAN, C, C++, or
whatever) you can learn additional languages on your own. The easiest way to learn a new programming
language is usually to study a few basic concepts and have available lists that delineate different
programming steps, study and run a simple program that illustrates the basic features, and then create your
own program by mimicking other programs. Facility comes with practice. A simple program is presented
here, and other examples are in the appendices to Chapters 5 and 17.
VBA extends the usefulness of spreadsheets by allowing the programmer to include loops and logic
decisions. Input and output is done through the spreadsheet, and the VBA editor is accessed through
Excel. Most math symbols and functions are the same as in Excel. The basic math operations are +, −, *
(multiply), /, and  ̂(exponentiation). Math functions are written as Function (variable). For example, the
cosine of x is written as Cos (x). Commonly used math functions are:

VBA always determines the value on the right-hand side of equations first and then assigns this value to
the left-hand side. Thus, the = sign can be read as “is assigned to the value on the right hand side.”
Because of this convention, equations such as x = x + 2, or x = 2x + y are perfectly valid as written and
should not be simplified. Their purpose is to change the value of x.



If there is any possibility that the equation can be misread, use () to make the equation clear. For example,
the equations y = a/(b+x) and y = (a/b) + x are not the same. For every left parenthesis, (, there needs to
be a corresponding right parenthesis,), to close the equation. The VBA editor will tell you if this rule is
violated.
VBA does loops in two different ways. “For....Next” loops do a set number of iterations of the loop
(typically from i = 1 to a higher number [N in loop below] or a variable that is equal to a higher number).
A simple loop to write values on the spreadsheet is,

For i = 1 To N
    Cells(7 + i, 7).Value = x
      x = x + deltax
Next i

We can also write “For....Next” loops with a logic expression (e.g., “If eqn0 > 0, Then Exit For”) to exit
the loop.
The other type of loops, Do loops, are discussed after a few introductory comments on the distillation
program and in more detail by McFedries (2004). To essentially do a McCabe-Thiele diagram with a
spreadsheet program, we need to have an equation for the binary VLE (see Chapter 2, Appendix 2.B.1.
Regression of Binary VLE with Excel). We also need operating equations such as Eqs. (4-21) and (4-22).
In addition, we need to be able to decide when to switch from one operating line to the other. This can be
done based on either the specified feed stage or a test for the optimum feed stage based on passing the
intersection points for xI given by Eq. (4-38a) or for yI given by Eq. (4-38b). If stepping off stages up the
column, a convenient test is that the stage where yMVC first becomes greater than yI is the optimum feed
stage. Finally, we need a test for when the calculation if finished. Stepping off stages up the column, the
number of stages is sufficient when y > xD (or y > yD with a partial condenser) and stepping off stages
down the column the number of stages is sufficient when x < xB.

The use of a Do loop is illustrated for the case with a specified feed stage, and we are stepping off stages
from the bottom up (partial reboiler is stage 1). After initializing i = 1 and x = xB, we can set up a loop to
step off stages in the stripping section,

Do
   y = a6 * x ^ 6 + a5 * x ^ 5 + a4 * x ^ 4 + a3 * x ^ 3 + a2 *
x ^ 2 + a1 * x + a0
    i = i + 1
    x = (y / LbaroverVbar) + (LbaroverVbar - 1) * xb /
LbaroverVbar
Loop While i < feedstage

This loop starts with the word “Do” and then calculates y1 from the equilibrium expression (fit to a 6th-
order polynomial) at the known value of x1, then calculates x2 from the operating equation (Eq. (4-22)
solved for x) with the known value of y1. This process is repeated to calculate y2 and x3, and so forth as
long as i < the specified feed stage. When i = the feed stage, we skip the loop and calculate the steps in
the enriching section using another loop. Note that Do loops always end with the word “Loop” either by
itself (see next example) or with a logic statement, as shown in first Do loop example.

Do While y < xd
    y = a6 * x ^ 6 + a5 * x ^ 5 + a4 * x ^ 4 + a3 * x ^ 3 + a2



* x ^ 2 + a1 * x + a0
    i = i + 1
    x = (y / LoverV) - (1 - LoverV) * xd / LoverV
Loop

Note that when we enter this loop, we have just calculated the value of x on the feed stage. Thus, the first
value calculated is the y value leaving the feed stage.
These loops illustrate two different types of Do loops. In the first example, the logic test (while i <
feedstage) is done at the end of the loop, and in the second example, the logic test (the “While” statement)
is done at the beginning of the loop. We could have written the stripping and enriching section equations
with either type of loop. The difference is that if the logic test is at the end of the loop, the loop will run at
least the first time (e.g., if the reboiler is the feed stage).

Appendix 4.B. Part 2. Binary Distillation Example Spreadsheet
In this section we look at a program for binary flash distillation to help make these statements concrete.
First, since VBA is a macro, you must enable macros.
To create a robust program, there are two conditions that we need to check for. Stepping off stages up the
column, the specified feed stage may be too low. In this case, the x value will eventually become negative
(try this on a McCabe-Thiele diagram). We can test for this by adding the following lines after the
calculation of x in the enriching section loop.

  If x < 0 Then
  Cells(i + 7, 4).Value = "Feed stage too low"
  Exit Do
  End If

The person running the spreadsheet will then realize that a higher feed stage location needs to be
specified.
The second condition we want to test for is a reflux ratio that is too low. If we assume that the pinch is at
the feed stage, a reflux ratio that is too low will cause the intersection of the two operating lines to be
above the equilibrium curve. At the intersection point, the values of xint and yint can be calculated from
Eq. (4-38). The vapor equilibrium value yeq can be determined from the polynomial fit to the VLE data at
x = xint. Then the following test is inserted into both stripping and enriching section loops.

If yeq < yint Then
    Cells(i + 7, 3).Value = "Reflux rate too low"
    Exit Do
    End If

Every time you add any tests with new variables, you need to remember to include the variables in the
appropriate dimension “Dim” statements (see Figure 4-B1).
The spreadsheet with numerical results is shown in Figure 4-B1. The problem solved is to separate 1000
mol/h of a saturated vapor feed that is 0.10 mole fraction ethanol and 0.90 mole fraction water. The
column has a total condenser and a partial reboiler. We desire a distillate that is 0.70 mole fraction
ethanol and a bottoms that is 0.0001 mole fraction ethanol. Operate with an L/D = 7.1 and use stage 20
(reboiler is stage 1) as the feed. CMO is assumed. For VLE, use the constants for ethanol-water VLE for y
= f(x) (6th-order polynomial) obtained in Chapter 2, Appendix B, Eq. (2.B-1). The results are given in
row 8 and following rows. The terms yint and xint are the intersection of the two operating lines (since q



= 0, the intersection is at yint = z = 0.1), and the term yeqatxint is the value of y in equilibrium with xint.
These numbers are calculated by the VBA program.

Figure 4.B1. Spreadsheet results for binary distillation.

Note: Since this spreadsheet uses a VBA program, changing a value of the input (e.g., z) does not change
the spreadsheet. You must also run the VBA program by doing the following steps from the spreadsheet
tool bar in Excel 2007: View→Macros→View Macros and then click on Run (if you want to see the
VBA program, click on Edit).
Note that the result is quite sensitive to the equilibrium expression used.
The VBA program for this spreadsheet is shown in Table 4-B1. The first statement in the program,
“Option Explicit,” asks VBA to check that every variable is declared in the dimension statements, “Dim.”
This is useful in debugging the program. The program actually starts with the “Sub McCabeThiele()”
statement. In this statement, the programmer chooses the title (McCabeThiele) and carefully avoids
including any spaces. Note that lines beginning with an ′ are comments and are ignored by the program.
The statement “Sheets(″Sheet2″). Select” tells VBA where to find the spreadsheet, and the “Range(″A8″,
″G108″). Clear” statement removes old results. The “Dim ...As Integer” and “Dim...As Single” statements
declare all variables used in the program. Data are input with statements such as “xd = Cells(1, 2).Value”
that tells VBA that xd has the value in cell (1,2) of the spreadsheet. For this example, that value is 0.7.
Note that a large part of the VBA program is reading data from the spreadsheet and then recording results
on the spreadsheet. The last line of the VBA program must be the “End Sub” statement.

Table 4-B1. VBA program for binary distillation stepping off stages from bottom

Option Explicit
Sub McCabeThiele()
'   Steps off stages from the bottom up. Assumes that the feed
stage is specified.
'   By varying feedstage in the spreadsheet can find an optimum
feed stage.
    Sheets("Sheet2").Select



    Range("A8", "G108").Clear
Dim i, feedstage As Integer
Dim D, B, xd, xb, F, z, q, LoverD, LoverV, x, y, xint, yint, yeq
As Single
Dim a6, a5, a4, a3, a2, a1, a0, L, V, LbaroverVbar As Single
'   Input values from spread sheet
    xd = Cells(1, 2).Value
    xb = Cells(1, 4).Value
    F = Cells(1, 6).Value
    z = Cells(1, 8).Value
    LoverD = Cells(2, 2).Value
    q = Cells(2, 4).Value
    feedstage = Cells(2, 8).Value
'   Fit VLE data to 6th order polynomial to find y.  a6 is
coefficient of x to the 6th.
    a6 = Cells(5, 1).Value
    a5 = Cells(5, 2).Value
    a4 = Cells(5, 3).Value
    a3 = Cells(5, 4).Value
    a2 = Cells(5, 5).Value
    a1 = Cells(5, 6).Value
    a0 = Cells(5, 7).Value
'   Calculate flow rates and ratios.
    D = ((z - xb) / (xd - xb)) * F
    L = LoverD * D
    V = L + D
    LoverV = LoverD / (1 + LoverD)
    LbaroverVbar = (LoverV + (q * F / V)) / (1 - ((1 - q) * F /
V))
'   Calculate intersection point of operating lines. If yeq < yint
reflux ratio too low.
    xint = ((-(q - 1) * (1 - LoverV) * xd) - z) / (((q - 1) *
LoverV) - q)
    x = xint
    yint = LoverV * xint + (1 - LoverV) * xd
'   Equilibrium y at value of x intersection. When yint=yeq, have
minimum L/D.
    yeq = a6 * x ^ 6 + a5 * x ^ 5 + a4 * x ^ 4 + a3 * x ^ 3 + a2 *
x ^ 2 + a1 * x + a0
'Record intersection and equilibrium values on spreadsheet.
    Cells(6, 2).Value = yeq
    Cells(6, 4).Value = yint
    Cells(6, 6).Value = xint
'   Step off stages from bottom up.  Stage 1 is partial
reboiler.  Initialize
    x = xb
    i = 1



'   Loop in stripping section stepping off stages with equilibrium
and operating eqs.
Do
If yeq < yint Then
    Cells(i + 7, 3).Value = "Reflux rate too low"
    Exit Do
    End If
    y = a6 * x ^ 6 + a5 * x ^ 5 + a4 * x ^ 4 + a3 * x ^ 3 + a2 * x
^ 2 + a1 * x + a0
'   Record values of stage number, x and y values on spreadsheet.
    Cells(i + 7, 1).Value = i
    Cells(i + 7, 2).Value = x
    Cells(i + 7, 3).Value = y
    i = i + 1
    x = (y / LbaroverVbar) + (LbaroverVbar - 1) * xb /
LbaroverVbar
Loop While i < feedstage
'   Calculations in enriching section.
Do While y < xd
If yeq < yint Then
    Cells(i + 7, 5).Value = "Reflux rate too low"
Exit Do
End If
     y = a6 * x ^ 6 + a5 * x ^ 5 + a4 * x ^ 4 + a3 * x ^ 3 + a2 *
x ^ 2 + a1 * x + a0
'   Record values of stage number, x, and y on spreadsheet
    Cells(i + 7, 1).Value = i
    Cells(i + 7, 2).Value = x
    Cells(i + 7, 3).Value = y
    i = i + 1
    x = (y / LoverV) - (1 - LoverV) * xd / LoverV
  If x < 0 Then
    Cells(i + 7, 4).Value = "Feed stage too low"
  Exit Do
  End If
Loop
End Sub

By varying the feed stage location, the optimum location (stage 20) can easily be found. The minimum
external reflux ratio can be determined quickly by trial and error (see Problem 4.H2). The program can
also be coded to find either of these values automatically (see Problems 4.H1 and 4.H3).
Obviously this problem can be solved graphically. The problem can also be solved with a hand
calculation on a spreadsheet without using VBA by writing the equilibrium and operating equations in cell
form and then repeating them as needed. The advantages of a programmed spreadsheet or other software
tools (e.g., Binous, 2008) are a huge number of trials can be done by changing just one number (e.g., z or
L/D), different systems can easily be studied by using different values for the VLE coefficients, and one
does not have to manually step off 25 stages. For a single use graphical or hand-calculation with a



spreadsheet may take less time. However, for multiple uses the programmed spreadsheet is obviously
preferable. In all cases if the CMO assumption is not valid, the results will be incorrect. Note that this
program, and all other software packages, must be checked to make sure it is producing correct results
(Shacham et al., 2008).



Chapter 5. Introduction to Multicomponent Distillation

Binary distillation problems can be solved in a straightforward manner using a stage-by-stage calculation
that can be done either on a computer or graphically using a McCabe-Thiele diagram. When additional
components are added, the resulting multicomponent problem becomes significantly more difficult, and
the solution may not be straightforward. In this chapter we will first consider why multicomponent
distillation is more complex than binary distillation, and then we will look at the profile shapes typical of
multicomponent distillation. In Chapter 6, matrix calculation methods will be applied to multicomponent
distillation, and approximate methods will be developed in Chapter 7.

5.1 Calculational Difficulties
Consider the conventional schematic diagram of a plate distillation column with a total condenser and a
partial reboiler shown in Figure 5-1. Assume constant molal overflow (CMO), constant pressure, and no
heat leak. With the constant pressure and zero heat leak assumptions, a degree-of-freedom analysis around
the column yields C + 6 degrees of freedom, where C is the number of components. For binary distillation
this is 8 degrees of freedom. In a design problem we would usually specify these variables as follows
(see Tables 3-1 and 3-2): F, z, feed quality q, distillate composition xD, distillate temperature (saturated
liquid), bottoms composition xB, external reflux ratio L0/D, and the optimum feed stage. With these
variables chosen, the operating lines are defined, and we can step off stages from either end of the column
using the McCabe-Thiele method.
Now, if we add a third component we increase the degrees of freedom to 9. Nine variables that would
most likely be specified for design of a ternary distillation column are listed in Table 5-1. Comparing this
table with Tables 3-1 and 3-2, we see that the extra degree of freedom is used to completely specify the
feed composition. If there are four components, there will be 10 degrees of freedom. The additional
degree of freedom must again be used to completely specify the feed composition.

Figure 5-1. Distillation column

Note that in multicomponent distillation neither the distillate nor the bottoms composition is completely
specified because there are not enough variables to allow complete specification. This inability to
completely specify the distillate and bottoms compositions has major effects on the calculation procedure.
The components that do have their distillate and bottoms fractional recoveries specified (such as
component 1 in the distillate and component 2 in the bottoms in Table 5-1) are called key components.
The most volatile of the keys is called the light key (LK), and the least volatile the heavy key (HK). The
other components are non-keys (NK). If a non-key is more volatile (lighter) than the light key, it is a light
non-key (LNK); if it is less volatile (heavier) than the heavy key, it is a heavy non-key (HNK).



The external balance equations for the column shown in Figure 5-1 are easily developed. These are the
overall balance equation,

Table 5-1. Specified design variables for ternary distillation

(5-1)

the component balance equations,

(5-2)

and the overall energy balance,

(5-3)

Since we are using mole fractions, the mole fractions must sum to 1.

(5-4a)

(5-4b)

For a ternary system, Eqs. (5-2) can be written three times, but these equations must add to give Eq. (5-1).
Thus, only two of Eqs. (5-2) plus Eq. (5-1) are independent.
For a single feed column, we can solve any one of Eqs. (5-2) simultaneously with Eq. (5-1) to obtain
results analogous to the binary Eqs. (3-3) and (3-4).

(5-5)



(5-6)

If the feed, bottoms, and distillate compositions are specified for any component we can solve for D and
B. In addition, these equations show that the ratio of concentration differences for all components must be
identical (Doherty and Malone, 2001). These equations can be helpful, but do not solve the complete
problem even when xi,dist and xi,bot are specified for one component since the other mole fractions in the
distillate and bottoms are unknown.
Now, how do we completely solve the external mass balances? The unknowns are B, D, x2,dist, x3,dist,
x1,bot, and x3,bot. There are six unknowns and five independent equations. Can we find an additional
equation? Unfortunately, the additional equations (energy balances and equilibrium expressions) always
add additional variables (see Problem 5-A1), so we cannot start out by solving the external mass and
energy balances. This is the first major difference between binary and multicomponent distillation.
Can we do the internal stage-by-stage calculations first and then solve the external balances? To begin the
stage-by-stage calculation procedure in a distillation column, we need to know all the compositions at
one end of the column. For ternary systems with the variables specified as in Table 5-1, these
compositions are unknown. To begin the analysis we would have to assume one of them. Thus, internal
calculations for multicomponent distillation problems are trial and error. This is a second major
difference between binary and multicomponent problems.
Fortunately, in many cases it is easy to make an excellent first guess that will allow one to do the external
balances. If a sharp separation of the keys is required, then almost all of the HNKs will appear only in the
bottoms, and almost all of the LNKs will appear only in the distillate. The obvious assumption is that all
LNKs appear only in the distillate and all HNKs appear only in the bottom. Thus,

(5-7a)

(5-7b)

These assumptions allow us to complete the external mass balances. The procedure is illustrated in
Example 5-1.

Example 5-1. External mass balances using fractional recoveries

We wish to distill 2000 kmol/h of a saturated liquid feed. The feed is 0.056 mole fraction propane,
0.321 n-butane, 0.482 n-pentane, and the remainder n-hexane. The column operates at 101.3 kPa. The
column has a total condenser and a partial reboiler. Reflux ratio is L0/D = 3.5, and reflux is a
saturated liquid. The optimum feed stage is to be used. A fractional recovery of 99.4% n-butane is
desired in the distillate and 99.7% of the n-pentane in the bottoms. Estimate distillate and bottoms
compositions and flow rates.

Solution

A. Define. A sketch of the column is shown.



Find xi,dist, xi,bot, D, and B.
B. Explore. This appears to be a straightforward application of external mass balances, except there

are two variables too many. Thus, we will have to assume the recoveries or concentrations of two
of the components. A look at the DePriester charts (Figures 2-11 and 2-12) shows that the order of
volatilities is propane > n-butane > n-pentane > n-hexane. Thus, n-butane is the LK, and n-pentane
is the HK. This automatically makes propane the LNK and n-hexane the HNK. Since the recoveries
of the keys are quite high, it is reasonable to assume that all of the LNK collects in the distillate
and all of the HNK collects in the bottoms. We will estimate distillate and bottoms based on these
assumptions.

C. Plan. Our assumptions of the NK splits can be written either as

(5-8a,b)

or

(5-9a,b)

The fractional recovery of n-butane in the distillate can be used to write

(5-10)

Note that this also implies

(5-11)

For n-pentane the equations are

(5-12)

(5-13)

Equations (5-8) to (5-13) represent eight equations with ten unknowns (four compositions in both
distillate and bottoms plus D and B). Equations (5-4) give two additional equations, which we will



write as

(5-14a)

(5-14b)

These ten equations can easily be solved, since distillate and bottoms calculations can be done
separately.
D. Do it. Start with the distillate.

DxC3,dist = FzC3 = (2000)(0.056) = 112
DxC6,dist = 0
DxC4,dist = (0.9940)(2000)(0.321) = 638.5
DxC5,dist = (0.003)(2000)(0.482) = 2.89
Then

Now the individual distillate mole fractions are

(5-15)

Thus,

Check:

Bottoms can be found from Eqs. (5-8b), (5-9a), (5-11), (5-12), and (5-14b). The results are xC3,bot
= 0, xC4,bot = 0.0031, xC5,bot = 0.7708, xC6,bot = 0.2260, and B = 1246.6. Remember that these are
estimates based on our assumptions for the splits of the NK.

E. Check. Two checks are appropriate. The results based on our assumptions can be checked by
seeing whether the results satisfy the external mass balance Eqs. (5-1) and (5-2). These equations
are satisfied. The second check is to check the assumptions, which requires internal stage-by-stage
analysis and is much more difficult. In this case the assumptions are quite good.

F. Generalize. This type of procedure can be applied to many multicomponent distillation problems. It
is more common to specify fractional recoveries rather than concentrations because it is more
convenient. Note that it is important to not make specifications that violate material balances and
distillation fundamentals (e.g., 99.4% recovery of C4 in the distillate and 90% mole fraction of C5
in the bottoms).



Surprisingly, the ability to do reasonably accurate external mass balances on the basis of a first guess
does not guarantee that internal stage-by-stage calculations will be accurate. The problem given in
Example 5-1 would be very difficult for stage-by-stage calculations. Let us explore why.
At the feed stage all components must be present at finite concentrations. If we wish to step off stages
from the bottom up, we cannot use xC3,bot = 0 because we would not get a nonzero concentration of
propane at the feed stage. Thus, xC3,bot must be a small but nonzero value. Unfortunately, we don’t know if
the correct value should be 10-5, 10-6, 10-7, or 10-20. Thus, the percentage error in xC3,bot will be large,
and it will be difficult to obtain convergence of the trial-and-error problem. If we try to step off stages
from the top down, xC3,dist is known accurately, but xC6,dist is not. Thus, when both heavy and LNKs are
present, stage-by-stage calculation methods are difficult. Hengstebeck (1961) developed the use of
pseudo-components for approximate multicomponent calculations on a McCabe-Thiele diagram. The LK
and LNKs are lumped together and the HK and HNKs are lumped together. As we will see in Section 5.3,
these results can only be approximate. Other design procedures should be used for accurate results.
If there are only LNKs or only HNKs, then an accurate first guess of compositions can be made. Suppose
in Example 5-1 that we specified 99.4% recovery of propane in the distillate and 99.7% recovery of n-
butane in the bottoms. This makes propane the LK, n-butane the HK, and n-pentane and n-hexane the
HNKs. The assumption that all the HNKs appear in the bottoms is an excellent first guess. Then we can
calculate the distillate and bottoms compositions from the external mass balances. The composition
calculated in the bottoms is quite accurate. Thus, in this case we can step off stages from the bottom
upward and be quite confident that the results are accurate. If only LNKs are present, the stage-by-stage
calculation should proceed from the top downward.

5.2 Stage-By-Stage Calculations for Constant Molal Overflow and Constant
Relative Volatility
Although computer simulator programs use matrix methods (see Chapter 6), historically stage-by-stage
methods were first used for multicomponent distillation. These methods work well if there are no HNK or
if there are no LNK, they have an obvious direct relationship to the McCabe-Thiele approach, and they
are easy to implement on a spreadsheet or in MATLAB. The stage-by-stage method also has the
advantage for design applications that it is a design method. In this section we look at the simplest case—
constant relative volatility. In Section 5.4 the method is expanded to include bubble-point or dew-point
calculations on every stage for systems that do not have constant relative volatilities.
Consider a typical design problem for ternary distillation with an LNK, an LK, and an HK. The feed flow
rate, composition, and temperature are specified, as are L0/D, saturated liquid reflux, pressure, use of the
optimum feed stage, and recoveries of the light and heavy keys in distillate and bottoms, respectively. We
wish to predict the number of stages required and the separation obtained.
To start the calculation, we need to assume the fractional recovery (frac rec.) for the LNK (A) in the
distillate. Then
DxA,dist =FzA (frac rec. A in dist)

BxA,bot =FzA (1 – frac rec. A in dist)

If, for example, (frac rec. A in dist) = 1.0, then xA,bot = 0 and DxA,dist = FzA. Once the fractional recovery
is assumed, we can find L and V in the rectifying section. Since constant molal overflow is valid,



(5-16)

At the feed stage, q can be estimated from enthalpies as

(5-17)

or q = LF/F can be found from a flash calculation on the feed stream. Then  and  are determined from
balances at the feed stage,

(5-18)

This completes the preliminary calculations for this assumption of how the LNK splits in the column.
If there is an LNK and no HNK, the assumed compositions are very accurate at the top of the column but
not at the bottom. (At the bottom, the mole fraction cannot be exactly zero. If we assume it is 10-9 when it
is actually 10-11, then our relative error is very large.) Thus, with only an LNK present, we want to step
off stages from the top down. The general procedure for stepping off stages down the column when CMO
is valid is:
1. Set j = 1. For total condenser, yi,l = xi,dist, where i is component A, B, or C, and the second subscript is

the stage location.
2. Use equilibrium to calculate xi,j values from known yi,j values for stage j.
3. Use mass balances (operating equations) to calculate yi,j+l values from known xi,j values.
4. Repeat steps 2 and 3 until the feed stage is reached. Then change to the stripping section operating

equations and continue.
5. The calculation is finished when xHK,N+1 ≥ xHK,bot and xLK,N+1 ≤ xLK,bot

If the relative volatilities are constant, the equilibrium calculations become simple. We arbitrarily choose
component B as the reference. Then by definition,

(5-19)

As we step down the column, the y values leaving a stage will be known and the x values can be
calculated from equilibrium. Thus for component i on stage j,

(5-20)

Note that the first equals sign for equation (5-20) reduces to xi,j = xi,j.

In general, both αiB,j and KB,j depend upon temperature and thus vary from stage to stage. When the
relative volatilities are constant, only KB,j varies. Fortunately, because the liquid mole fractions must sum
to 1.0, we can obtain an equation for KB,j and then remove it from Eq. (5-20). For this ternary problem,



Solving for KB,j,

(5-21a)

or, in general,

(5-21b)

where C is the number of components. If desired, the stage temperature can be determined from the
calculated Kref,j value. This is not necessary, since Eq. (5-21a) or (5-21b) can be substituted into Eq. (5-
20) to obtain an equilibrium expression for component A

(5-22a)

or, in general,

(5-22b)

Equations (5-22) can be used to calculate the liquid mole fractions at equilibrium. This form of the
equilibrium is known as a dew-point calculation because we start with a vapor (the yi,j values are known)
and find the concentration of a liquid in equilibrium with this vapor. Dew-point calculations are needed
when stepping off stages down the column. Note that the choice of the reference component is arbitrary. If
Eqs. (5-22) are expanded, Kref in the relative volatility terms divides out; thus, any component can be
used as the reference as long as we are consistent.
The operating equations are essentially the same as for binary systems. These are

(5-23)

in the enriching section and

(5-24)

in the stripping section.
Stepping off stages is straightforward. In the enriching section with a total condenser yi,1 = xi,dist. Start



stepping off stages with equilibrium Eq. (5-22) to calculate xi,1 in equilibrium with vapor of composition
yi,1. Then we determine yi,2 for each component from operating Eq. (5-23). Equilibrium Eq. (5-22) is used
to find xi,2 from values yi,2, and so on. Stepping off stages down the column we calculate yi,f from Eq. (5-
23), xi,f from Eq. (5-22) with yi,j = yi,f, and yi,f+1 from Eq. (5-24) with xi,j = xi,f, where f is the specified
feed stage. In the stripping section we alternate between Eqs. (5-22) and (5-24). We stop the calculation
when

(5-25)

This leaves us with two unanswered questions: How do we determine the optimum feed plate, and how
do we correct our initial assumption of the LNK split?
The optimum feed plate is defined as the feed plate that gives the fewest total number of stages. To be
absolutely sure you have the optimum feed plate location, use this definition. That is, pick a feed plate
location and calculate N. Then repeat until you find the minimum total number of stages. Note that often
several stages must be stepped off before the feed can be input. The first legal feed stage may be the
optimum. This procedure sounds laborious, but, as we will see, it is very easy to implement on a
spreadsheet (Appendix A of Chapter 5).
If you try to switch stages too early, the stage-by-stage calculation will eventually give negative mole
fractions. With a spreadsheet, you can guard against this mistake by checking that all mole fractions (xi,j
and yi,j) are between zero and 1 for every stage.

How do we check and correct our initial guess for the splits of the NK components? One way to do this is
to use the calculated value of the LNK mole fraction to estimate the fractional recovery of the LNK,

(5-26)

If ε is the acceptable error, then if

(5-27)

a new trial is required. For the next trial we can use a damped direct substitution and set

(5-28)

where df is the damping factor ≤1. This procedure is shown in the spreadsheet in Appendix A of Chapter
5. If df = 1, Eq. (5-28) becomes direct substitution, which may result in oscillations.
Stage-by-stage calculations for systems with constant relative volatilities are relatively easy, and the
resulting profiles illustrate most of the behaviors observed with multicomponent systems. Fortunately,
extending the calculation to nonconstant relative volatility systems is not difficult and is discussed in
Section 5.4. We return to these calculations in Chapter 8 for total reflux systems (see Example 8-3).
This entire discussion was for calculations down the column. If only HNKs are present, then the
calculation should proceed up the column. Now renumber stages so that the partial reboiler = 1, bottom



stage in column = 2, and so forth. Now we calculate y values from equilibrium and x values from the
operating equations.
Stepping off stages up the column, the equilibrium calculation on every stage is a bubble-point
calculation. In this case, the K value for the reference component is

(5-29)

and the vapor compositions are determined from the equilibrium equation,

(5-30)

Derivation of Eqs. (5-29) and (5-30) is left as an exercise. The liquid mole fractions are found from the
operating equations, which are inverted to find xi,j.

(5-31)

(5-32)

Convergence requires checking the assumed and calculated values of the fractional recovery of the HNK
in the bottoms.
For problems where both light and heavy non-keys are present, Lewis and Matheson (1932) and Thiele
and Geddes (1933) calculated from both ends of the column and matched compositions at the feed stage
(see Smith, 1963, Chapter 20, for details). Unfortunately, closure can be very difficult. When there are
both light and heavy non-keys, and when there is a sandwich component, other calculation methods such
as the matrix method discussed in Chapter 6 are preferable.

5.3 Profiles for Multicomponent Distillation
What do the flow, temperature, and composition profiles look like? Our intuition would tell us that these
profiles will be similar to the ones for binary distillation. As we will see, this is true for the total flow
rates and temperature, but not for the composition profiles.
If CMO is valid, the total vapor and liquid flow rates will be constant in each section of the column. The
total flow rates can change at each feed stage or sidestream withdrawal stage. This behavior is illustrated
for a computer simulation for a saturated liquid feed in Figure 5-2 and is the same behavior we would
expect for a binary system. For nonconstant molal overflow, the total flow rates will vary from section to
section. This is also shown in Figure 5-2. Although both liquid and vapor flow rates may vary
significantly, the ratio L/V will be much more constant.
Figure 5-2. Total liquid and vapor flow rates. Simulation for distillation of benzene-toluene-cumene.

Desire 99% recovery of benzene. Feed is 0.233 mole frac benzene, 0.333 mole frac toluene, and



0.434 mole frac cumene and is a saturated liquid. F = 1.0 kmol/h. Feed stage is number 10 above the
partial reboiler, and there are 19 equilibrium stages plus a partial reboiler. A total condenser is

used. p = 101.3 kPa. Relative volatilities: αben = 2.25, αtol = 1.0, αcum = 0.21. L/D = 1.0.

The temperature profile decreases monotonically from the reboiler to the condenser. This is illustrated in
Figure 5-3 for the same computer simulation. This is again similar to the behavior of binary systems. Note
that plateaus start to form where there is little temperature change between stages. When there are a large
number of stages, these plateaus can be quite pronounced. They represent pinch points in the column.
The compositions in the column are much more complex. To study these, we will first look at two
computer simulations for the distillation of benzene, toluene, and cumene in a column with 20 equilibrium
contacts. The total flow and temperature profiles for this simulation are given in Figures 5-2 and 5-3,
respectively. With a specified 99% recovery of benzene in the distillate, the liquid mole fractions are
shown in Figure 5-4.
At first Figure 5-4 is a bit confusing, but it will make sense after we go through it step-by-step. Since
benzene recovery in the distillate was specified as 99%, benzene is the LK. Typically, the next less
volatile component, toluene, will be the HK. Thus, cumene is the HNK, and there is no LNK. Following
the benzene curve, we see that benzene mole fraction is very low in the reboiler and increases
monotonically to a high value in the total condenser. This is essentially the same behavior as that of the
more volatile component in binary distillation (for example, see Figure 4-14). In this problem benzene is
always most volatile, so its behavior is simple.

Figure 5-3. Temperature profile for benzene-toluene-cumene distillation; same problem as in
Figures 5-2 and 5-4.



Figure 5-4. Liquid-phase composition profiles for distillation for benzene-toluene-cumene; same
conditions as Figures 5-2 and 5-3 for nonconstant molal overflow. Benzene is the LK, and toluene is

the HK. Stage 10 is the feed stage.

Since cumene is the HNK, we would typically assume that all of the cumene leaves the column in the
bottoms. Figure 5-4 shows that this is essentially true (cumene distillate mole fraction was calculated as
2.45 × 10-8). Starting at the reboiler, the mole fraction of cumene rapidly decreases and then levels off to
a plateau value until the feed stage. Above the feed stage the cumene mole fraction decreases rapidly.
This behavior is fairly easy to understand. Cumene’s mole fraction decreases above the reboiler because
it is the least volatile component. Since there is a large amount of cumene in the feed, there must be a
finite concentration at the feed stage. Thus, after the initial decrease there is a plateau to the feed stage.
Note that the concentration of cumene on the feed stage is not the same as in the feed. Above the feed
stage, cumene concentration decreases rapidly because cumene is the least volatile component.
The concentration profile for the HK toluene is most complex in this example. The behavior of the HK
can be explained by noting which binary pairs of components are distilling in each part of the column. In
the reboiler and stages 1 and 2 there is very little benzene (LK) and the distillation is between the HK and
the HNK. In these stages the toluene (HK) concentration increases as we go up the column, because
toluene is the more volatile of the two components distilling. In stages 3 to 10, the cumene (HNK)
concentration plateaus. Thus, the distillation is between the LK and the HK. Now toluene is the less
volatile component, and its concentration decreases as we go up the column. This causes the primary



maximum in HK concentration, which peaks at stage 3. Above the feed stage, in stages 11, 12, and 13, the
HNK concentration plummets. The major distillation is again between the HK and the HNK. Since the HK
is temporarily the more volatile of these components, its concentration increases as we go up the column
and peaks at stage 12. After stage 12, there is very little HNK present, and the major distillation is
between benzene and toluene. The toluene concentration then decreases as we continue up to the
condenser. The secondary maximum above the feed stage is often much smaller than shown in Figure 5-4.
The large amounts of cumene in this example cause a larger than normal secondary maximum.
In this example the HNK (cumene) causes the two maxima in the HK (toluene) concentration profile.
Since there was no LNK, the LK (benzene) has no maxima. It is informative to redo the example of
Figures 5-2 to 5-4 with everything the same except for specifying 99% recovery of toluene in the
distillate. Now toluene is the LK, cumene is the HK and benzene an LNK. The result achieved here is
shown in Figure 5-5. This figure can also be explained qualitatively in terms of the distillation of binary
pairs (see Problem 5.A12). Note that with no HNKs, the HK concentration does not have any maxima.
What happens for a four-component distillation if there are LKs and HKs and LNKs and HNKs present?
Since there is an LNK, we would expect the LK curve to show maxima; and since there is an HNK, we
would expect maxima in the HK concentration profile. This is the case shown in Figure 5-6 for the
distillation of a benzene-toluene-xylene-cumene mixture. Note that in this figure the secondary maxima
near the feed stage are drastically repressed, but the primary maxima are readily evident.
It is interesting to compare the purities of the distillate and bottoms products in Figures 5-4 to 5-6. In
Figure 5-4 (no LNK) the benzene (LK) can be pure in the distillate, but the bottoms (HK and HNK
present) is clearly not pure. In Figure 5-5 (no HNK) the cumene (HK) can be pure in the bottoms, but the
distillate (LK and LNK present) is not pure. In Figure 5-6 (both LNK and HNK present) neither the
distillate nor the bottoms can be pure. Simple distillation columns separate the feed into two fractions,
and a single column can produce either pure most volatile component as distillate by making it the LK, or
it can produce pure least volatile component as bottoms by making it the HK. If we want to completely
separate a multicomponent mixture, we need to couple several columns together (see Lab 6 in the
Appendix to Chapter 6 and Section 11.5).

Figure 5-5. Liquid phase composition profiles for distillation of benzene (LNK), toluene (LK), and
cumene (HK); same problem as in Figure 5-2 to 5-4 except that a 99% recovery of toluene in the

distillate is specified.

Figure 5-6. Liquid composition profiles for distillation of benzene (LNK), toluene (LK), xylene (HK),



and cumene (HNK). Feed is 0.125 benzene, 0.225 toluene, 0.375 xylene, and 0.275 cumene.
Recovery of toluene in distillate 99%. Relative volatilities: αben = 2.25, αtol = 1.0, αxy = 0.33, αcum =

0.21.

There is one other case to consider. Suppose we have the four components benzene, toluene, cumene, and
xylene, and we choose cumene as the HK and toluene as the LK. This makes benzene the LNK, but what is
xylene? In this case xylene is an intermediate or sandwich component, which is an NK component with a
volatility between the two key components. Sandwich components will tend to concentrate in the middle
of the column since they are less volatile than the LK in the rectifying section and more volatile than the
HK in the stripping section. Prediction of their final distribution requires a complete simulation.
If the top temperature is too cold and the bottom temperature is too hot to allow sandwich components to
exit at the rate they enter the column, they become trapped in the center of the column and accumulate
there (Kister, 2004). This accumulation can be quite large for trace components in the feed and can cause
column flooding and development of a second liquid phase. The problem can be identified from the
simulation if the engineer knows all the trace components that occur in the feed, accurate vapor-liquid
equilibrium (VLE) correlations are available, and the simulator allows two liquid phases and one vapor
phase. Unfortunately, the VLE may be very nonideal and trace components may not accumulate where we
think they will. For example, when ethanol and water are distilled, there often are traces of heavier
alcohols present. Alcohols with four or more carbons (butanol and heavier) are only partially miscible in
water. They are easily stripped from a water phase (relative volatility >> 1), but when there is little
water present they are less volatile than ethanol. Thus, they collect somewhere in the middle of the
column where they may form a second liquid phase in which the heavy alcohols have low volatility. The
usual solution to this problem is to install a side withdrawal line, separate the intermediate component
from the other components, and return the other components to the column. These heterogeneous systems
are discussed in more detail in Chapter 8.
The differences in the composition profiles for multicomponent and binary distillation for relatively ideal
VLE with no azeotropes can be summarized as follows:
1. In multicomponent distillation the key component concentrations can have maxima.
2. The NK usually do not distribute. That is, HNKs usually appear only in the bottoms, and LNKs only in

the distillate.
3. The NK often go through a plateau region of nearly constant composition.
4. All components must be present at the feed stage, but at that stage the primary distillation changes.

Thus, discontinuities occur at the feed stage.



Understanding the differences between binary and multicomponent distillation will be helpful when you
are doing calculations for multicomponent distillation.

5.4 Bubble-Point and Dew-Point Equilibrium Calculations
Although convenient mathematically, few systems have constant or almost constant relative volatilities. In
this case we need to do a complete equilibrium calculation on each stage. If the distillation has HNKs,
HK, and LK, we should step off stages from the bottom up and do a bubble-point calculation on each
stage. The bubble-point temperature is the temperature of stage j at which the liquid mixture on the stage
begins to boil. The pressure, pj, and the mole fractions of the liquid, xi,j, will be known. We wish to find
the temperature, Tj, at which Σ yi,j = 1.0, where the yi,j are calculated as yi,j = Ki,j(Tj)xi,j. Stepping off stages
down the column (HK, LK, and LNKs present), we use dew-point calculations with known yi,j to
determine Tj and xi,j.

Consider the distillation column shown in Figure 5-7, where all the non-keys are HNKs. Note that the
column is now numbered from the bottom up, since that is the direction in which we will step off stages.
With no LNK, a good first guess of concentrations can be made at the bottom of the column, and we can
start the stage-by-stage calculations by calculating the reboiler temperature and the values of yi,R from a
bubble-point calculation. For the bubblepoint calculation, we want to find the temperature that satisfies
the stoichiometric equation.

(5-33)

If a simple expression for Ki as a function of temperature is available, we may be able to solve the
resulting equation for temperature. Otherwise, a root-finding technique or a trial-and-error procedure will
be required. When graphs or charts are used, a trial-and-error procedure is always needed. When we are
finished with the calculation, the yi,j calculated are the mole fractions of the vapor leaving stage j.

Figure 5-7. Distillation column for stepping off stages from the bottom up



How can we make a good initial guess for the temperature Tj? Note that  and . If

all Ki,j > 1.0, then . If all Ki,j < 1.0, then .

Therefore, we should choose a temperature Tj so that some Ki,j are greater than 1.0 and some are less than
1.0. This procedure is similar to the procedure we used for a first guess of the drum temperature in flash
distillation.
How do we pick a new temperature when the previous trial was not accurate? If we look at the
DePriester charts or Eq. (2-30), we see that the Ki are complex functions of temperature. However, the
function is quite similar for all K’s. Thus, the change in K for one component (the reference component)

and the change in the value of  will be quite similar when temperature changes. By setting the
ratio of the new and old values of the reference component equal to the ratio of the desired new value of
the summation (1.0) and the calculated value of the summation, we can estimate the appropriate K value
for the reference component as

(5-34)

The temperature for the next trial is determined from the new value, Kref,j(Tnew,j). This procedure, which
is again similar to the flash distillation procedure, should converge quite rapidly. As an alternative, a
Newtonian convergence scheme can be used.



Example 5-2. Bubble-point calculation

At 1.0 atm, what is the temperature and vapor mole fraction in the reboiler (stage 1) if the bottoms is
15 mol% isopentane, 30 mol% n-pentane, and 55 mol% n-hexane?

Solution

A. Define. We want T1 for which .
B. Explore. To illustrate a trial-and-error procedure, we use the DePriester charts, Figures 2-11 and

2-12. Equation (2-30) could be used instead of the DePriester charts, and we use it for the Check.
First, convert atm to kPa.

p = 1.0 atm(101.3 kPa/1,0atm) = 101.3 kPa
C. Plan. Use the DePriester chart to pick a temperature T1 for which Kic5 > Knc5 > 1.0 > Knc6.

Calculate the summation in Eq. (5-33), use Eq. (5-34) to calculate Kref, and find T1 from the
DePriester chart. We pick nC6 as the reference component because it is the most abundant
component. Then repeat the calculation with this new temperature.

D. Do It. First guess: Using Figure 2-12 at 50°C: Kic5 = 2.02, Knc5 = 1.55, Knc6 = 0.56. Thus, 50°C
(and many other temperatures) satisfies our first guess criteria. Calculate stoichiometric sum:

Since the sum is too high, the temperature of 50°C is too high. From Eq. (5-34), calculate

From the DePriester chart, the corresponding temperature is T1 = 47.5°C. At this temperature, Kic5
= 1.92, Knc5 = 1.50. Note that all the K’s are lower, so the summation will be lower. Now the
summation is

The next Kc6 = 0.52/1.024 = 0.508, which corresponds to T = 47°C. At this temperature, Kic5 =
1.89, Knc5 = 1.44. The summation is

This is about as close as we can get with the DePriester chart. Thus, T1 = 47°C.
The yi,1 values are equal to Ki,1xi,1. Thus, yic5,1 = (1.89)(0.15) = 0.284, ync5,1 = (1.44)(0.30) = 0.432,
ync6,1 = (0.508)(0.55) = 0.279. Because of the accuracy of the DePriester charts, the yi values
should be rounded off to two significant figures when they are reported.

E. Check. An alternative solution can be obtained using Eq. (2-30). First guess: T = 50°C = 122°F =
122 + 459.58 = 581.58°R, and p = 14.7 psia. For iC5, nC5, nC6, Eq. (2-30) simplifies to



(5-35a)

which gives KiC6 = 2.0065, KnC5 = 1.5325, KnC6 = 0.5676. Then

This is too high. To find the next temperature, use Eq. (5-34).

Solving Eq. (5-35a) for T,

(5-35b)

and we obtain T1 = 577.73°R. Using this for the new guess, we can continue. The final result is T1
= 576.9°R = 47.4°C. This result is within the error of Eq. (2-30) when compared to the 47.0°C
found from the DePriester charts. Equation (5-35b) is valid for all the hydrocarbons covered by the
DePriester charts except n-octane and n-decane.

F. Generalize. If K values depend on composition, then an extra loop in the trial-and-error procedure
will be required. When K values are in equation form such as Eq. (2-30), bubble-point calculations
are easy to solve with a spreadsheet. With a process simulator, one of the vapor-liquid equilibrium
(VLE) correlations (see Table 2-4) will be used to find the bubble-point temperature and the yi
values.

If only LNKs are present, we should step off stages going down the column. Then the liquid mole
fractions are determined from dew-point calculations and the vapor mole fractions are found from the
operating equations. Otherwise, the procedure is very similar to going down the column with constant
relative volatilities.
For dew-point calculations, all yi,j are known. We need to find the temperature Tj at which

(5-36)

We determine the temperature for the next guess by calculating the reference component K value.

(5-37)

Remember that convergence of the stage-by-stage distillation calculation is easy only when the NKs are
all heavy or are all light. Both the dew-point and bubble-point methods can be solved with a spreadsheet
(see the Appendix for Chapter 5).

5.5 Summary—Objectives
At the end of this chapter you should be able to satisfy the following objectives:



1. Explain why multicomponent distillation is trial and error
2. Make appropriate assumptions and solve the external mass balances
3. Explain the flow, temperature, and composition profiles for multicomponent distillation
4. Do stage-by-stage calculations for distillation with no HNKs or no LNKs
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Homework
A. Discussion Problems

A1. Explain why the external mass balances cannot be solved for a ternary distillation system without
an additional assumption. Why aren’t the equations for the following useful?
a. External energy balance
b. Energy balance around the condenser
c. Equilibrium expression in the reboiler

A2. If constant relativity is valid for a ternary separation and we choose component A or C as the
reference component instead of component B, what are the consequences?

A3. Define the following:
a. Heavy key
b. Heavy non-key
c. Sandwich component (see Problem 5.A6)
d. Optimum feed stage
e. Minimum reflux ratio

A4. We are distilling a mixture with two HNKs, an HK, and an LK. Sketch the expected concentration
profiles (xi vs. stage location).

A5. How would you introduce Murphree vapor efficiencies into the stage-by-stage calculation
process?

A6. A distillation column is separating methane, ethane, propane, and butane. We pick methane and
propane as the keys. This means that ethane is a sandwich component.
a. Show the approximate composition profiles for each of the four components. Label each curve.
b. Explain in detail the reasoning used to obtain the profile for ethane.

A7. We are separating a mixture that is 10 mol% methanol, 20 mol% ethanol, 30 mol% n-propanol,
and 40 mol% n-butanol in a distillation column. Methanol is most volatile and n-butanol is least
volatile. The feed is a saturated liquid. We desire to recover 98% of the ethanol in the distillate
and 97% of the n-propanol in the bottoms product. The column has a total condenser and a partial
reboiler. Feed rate is 100 kmol/h. Pressure is one atmosphere. L/D = 3.



1. The column is hottest at:
a. The condenser.
b. The feed plate.
c. The reboiler.

2. In the rectifying (enriching) section:
a. Liquid flow rate > vapor flow rate
b. Liquid flow rate = vapor flow rate
c. Liquid Flow rate < vapor flow rate

3. Comparing the stripping section to the rectifying section:
a. Liquid flow rate in stripping section > liquid flow rate in rectifying section.
b. Liquid flow rate in stripping section = liquid flow rate in rectifying section.
c. Liquid flow rate in stripping section < liquid flow rate in rectifying section.

4. The HK is:
a. Methanol.
b. Ethanol.
c. n-propanol.
d. n-butanol.

5. If you were going to do external mass balances around the column to find B and D, the best
assumption to make is:
a. All of the methanol and n-propanol are in the distillate.
b. All of the methanol is in the distillate and all of the n-butanol is in the bottoms.
c. All of the ethanol is in the distillate and all of the n-propanol is in the bottoms.
d. All of the n-propanol and n-butanol are in the bottoms.

A8. Show for the problem illustrated in Figure 5-2 that L/V is more constant than either L or V when
CMO is not valid. Explain why this is so.

A9. It has often been suggested that when there is the corresponding NK component present, key
components should be withdrawn as sidestreams at the location where their concentration
maximum occurs. If there is an LNK, can a pure LK be withdrawn? Why or why not? Can a pure
LNK be obtained at the top of the column? Why or why not?

A10. Develop a key relations chart for this chapter. You will probably want to include some sketches.
A11. In Figure 5-4, a 99% recovery of benzene does not give a high benzene purity. Why not? What

would you change to also achieve a high benzene purity in the distillate?
A12. Explain Figure 5-5 in terms of the distillation of binary pairs.
A13. In Figure 5-4, the HNK and HK concentrations cross near the bottom of the columns, and in

Figure 5-5 the LK and LNK concentrations do not cross near the top of the column. Explain when
the concentrations of HK and HNK and LK and LNK pairs will and will not cross.

A14. Figure 5-6 shows the distillation of a four-component mixture. What would you expect the
profiles to look like if xylene were the LK and cumene the HK?

A15. a to e. Determine whether the following multicomponent distillation problems can or cannot be
solved with a stage-by-stage calculation and if a stage-by-stage calculation can be used indicate
the direction one should step off stages.



1. Have two LNKs, an LK, and an HK
a. step off stages top down.
b. step off stages bottom up.
c. step off stages in either direction.
d. stage-by stage calculation probably will not work because of extreme convergence problems.

2. Have an LNK, an LK, an HK, and an HNK
a. step off stages top down.
b. step off stages bottom up.
c. step off stages in either direction.
d. stage-by stage calculation probably will not work because of extreme convergence problems.

3. Have an LK, an HK, and two HNKs
a. step off stages top down.
b. step off stages bottom up.
c. step off stages in either direction.
d. stage-by stage calculation probably will not work because of extreme convergence problems.

4. Have an LK, a sandwich component, and an HK
a. step off stages top down.
b. step off stages bottom up.
c. step off stages in either direction.
d. stage-by stage calculation probably will not work because of extreme convergence problems.

A15.e. Have an LK, a sandwich component, an HK, and an HNK
a. step off stages top down.
b. step off stages bottom up.
c. step off stages in either direction.
d. stage-by stage calculation probably will not work because of extreme convergence problems.

C. Derivations
C1. Derive Eq. (5-29).

D. Problems
*Answers to problems with an asterisk are at the back of the book.

D1. A distillation column with a total condenser and a partial reboiler is fed a mixture of alcohols.
The feed is 19 wt % methanol, 31 wt % ethanol, 27 wt % n-propanol, and 23 wt % n-butanol.
(Methanol is most volatile and n-butanol is least volatile.) The feed rate is 12,000 kg/h. We desire
a 97.8% recovery of ethanol in the distillate and a 99.4% recovery of n-propanol in the bottoms.
a. Estimate D and B and distillate and bottoms weight fractions.
b. List your assumptions, if any.

D2. What is the dew point of a vapor that is 30 mol% n-butane, 50 mol% n-pentane, and 20 mol% n-
hexane at p = 760 mm Hg? Use Raoult’s law to predict K values. Find vapor pressures from
Antoine’s equation,



where VP is in mm Hg and T is in °C. The Antoine constants (Dean, 1985) are:

D3.* We have a feed mixture of 22 mol% methanol, 47 mol% ethanol, 18 mol% n-propanol, and 13
mol% n-butanol. Feed is a saturated liquid, and F = 10,000 kmol/day. We desire a 99.8%
recovery of methanol in the distillate and a methanol mole fraction in the distillate of 0.99.
a. Find D and B.
b. Find compositions of distillate and bottoms.

D4.* We are separating a mixture that is 40 mol% isopentane, 30 mol% n-hexane, and 30 mol% n-
heptane. We desire a 98% recovery of n-hexane in the bottoms and a 99% recovery of isopentane
in the distillate. F = 1000 kmol/h. Feed is a two-phase mixture that is 40% vapor. L/D = 2.5.
a. Find D and B. List any required assumptions.
b. Find compositions of distillate and bottoms.
c. Calculate L, V, , and , assuming CMO.
d. Show schematically the expected composition profiles for isopentane, n-hexane, and n-heptane.

Label curves. Be neat!
D5. A distillation column with a total condenser and a partial reboiler is separating two feeds. The

first feed is a saturated liquid and its rate is 100.0 kmol/h. This feed is 55.0 mol% methanol, 21.0
mol% ethanol, 23.0 mol% propanol and 1.0 mol% butanol. The second feed is a saturated liquid
with a flow rate of 150.0 kmol/h. This feed is 1.0 mol% methanol, 3.0 mol% ethanol, 26.0 mol%
propanol and 70.0 mol% butanol. We want to recover 99.3% of the propanol in the distillate and
99.5% of the butanol in the bottoms. Find the distillate and bottoms flow rates and the mole
fractions of the distillate and bottoms products.

D6. We have a mixture of benzene, toluene, and cumene distilling in a column with a partial reboiler
and a total condenser. Constant molal overflow can be assumed. The bottoms product is sampled,
and the following compositions are measured: xB = 0.1, xT = 0.3, xC = 0.6. The boilup ratio is 

. The relative volatilities are αBT = 2.5, αTT = 1.0, αCT = 0.21. What is the composition of
the vapor leaving the stage above the partial reboiler? (This is several stages below the feed
stage.)

D7. We are separating hydrocarbons in a column that has two feeds. The column operates at 75 psig.
It has a total condenser and a partial reboiler. The first feed is 30 wt % ethane, 0.6 wt %
propylene, 45 wt % propane, 15.4 wt % n-butane, and 9 wt % n-pentane. This feed is a saturated
liquid at a flow rate of 1000 kg/h. The second feed is 2.0 wt % ethane, 0.1 wt % propylene, 24.9
wt % propane, 40.0 wt % n-butane, 18.0 wt % n-pentane, and 15.0 wt % n-hexane. The flow rate
of this feed is 1500.0 kg/h. It is a saturated liquid. We desire 99.1% recovery of the propane in the
distillate and 98% recovery of the n-butane in the bottoms. Make appropriate assumptions and
calculate the distillate and bottoms flow rates. Also calculate the weight fractions of each
component in the distillate and bottoms streams.

D8. A distillation column with a partial reboiler and a total condenser is being used to separate a
mixture of benzene, toluene, and cumene. The feed is 40 mol% benzene, 30 mol% toluene, and 30
mol% cumene and is a saturated vapor. Feed rate is 1000 kmol/h. Reflux is returned as a saturated
liquid, and L/D = 2.0. We desire 95% recovery of cumene in the bottoms and 95% recovery of



toluene in the distillate. Pressure is 1 atm. Assume constant relative volatilities αBT = 2.25, αTT =
1.0, αCT = 0.21. Find the optimum feed stages and the total number of equilibrium contacts
required.

D9. A distillation column is separating a feed that is 20 mol% methanol, 50 mol% n-propanol, and 30
mol% n-butanol. Feed is 750 kmol/h. We want a 92 mol% recovery of methanol in the distillate
and 95% recovery of n-propanol in the bottoms. Use L/D = 7. Feed is a saturated liquid. The
column has a total condenser and a partial reboiler. As a guess, assume that n-butanol does not
distribute (it all exits in the bottoms). Do not do iterations to improve this guess. If we choose n-
propanol as the reference, the relative volatilities are methanol = 3.58, n-propanol = 1.0, and n-
butanol = 0.412. Assume relative volatilities are constant. Do not use Aspen Plus. This
calculation is simple enough that it can be done by hand or with a spreadsheet (with or without
Visual Basic for Applications [VBA]) or with MATLAB.
a. Find D, B, xi,dist, and xi,bot.
b. Step off stages using the second stage above the partial reboiler (the third equilibrium contact

from bottom) for feed location and find the total number of stages and the calculated distillate
mole fractions.

D10. What is the bubble-point temperature at 760 mm Hg pressure of a mixture that is 40 mol% n-
pentane and 60 mol% n-hexane? Use Raoult’s law and the Antoine coefficients given in Problem
5.D2.

D11. We have a liquid mixture that is 10 mol% ethane, 35 mol% n-pentane, and 55 mol% n-heptane at
40°C and a high pressure. As the pressure is slowly dropped, at what pressure will the mixture
first start to boil? Use the DePriester chart.

D12. Suppose n-hexane, n-heptane, and n-octane are available so that the desired mole fraction of the
mixture can be changed to any desired value. If the system pressure is 300 kPa,
a. What is the highest possible bubble-point temperature?
b. What is the lowest possible bubble-point temperature?

D13*. Find the bubble-point temperature and vapor mole fractions at the bubble-point for a mixture at
1.0 atm that is 20.0 mol% n-butane, 50.0 mol% n-pentane, and 30.0 mol% n-hexane. Use the
DePriester chart.

E. More Complex Problems
E1. We wish to distill a mixture of ethane, propane, n-butane. The column has a partial reboiler and a

partial condenser and operates at 400 kPa. The feed flow rate is 200 kmol/h. The feed is a
saturated liquid and is 22 mol% ethane, 47 mol% propane, and 31 mol% n-butane. We wish to
recover 97% of the ethane in the distillate and 99% of the propane in the bottoms. The reflux is a
saturated liquid, and the external reflux ratio L0/D = 3.0. Find the optimum feed stage and the total
number of equilibrium contacts required. Assume constant molal overflow, and use the DePriester
charts or Eq. (2-30) for K values.

H. Computer Spreadsheet Problems
H1. Do part b of this problem with a spreadsheet or with MATLAB. The use of VBA is

recommended if a spreadsheet is used. We have 200 kmol/h of a saturated liquid feed that is 35
mol% methanol, 40 mol% i-propanol, and 25 mol% n-propanol at 1.0 atm. We want 96.1%
recovery of methanol in the distillate and 99.6% recovery of i-propanol in the bottoms. Assume



CMO and constant relative volatilities. The column has a total condenser and a partial reboiler.
L/D = 6. As a first guess, assume that n-propanol does not distribute (it all exits in the bottoms).
Relative volatilities are: methanol = 3.58, i-propanol = 1.86, and n-propanol = 1.0.
a. Find D, B, xi,dist, and xi,bot.
b. Step off stages and find the optimum feed location and the total number of stages.

H2. [VBA required] Either write your own program or use the program in Appendix A of Chapter 5
to solve the following problem. A feed of 100 mol/h of a saturated liquid that is 25 mol% A =
benzene, 35 mol% B = toluene, and 40 mol% C = cumene is fed on the optimum feed plate to a
distillation column that has a total condenser and a partial reboiler. Fractional recoveries of B
(toluene) in the distillate of 0.9 and of C in the bottoms of 0.97 are desired. The relative
volatilities are αAB = 2.25, αBB = 1.0, and αCB = 0.21. Use an external reflux ratio of L/D = 0.3.
Find the optimum feed stage, the total number of stages, the fractional recovery of A (benzene) in
the distillate, D and B. After solving the problem, try “What if?” simulations to explore the effects
of changing the feed concentrations, the fractional recoveries, L/D, and the relative volatility αCB.

H3. [VBA required] Distillation programs such as the ternary stage-by-stage program in Appendix A
of Chapter 5 can be used to find the minimum external reflux ratio by setting an arbitrarily high
feed location and an arbitrarily high maximum number of stages and then varying L/D until the
lowest L/D at which the separation can be achieved is found. Arbitrarily set the feed stage to 100
(in the spreadsheet) and set the maximum number of stages to 200 (in the VBA program). For the
separation of benzene (A), toluene (B), and cumene (C) with a 0.99 fractional recovery of B in the
distillate and a 0.999 fractional recovery of C in the bottoms, find (L/D)min. The feed and alpha
values are the same as in Problem 5.H2. Check your answer by trying a feed stage of 125 with a
maximum number of stages of 250.

H4. [VBA required] Although it is usually not possible to make an accurate guess of the fractional
recovery of a sandwich component, a stage-by-stage calculation often still converges, since the
fractional recovery of the sandwich component is finite for both distillate and bottoms. For a
ternary system, it often does not matter at which end of the column one starts the calculation. In the
process of doing the stage-by-stage calculation, one also obtains reasonably accurate values for D
and B.
a. The easiest way to run a sandwich component is probably to run a standard program (e.g.,

Appendix A of Chapter 5) as if A = LNK, B =LK, and C = HK. Since the fractional recovery of
A in the distillate and of C in the bottoms are specified but the program wants B and C to be
specified, guess the fractional recovery of B in the distillate. Run the program and check if the
calculated value of the fractional recovery of A is equal to the specified value. If not try,
another value for fractional recovery of B.

b. Solve the following problem. A feed of 100 mol/h of a saturated liquid that is 25 mol% A, 35
mol% B, and 40 mol% C is fed on the optimum feed plate to a distillation column that has a
total condenser and a partial reboiler. Fractional recoveries of A in the distillate of 0.94 and of
C in the bottoms of 0.995 are desired. The relative volatilities are αAB = 1.4, αBB = 1.0, and
αCB = 0.7. Use an external reflux ratio of L/D = 5.0. Find the optimum feed stage, the total
number of stages, the fractional recovery of B in the distillate, distillate and bottoms flow rates.

c. Plot the profiles for both liquid and vapor mole fractions of the sandwich component.
d. Compositions of trace components will build up in the column if they are sandwich

components. Repeat the sandwich component analysis, but with zA = 0.38, zB = 0.02, and zC =



0.6, L/D = 3.3, 0.99 recovery of A in the distillate, and 0.995 recovery of C in the bottoms.
Calculate the fractional recovery of B, the distillate and bottoms flow rates, the mole fractions
on every stage, the optimum feed stage, and the number of stages.
Note: This problem is challenging because the program is sensitive and fractional recoveries
change as the feed stage is changed.

H5. [VBA required] Including a bubble-point or dew-point calculation on every stage is not
substantially more work once the program for constant relative volatility has been developed.
a. Develop a program for a system with an LK, HK, and HNK (step off stages from the bottom up)

doing a bubble-point calculation on every stage.
b. Use this program to find the optimum feed stage, the total number of stages, distillate and

bottoms flow rates and compositions, and composition and temperature profiles for the
following problem. We wish to separate 100 kmol/h of a saturated liquid feed that is 30 mol%
n-butane, 30 mol% n-pentane, and 40 mol% n-hexane. Column pressure is 14.7 psia. The
fractional recovery of n-butane in the distillate is 0.995, and the fractional recovery of n-
pentane in the bottoms is 0.997. L/D = 8.0. Equation (2-30) and Table 2-3 can be used to
calculate K values.

Chapter 5 Appendix. Spreadsheet Calculations for Ternary Distillation with
Constant Relative Volatility
The spreadsheet results and the VBA program for ternary distillation calculations with constant relative
volatility (Section 5.2.) are shown in Figure 5-A1 and Table 5-A1. If you are not familiar with VBA look
at Appendix B of Chapter 4. The problem solved is to determine the number of stages and the optimum
feed stage for the distillation of 100 mol/h of a saturated liquid feed that is 30 mol% A, 20 mol% B, and
50 mol% C. L/D = 1, and the desired fractional recoveries are B in distillate = 0.99 and C in bottoms =
0.97. Component A = benzene, component B = toluene, and component C = cumene. The constant relative
volatilities with respect to toluene as the reference are αAB = 2.25, αBB = 1.0, and αCB = 0.21. By trial
and error, the optimum feed stage was determined to be the second stage from the top (the total condenser
is not counted as a stage).
The VBA program that goes with this spreadsheet and calculates the values of D, B, L/V, Lbar/Vbar and
everything below these values is given in Table 5-A1. If you want to understand how to use spreadsheets
with VBA, you need to work Problems 5.H1 to 5.H4. Note that the VBA program in Table 5-A1 includes
a number of bells and whistles (e.g., the tests for feed stage too high or reflux ratio too low or
convergence of mass balance based on guess of LNK recovery). These refinements would not normally be
included in a program developed to solve a single problem but are useful if a number of problems will be
solved. The use of a fractional number of stages to estimate bottoms mole fractions to determine the
fractional recovery of the LNK is included to prevent excessive oscillations in the answer when there are
an LK, a sandwich component, and an HK (see Problem 5.H4.).
Figure 5-A1. Spreadsheet results for ternary distillation with constant relative volatilities. Step off

stages from top of column



Table 5-A1. VBA program for ternary distillation with constant relative volatility starting at top of
column

Option Explicit
Sub Ternary_top_down()
' Ternary distillation with constant alpha. Frac recoveries of LK
and HK given.
' There is a LNK present and its frac rec in distillate is
guessed.
 Sheets("Sheet1").Select
 Range("A13", "G120").Clear
' Declare variables
 Dim i, j, feedstage, N As Integer
 Dim alphaAB, alphaBB, alphaCB, F, fracBdist, fracCbot, q, LoverD,
LoverV As Double
 Dim LbaroverVbar, D, B, L, V, Lbar, Vbar, Eqsum, fracAdist As
Double
 Dim xA, xB, xC, yA, yB, yC, zA, zB, zC, xAbot, xBbot, xCbot As
Double
 Dim DxA, DxB, DxC, BxA, BxB, BxC, xAdist, xBdist, xCdist As
Double
 Dim fracAdistcalc, difference, epsilon, df, watch As Double
 Dim xAold, xBold, xCold, frac, xAcalc, xBcalc, xCcalc As Double
'Input data from spreadsheet
 alphaAB = Cells(3, 2).Value
 alphaBB = Cells(3, 4).Value
 alphaCB = Cells(3, 6).Value
 feedstage = Cells(3, 8).Value
 F = Cells(5, 2).Value



 q = Cells(5, 4).Value
 LoverD = Cells(5, 6).Value
 zA = Cells(4, 2).Value
 zB = Cells(4, 4).Value
 zC = Cells(4, 6).Value
 fracBdist = Cells(6, 3).Value
 fracCbot = Cells(6, 6).Value
 fracAdist = Cells(7, 4).Value
 epsilon = Cells(4, 8).Value
 N = Cells(5, 8).Value
 df = Cells(6, 8).Value
' The For loop (most of remainder of program) is to obtain
convergence of guess of
' fractional recovery of A in distillate.
For j = 1 To N
' Calculate compositions and flow rates based on latest calculated
value of frac
' recovery of A in distillate.
 DxA = F * zA * fracAdist
 DxB = F * zB * fracBdist
 DxC = F * zC * (1 - fracCbot)
 BxA = F * zA * (1 - fracAdist)
 BxB = F * zB * (1 - fracBdist)
 BxC = F * zC * fracCbot
 D = DxA + DxB + DxC
 B = BxA + BxB + BxC
 xAdist = DxA / D
 xBdist = DxB / D
 xCdist = DxC / D
 xAbot = BxA / B
 xBbot = BxB / B
 xCbot = BxC / B
 L = LoverD * D
 V = L + D
 LoverV = L / V
 Lbar = L + q * F
 Vbar = Lbar - B
 LbaroverVbar = Lbar / Vbar
' Record values of flowrates and mole fractions on spreadsheet.
 Cells(8, 2) = D
 Cells(8, 4) = B
 Cells(8, 6) = LoverV
 Cells(8, 8) = LbaroverVbar
 Cells(9, 2) = xAdist
 Cells(9, 4) = xBdist
 Cells(9, 6) = xCdist
 Cells(10, 2) = xAbot



 Cells(10, 4) = xBbot
 Cells(10, 6) = xCbot
' initialize (top stage =1) and start loops
 i = 1
 yA = xAdist
 yB = xBdist
 yC = xCdist
' Calculations in enriching section: first equilibrium.
Do While i < feedstage
 Eqsum = (yA / alphaAB) + (yB / alphaBB) + (yC / alphaCB)
 xA = (yA / alphaAB) / Eqsum
 xB = (yB / alphaBB) / Eqsum
 xC = (yC / alphaCB) / Eqsum
' Record values on spreadsheet
 Cells(i + 12, 1).Value = i
 Cells(i + 12, 2).Value = xA
 Cells(i + 12, 3).Value = yA
 Cells(i + 12, 4).Value = xB
 Cells(i + 12, 5).Value = yB
 Cells(i + 12, 6).Value = xC
 Cells(i + 12, 7).Value = yC
' Top operating line
 i = i + 1
 yA = LoverV * xA + (1 - LoverV) * xAdist
 yB = LoverV * xB + (1 - LoverV) * xBdist
 yC = LoverV * xC + (1 - LoverV) * xCdist
Loop
' Calculations in stripping section
Do
' Save values of x from previous stage.
 xAold = xA
 xBold = xB
 xCold = xC
' Equilibrium calculation for x values for current stage number i.
 Eqsum = (yA / alphaAB) + (yB / alphaBB) + (yC / alphaCB)
 xA = (yA / alphaAB) / Eqsum
 xB = (yB / alphaBB) / Eqsum
 xC = (yC / alphaCB) / Eqsum
' Record values on spreadsheet.
 Cells(i + 12, 1).Value = i
 Cells(i + 12, 2).Value = xA
 Cells(i + 12, 3).Value = yA
 Cells(i + 12, 4).Value = xB
 Cells(i + 12, 5).Value = yB
 Cells(i + 12, 6).Value = xC
 Cells(i + 12, 7).Value = yC
' Test for feed stage too high



If xA < 0 Or xB < 0 Or xC < 0 Then
 Cells(i + 13, 3) = "Feed stage too high"
 Exit For
End If
 i = i + 1
' Test for too many stages, which may mean reflux rate is too low.
If i > 100 Then
 Cells(i + 12, 2).Value = "Too many stages"
 Exit For
End If
 yA = (LbaroverVbar * xA) - (LbaroverVbar - 1) * xAbot
 yB = (LbaroverVbar * xB) - (LbaroverVbar - 1) * xBbot
 yC = (LbaroverVbar * xC) - (LbaroverVbar - 1) * xCbot
' Test for calculations being done.
Loop While xC < xCbot
' Fractional recovery of A based on stage-by-stage calculation
with stage
' calculation using fractional stage, which is an approximate
calculation. With very
' few stages this can be inaccurate. In this case adjust L/D so
that frac is close
' either 0 or 1.0.
 frac = (xCbot - xCold) / (xC - xCold)
 xCcalc = xCbot
' Assume that frac calculate for C is also valid for A and B.
 xAcalc = (xA - xAold) * frac + xAold
 xBcalc = (xB - xBold) * frac + xBold
' Calculate new frac recovery of A in distillate from estimated
bottoms calculation.
' Calculation is damped to prevent excessive oscillation.
 fracAdistcalc = 1 - (xAcalc * B) / (F * zA)
 difference = fracAdist - fracAdistcalc
 fracAdist = fracAdist + df * (fracAdistcalc - fracAdist)
' Test if have convergence of fractional recovery of A.
If Abs(difference) < epsilon Then Exit For
Next j
 Cells(i + 14, 1).Value = "Calc frac recovery A in distillate"
 Cells(i + 14, 5).Value = fracAdistcalc
 Cells(i + 14, 6).Value = "j"
 Cells(i + 14, 7).Value = j
' Calculate and record on spreadsheet mass balance results and
error in mass balance.
 Cells(i + 15, 1).Value = "Mass bal: frac, A, B, C at bot, % error
B"
 Cells(i + 16, 1).Value = frac
 Cells(i + 16, 2).Value = xAcalc
 Cells(i + 16, 4).Value = xBcalc



 Cells(i + 16, 6).Value = xCcalc
 watch = (Abs((xBbot - xBcalc) / xBbot)) * 100
 Cells(i + 16, 7).Value = watch
 If watch > 0.05 Then Cells(i + 16, 1).Value = "Mass balance
mismatch"
End Sub



Chapter 6. Exact Calculation Procedures for Multicomponent
Distillation

Since multicomponent calculations are trial and error, it is convenient to do them on a computer. Because
stage-by-stage calculations are restricted to problems where a good first guess of compositions can be
made at some point in the column, matrix methods for multicomponent distillation will be used. These
methods are not restricted to cases where a good guess of compositions can be made.

6.1 Introduction to Matrix Solution for Multicomponent Distillation
Since distillation is a very important separation technique, considerable effort has been spent in devising
better calculation procedures. Details of these procedures are available in a variety of textbooks (Seader
and Henley, 2006; Holland, 1981; King, 1980; Smith, 1963; and Wankat, 1988).
The general behavior of multicomponent distillation columns (see Chapter 5) and the basic mass and
energy balances and equilibrium relationships do not change when different calculation procedures are
used. (The physical operation is unchanged; thus, the basic laws and the results are invariant.) What
different calculation procedures do is rearrange the equations to enhance convergence, particularly when
it is difficult to make a good first guess. The most common approach is to group and solve the equations
by type, not stage by stage. That is, all mass balances for component i are grouped and solved
simultaneously, all energy balances are grouped and solved simultaneously, and so forth. Most of the
equations can conveniently be written in matrix form. Computer routines for solution of these equations
are easily written. The advantage of this approach is that even very difficult problems can be made to
converge.
A convenient set of variables to specify are F, zi, TF, N, NF, p, Treflux, L/D, and D. Multiple feeds can be
specified. This is then a simulation problem with distillate flow rate specified. Because the matrices
require that N and NF be known, for design problems, a good first guess of N and NF must be made (see
Chapter 7), and then a series of simulation problems are solved to find the best design.
In Section 2.7 we looked at solution methods for multicomponent flash distillation. The questions asked in
that section are again pertinent for multicomponent distillation. First, what trial variables should we use?
As noted, because N and NF are required to set up the matrices, in design problems we choose these and
solve a number of simulation problems to find the best design. We select the temperature on every stage Tj
because temperature is needed to calculate K values and enthalpies. We also estimate the overall liquid Lj
and vapor Vj flow rates on every stage because these flow rates are needed to solve the component mass
balances.
Next, we need to decide if we should converge on all the trial variables in a sequential or simultaneous
fashion. Since commercial simulators often allow the user to select either of these approaches, we
consider both sequential and simultaneous approaches. The simultaneous approach is discussed in
Section 6.6.
If we decide to use a sequential approach, we must decide which trial variable to converge on first:
temperatures or flow rates. The answer depends on the type of problem we wish to solve. Distillation
problems, which tend to be narrow boiling, usually converge best if temperature is converged on first.
This method is illustrated in this chapter. Wide-boiling feeds such as flash distillation (Section 2.7) and
absorption and stripping (Chapter 12) tend to converge best if the sum-rates method that converges on
flow rates first is used.



The narrow-boiling or bubble-point procedure used for distillation is shown in Figure 6-1. This
procedure uses the equilibrium (bubble-point) calculations to determine new temperatures. The energy
balance is used to calculate new flow rates. Temperatures are calculated and converged on first, and then
new flow rates are determined. This procedure makes sense, since an accurate first guess of liquid and
vapor flow rates can be made by assuming constant molal overflow (CMO). Thus, temperatures are
calculated using reasonable flow rate values. The energy balances are used last because they require
values for xi,j, yi,j, and Tj.

Figure 6-1. Flowchart for matrix calculation for multicomponent distillation with BP method.

Figure 6-1 is constructed for an ideal system where the Ki depend only on temperature and pressure. If the
Ki depend on compositions, then compositions must be guessed and corrected before doing the
temperature calculation. We will discuss only systems where Ki = Ki(T, p).

6.2 Component Mass Balances in Matrix Form
Amundson and Pontinen (1958) realized that the component mass balance equations for multicomponent
distillation could be put into matrix form with one matrix for each component. To conveniently put the
mass balances in matrix form, renumber the column as shown in Figure 6-2. Stage 1 is the total condenser,
stage 2 is the top stage in the column, stage N-1 is the bottom stage, and the partial reboiler is listed as N.
For a general stage j within the column (Figure 6-3), the mass balance for any component i is

(6-1)



Figure 6-2. Distillation column for matrix analysis

Figure 6-3. General stage in column

The unknown vapor compositions, yi,j and yi.j+1, can be replaced using the equilibrium expressions

(6-2)

where the K values depend on T and p. If we also replace xi,j and xi,j-1 with

(6-3a,b)

where i,j and i,j-1 are the liquid component flow rates, we obtain

(6-4)

For each component, this equation can be written in the general form

(6-5)

The constants Aj, Bj, Cj, and Dj are easily determined by comparing Eqs. (6-4) and (6-5).



(6-6)

Equations (6-4) and (6-5) are valid for all stages in the column, 2 ≤ j ≤ N − 1, and are repeated for each
of the C components. If a stage has no feed, then Fj = Dj = 0.

For a total condenser, the mass balance is

(6-7)

Since x1 = xD, y2 = K2x2 and x1 = 1/L1, this equation becomes

(6-8)

where

(6-9)

Note that only B1 does not follow the general formulas of Eq. (6-6). This occurs because the total
condenser is not an equilibrium contact.
For the reboiler, the mass balance is

(6-10)

Substituting yN = KNxN and N = LNxN = Bxbot, we get

(6-11)

where

(6-12)

In matrix notation, the component mass balance and equilibrium relationship for each component is

(6-13)

This set of simultaneous linear algebraic equations can be solved by inverting the ABC matrix. This can



be done using any standard matrix inversion routine. The particular matrix form shown in Eq. (6-13) is a
tridiagonal matrix, which is particularly easy to invert using the Thomas algorithm (see Table 6-1)
(Lapidus, 1962; King, 1980). Inversion of the ABC matrix allows direct determination of the component
liquid flow rate, lj, leaving each contact. You must construct the ABC matrix and invert it for each of the
components.

Table 6-1. Thomas algorithm for inverting tridiagonal matrices

The A, B, and C terms in Eq. (6-13) must be calculated, but they depend on liquid and vapor flow rates
and temperature (in the K values) on each stage, which we don’t know. To start, guess Lj, Vj, and Tj for
every stage j! For ideal systems the K values can be calculated for each component on every stage. Then
the A, B, and C terms can be calculated for each component on every stage. Inversion of the matrices for
each component gives the li,j. The liquid-component flow rates are correct for the assumed Lj, Vj, and Tj.

6.3 Initial Guesses for Flow Rates and Temperatures
A reasonable first guess for Lj and Vj is to assume CMO. CMO was not assumed in Eqs. (6-1) to (6-13).
With the CMO assumption, we can use overall mass balances to calculate all Lj and Vj.

To start the calculation we need to assume the split for non-key (NK) components. The obvious first
assumption is that all the light non-key (LNK) exits in the distillate so that xLNK,bot = 0 and DxLNK,dist =
FzLNK. And all heavy non-keys (HNK) exit in the bottoms, xHNK,dist = 0 and BxHNK,bot = FzHNK. Now we
can do external mass balances to find all distillate and bottoms compositions and flow rates. This was
illustrated in Chapter 5. Once this is done, we can find L and V in the rectifying section. Since CMO is
assumed,

(6-14)

At the feed stage, q can be estimated from enthalpies as

(6-15)

or q = LF/F can be found from a flash calculation on the feed stream. Then  and  are determined from



balances at the feed stage,

(6-16)

This completes the preliminary calculations for flow rates.
We can estimate the temperature from bubble-point calculations (Section 5.4). Often it is sufficient to do a
bubble-point calculation for the feed and then use this temperature on every stage. A better first guess can
be obtained by estimating the distillate and bottoms compositions (usually NKs do not distribute) and
doing bubble-point calculations for both. Then assume that temperature varies linearly from stage to stage.

6.4 Temperature Convergence
After the first guess and the solution of the matrix equations, the temperature must be corrected. This is
done with bubble-point calculations on each stage.
Now the component flow rates are used to determine liquid mole fractions.

(6-17)

This procedure normalizes the mole fractions on each stage so that they sum to 1.0. Once the mole
fractions have been determined, the new temperatures on each stage are calculated with bubble-point
calculations (Section 5.4), which are illustrated in Example 6-1. To prevent excessive oscillation of
temperatures the change in temperature can be damped,

(6-18)

where df is a damping factor. When df = 1.0, this procedure becomes direct substitution.
The new temperatures are used to calculate new K values (see Figure 6-1) and then new A, B, and C
coefficients for Eq. (6-13). The component mass balance matrices are inverted for all components, and
new li,j are determined. This procedure is continued until the temperature loop has converged, which you
know has occurred when

(6-19)

where εT is the tolerance set for the temperature loop—typically 10–2 to 10–3.

Example 6-1. Matrix and bubble-point calculations

A distillation column with a partial reboiler and a total condenser is separating nC4, nC5, and nC8.
The column has two equilibrium stages (a total of three equilibrium contacts), and feed is a saturated
liquid fed into the bottom stage of the column. The column operates at 2 atm. Feed rate is 1000
kmol/h. zC4 = 0.20, zC5 = 0.35, zC8 = 0.45 (mole fractions). The reflux is a saturated liquid, and L/D =
1.5. The distillate rate is D = 550 kmol/h. Assume CMO. Use the DePriester chart or Eq. (2-30) for K
values. For the first guess, assume that the temperatures on all stages and in the reboiler are equal to



the feed bubble-point temperature. Use a matrix to solve the mass balances. Use bubble-point
calculations for one iteration toward a solution for stage compositions and to predict new
temperatures that could be used for a second iteration. Report the compositions on each stage and in
the reboiler, and the temperature of each stage and the reboiler.

Solution

This is a long and involved problem. The solution will be shown without all the intermediate
calculations.

Start with a bubble-point calculation on the feed, . This converges to T = 60°C at p =
202.6 kPa. The K values are KC4 = 3.00, KC5 = 1.05, KC8 = 0.072.

Next, calculate flow rates
L = (L/D)(D) = (1.5)(550) = 825 kmol/h = L1, L2

V = L + D = 1375 kmol/h = V2, V3, V4

 = L + F = 1825 kmol/h = L3

B = 450 kmol/h = L4

Calculate matrix variables A, B, C, D for each component (see Table 6-2 for n-C4 solution).

Table 6-2. Matrix calculations for Example 6-1 for n-C4



Invert the tridiagonal matrix either with a spreadsheet or the Thomas algorithm (shown here). The
Thomas parameters for each component (see Table 6-2 for n-C4 solution) are:

Calculate component flow rate on each stage for each component (see Table 6-2 for n-C4 solution)
l4 = (V2)4, l3 = (V2)3 − (V3)3 l4

l2 = (V2)2 − (V3)l3, l1 = (V2)1 − (V3)1 l2

The results are:

Calculate normalized values for component flow rates on each stage



See Tables 6-2 and 6-3.
Table 6-3. Summary of calculations after one iteration of Example 6-3

Calculate temperature on each stage with a bubble-point calculation.
Reboiler (j = 4). Converges to T = 103.4°C. Then the vapor mole fractions are

yC4 = (0.02)(6.7) = 0.134, yC5 = (0.243)(2.71) = 0.659,
yC8 = (0.737)(0.281) = 0.207
and Σ yi,4 = 1.00

Other calculations are summarized in Table 6-3.
At this point, we would use these temperatures to determine new K values and then repeat the matrix
calculation and bubble-point calculations. To speed convergence, process simulators use more
advanced methods for determining the next set of temperatures (see Section 6.6). Obviously, with this
amount of effort we would prefer to use a process simulator to solve the problem (see Problem
6.G1). The process simulator results for temperature are generally higher than the temperatures
calculated in this example after one iteration except for Stage 1, which has a calculated temperature
that is too high. Also, since this system does not follow CMO, there is considerable variation in the
flow rates.

6.5 Energy Balances in Matrix Form
After convergence of the temperature loop, the liquid and vapor flow rates, Lj and Vj, can be corrected
using energy balances (see Figure 6-1). For the general stage shown in Figure 6-3, the energy balance is

(6-20)

This equation is for 2 ≤ j ≤ N − 1. The liquid flow rates can be substituted in from a mass balance around
the top of the column:

(6-21a)



(6-21b)

where 2 ≤ j ≤ N − 1.
Substituting Eqs. (6-21a) and (6-21b) into Eq. (6-20) and rearranging, we obtain

(6-22)

For a total condenser since V2 = L1 + D and h1 = hD, the energy balance is

(6-23)

which upon rearrangement is

(6-24)

For the partial reboiler (j=N), the energy balance is

(6-25)

and the overall flow rate can be calculated from,

(6-26)

Substituting Eq. (6-26) into (6-25) and rearranging, we have

(6-27)

If Eqs. (6-22), (6-24), and (6-27) are put in matrix form, we have

(6-28)

This matrix again has a tridiagonal form (with Aj = 0) and can easily be inverted to obtain the vapor flow
rates. The BE and CE coefficients in Eq. (6-28) are easily obtained by comparing Eqs. (6-22), (6-24), and
(6-27) to Eq. (6-28). For j = 1 these values are



(6-29a)

For 2 ≤ j ≤ N − 1

(6-29b)

and for j = N

(6-29c)

The coefficients in Eqs. (6-29) require knowledge of the enthalpies leaving each stage and the Q values.
The enthalpy values can be calculated since all x’s, y’s, and temperatures are known from the component
mass balances and the converged temperature loop. For ideal mixtures, the enthalpies are

(6-30a)

and

(6-30b)

where  and  are the pure component enthalpies.

(6-30c)

(6-30d)

They can be determined from data (for example, see Maxwell, 1950, or Smith, 1963) or from heat
capacities and latent heats of vaporization.
Usually the column is adiabatic. Thus,

(6-31)

The condenser requirement can be determined from balances around the total condenser:

(6-32)

Since D and L/D are specified and hD and H2 can be calculated from Eqs. (6-30), Q1 is easily calculated.
For an adiabatic column, the reboiler heat load can be calculated from an overall energy balance.



(6-33)

Inversion of Eq. (6-28) gives new guesses for all the vapor flow rates. The liquid flow rates can then be
determined from mass balances such as Eqs. (6-21) and (6-26). These new liquid and vapor flow rates
are compared to the values used for the previous convergence of the mass balances and temperature loop.
The check on convergence is, if

(6-34)

for all stages, then the calculation has converged. For computer calculations, an ε of 10−4 or 10−5 is
appropriate.
If the problem has not converged, the new values for Lj and Vj must be used in the mass balance and
temperature loop (see Figure 6-1). Direct substitution is the easiest approach. That is, use the Lj and Vj
values just calculated for the next trial.
When Eqs. (6-34) are satisfied, the calculation is finished. This is true because the mass balances,
equilibrium relationships, and energy balance have all been satisfied. The solution gives the liquid and
vapor mole fractions and flow rates and the temperature on each stage and in the products.

6.6 Introduction to Naphtali-Sandholm Simultaneous Convergence Method
One of the more robust methods for solution of multicomponent distillation and absorption problems was
developed in a classic paper by Naphtali and Sandholm (1971). This method is available in many
commercial simulators. Naphtali and Sandholm developed a linearized Newtonian method to solve all the
equations for multicomponent distillation simultaneously.
The Newtonian procedure outlined in Eqs. (2-51) to (2-57) for the energy balance for flash distillation
can be considered a simplified version of the method used by Naphtali and Sandholm. I recommend that
students reread that material before proceeding.
To develop a simultaneous Newtonian procedure for multicomponent distillation, Naphtali and Sandholm
(1971) first wrote the N(2C + 1) equations and variables consisting of component mass balances
[essentially Eq. (6-13) but without substitution of the equilibrium K values for yi], the energy balances
[essentially Eq. (6-28)], and equilibrium relationships including Murphree vapor efficiencies in
functional matrix form. Their procedure is illustrated for the energy balance. Essentially, the functional
matrix form for Eq. (6-28) is

(6-35)

Unfortunately, when one first starts the calculation with the initial guesses for all temperatures, vapor, and
liquid flow rates, the energy balance, component mass balance, and equilibrium functions will not equal
zero. The Newtonian method is used to develop new values for the variables to calculate enthalpies and
K values. To use the Newtonian method, Naphtali and Sandholm developed derivatives for the changes in
all variables. Note that the energy balance (and component mass balances and equilibrium relationships)
on plate j depend only on the variables on plates j-1, j and j+1. For the energy balance (EB) function on



plate j, the derivatives with respect to the variables on plate j-1 are

(6-36)

where vj–1,i = Vj–1 yj–1,i. The derivatives for EB on plate j with respect to the variables on plate j are

(6-37)

And the derivatives for the EB function on plate j with respect to the variables on plate j+1 are

(6-38)

These equations extend Eq. (2-54), developed for multicomponent flash distillation, to multicomponent
column distillation.
The next value for every variable is the old value plus the calculated correction. For example, for
temperature on stage j, the value for the next trial is

(6-39)

where the correction ΔTj is determined from the Newtonian approximation

(6-40)

where [Fold ] is the combined matrix of all functions (energy balance, component mass balances, and
equilibrium) and [(dF/dT)old ] is the combined matrix of all the derivatives, since temperature affects all
of these functions. Equation (6-40) is an extension of Eq. (2-55) to a multistage distillation with multiple
variables. This procedure is followed for every variable (Tj, vj, lj on every stage j) to obtain new values
for each variable. These new values are used in the next trial to calculate the values of the energy
balance, component mass balance, and equilibrium functions. These functions should all have a value of
zero, and their differences from zero are the discrepancies in the answer. The convergence check is that
the sum of squares of the discrepancies is less than some tolerance such as 10−7.

6.7 Discussion
All of the methods for solving multicomponent distillation and absorption problems have weaknesses.



The bubble-point method works well for narrow-boiling feeds, but is inherently unstable for wide boiling
feeds. The sum-rates method (Chapter 12) works well for wide-boiling feeds such as most absorbers but
is unstable for narrow-boiling feeds. The Naphtali-Sandholm approach often works well for both narrow-
and wide-boiling feeds, but Newtonian methods are notorious for diverging for nonlinear problems if the
first guess is not close to the final answer. Since distillation problems can be extremely nonlinear, the
first guess can be very important for all of these methods. If a good first guess is difficult to find, try
finding a simpler set of conditions where convergence does occur (e.g., fewer stages or larger L/D) and
then approach the desired condition by slowly changing the values of the variables. Since commercial
simulators use the previous run as an initial guess for the current run, this method should make the initial
guess closer to the answer, which means convergence is more likely.
A number of methods to make the convergence schemes more stable have been developed and are
employed in commercial process simulators. As a result, commercial simulators are quite robust,
particularly if an appropriate method (bubble-point, sum-rates or Naphtali-Sandholm) is chosen and a
good first guess has been used, although they occasionally still have difficulty converging. When there is a
convergence difficulty, first check that the basic solution approach chosen appears to be appropriate.
Then try increasing the number of iterations allowed. If this does not work, try reducing the tolerance on
convergence. Finally, most simulators have a number of options to make convergence more stable, such as
damping the predicted change in variables, and these options can be tried. With a combination of these
approaches, almost all equilibrium-staged multicomponent distillation problems can be solved. This is
one of the great advances in chemical engineering in the last 100 years. Rate-based models for distillation
are considered in Chapters 15 and 16.
The matrix approach is easily adapted to partial condensers and to columns with side streams (see
Problems 6.C2 and 6.C1). The approach will converge for normal distillation problems. Extension to
more complex problems such as azeotropic and extractive distillation or very wide boiling feeds is
beyond the scope of this book; however, these problems will be solved with a process simulator.
In some ways, the most difficult part of writing a multicomponent distillation program has not been
discussed. This is the development of a physical properties package that will accurately predict
equilibrium and enthalpy relationships (Barnicki, 2002; Carlson, 1996; Sadeq et al., 1997; Schad, 1998).
Sadaq et al. (1997) compared three process simulators and found that relatively small differences in the
parameters and in the VLE correlation can cause major errors in the results. Fortunately, a considerable
amount of research has been done (see Table 2-2 and Fredenslund et al., 1977; and Walas, 1985) to
develop accurate physical property correlations. Very detailed physical properties packages can be
purchased commercially and are included in the commercial process simulators.
Most companies using distillation have available computer programs using one of the advanced
calculation procedures. Several software and design companies sell these programs. The typical engineer
will use these routines and not go to the large amount of effort required to write his or her own routine.
However, an understanding of the expected profiles and the basic mass and energy balances in the column
can be very useful in interpreting the computer output and in determining when that output is garbage.
Thus, it is important to understand the principles of distillation calculations even though the details of the
computer program may not be understood.

6.8 Summary—Objectives
In this chapter we have developed methods for multicomponent distillation. The objectives for this
chapter are as follows:
1. Use a matrix approach to solve the multicomponent mass balances



2. Use bubble-point calculations to determine new temperatures on each stage
3. Use a matrix approach to solve the energy balances for new flow rates.
4. Explain the difference between the bubble-point and Naphtali-Sandholm methods
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Homework
A. Discussion Problems

A1. In the matrix approach, we assumed K = K(T, p). How would the flowchart in Figure 6-1 change
if K = K(T, p, xi)?

A2. The method described in this chapter is a simulation method because the number of stages and the
feed and withdrawal locations must all be specified. How do you determine the optimum feed
stage?

A3. Develop your key relations chart for this chapter.
A4. In a multicomponent simulation program for distillation the loops are nested. The outermost loop

is mole fractions, next is flow rates and the innermost loop is temperature.
1. Mole fractions are the outermost loop because,

a. Many distillation problems can be done without this loop.
b. Changing mole fractions often do not have a major effect on K values.



c. Mole fractions have a major impact on K values only for systems with complex equilibrium
behavior.

d. All of the above.
2. The temperature loop is done before the flow rate loop because,

a. Temperatures cannot be constant in distillation.
b. Flow rates are often very close to constant in each section of the column.
c. A very good guess of flow rates can be made.
d. All of the above.

3. A good initial guess of the flow rates is to
a. Assume CMO.
b. Assume liquid and vapor flow rates are constant throughout the column.
c. Use a bubble-point calculation at the top and bottom of the column.

4. For a good initial guess of temperatures,
a. Assume CMO.
b. Use any arbitrary temperature.
c. Use a bubble-point calculation at the top and bottom of the column.

5. The mass balances are solved by developing a matrix that is then inverted. The matrix allows
one to have feed at,
a. Only one location in the column.
b. Two locations in the column.
c. Any stage within the column, but not the condenser and not the reboiler.
d. Any stage in the column, plus the reboiler and the condenser.

A5. The method described in this chapter is a simulation method because the number of stages and the
feed and withdrawal locations must all be specified. How do you determine if you have enough
stages for a design problem?

C. Derivations
C1. Suppose there is a liquid side stream of composition xj and flow rate Sj removed from stage j in

Figure 6-3.
a. Derive the mass balance Eqs. (6-4) to (6-6) for this modified column.
b. Develop new energy balance equations. Derive new coefficients for Eq. (6-29b).

C2. Derive the mass balance expression for the matrix approach if there is a partial condenser instead
of a total condenser. Replace Eqs. (6-7) to (6-9).

C3. Show that the sum from i = 1 to C of the xi,j in Eq. (6-17) = 1.0.

D. Problems
*Answers to problems with an asterisk are at the back of the book.

D1. For the first trial of Example 6-1 determine the component matrix for n-pentane and then use the
Thomas algorithm to find the n-pentane liquid flow rates leaving each stage. Compare your n-
pentane flow rates with the values reported in Example 6-1.

D2. We are separating a mixture of ethane, propane, n-butane and n-pentane in a distillation column



operating at 5.0 atm. The column has a total condenser and a partial reboiler. The feed flow rate is
1000 kmol/h. The feed is a saturated liquid. Feed is 8.0 mol% ethane, 33.0 mol% propane, 49.0
mol% n-butane and 10.0 mol% n-pentane. The column has 4 equilibrium stages plus the partial
reboiler, which is an equilibrium contact. Feed is on 2nd stage below total condenser. Reflux
ratio L0/D = 2.5. Distillate flow rate D = 410 kmoles/hr. Develop the mass balance and
equilibrium matrix (Eq. 6-13) with numerical values for each element (Aj, Bj, Cj, and Dj). Do this
for your first guess: Tj = bubble-point temperature of feed (use same temperature for all stages); K
values are from DePriester chart; L and V are CMO values. Do the matrix for propane only.

D3. Do the matrix for n-butane for Problem 6.D2.
D4. A distillation column is separating 100 kmol/h of a saturated liquid feed that is 30 mol%

methanol, 25 mol% ethanol, 35 mol% n-propanol, and 10 mol% n-butanol at a pressure of 1.0
atm. The column has a total condenser and a partial reboiler. We want a 98.6% recovery of i-
propanol in the distillate and 99.2% recovery of n-propanol in the bottoms (but realize that this
first trial will not provide this amount of separation). Operation is with L/D = 5, D = 60, N = 4,
and Nfeed = 3 (#1 = total condenser and #4 = partial reboiler), set up the mass balance matrix Eq.
(6-13) for the first trial for n-butanol, and then solve. This is a hand calculation.
a. Use CMO to estimate liquid and vapor flow rates in the column for the first trial. Report these

flow rates.
b. For a first guess of K values, assume the K values in the column are constant and equal to those

found in a bubble-point calculation for the feed. The Knp values are (y/x)np where ynp and xnp
are from the bubble-point calculation with constant alpha, Eq. (5-30). The other Ki = αi Knp.

c. Calculate all the A, B, C, and D values (but for n-butanol only) and write the complete matrix.
d. Solve the n-butanol matrix using the Thomas algorithm and find the n-butanol flow rates lj,n-

butanol leaving each stage.
e. The T implicitly used in the calculation to find the K values is the bubble-point temperature of

the feed. To determine T, first calculate the K value for n-propanol as (y/x)n-propanol where y and
x are found from the constant relative volatility solution for the bubble-point. Then use Raoult’s
law to find the T that gives this K value. Report this T.
Do not do additional trials.

System properties: If we choose n-propanol as the reference, the relative volatilities are methanol
= 3.58, ethanol = 2.17, n-propanol = 1.0, and n-butanol = 0.412. These relative volatilities can be
assumed to be constant. The K value for n-propanol can be estimated from Raoult’s law. The
vapor pressure data for n-propanol from Perry’s is:

F. Problems Requiring Other Resources
F1.* A distillation column with two stages plus a partial reboiler and a partial condenser is separating

benzene, toluene, and xylene. Feed rate is 100 kmol/h, and feed is a saturated vapor introduced on
the bottom stage of the column. Feed compositions (mole fractions) are zB = 0.35, zT = 0.40, zX =
0.25. Reflux is a saturated liquid and p = 16 psia. A distillate flow rate of D = 30 kmol/h is
desired. Assume Ki = VPi/p. Do not assume constant relative volatility, but do assume CMO. Use
the matrix approach to solve mass balances and the bubble-point method for temperature



convergence. For the first guess for temperature, assume that all stages are at the dew-point
temperature of the feed. Do only one iteration. See Problem 6.C2 for handling the partial
condenser.

G. Computer Simulation Problems
G1. Use a process simulator to completely solve Example 6-1. Do not assume CMO. Compare

temperature and mole fractions on each stage to the values obtained in Example 6-1 after one trial.
G2. You have an ordinary distillation column separating ethane, propane, and n-butane. The feed rate

is 100 kmol/h and is a saturated liquid at 10.0 atm. The mole fractions in the feed are ethane = 0.2,
propane = 0.35, and n-butane = 0.45. The column has 28 equilibrium stages and the feed is input
on stage 8 in the column (counting from the top down). The feed is input above the stage. The
column pressure is 10.0 atm. and can be considered to be constant. The column has a total
condenser and a kettle type reboiler. The external reflux ratio L/D = 2.0 and the distillate flow
rate is set at D = 55.0 kmol/h. Use a process simulator to simulate this system and answer the
following questions:
1. What VLE package did you use?

Explain why you chose this package.
2. Report the following values:

Temperature of condenser = _________ °C
Temperature of reboiler = _________ °C
Distillate product mole fractions ___________________________________________
Bottoms product mole fractions ___________________________________________

3. Was the specified feed stage the optimum feed stage? Yes No
If no, the feed stage should be: a. closer to the condenser, or b. closer to the reboiler.
Note: Just do the minimum number of simulations to answer these questions. Do not optimize.

4. Which tray gives the largest column diameter (in meters) with sieve trays when one uses the
originally specified feed stage? Tray #_______ Diameter = ______________ [In Aspen Plus:
Use one pass, tray spacing (0.6096 m), minimum downcomer area (0.10), foaming factor (1),
and over design factor (1). Set the fractional approach to flooding at 0.7. Use the Fair design
method for flooding.]

5. Which components in the original problem are the key components?
6. Change one specification in the operating conditions (keep original number of stages, feed

location, feed flow, feed composition, feed pressure, feed temperature/fraction vaporized
constant) to make ethane the light key and propane the heavy key.
What operating parameter did you change, and what is its new value?______________
Temperature of condenser = _________ °C
Temperature of reboiler = _________ °C
Distillate product mole fractions ___________________________________________
Bottoms product mole fractions ___________________________________________

G3. Use a process simulator to simulate the separation of a mixture that is 0.25 mole fraction
methanol, 0.30 mole fraction ethanol and 0.45 mole fraction n-propanol in a series of two
distillation columns. The feed rate is 100 kmol/h and the feed is at 50°C and 1.0 atm. The feed
goes to the first column, which has 22 equilibrium stages, a total condenser, and a kettle reboiler;



on (above) stage 11 below the condenser. The distillate from this column, containing mainly
methanol and ethanol is fed to the second column. Set the D value to 55.0. Vary L/D in the first
column to achieve a 0.990 or better split fraction of ethanol in the distillate and a 0.990 or better
split fraction of n-propanol in the bottoms. Vary L/D by increments of 0.1 (e.g., L/D = 0.8, 0.9,
1.0, and so forth) until you find the lowest L/D that gives the desired separation. (You can start
with any L/D value you wish.) Both columns are at 1.0 atm pressure. Use the Wilson VLE
package.
For column 1 report the following:
a. Final value of L/D ___________________________
b. Split fractions of ethanol (distillate)_________and n-propanol (bottoms) __________
c. Mole fractions in bottoms _____________________________________________
d. Mole fractions in distillate _____________________________________________
The second column receives the distillate from column 1 as a saturated liquid feed at one atm.
pressure. The second column is at 1.0 atm pressure and operates with D = 25.0 and L/D = 4.0. It
has a total condenser and a kettle reboiler. There are 34 equilibrium stages in the column. Find the
optimum feed stage location. For column 2 report the following:
a. Optimum feed location in the column ___________________________
b. Mole fractions in bottoms ____________________________________________
c. Mole fractions in distillate ___________________________________________

G4. You have an ordinary, single feed distillation column separating benzene, toluene, and biphenyl
(C12H10, also called diphenyl). There are 15 trays in column and feed location in column is tray 9
(input above stage), reflux ratio is 1.1, pressure is 1.5 atm (operate column at constant pressure),
total condenser with saturated liquid reflux, kettle type reboiler, feed flow rate is 200 kmol/h,
feed mole fractions: benzene = 0.2, toluene = 0.65, and biphenyl = 0.15; feed pressure is 1.5 atm,
feed temperature is 100°C, D = 170 kmol/h, adiabatic column, and use the Peng-Robinson VLE
package. Open a new blank file, simulate this system with RADFRAC, and answer the following
questions:
1. Report the following values:

Temperature of condenser = _________ K, temperature of reboiler = _________ K
Qcondenser = ________________ cal/sec, Qreboiler = _____________________ cal/sec
Distillate product mole fractions: ___________________________________________
Bottoms product mole fractions: ___________________________________________

2. Was the specified feed stage the optimum feed stage? Yes No
If no, the feed stage should be: a. closer to the condenser, b. closer to the reboiler. (Note: Do
minimum number of simulations to answer these questions. Do not optimize.)

3. Which tray gives the largest column diameter with sieve trays when one uses the originally
specified feed stage? Aspen Tray #__________
Column diameter = ____________ meters
[Use the default values for number of passes (1), tray spacing (0.6096 m), minimum downcomer
area (0.10), foaming factor (1), and over design factor (1). Set the fractional approach to
flooding at 0.65. Use the Fair design method for flooding.]

4. Which components in the original problem are the key components (label light and heavy keys)?



___________________________________________________________
5. Change one specification in the operating conditions (keep N, feed location, feed flow, feed

composition, feed pressure, feed temperature or fraction vaporized constant) to make benzene
the light key and toluene the heavy key. Also increase the reflux ratio to 4.0.
What operating parameter did you change (not including the reflux ratio), and what is its new
value? ______________
Temperature of condenser = _________ K, temperature of reboiler = _________ K
Distillate product mole fractions: ___________________________________________
Bottoms product mole fractions: ___________________________________________

G5. You have an ordinary, single feed distillation column separating benzene, toluene, cumene, p-
xylene (the last one is para xylene, C8H10). There are 23 trays in column and feed location in
column is tray 12 (input above stage), reflux ratio is 4.0, pressure is 3.0 atm (operate column at
constant pressure), total condenser with saturated liquid reflux, kettle type reboiler, feed flow rate
is 400 kmol/h, feed mole fractions: benzene = 0.2, toluene = 0.45, p-xylene = 0.35, feed pressure
is 3.0 atm, feed temperature is 100°C, D = 80 kmol/h, adiabatic column, and use the Peng-
Robinson VLE package. Open a new blank file, simulate this system with RADFRAC, and answer
the following questions:
1. Report the following values:

Temperature of condenser = _________ K, temperature of reboiler = _________ K
Qcondenser = ________________ cal/sec, Qreboiler = _____________________ cal/sec
Distillate product mole fractions: ___________________________________________
Bottoms product mole fractions: ___________________________________________

2. Was the specified feed stage the optimum feed stage? Yes No
If no, the feed stage should be: a. closer to the condenser, b. closer to the reboiler. (Note: Do
minimum number of simulations to answer these questions. Do not optimize.)

3. Which tray gives the largest column diameter with sieve trays when one uses the originally
specified feed stage? Aspen Tray #__________ Column diameter = ____________ meters
[Use the default values for number of passes (1), tray spacing (0.6096 m), minimum downcomer
area (0.10), foaming factor (1), and over design factor (1). Set the fractional approach to
flooding at 0.7. Use the Fair design method for flooding.]

4. Which components in the original problem are the key components (label light and heavy keys)?
___________________________________________________________

5. Change one specification in the operating conditions (keep N, feed location, feed flow, feed
composition, feed pressure, feed temperature or fraction vaporized constant) to make toluene the
light key and p-xylene the heavy key.
What operating parameter did you change, and what is its new value? ____________
Temperature of condenser = _________ K, temperature of reboiler = _________ K
Distillate product mole fractions: ___________________________________________
Bottoms product mole fractions: ___________________________________________

G6. A distillation column with a partial condenser and a partial reboiler is separating 1500 kmol/h of
a feed that is 10 mol% ethane, 30 mol% n-butane, and 60 mol% n-pentane. The feed is a saturated
liquid at 8.1 atm. The column operates at a constant pressure of 8.0 atm. The distillate is



withdrawn as a saturated vapor. In Aspen notation N = 40 and the feed is “on stage” 25. In an
attempt to obtain close to three pure products, a sidestream is withdrawn between the partial
condenser and the feed stage. We want a 99.9 % recovery of n-pentane in the bottoms (split
fraction in bottoms stream > 0.999). Note: Setting Standard Convergence on the RADFRAC Block
setup may have convergence problems. If this occurs, change convergence to Petroleum/Wide-
boiling. Report the VLE correlation used.
a. Set distillate flow rate D = 150 kmol/h and side withdrawal flow rate S = 450 kmol/h (these

are appropriate values if the separation is perfect—although the separation is not and cannot be
perfect). Put the side withdrawal on stage 12 and make it a liquid. Increase the reflux ratio until
the mole fraction of ethane in the distillate is > 0.98 (remember that distillate is a vapor, so look
at y values. You do not have to be exactly at 0.980. The reflux ratio will be high). Report the
reflux ratio.

b. To improve the ethane mole fraction in the distillate to > 0.99, first try increasing the reflux
ratio. Find the value necessary and report this reflux ratio.

c. The reflux ratio required for part b is rather high. Reduce the reflux ratio to 20. Now set D =
150 − Δ and S = 450 + Δ. Find the Δ value that gives ethane mole fraction in the distillate to >
0.99. Report D, S, and mole fractions in the three products. The reason reducing D and
increasing S works is that there must be some ethane in the sidestream, since the liquid in the
sidestream is in equilibrium with the upward-flowing vapor that carries ethane to the distillate.
Thus, not all of the sidestream is n-butane, but our original values for D and S assumed it was
pure n-butane. Since there is ethane in the sidestream, the value of D = 150 is too large, which
forces some n-butane up into the distillate. Report D, S, and the mole fractions in the three
products.

d. Keeping everything the same as in part c, change the sidestream to a vapor and run again.
Report the mole fractions of the three products (remember to use y values for the sidestream).
Why is the separation significantly worse than with a liquid sidestream?

e. We could also put the sidestream below the feed stage (in this case the feed stage would be
closer to the condenser). However, this configuration will not work as well for this separation.
Why not?

G7. You have an ordinary, single feed distillation column separating methanol, ethanol, n-propanol,
and n-butanol. There are 24 trays in column and feed location in column is tray 14 (input above
stage), boilup ratio is 4.0, pressure is 3.0 atm (operate column at constant pressure), total
condenser with saturated liquid reflux, kettle type reboiler, feed flow rate is 200 kmol/h, feed
mole fractions: methanol = 0.30; ethanol = 0.20, n-propanol = 0.25, and n-butanol = 0.25, feed
pressure is 3.0 atm, feed temperature is 50.0°C, D = 100 kmol/h, adiabatic column, and use the
NRTL VLE package. Open a new blank file, simulate this system with RADFRAC, and answer the
following questions:
1. Report the following values:

Temperature of condenser = _________ K, temperature of reboiler = _________ K
Qcondenser = ________________cal/sec, Qreboiler = _____________________cal/sec
Distillate product mole fractions: ___________________________________________
Bottoms product mole fractions: ___________________________________________

2. Was the specified feed stage the optimum feed stage? Yes No
If no, the feed stage should be: a. closer to the condenser, b. closer to the reboiler.



(Note: Do minimum number of simulations to answer these questions. Do not optimize.)
3. Which tray gives the largest column diameter with sieve trays when one uses the originally

specified feed stage? Aspen Tray #__________ Column diameter = ____________ meters
[Use the default values for number of passes (1), tray spacing (0.6096 m), minimum downcomer
area (0.10), foaming factor (1), and over design factor (1). Set the fractional approach to
flooding at 0.7. Use the Fair design method for flooding.]

4. Which components in the original problem are the key components (label light and heavy keys)?
___________________________________________________________

5. Change one specification in the operating conditions (keep N, feed location, feed flow, feed
composition, feed pressure, feed temperature or fraction vaporized constant) to make methanol
the light key and ethanol the heavy key.
What operating parameter did you change, and what is its new value? _________
Temperature of condenser = ________ K, temperature of reboiler = ________ K
Distillate product mole fractions: ___________________________________________
Bottoms product mole fractions: ___________________________________________

Chapter 6 Appendix. Computer Simulations for Multicomponent Column
Distillation
Lab 4. The methods to start the process simulator are discussed in Labs 1 and 2 (appendix to Chapter 2)
and specific directions for distillation are discussed in Lab 3 (appendix to Chapter 4).
I. Multicomponent distillation. Aspen Plus uses the same calculation methods for binary and

multicomponent distillation, but there are some differences. Draw a distillation column with a partial
condenser using RADFRAC. To do this, take a vapor distillate product instead of a liquid distillate
product. Then in the Block for the column, choose the following from the menu: Calculation Type:
Equilibrium, Number of Stages: 40 (this is initial setting only), Condenser: Partial-Vapor, Reboiler:
Kettle, Valid Phases: Vapor-Liquid, Convergence: Standard. If you get an error message in part 1a,
chances are you have a liquid distillate in the drawing and are trying to take a vapor distillate product
(that is what Condenser: Partial-Vapor requires). Redraw your column with a vapor distillate stream.
The following system converges and allows you to explore the effect of many variables. The feed
consists of: n-butane, 20.0 kmol/h, n-pentane, 30.0 kmol/h, and n-hexane, 50.0 kmol/h. Pick an
appropriate VLE package to use and check the equilibrium predictions (e.g., K values should be
reasonably close to predictions made with the DePriester chart—but note that the correlation should
be more accurate than the DePriester charts). In part 1a use a saturated vapor feed at 1 bar. Initially try
a column pressure of 1 bar. A column with 40 stages with the feed on number 20 and L/D = 3 are more
than sufficient for this separation.

a. Adjust the column settings to make the butane and pentane exit from the top of the column and the
hexane from the bottom. This can be done by setting D (or equivalently B) so that an external mass
balance will be satisfied if a perfect split is achieved (e.g., butane recovery in distillate of 100%,
pentane recovery in distillate of 100% and hexane recovery in bottoms of 100%). Note the
compositions and temperatures of the distillate and bottoms. Check the heat loads in the condenser
and reboiler.

b. Change the settings so that the butane exits the top and the pentane and hexane the bottoms. (Change D
or B to do this.) Under these conditions you should get an error message that the column dried up.
Change the feed to a saturated liquid feed (V/F = 0 in feed), reinitialize (in tool bar click on Run and



scroll down to Reinitialize. Click on OK to messages) and run again.
c. Try an intermediate cut where butane exits from the top, hexane from the bottom, and pentane

distributes between the top and bottoms. (Change D or B.) Do with saturated liquid feed. Compare
QC and QR in runs b (V/F = 0) and c. Explain.

d. Continue item b with V/F = 0. Find the total number of stages and the optimum feed location if we
want butane mole fraction in the bottoms to be just less than 1.0 E –3 and pentane mole fraction in the
distillate to be just less than 1.0 E –3. This calculation is trial and error with a simulation program
(commercial simulators have a “design” option that will do this trial-and-error process for you, but it
should not be used until you have a firm grasp of distillation). In the “Results Summary” Browser
accurate values for the distillate and bottoms compositions can be found in the section titled
Compositions. Use the menu bar to switch to “Liquid.” Use the other menu bar for mole units. Since
Aspen Plus calls the partial condenser #1, the vapor composition leaving stage 1 is the distillate, and
the last liquid mole fraction is the bottoms. Is it more difficult to meet the C4 or the C5 requirement?

e. Look at your condenser and reboiler temperatures (continuing item d). The condenser temperature is
low enough that refrigeration is needed. This is expensive. To prevent this, raise the column pressure
until the condenser temperature is high enough that cooling water can be used for condensation. (The
appropriate value depends on the plant location. Use a cooling water temperature appropriate for
your location and add 5°C for ΔT in the heat exchanger.) Changing the pressure changes the VLE.
Check to see if you still have the desired separation. If not, find the new values for optimum feed and
total number of stages to obtain the desired mole fractions. Note: Be sure to also raise your feed
pressure so that it is equal to the column pressure. Why are more stages required at the higher P?

f. Try different values for L/D or boilup ratio. See how this affects the separation. Try using different
operating specifications in RADFRAC.

g. Now, try a different feed temperature. For example, try a feed at 30°C. Look at how reboiler and
condenser heat loads change and compare to run 1e. Try changing the feed composition. (Remember
to change D or B to satisfy mass balances.)

h. Try a different feed flow rate (but same concentrations and fraction vapor) at conditions that you
optimized previously. The number of stages, optimum feed location and separation achieved should
not change. The heat requirements will be different, as will outlet flow rates. Compare QR/(Feed
rate) for the two runs. What does this say about the design of distillation for different flow rates?

i. Change the column configuration and have a liquid distillate product or two feeds. This will require
redrawing your flowsheet. Compare results to 1e, but remember distillate is a liquid.

j. On the menu bar, click on Tools, then Analysis, then Property and then on Residue. Then click on Go.
This gives a residue curve for your chemical system. A residue curve shows the path that a batch
distillation will follow for any starting condition. The absence of nodes and azeotropes for this
nearly ideal chemical system shows that the designer can obtain either the lightest or the heaviest
species as pure products for any feed concentration. This is not true when there are azeotropes. (This
topic is covered in detail in Chapter 8.)

II. (Optional) Try a more complicated chemical system such as methanol-ethanol-water at 1 atm (use
NRTL-2 for VLE). Look at the residue curve map. Expand the size of the map and look for the ethanol-
water azeotrope (where one of the curves intersects the side of the triangle running from ethanol to
water). Try a distillation with this system.

Feel free to further explore Aspen Plus on your own.
Lab 5. In this lab we continue to use RADFRAC to explore distillation in more detail and to learn more



about the capabilities of Aspen Plus. For parts I, II, III, and IV use the following feed: 100 kmol/h at
20°C. Mole fractions of components are: ethane 0.091, ethylene 0.034, propane, 0.322, propylene 0.064,
n-butane 0.413, n-pentane 0.057, n-hexane 0.019. Use Peng-Robinson for VLE. Pressure of feed should be
0.1 atm above that of column. The column has a total condenser and a partial reboiler. There is a single
feed, a liquid distillate and a liquid bottoms. Draw the flowsheet and input all data. Then save the file.
For part I record the mole fractions of butane in distillate and propane in bottoms. Record the
temperatures, and the K values for butane and propane in reboiler and condenser.
I. Pressure effects—temperatures.

a. Suppose we want to split between the C3 and the C4 components. Set D = 51.1 kmoles/hr (Why is
this value selected?), p = 1 atm., N = 30 (includes reboiler and condenser), Nfeed = 15 (on stage),
L/D = 2. Report distillate and bottoms purities and condenser and reboiler temperatures.

b. Repeat run Ia but at p = 10 atm. Same report as part a.
c. Since cooling water is much cheaper than refrigeration, we want to operate with the condenser at a

temperature that is high enough that cooling water can be used. Assume the minimum temperature is
30°C (25°C cooling water plus 5°C approach in heat exchanger). Have we satisfied this for either
run? If not, what pressure is necessary? Try 20 atmospheres and go down.

Reduction in pressure is used if the reboiler temperature would be too high or if there is excessive
thermal degradation.

II. Pressure effects—Changing split. Suppose we want to split between the C2 and the C3 compounds
(ethane and ethylene are in distillate and everything else in bottoms). Change the value for distillate
flow rate in Aspen Plus to achieve this. Operate at pressure of 15 atmospheres. Use the same settings
as previously. Run Aspen Plus. Compare the temperature in the condenser to the temperature in run I.c.
(also at 15 atm). What can you conclude? Report distillate and bottoms mole fractions and
temperatures.

III. Pressure effects—column diameter. Aspen Plus will size the column diameter and set-up the tray
dimensions. Click on Data (toolbar) and then Blocks. In the Data Browser open up the block that is
your distillation column (click on the box with the + in it). Then click on the file “Tray Sizing.” Click
on New (or Edit if you have previously set this up) and OK for section 1. Section 1 can be the entire
system—stages 2 to 29 (remember that Aspen Plus calls the condenser 1 and the reboiler 30). You
want 1 pass (the default) and for tray type use the menu to specify “sieve.” For tray spacing 2 feet (or
the default) is OK. Use the default value for hole area/tray area. Then click on the tab for Design.
Fractional approach to flooding should be in range 0.75 to 0.85—use 0.75. For minimum downcomer
area, the default value of 0.1 is good for larger columns. Use 0.15 here. The default values for foaming
and overdesign (1) are both fine. Use the menu to select the “Fair” method for flooding design (this is
the procedure used in Chapter 10).

Now run the design (for Ia, D = 51.1) at pressures of 0.25, 1.0, 4.0 and 16.0 atm with constant feed
pressure 16.1 atm. If convergence is a problem in the Column Block Configuration tab, change
Convergence from Standard to Petroleum/Wide-boiling. Look at the column diameter and other new
information now included in the results. What is the effect of increasing column pressure on column
diameter? This result is explained in Chapter 10. Note: Do Part IV at the same time as Part III. Report
the largest column diameter for each pressure.
Save the file. Feel free to explore the other possible alternatives in the Data Browser when the
distillation block is open. If you have time, look at Convergence and Tray Rating. Downcomer backup
(under profiles in tray rating) is useful. We will look at Efficiency in section VI below.

IV. Pressure effects—VLE changes and changes in separation.



Using the K-value results in Aspen Plus, calculate and report the relative volatility of propane-butane
(Kpropane/Kbutane) in both reboiler and condenser at pressures of 0.25, 1.0, 4.0 and 16.0 atmospheres
for the runs in Ia. At the condenser, what is the trend of relative volatility of propane-butane as the
pressure is raised? Is the general trend similar in the reboiler? Do the trend results agree with the
predictions from the DePriester charts?

V. Pressure effects—Azeotropes. Switch the system to isopropanol and water. Use NRTL or NRTL-2 as
the VLE package. We want to look at the analysis at different pressures. To do this, you need to set up
a column (dimensions and so forth are arbitrary). Run the simulation so that Aspen Plus will let you
use Analysis. Look at the T-y,x and y,x diagrams at p = 1.0 atm, p = 10.0 atm, and p = 0.1 atm. Notice
how the concentration of the azeotrope shifts. (In the Binary Analysis Results Table the azeotrope
occurs when Ki-p = 1.000. Record the azeotrope mole fractions). This shift may be large enough to
develop a process to separate azeotropic mixtures (see Chapter 8).

VI. Tray Efficiencies. Switch to the ethanol-water system using NRTL as the VLE package. Make the
feed 60 mole% water and 40 mol% ethanol, 100 kmol/h, saturated liquid at 1 atm. Column has a total
condenser and a partial reboiler. Set N = 15, Nfeed = 10, on stage. D = 44, L/D = 2. Column pressure
is constant at 1.0 atm.

a. Run the system. Report the liquid compositions on stages 1 and 15 (distillate and bottoms). This run
is equivalent to efficiencies of 1.0.

b. Go to the Data Browser and click on the block for your distillation column. Click on Efficiency.
Click on Murphree efficiency and Specify stage efficiencies. Then click on tab for vapor-liquid. For
stage 1, specify an efficiency of 1 (although for a total condenser this does not matter). Click on
Enter. Then for stage 2 specify a Murphree vapor efficiency of 0.6. Click on Enter. Continue for
stages 3 to 14, specifing a Murphree vapor efficiency of 0.6. Click on Enter. For stage 15 (partial
reboiler) specify efficiency of 1.0. Click on the Next button and run the simulation. Compare liquid
compositions on stages 1 and 15 with the run in part VI.a. Explain the effect of the lower efficiency
(the effect will be larger if there is no pinch point).

Note: To save time, the runs in Lab 5 were not at the optimum feed plate. Operating at the optimum feed
plate should not change any of the general trends. Practice finding the optimum feed plate for at least
one of these problems. A general procedure to do this is: For your initial value of N, find the optimum
feed location by trial and error. Then, reduce or increase the total number of contacts N to just reach the
desired specifications. While you do this, choose the feed stage by noting that the ratio Nfeed/N is
approximately constant. Once you have an N that just gives the desired recoveries, redo the
optimization of the feed location (your value should be reasonably close). This practice will be very
helpful for Lab 6, which requires a lab report.

Lab 6. Use RADFRAC with an appropriate VLE package for this assignment. Use the direct sequence in
Figure 11-9A. Do the overall mass balances for both columns to determine both distillate values before
lab.

We are separating 1000 kmol/h of a feed containing propane, n-butane, and n-pentane. The feed
pressure is 4.0 atm. This feed is 22.4 mol% propane, 44.7 mol% n-butane, and the remainder n-
pentane. In the overall process we plan to recover 99.6% of the propane in the propane product, 99%
of the n-butane in the n-butane product, and 99.7% of the n-pentane in the n-pentane product. In column
1 recover 99.5% of the n-butane in the bottoms product. For purposes of your initial mass balances,
assume: 1) There is no n-pentane in the propane product stream, and 2) There is no propane in the n-
pentane product stream. Check these guesses after you have run the simulations. Both columns operate
at 4.0 atm. Operate each column at 1.15 L/D minimum. Use the optimum feed stage for each column.



Use total condensers and reflux should be returned as a saturated liquid. Both columns have partial
reboilers. Feeds are saturated liquids.
Use general metric units. You can choose to either simulate the two connected columns or simulate
them one at a time. One advantage of doing one at a time is you produce a lot less results to wade
through. Since the bottoms product from the first column keeps changing, the second column does not
have the correct feed until you select the final design for the first column. Once you have the first
column finished, rerunning it every time as you optimize the second column gives no additional
information. But, you may prefer to work at simultaneously optimizing both columns. Thus, the
procedure is up to you; however, the instructions are written assuming you will do one column at a
time.
Simulate the first column. Find the minimum L/D, and the actual L/D. Then find the optimum feed stage
and the number of stages that just gives the desired separation. You may choose to do this first with
DSTWU (a short cut program similar to the Fenske-Underwood-Gilliland approach). Set N to some
arbitrary number (e.g., 40) to find the estimate of min L/D. Multiply this minimum by 1.15 and use this
L/D as the input to find estimates for N and the feed location. These numbers are then used as first
guesses for RADFRAC. With RADFRAC, first find the actual (L/D)min (set N = 100 or some other
large number, feed stage at ½ this value, and vary L/D until obtain desired separation). Then do
RADFRAC at 1.15 times (L/D)min. Even though the DSTWU estimate for (L/D)min is not accurate, the
estimates for N and feed location at L/D = 1.15 (L/D)min may be accurate. Alternatively, you can
decide to bypass the use of DSTWU and either do the Fenske-Underwood-Gilliland approach by hand
or start RADFRAC totally with guesses. The best specifications for RADFRAC are to specify the
values of L/D and D. Note: You must finish (L/D)min calculation with RADFRAC.
Find the optimum feed location for column 1 by trial and error (see the Note at the end of Lab 5).
For column 2, use the bottoms from the first column as the feed to the second column. Repeat the
procedure using DSTWU, a hand calculation with the Fenske-Underwood-Gilliland approach, a
McCabe-Thiele diagram, or guesses to find estimated values of: (L/D)min, L/D, optimum feed stage,
and total number of stages. Then do exact RADFRAC calculations to find accurate values for (L/D)min,
L/D, optimum feed stage and N that just give desired recoveries.
Once the optimum columns have been designed, do one more RADFRAC run to determine the column
diameters at 80% of flood with a tray spacing of 2.5 feet (see section III in Lab 5). Use Fair’s method
to calculate flooding.
If you haven’t already done so, connect the columns and do a run with everything connected. This run
checks to make sure you did not inadvertently change conditions when going from the bottoms of the
first column to the feed of the second.
Report the number of stages and the optimum feed stages in each column, the reflux ratios, the
temperatures at the top and bottom of each column (in K), the heat duties in the reboilers and
condensers (kJ/s), the compositions (in mole fractions) and flow rates of the three products and of the
interconnecting stream (kmol/h), the column diameters, and any other information you consider to be
relevant. If you use DSTWU or the Fenske-Underwood-Gilliland approach or a McCabe-Thiele
diagram for the second column, compare these results with RADFRAC.



Chapter 7. Approximate Shortcut Methods for Multicomponent
Distillation

The previous chapters served as an introduction to multicomponent distillation. Matrix methods are
efficient, but they still require a fair amount of time even on a fast computer. In addition, they are
simulation methods and require a known number of stages and a specified feed plate location. Fairly
rapid approximate methods are required for preliminary economic estimates, for recycle calculations
where the distillation is only a small portion of the entire system, for calculations for control systems, and
as a first estimate for more detailed simulation calculations.
In this chapter we first develop the Fenske equation, which allows calculation of multicomponent
separation at total reflux. Then we switch to the Underwood equations, which allow us to calculate the
minimum reflux ratio. To predict the approximate number of equilibrium stages we then use the empirical
Gilliland correlation that relates the actual number of stages to the number of stages at total reflux, the
minimum reflux ratio, and the actual reflux ratio. The feed location can also be approximated from the
empirical correlation.

7.1 Total Reflux: Fenske Equation
Fenske (1932) derived a rigorous solution for binary and multicomponent distillation at total reflux. The
derivation assumes that the stages are equilibrium stages.
Consider the multicomponent distillation column operating at total reflux shown in Figure 7-1, which has
a total condenser and a partial reboiler. For an equilibrium partial reboiler for any two components A and
B,

(7-1)

Figure 7-1. Total reflux column

Equation (7-1) is just the definition of the relative volatility applied to the reboiler. Material balances for
these components around the reboiler are



(7-2a)

and

(7-2b)

However, at total reflux, B = 0 and LN = VR. Thus the mass balances become

(7-3)

For a binary system this naturally means that the operating line is the y = x line. Combining Eqs. (7-1) and
(7-3),

(7-4)

If we now move up the column to stage N, the equilibrium equation is

The mass balances around stage N simplify to

Combining these equations, we have

(7-5)

Then Eqs. (7-4) and (7-5) can be combined to give

(7-6)

which relates the ratio of liquid mole fractions leaving stage N−1 to the ratio in the reboiler.
Repeating this procedure for stage N−1, we obtain

(7-7)

We can alternate between the operating and equilibrium equations until we reach the top stage. The result
is



(7-8)

If we define αAB as the geometric average relative volatility,

(7-9)

Eq. (7-8) becomes

(7-10)

Solving Eq. (7-10) for Nmin, we obtain

(7-11)

which is one form of the Fenske equation. Nmin is the number of equilibrium contacts including the partial
reboiler required at total reflux. If the relative volatility is constant, Eq. (7-11) is exact.
An alternative form of the Fenske equation that is very convenient for multicomponent calculations is
easily derived. Equation (7-11) can also be written as

(7-12)

(DxA)dist is equal to the fractional recovery of A in the distillate multiplied by the amount of A in the feed.

(7-13)

where (FRA)dist is the fractional recovery of A in the distillate. From the definition of fractional recovery,

(7-14)

Substituting Eqs. (7-13) and (7-14) and the corresponding equations for component B into Eq. (7-12)
gives



(7-15)

Note that in this form of the Fenske equation, (FRA)dist is the fractional recovery of A in the distillate,
while (FRB)bot is the fractional recovery of B in the bottoms. Equation (7-15) is in a convenient form for
multicomponent systems.
The derivation up to this point has been for any number of components. If we now restrict ourselves to a
binary system where xB = 1 − xA, Eq. (7-11) becomes

(7-16)

where x = xA is the mole fraction of the more volatile component. The use of the Fenske equation for
binary systems is quite straightforward. With distillate and bottoms mole fractions of the more volatile
component specified, Nmin is easily calculated if αAB is known. If the relative volatility is not constant,
αAB can be estimated from a geometric average as shown in Eq. (7-9). This can be estimated for a first
trial as

αavg = (α1αR)1/2

where αR is determined from the bottoms composition and α1 from the distillate composition.

For multicomponent systems calculation with the Fenske equation is straightforward if fractional
recoveries of the two keys, A and B, are specified. Equation (7-15) can now be used directly to find Nmin.
The relative volatility can be approximated by a geometric average. Once Nmin is known, the fractional
recoveries of the non-keys (NK) can be found by writing Eq. (7-15) for an NK component, C, and either
key component. Then solve for (FRC)dist or (FRC)bot. When this is done, Eq. (7-15) becomes

(7-17)

If two mole fractions are specified, say xLK,bot and xHK,dist, the multicomponent calculation is more
difficult. We can’t use the Fenske equation directly, but several alternatives are possible. If we can
assume that all NKs are nondistributing, we have

(7-18a)

(7-18b)

As shown in Chapter 5, Eqs. (7-18) can be solved along with the light key (LK) and heavy key (HK) mass
balances and the equations



(7-19)

Once all distillate and bottoms compositions or values for Dxi,dist and Bxi,bot have been found, Eqs. (7-11)
or (7-12) can be used to find Nmin. Use the key components for this calculation. The assumption of
nondistribution of the NKs can be checked with Eq. (7-10) or (7-17). If the original assumption is invalid,
the calculated value of Nmin obtained for key compositions can be used to calculate the LNK and HNK
compositions in distillate and bottoms. Then Eq. (7-11) or (7-12) is used again.
If NKs do distribute, a reasonable first guess for the distribution is required. This guess can be obtained
by assuming that the distribution of NKs is the same at total reflux as it is at minimum reflux. The
distribution at minimum reflux can be obtained from the Underwood equation and is covered later.
Accurate use of the Fenske equation obviously requires an accurate value for the relative volatility. Smith
(1963) covers in detail a method of calculating α by estimating temperatures and calculating the geometric
average relative volatility. Winn (1958) developed a modification of the Fenske equation that allows the
relative volatility to vary. Wankat and Hubert (1979) modified both the Fenske and Winn equations for
nonequilibrium stages by including a vaporization efficiency.

Example 7-1. Fenske equation

A distillation column with a partial reboiler and a total condenser is being used to separate a mixture
of benzene, toluene, and cumene. The feed is 40 mol% benzene, 30 mol% toluene, and 30 mol%
cumene and is input as a saturated vapor. We desire 95% recovery of the toluene in the distillate and
95% recovery of the cumene in the bottoms. The reflux is returned as a saturated liquid, and constant
molal overflow (CMO) can be assumed. Pressure is 1 atm.
Equilibrium can be represented as constant relative volatilities. Choosing toluene as the reference
component, αbenz−tol = 2.25 and αcumene−tol = 0.21. Find the number of equilibrium stages required at
total reflux and the recovery fraction of benzene in the distillate.

Solution

A. Define. The problem is sketched below. For A = toluene (LK), B = cumene (HK), C = benzene
(LNK), we have αCA = 2.25, αAA = 1.0, αBA = 0.21, zA = 0.3, zB = 0.3, zC = 0.4, FRA,dist = 0.95,
and FRB,bot = 0.95.



a. Find N at total reflux.
b. Find FRC,dist at total reflux.

B. Explore. Since operation is at total reflux and relative volatilities are constant, we can use the
Fenske equation.

C. Plan. Calculate Nmin from Eq. (7-15), and then calculate FRC,dist from Eq. (7-17).
D. Do It. Equation (7-15) gives

Note that αAB = αtol−cumene = 1/αBA = 1/αcumene−tol. Equation (7-17) gives

which is the desired benzene recovery in the distillate. Note that

E. Check. The results can be checked by calculating FRC,dist using component A instead of B. The
same answer is obtained.

F. Generalize. We could continue this problem by calculating Dxi,dist and Bxi,bot for each component
from Eqs. (7-13) and (7-14). Then distillate and bottoms flow rates can be found from Eqs. (7-
19), and the distillate and bottoms compositions can be calculated.

7.2 Minimum Reflux: Underwood Equations
For binary systems, the pinch point usually occurs at the feed plate. When this occurs, an analytical
solution for the limiting flows can be derived (King, 1980) that is also valid for multicomponent systems
as long as the pinch point occurs at the feed stage. Unfortunately, for multicomponent systems there will
be separate pinch points in both the stripping and enriching sections if there are nondistributing
components. In this case an alternative analysis procedure developed by Underwood (1948) is used to
find the minimum reflux ratio.
The development of the Underwood equations is quite complex and is presented in detail by Underwood
(1948), Smith (1963), and King (1980). Since for most practicing engineers the details of the
development are not as important as the use of the Underwood equations, we will follow the approximate
derivation of Thompson (1980). Thus we will outline the important points but wave our hands about the
mathematical details of the derivation.
If there are nondistributing HNKs present, a “pinch point” of constant composition will occur at minimum
reflux in the enriching section above where the HNKs are fractionated out. With nondistributing LNKs
present, a pinch point will occur in the stripping section. For the enriching section in Figure 7-2, the mass
balance for component i is

(7-20)



Figure 7-2. Distillation column

At the pinch point, where compositions are constant,

(7-21)

The equilibrium expression can be written in terms of K values as

(7-22)

Combining Eqs. (7-20) to (7-22) we obtain a simplified balance valid in the region of constant
compositions.

(7-23)

Defining the relative volatility αi = Ki/Kref and combining terms in Eq. (7-23),

(7-24)

Solving for the component vapor flow rate, VMin yi,j+1, and rearranging

(7-25)



Equation (7-25) can be summed over all components to give the total vapor flow rate in the enriching
section at minimum reflux.

(7-26)

In the stripping section a similar analysis can be used to derive,

(7-27)

Since the conditions in the stripping section are different than in the rectifying section, in general 
and .
Underwood (1948) described generalized forms of Eqs. (7-26) and (7-27) which are equivalent to
defining

(7-28)

Equations (7-26) and (7-27) then become polynomials in φ and  and have C roots. The equations are
now

(7-29)

and

(7-30)

If we assume CMO and constant relative volatilities , Underwood showed there are common
values of φ and  which satisfy both equations. Equations (7-29) and (7-30) can now be added. Thus, at
minimum reflux

(7-31)

where α is now an average volatility.



Eq. (7-31) is easily simplified with the overall column mass balance

(7-32)

to

(7-33)

ΔVfeed is the change in vapor flow rate at the feed stage. If q is known

(7-34)

If the feed temperature is specified a flash calculation on the feed can be used to determine ΔVfeed.

Equation (7-33) is known as the first Underwood equation. It can be used to calculate appropriate values
of φ. Equation (7-29) is known as the second Underwood equation and is used to calculate Vmin. Once
Vmin is known, Lmin is calculated from the mass balance

(7-35)

The exact method for using the Underwood equation depends on what can be assumed. Three cases will
be considered.
Case A. Assume all NKs do not distribute. In this case the amounts of NKs in the distillate are:

while the amounts of the keys are:

(7-36)

(7-37)

Equation (7-33) can now be solved for the one value of φ between the relative volatilities of the two
keys, αHK−ref < φ < αLK−ref. This value of φ can be substituted into Eq. (7-29) to immediately calculate
Vmin. Then

(7-38)

And Lmin is found from mass balance Eq. (7-35).

This assumption of nondistributing NKs will probably not be valid for sloppy separations or when a
sandwich component is present. In addition, with a sandwich component there are two φ values between



αHK−ref and αLK−ref. Thus use Case C (discussed later) for sandwich components. The method of Shiras et
al. (1950) can be used to check for distribution of NKs.
Case B. Assume that the distributions of NKs determined from the Fenske equation at total reflux are also
valid at minimum reflux. In this case the DxNK,dist values are obtained from the Fenske equation as
described earlier. Again solve Eq. (7-33) for the φ value between the relative volatilities of the two keys.
This φ, the Fenske values of DxNK,dist, and the DxLK,dist and DxHK,dist values obtained from Eqs. (7-36) and
(7-37) are used in Eq. (7-29) to find Vmin. Then Eqs. (7-38) and (7-35) are used to calculate D and Lmin.
This procedure is illustrated in Example 7-2.
Case C. Exact solution without further assumptions. Equation (7-33) is a polynomial with C roots. Solve
this equation for all values of φ lying between the relative volatilities of all components,

αLNK,1−ref < φ1 < αLNK,2−ref < φ2 < αLK−ref < φ3 < αHK−ref < φ4 < αHNK,1−ref

This gives C-1 valid roots. Now write Eq. (7-29) C-1 times; once for each value of φ. We now have C-1
equations and C-1 unknowns (Vmin and Dxi,dist for all LNK and HNK). Solve these simultaneous equations
and then obtain D from Eq. (7-38) and Lmin from Eq. (7-35). A sandwich component problem that must
use this approach is given in Problem 7.D15.
In general, Eq. (7-33) will be of order C in φ where C is the number of components. Saturated liquid and
saturated vapor feeds are special cases and, after simplification, are of order C-1. If the resulting
equation is quadratic, the quadratic formula can be used to find the roots. Otherwise, a root-finding
method should be employed. If only one root, αLK−ref > φ > αHK−ref, is desired, a good first guess is to
assume φ = (αLK−ref + αHK−ref)/2.

The results of the Underwood equations will only be accurate if the basic assumption of constant relative
volatility and CMO are valid. For small variations in α a geometric average calculated as

(7-39)

can be used as an approximation. Application of the Underwood equations to systems with multiple feeds
was studied by Barnes et al. (1972).

Example 7-2. Underwood equations

For the distillation problem given in Example 7-1 find the minimum reflux ratio. Use a basis of 100
kmol/h of feed.

Solution

A. Define. The problem was sketched in Example 7-1. We now wish to find (L/D)min.
B. Explore. Since the relative volatilities are approximately constant, the Underwood equations can

easily be used to estimate the minimum reflux ratio.
C. Plan. This problem fits into Case A or Case B. We can calculate Dxi,dist values as described in

Cases A or B, Eqs. (7-36) and (7-37), and solve Eq. (7-33) for φ where φ lies between the
relative volatilities of the two keys 0.21 < φ < 1.00. Then Vmin can be found from Eq. (7-29), D
from Eq. (7-38) and Lmin from Eq. (7-35).

D. Do It. Follow Case B analysis. Since the feed is a saturated vapor, q = 0 and ΔVfeed = F (1 − q) =



F = 100 and Eq. (7-33) becomes

Solving for φ between 0.21 and 1.00, we obtain φ = 0.5454. Equation (7-29) is

where
Dxi,dist = F zi(FR)i,dist

For benzene this is
Dxben,dist = 100(0.4)(0.998) = 39.92

where the fractional recovery of benzene is the value calculated in Example 7-1 at total reflux. The
other distillate values are

Dxtol,dist = 100(0.3)(0.95) = 28.5 and Dxcum,dist = 100(0.3)(0.05) = 1.5

Summing the three distillate flows, D = 69.92. Equation (7-29) becomes

From a mass balance, Lmin = Vmin − D = 44.48, and (L/D)min = 0.636.
E. Check. The Case A calculation gives essentially the same result.
F. Generalize. The addition of more components does not make the calculation more difficult as long

as the fractional recoveries can be accurately estimated. The value of φ must be accurately
determined since it can have a major effect on the calculation. Since the separation is easy,
(L/D)min is quite small in this case. (L/D)min will not be as dependent on the exact values of φ as it
is when (L/D)min is large.

7.3 Gilliland Correlation for Number of Stages at Finite Reflux Ratio
A general shortcut method for determining the number of stages required for a multicomponent distillation
at finite reflux ratios would be extremely useful. Unfortunately, such a method has not been developed.
However, Gilliland (1940) noted that he could empirically relate the number of stages N at finite reflux
ratio L/D to the minimum number of stages Nmin and the minimum reflux ratio (L/D)min. Gilliland did a
series of accurate stage-by-stage calculations and found that he could correlate the function (N−Nmin)/(N
+ 1) with the function [L/D − (L/D)min]/(L/D + 1). This correlation as modified by Liddle (1968) is
shown in Figure 7-3. The data points are the results of Gilliland’s stage-by-stage calculations and show
the scatter inherent in this correlation.

Figure 7-3. Gilliland correlation as modified by Liddle (1968); reprinted with permission from
Chemical Engineering, 75(23), 137 (1968), copyright 1968, McGraw-Hill.



To use the Gilliland correlation we proceed as follows:
1. Calculate Nmin from the Fenske equation.
2. Calculate (L/D)min from the Underwood equations or analytically for a binary system.
3. Choose actual (L/D). This is usually done as some multiplier (1.05 to 1.5) times (L/D)min.
4. Calculate the abscissa.
5. Determine the ordinate value.
6. Calculate the actual number of stages, N.

The Gilliland correlation should only be used for rough estimates. The calculated number of stages can be
off by ± 30% although they are usually within ± 7%. Since L/D is usually a multiple of (L/D)min, L/D = M
(L/D)min, the abscissa can be written as

The abscissa is not very sensitive to the (L/D)min value, but does depend on the multiplier M.

The optimum feed plate location can also be estimated. First, use the Fenske equation to estimate where
the feed stage would be at total reflux. This can be done by determining the number of stages required to
go from the feed concentrations to the distillate concentrations for the keys.

(7-40a)

Now assume that the relative feed location is constant as we change the reflux ratio from total reflux to a
finite value. Thus

(7-40b)

The actual feed stage can now be estimated from Eq. (7-40b).
An alternate procedure that is probably a more accurate estimate of the feed stage location is Kirkbride’s
method (Humphrey and Keller, 1997). The ratio of the number of trays above the feed, Nf − 1, to the



number below the feed stage, N − Nf, can be estimated as,

(7-41)

Since neither procedure is likely to be very accurate, they should only be used as first guesses of the feed
location for simulations.
The Gilliland correlation can also be fit to equations. Liddle (1968) fit the Gilliland correlation to three
equations. Let x = [L/D − (L/D)min]/(L/D + 1). Then

(7-42a)

while for 0.01 < x < 0.90

(7-42b)

and for 0.90 ≤ x ≤ 1.0

(7-42c)

For most situations Eq. (7-42b) is appropriate. The fit to the data is shown in Figure 7-3. Naturally, the
equations are useful for computer calculations. Erbar and Maddox (1961) (see King, 1980, or Hines and
Maddox, 1985) developed a somewhat more accurate correlation that uses more than one curve.
As a rough rule of thumb we can estimate N = 2.5 Nmin. This estimate then requires only a calculation of
Nmin and will be useful for very preliminary estimates.

Example 7-3. Gilliland correlation

Estimate the total number of equilibrium stages and the optimum feed plate location required for the
distillation problem presented in Examples 7-1 and 7-2 if the actual reflux ratio is set at L/D = 2.

Solution

A. Define. The problem was sketched in Examples 7-1 and 7-2. F = 100, L/D = 2, and we wish to
estimate N and NF.

B. Explore. An estimate can be obtained from the Gilliland correlation, while a more exact
calculation could be done with a process simulator. We will use the Gilliland correlation.

C. Plan. Calculate the abscissa

determine the ordinate



from the Gilliland correlation, and then find N. (L/D)min was found in Example 7-2, and Nmin in
Example 7-1. The feed plate location is estimated from Eqs. (7-41) and (7-40).

D. Do It.

The corresponding ordinate (N − Nmin)/(N + 1) = 0.27 using Liddle’s curve. Since Nmin = 3.77, N =
5.53. From Eq. (7-40a), NF,min is calculated as

Where xLK,dist was found from Example 7-2 as

and
xHK,dist = xcum,dist = 0.021

Then, from Eq. (7-40b),

E. Check. A check of the Gilliland correlation can be obtained from Eq. (7-42b). With x = 0.455 this
is

or (1 − 0.283) N = Nmin + 0.283, which gives N = 5.65. The 2% difference between these two results
gives an idea of the accuracy of Eq. (7-42) in fitting the curve.
A check on the value of Nf can be obtained with Kirkbride’s Eq. (7-41). To use this equation we need
to know the terms on the RHS. From Example 7-2, F = 100 and D = 69.92. Thus, B = 100 − 69.92 =
30.08. The HK = cumene and the LK = toluene. The feed mole fractions of both are 0.30. From
example 7-2:

Dxcum,dist = 1.5. Then xHK,dist = (Dxcum,dist)/D = 1.5/69.92 = 0.02145.

Dxtol,dist = 28.5. Then Bxtol,bot = Fz − Dxtol,dist = 30.0 − 28.5 = 1.5, and

xLK,bot = Bxtol,bot/B = 1.5/30.08 = 0.04987.

Then, Eq. (7-41) becomes,

and (Nf − 1)/(N − Nf) = 1.1898

which gives Nf = 3.46 if we use N = 5.53 or Nf = 3.7 if we use N = 6. Thus, the best estimate is to use
either the 3rd or 4th stage for the feed. This agrees rather well with the previous estimate.



A complete check would require solution with a process simulator.
F. Generalize. The Gilliland correlation is a rapid method for estimating the number of equilibrium

stages in a distillation column. It should not be used for final designs because of its inherent
inaccuracy.

7.4 Summary—Objectives
In this chapter we developed approximate shortcut methods for binary and multicomponent distillation.
You should be able to satisfy the following objectives:
1. Derive the Fenske equation and use it to determine the number of stages required at total reflux and the

splits of NK components
2. Use the Underwood equations to determine the minimum reflux ratio for multicomponent distillation
3. Use the Gilliland correlation to estimate the actual number of stages in a column and the optimum feed

stage location
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Homework
A. Discussion Problems

A1. The Fenske equation:



a. Is valid only for binary systems.
b. Was derived for minimum reflux.
c. Requires constant molal overflow (CMO).
d. Requires constant K values.
e. All of the above.
f. None of the above.

A2. If you want to use an average relative volatility, how do you calculate it for the Underwood
equation?

A3. Develop your key relations chart for this chapter.
A4. In multicomponent distillation the Fenske equation can be used to:

a. Estimate the fractional recoveries of the nonkeys at total reflux.
b. Calculate the number of equilibrium contacts at minimum reflux.
c. Estimate the average K value of the light key at total reflux.
d. All of the above.
e. None of the above.

C. Derivations
C1. Derive Eq. (7-17). Derive an equation for (FRC)bot in terms of (FRA)dist.
C2. Derive Eq. (7-34).
C3. If the pinch point occurs at the feed point, mass balances can be used to find the minimum flows.

Derive these equations.
C4. The choice of developing the Underwood equations in terms of Vmin instead of solving for Lmin is

arbitrary. Rederive the Underwood equations solving for Lmin and min. Develop the equations
analogous to Eqs. (7-29) and (7-33).

C5. For binary systems, Eq. (7-33) simplifies to a linear equation for both saturated liquid and
saturated vapor feeds. Prove this.

D. Problems
*Answers to problems with an asterisk are at the back of the book.

D1.* We have 10 kmol/h of a saturated liquid feed that is 40 mol% benzene and 60 mol% toluene. We
desire a distillate composition that is 0.992 mole fraction benzene and a bottoms that is 0.986
mole fraction toluene (note units). CMO is valid. Assume constant relative volatility with αBT =
2.4. Reflux is returned as a saturated liquid. The column has a partial reboiler and a total
condenser.
a. Use the Fenske equation to determine Nmin.
b. Use the Underwood equations to find (L/D)min.
c. For L/D = 1.1(L/D)min, use the previous results and the Gilliland correlation to estimate the

total number of stages and the optimum feed stage location.
D2. We are separating a mixture of ethane, propane, n-butane, and n-pentane in a distillation column

operating at 5.0 atm. The column has a total condenser and a partial reboiler. The feed flow rate is
1000 kmol/h. The feed is a saturated liquid. Feed is 8 mol% ethane, 33 mol% propane, 49 mol%



n-butane, and 10 mol% n-pentane.
A 99.7% recovery of propane is desired in the distillate. A 99.8% recovery of n-butane is desired
in the bottoms.
a. Find Nmin from the Fenske equation (hand calculation).
b. Find (L/D)min from the Underwood equation (hand calculation).
c. Use L/D = 1.15 (L/D)min and estimate N and NFeed from Gilliland correlation (hand

calculation).
Use DePriester charts. Assume relative volatility is constant at value calculated at the bubble-
point temperature of the feed. For bubble-point calculation, choose propane as the reference
component. Choose n-butane (the heavy key) as the reference component for other calculations.

D3.* We have designed a special column that acts as exactly three equilibrium stages. Operating at
total reflux, we measure vapor composition leaving the top stage and the liquid composition
leaving the bottom stage. The column is separating phenol from o-cresol. We measure a phenol
liquid mole fraction leaving the bottom stage of 0.36 and a phenol vapor mole fraction leaving the
top stage of 0.545. What is the relative volatility of phenol with respect to o-cresol?

D4. We desire to separate 1,2 dichloroethane from 1,1,2 trichloroethane at one atmosphere. We
desire 99.15 mol% dichloroethane in the distillate and 1.773% dichloroethane in the bottoms. The
feed is a saturated liquid and is 60.0 mol% 1,2 dichloroethane. Assume the relative volatility is
approximately constant, α = 2.4.
a. Find the minimum number of stages using the Fenske equation.
b. Calculate L/Dmin.
c. Estimate the actual number of stages for L/D = 2.2286 using the Gilliland correlation.
d. A detailed simulation gave 99.15 mol% dichloroethane in the distillate and 1.773%

dichloroethane in the bottoms for L/D = 2.2286, N =25 equilibrium contacts, optimum feed
location is 16 equilibrium contacts from the top of the column. Compare this N with part c and
calculate the % error in the Gilliland prediction.

D5.* A column with 29 equilibrium stages and a partial reboiler is being operated at total reflux to
separate a mixture of ethylene dibromide and propylene dibromide. Ethylene dibromide is more
volatile, and the relative volatility is constant at a value of 1.30. We are measuring a distillate
concentration that is 98.4 mol% ethylene dibromide. The column has a total condenser and
saturated liquid reflux, and CMO can be assumed. Use the Fenske equation to predict the bottoms
composition.

D6.* We are separating 1,000 mol/h of a 40% benzene, 60% toluene feed in a distillation column with
a total condenser and a partial reboiler. Feed is a saturated liquid. CMO is valid. A distillate that
is 99.3% benzene and a bottoms that is 1% benzene are desired. Use the Fenske equation to find
the number of stages required at total reflux, a McCabe-Thiele diagram to find (L/D)min, and the
Gilliland correlation to estimate the number of stages required if L/D = 1.15(L/D)min. Estimate
that the relative volatility is constant at αBT = 2.4. Check your results with a McCabe-Thiele
diagram.

D7. We are separating a mixture of ethane, propane, n-butane and n-pentane in a distillation column
operating at 5.0 atm. The column has a total condenser and a partial reboiler. The feed flow rate is
1000.0 kmol/h. The feed is a saturated liquid. Feed is 8.0 mol% ethane, 33.0 mol% propane, 49.0
mol% n-butane and 10.0 mol% n-pentane. A 98.0% recovery of propane is desired in the



distillate. A 99.2% recovery of n-butane is desired in the bottoms. Use the optimum feed stage.
Use DePriester chart. Assume relative volatility is constant at value calculated at the bubble point
temperature of the feed.
a. Find Nmin from the Fenske equation.
b. Find (L/D)min from the Underwood equation.
c. Use L/D = 1.2 (L/D)min and estimate N and NFeed from Gilliland correlation.

D8.* We wish to separate a mixture of 40 mol% benzene and 60 mol% ethylene dichloride in a
distillation column with a partial reboiler and a total condenser. The feed rate is 750 mol/h, and
feed is a saturated vapor. We desire a distillate product of 99.2 mol% benzene and a bottoms
product that is 0.5 mol% benzene. Reflux is a saturated liquid, and CMO can be used. Equilibrium
data can be approximated with an average relative volatility of 1.11 (benzene is more volatile).
a. Find the minimum external reflux ratio.
b. Use the Fenske equation to find the number of stages required at total reflux.
c. Estimate the total number of stages required for this separation, using the Gilliland correlation

for L/D = 1.2(L/D)min.
D9. We are separating a mixture of ethanol and water in a distillation column with a total condenser

and a partial reboiler. Column is at 1.0 atm. pressure. The feed is 30.0 mol% ethanol. The feed is
a two-phase mixture that is 80 % liquid. Feed rate is 100.0 kmol/h. We desire a bottoms
concentration of 2.0 mol% ethanol, and a distillate that is 80.0 mol% ethanol.

Do this problem by using McCabe-Thiele diagram for parts a and b and the Gilliland correlation
for part c. Equilibrium data are given in Table 2-1.

D10. A distillation column is separating ethane, propane, and n-butane at 5 atm. Operation is at total
reflux. We want a 98.9% recovery of ethane in the distillate and a 99.8% recovery of n-butane in
the bottoms. Propane is a sandwich component (e.g., in between light and heavy keys). F = 100
kmol/h and is 30 mol% ethane, 33 mol% propane and 37 mol% n-butane. Feed is a saturated
liquid. Assume relative volatilities are constant, αEB = 13.14, and αPB = 3.91.
a. At total reflux find Nmin.
b. At total reflux find the fractional recovery of propane in the distillate.
c. At total reflux find distillate flow rate D.

D11. A distillation column with a total condenser and a partial reboiler is separating a mixture of
propane (P), n-butane (B), and n-hexane (H). The feed (a saturated vapor) is 20 mol% propane,
35 mol% n-butane, and 45 mol% n-hexane. Feed rate is F = 100 kmol/h. We desire a 99%
recovery of the n-butane in the distillate and a 98% recovery of n-hexane in the bottoms. CMO can
be assumed to be valid. If we choose butane as the reference, the average relative volatilities are
αPB = 2.04, αBB = 1.0, αHB = 0.20. Calculate the distillate flow rate D assuming all propane is in
the distillate, and find the minimum external reflux ratio, (L/D)min.

D12.* a. A distillation column with a partial reboiler and a total condenser is being used to separate a
mixture of benzene, toluene, and cumene. The feed is 40 mol% benzene, 30 mol% toluene and 30
mol% cumene. The feed is input as a saturated vapor. We desire 99% recovery of the toluene in
the bottoms and 98% recovery of the benzene in the distillate. The reflux is returned as a saturated



liquid, and CMO can be assumed. Equilibrium can be represented as constant relative volatilities.
Choosing toluene as the reference component, αbenzene-toluene = 2.25 and αcumene-toluene = 0.210. Use
the Fenske equation to find the number of equilibrium stages required at total reflux and the
recovery fraction of cumene in the bottoms.
b. For the distillation problem given in part a, find the minimum reflux ratio by use of the
Underwood equations. Use a basis of 100 moles of feed/h. Clearly state your assumptions.
d. For L/D = 1.25(L/D)min, find the total number of equilibrium stages required for the distillation
problem presented in parts a and b. Use the Gilliland correlation. Estimate the optimum feed plate
location.

D13.* We have a column separating benzene, toluene, and cumene. The column has a total condenser
and a total reboiler and has 9 equilibrium stages. The feed is 25 mol% benzene, 30 mol% toluene,
and 45 mol% cumene. Feed rate is 100 mol/h and feed is a saturated liquid. The equilibrium data
can be represented as constant relative volatilities: αBT = 2.5, αTT = 1.0, and αCT = 0.21. We
desire 99% recovery of toluene in the distillate and 98% recovery of cumene in the bottoms.
Determine the external reflux ratio required to achieve this separation. If αBT = 2.25 instead of
2.5, how much will L/D change?

D14. At total reflux a separation requires Nmin = 10 equilibrium contacts. At a finite external reflux
ratio of L/D = 2.0, the separation requires N = 18 equilibrium contacts. (N and Nmin include the
partial reboiler and stages in the column but do not include the total condenser.) Find (L/D)min.

D15.* A distillation column is separating benzene (α = 2.25), toluene (α = 1.00), and cumene (α =
0.21). The column is operating at 101.3 kPa. The column is to have a total condenser and a partial
reboiler, and the optimum feed stage is to be used. Reflux is returned as a saturated liquid, and
L0/D = 1.2. Feed rate is 1000 kmol/h. Feed is 39.7 mol% benzene, 16.7 mol% toluene, and 43.6
mol% cumene and is a saturated liquid. We desire to recover 99.92% of the benzene in the
distillate and 99.99% of the cumene in the bottoms. For a first guess to this design problem, use
the Fenske-Underwood-Gilliland approach to estimate the optimum feed stage and the total
number of equilibrium stages. Note: The Underwood equations must be treated as a case C
problem.

D16.* We are separating a mixture of ethanol and n-propanol. Ethanol is more volatile and the relative
volatility is approximately constant at 2.10. The feed flow rate is 1000 kmol/h. Feed is 60 mol%
ethanol and is a saturated vapor. We desire xD = 0.99 mole fraction ethanol and xB = 0.008 mole
fraction ethanol. Reflux is a saturated liquid.
There are 30 stages in the column. Use the Fenske-Underwood-Gilliland approach to determine
a. Number of stages at total reflux
b. (L/D)min

c. (L/D)actual

D17. A distillation column is separating toluene and xylene, α = 3.03. Feed is a saturated liquid and
reflux is returned as a saturated liquid. p = 1.0 atm. F = 100.0 kmol/h. Distillate mole fraction is
xD = 0.996 and bottoms xB = 0.008. Use the Underwood equation to find (L/D)min and Vmin at feed
mole fractions of z = 0.1, 0.3, 0.5, 0.7, and 0.9. Check your result at z = 0.5 with a McCabe-Thiele
diagram. What are the trends for |Qc,min| and QR,min as toluene feed concentration increases?

D18. A depropanizer has the following feed and constant relative volatilities:



Reflux is a saturated liquid. The feed is a saturated liquid fed in at 1.0 kmol/(unit time). Assume
CMO.
a. * L/D = 1.5, FRP,dist = 0.9854, FRB,bot = 0.8791. Estimate N.
b. N = 20, FRP,dist = 0.9854, FRB,bot = 0.8791. Estimate L/D.
c. Find the split of normal hexane at total reflux using Nmin.
d. L/D = 1.5, FRP,dist = 0.999, FRB,bot = 0.8791. Estimate N.
Note: Once you have done part a, you don’t have to resolve the entire problem for the other parts.

D19. Revisit Problem 7.D4. Using the process simulator we found Nmin = 11 for this problem. Using
this value plus the simulation data in 7.D4. part d, estimate (L/D)min using the Gilliland
correlation.

D20. A distillation column is separating a mixture of benzene, toluene, xylene and cumene. The feed to
the column is 5.0 mol% benzene, 15.0 mol% toluene, 35.0 mol% xylene and 45.0 mol% cumene.
Feed rate is 100.0 kmol/h and is a saturated liquid. We wish to produce a distillate that is 0.57895
mole fraction xylene, 0.07018 mole fraction cumene, and the remainder is toluene and benzene.
The bottoms should contain no benzene or toluene. If we select toluene as the reference component
the relative volatilities are approximately constant in the column at the following values: benzene
= 2.25, toluene = 1.0, xylene = 0.330, and cumene = 0.210.
a. Find distillate and bottoms flow rates.
b. Find the number of equilibrium contacts at total reflux.

D21. A distillation column is separating 100 kmol/h of a saturated vapor feed that is 30 mol% ethanol,
25 mol% i-propanol, 35 mol% n-propanol, and 10 mol% n-butanol at a pressure of 1.0 atm. We
want a 98.6% recovery of i-propanol in the distillate and 99.2% recovery of n-propanol in the
bottoms. The column has a total condenser and a partial reboiler. For parts b, c, and d, use the
Fenske-Underwood-Gilliland method. If we choose n-propanol as the reference, the relative
volatilities are ethanol = 2.17, i-propanol = 1.86, n-propanol = 1.0, and n-butanol = 0.412. These
relative volatilities can be assumed to be constant.
a. Find D, B, xi,dist, and xi,bot.
b. Find Nmin and NF,min.
c. Find (L/D)min. A spreadsheet is highly recommended to find φ.
d. If L/D = 1.10 (L/D)min, find N and the feed stage.

F. Problems Requiring Other Resources
F1. What variables does the Gilliland correlation not include? How might some of these be included?

Check the Erbar-Maddox (1961) method (or see King, 1980, or Hines and Maddox, 1985) to see
one approach that has been used.

F2. A distillation column with a total condenser and a partial reboiler operates at 1.0 atm.
a. Estimate the number of stages at total reflux to separate nitrogen and oxygen to produce a

nitrogen mole fraction in the bottoms of 0.001 and a nitrogen distillate mole fraction of 0.998.



b. If the feed is 79.0 mol% nitrogen and 21.0 mol% oxygen and is a saturated vapor, estimate
(L/D)min.

c. Estimate the number of stages and the feed location if L/D = 1.1 (L/D)min. The column has a
total condenser and a partial reboiler.

G. Computer Simulation Problems
G1. Repeat Problem 7.D7 on AspenPlus using RADFRAC.

a. Find N at total reflux.
b. Find (L/D)min accurately with a few hundred stages.



Chapter 8. Introduction to Complex Distillation Methods

We have looked at binary and multicomponent mixtures in both simple and fairly complex columns.
However, the chemicals separated have usually had fairly simple equilibrium behavior. In this chapter
you will be introduced to a variety of more complex distillation systems used for the separation of less
ideal mixtures.
Simple distillation columns are not able to completely separate mixtures when azeotropes occur, and the
columns are very expensive when the relative volatility is close to 1. Distillation columns can be coupled
with other separation methods to break the azeotrope. This is discussed in the first section. Extractive
distillation, azeotropic distillation, and two-pressure distillation are methods for modifying the
equilibrium to separate these complex mixtures. These three methods are described in Sections 8.2 to 8.7
of this chapter. In Section 8.8 we discuss the use of a distillation column as a chemical reactor, to
simultaneously react and separate a mixture.

8.1 Breaking Azeotropes with Other Separators
Azeotropic systems normally limit the separation that can be achieved. For an azeotropic system such as
ethanol and water (shown in Figures 2-2 and 4-13), it isn’t possible to get past the azeotropic
concentration of 0.8943 mole frac ethanol with ordinary distillation. Some other separation method is
required to break the azeotrope. The other method could employ adsorption (Chapter 18), membranes
(Chapter 17), extraction (Chapter 13), and so forth. It could also involve adding a third component to the
distillation to give the azeotropic and extractive distillation systems discussed later in this chapter.
Two ways of using an additional separation method to break the azeotrope are shown in Figure 8-1. The
simplest, but least likely to be used, is the completely uncoupled system shown in Figure 8-1A. The
distillate, which is near the azeotropic concentration, is sent to another separation device, which produces
both the desired products. If the other separator can completely separate the products, why use distillation
at all? If the separation is not complete, what would be done with the waste stream?

Figure 8-1. Breaking azeotropes; (A) separator uncoupled with distillation, (B) recycle from
separator to distillation

A more likely configuration is that of Figure 8-1B. The incompletely separated stream is recycled to the
distillation column, which now operates as a two-feed column, so the design procedures used for two-
feed columns (Example 4-5) can be used. The arrangement shown in Figure 8-1B is commonly used
industrially. The separator may actually be several separators.

8.2 Binary Heterogeneous Azeotropic Distillation Processes
The presence of an azeotrope can be used to separate an azeotropic system. This is most convenient if the



azeotrope is heterogeneous; that is, the vapor from the azeotrope will condense to form two liquid phases
that are immiscible. Azeotropic distillation is often performed by adding a solvent or entrainer that forms
an azeotrope with one or both of the components. Before discussing these more complex azeotropic
distillation systems in Section 8.7, let us consider the simpler binary systems that form a heterogeneous
azeotrope.

8.2.1 Binary Heterogeneous Azeotropes
Although not common, there are systems such as n-butanol and water, which form a heterogeneous
azeotrope (Figure 8-2). Figures 8-2A and 8-2B plot the same data, but for different components. When the
vapor of the azeotrope with mole frac yaz is condensed, a water-rich liquid phase α and an organic-rich
liquid phase β separate from each other. You should feel comfortable converting from Figure 8-2A to 8-
2B, and vice versa.

Figure 8-2. Heterogeneous azeotrope system, n-butanol and water at 1 atmosphere (Chu et al.,
1950). (A) Plotted as butanol mole fractons. (B) Plotted as water mole fractions.

How should we distill a feed that forms a heterogeneous azeotrope? Suppose we have a saturated liquid
feed that is 40 mol% water and 60 mol% n-butanol. The distillation system shown in Figure 8-3A
(Luyben, 1973) consists of a column and a liquid-liquid settler. The column will produce a pure butanol
product as the bottoms. The distillate product is the aqueous layer from the settler and automatically has
xw,dist = xw,α. We can develop the top operating line using the mass balance envelope shown in Figure 8-
3A.

Figure 8-3. Distillation column plus settler for distillation of system with heterogenous azeotrope.



(8-1)

This looks like a normal top operating line, but there will be differences in the way it is plotted and the
way it is used. The bottom operating line is the normal bottom operating line.

(8-2)

We can plot a McCabe-Thiele diagram by using Figure 8-2B. The top operating line has a slope = L/V, a 

, and a y = x intersection of y = x = xw,dist. This is shown in Figure 8-3B. Note that
xw,dist = xw,α but the top operating line goes through y = x = xw,dist not the equilibrium curve at xw,α. The
top operating line cuts through the equilibrium curve, but the distillation does not operate in this range.
Instead the separation from xw,α to xw,β is done in the liquid-liquid separator. The reflux in Figure 8-3A
and 8-3B has a mole fraction of xw,reflux = xw,β, not the distillate composition as is normally the case. In
the column, xw,reflux and yw,1 are passing steams and are on the operating line in Figure 8-3B. Stepping off
the remaining stages follows the normal procedure.
The vapor of mole fraction yw,1 is condensed and sent to the settler. The mass balances for the settler are
straightforward and are illustrated later in Example 8-1.
What can we do if we want a purer water product?
For this type of heterogeneous azeotrope the two-column systems shown in Figure 8-4A can provide a
complete separation. Column 2 is a stripping column that receives liquid of composition xα from the
liquid-liquid settler. It operates where n-butanol is more volatile (low n-butanol mole fractions on Figure
8-2A) and the bottoms from column 2 is almost pure water (xB,bot ~ 0). The overhead vapor from column
2, y1,col2 is condensed and goes to the liquid-liquid settler where it separates into two liquid phases.
Liquid of composition xα is refluxed to column 2, while liquid of composition xβ is refluxed to column 1.

Figure 8-4. Binary heterogeneous azeotrope; (A) two-column distillation system, (B) McCabe-
Thiele diagram for column 1. (C) McCabe-Thiele diagram for column 2 with expanded coordinates.



The first column again operates on the left-hand side of Figure 8-3B, where water is the more volatile
component. Thus, the bottoms from this column is almost pure B (xw,bot1 ~ 0). The overhead vapor, which
is richer in water, is condensed and sent to the liquid-liquid separator. The McCabe–Thiele diagram for
this column is shown in Figure 8-4B.
The liquid-liquid separator takes the two condensed liquids, xα < x < xβ, and separates them into the two
liquid phases in equilibrium at mole fracs xα and xβ. These liquids are used as reflux to columns 1 and 2.
The liquid-liquid separator allows one to get past the azeotrope and is therefore a necessary part of the
equipment.
The overall external mass balance for the two-column system shown in Figure 8-4A is

(8-3a)

while the external mass balance on water is

(8-3b)

Solving these equations simultaneously for the unknown bottoms flow rates, we obtain



(8-4)

 

(8-5)

Note that this result does not depend on the details of the distillation system.
The bottom operating equation for column 1 is Eq. (8-2). The top operating line is a bit different. The
easiest mass balance to write uses the mass balance envelope shown in Figure 8-4A. Then the top
operating equation is

(8-6)

This is somewhat unusual, because it includes a bottoms concentration leaving the stripping column
(column 2). The reflux for this top operating line is liquid of composition xw,β. The McCabe-Thiele
diagram for this system is shown in Figure 8-4B and is almost identical to Figure 8-3B.
Analysis of stripping column 2 is straightforward. It is easiest to use Figure 8-2A and develop the
operating equation for n-butanol. This bottom operating equation is

(8-7)

The feed to this column is the saturated liquid reflux of composition xB,α. This is a vertical feed line. Then
the overhead vapor yB,1,col2 is found on the operating line at xB,α (Figure 8-4C).

The two dashed lines in Figures 8-4B and C show the route of the overhead vapor streams as they are
condensed to saturated liquids (made into x values), and then sent to the liquid-liquid separator. The
lever-arm rule [see Eq. (2-26) and Figure 2-10] can be applied to the liquid-liquid separator (see
Example 8-1).
Note that each column operates in a region where either water (column 1) or n-butanol (column 2) is more
volatile. McCabe-Thiele diagrams are easiest to use if plotted for the more volatile component. Thus, we
plotted water mole fractions for column 1 and n-butanol mole fractions for column 2. It is also possible to
do the calculations on a single diagram (Separation Process Engineering, 2nd ed., p. 228), which results
in one of the calculations looking upside down.
The operation of distillation columns separating heterogeneous azeotropes can be quite erratic (Kovach
and Seider, 1987). Small shifts in the aqueous reflux rate can cause a number of trays to shift from
operation in the homogeneous region to a heterogeneous region. This erratic switching will cause large
variations in the product purity. These columns need very careful control of the reflux stream flow rate to
operate properly.
Several modifications of the basic arrangement shown in Figure 8-4A can be used. If the feed
composition is less than xbutanol,α, then column 2 should be a complete column and column 1 would be just
a stripping column. The liquids may be subcooled so that the liquid-liquid separator operates below the



boiling temperature. This can be advantageous, since the partial miscibility of the system depends on
temperature. When the liquids are subcooled, the separator calculation must be done at the temperature of
the settler. Then the reflux concentrations can be plotted on the McCabe-Thiele diagram. Design of
separators (decanters) is discussed in Section 13.14. More details for heterogeneous azeotropes are
explored by Doherty et al. (2008), Doherty and Malone (2001), Hoffman (1964), and Shinskey (1984).

8.2.2 Drying Organic Compounds That Are Partially Miscible with Water
For “immiscible” systems (really partially miscible systems) of organics and water, a single phase is
formed only when the water concentration is low or very high. For example, a small amount of water can
dissolve in gasoline. If more water is present, two phases will form. In the case of gasoline, the water
phase is detrimental to the engine, and in cold climates it can freeze in gas lines, immobilizing the car.
Since the solubility of water in gasoline decreases as the temperature is reduced, it is important to have
dry gasoline.
Fortunately, small amounts of water can easily be removed by distillation or adsorption (Chapter 18).
During distillation the water acts as a very volatile component, so a mixture of water and organics is
taken as the distillate. After condensation, two liquid phases form, and the organic phase can be refluxed.
The system is a type of heterogeneous azeotropic system similar to those discussed in the previous
section. Drying differs from the previous systems since a pure water phase is usually not desired, the
relative solubilities are often quite low, and the water phase is usually sent to waste treatment. Thus, the
system will look like Figure 8-3a. With very high relative volatilities, one equilibrium stage may be
sufficient and a flash system plus a separator can be used.
Because detailed equilibrium data are often unavailable, simplified equilibrium theories are useful for
“immiscible” liquids. There is always a range of concentrations where the species are miscible even
though the concentrations may be quite small. It is reasonable to assume that the relative volatility is
constant over the small range of compositions where the liquids are miscible.

(8-8)

If data for the heterogeneous azeotrope (yw and xw in org) are available, then yorg = 1—yw, xorg in org = 1—
xw in org, and αw–org in org is easily estimated from the data. This will be more accurate than assuming
Raoult’s law or assuming a linear relationship.
If the data are not available, we can assume in the water phase that the water follows Raoult’s law and
the organic components follow Henry’s law (Robinson and Gilliland, 1950). Thus,

(8-9)

where Horg is the Henry’s law constant for the organic component in the aqueous phase, VPw is the vapor
pressure of water, and xw in w and xorg in w are the mole fracs of water and organic in the water phase,
respectively. In the organic phase, it is reasonable to use Raoult’s law for the organic compounds and
Henry’s law for the water.

(8-10)



where Hw is the Henry’s law constant for water in the organic phase. At equilibrium, the partial pressure
of water in the two phases must be equal. Thus, equating pw in Eqs. (8-8) and (8-10) and solving for Hw
we obtain

(8-11a)

Similar manipulations for the organic phase give

(8-11b)

Using Eqs. (8-11a) and (8-11b), we can calculate the Henry’s law constants from the known solubilities
(which give the mole fracs) and the vapor pressures.
Eqs. (8-8) to (8-11) are valid for both drying organic compounds and steam distillation (Section 8.3). The
ease of removing small amounts of water from an organic compound that is immiscible with water can be
seen by estimating the relative volatility of water in the organic phase.

(8-12)

In the organic phase Eqs. (8-10) and (8-11b) can be substituted into Eq. (8-12) to give

(8-13)

This calculation is illustrated in Example 8-1.
Organics can be dried either by continuous distillation or by batch distillation. In both cases the vapor
will condense into two phases. The water phase can be withdrawn and the organic phase refluxed to the
distillation system. For continuous systems, the McCabe-Thiele design procedure can be used. The
McCabe-Thiele equilibrium can be plotted from Eq. (8-13), and the analysis is the same as in the
previous section. This is illustrated in Example 8-1.

Example 8-1. Drying benzene by distillation

A benzene stream contains 0.01 mole frac water. Flow rate is 1000 kmol/h, and feed is a saturated
liquid. Column has saturated liquid reflux of the organic phase from the liquid-liquid separator (see
Figure 8-3A) and uses L/D = 2 (L/D)min. We want the outlet benzene to have xw in benz,bot = 0.001.
Design the column and the liquid-liquid settler.

Solution

A. Define. The column is the same as Figure 8-3A. Find the total number of stages and optimum feed
stage. For the settler determine the compositions and flow rates of the water and organic phases.

B. Explore. Need equilibrium data. From Robinson and Gilliland (1950), xbenz in w = 0.00039, xw in



benz = 0.015. The solubility data give the compositions of the streams leaving the settler. Use Eq.
(8-13) for equilibrium. At the boiling point of benzene (80.1°C), VPbenz = 760 mm Hg and VPw =
356.6 mm Hg (Perry and Green, 1997). Operation will be at a different temperature, but the ratio of
vapor pressures will be approximately constant.

C. Plan. Calculate equilibrium from Eq. (8-13):

This is a good approximation of VLE for xw in benz < 0.015. After that, we have a heterogeneous
azeotrope. Plot the curve represented by this value of αw-benz on a McCabe-Thiele diagram. (Two
diagrams will be used for accuracy.) Solve with the McCabe-Thiele method as a heterogeneous
azeotrope problem. Mass balances will be used to find flow rates leaving the settler.

D. Do it. Plot equilibrium: 
where yw and xw are mole fracs of water in the benzene phase. This is valid for xw ≤ 0.015. At the
solubility limit xw = 0.015, we can determine the yw value for the azeotrope,

See Figure 8-5. Since Figure 8-5A is obviously not accurate for stepping off stages, we use Figure 8-
5B. Calculate vapor mole frac in equilibrium with feed, and then the required reflux ratio.

Figure 8-5. Solution for Example 8-1; (A) McCabe-Thiele diagram for entire range, (B)
McCabe-Thiele diagram for low concentrations



Top Operating Line:

where xD is water mole frac in distillate = 1—xbenz in w = 1—0.00039 = 0.99961

y intercept (x = 0) = 0.132
y = x = xD = 0.99961

Plot top operating line (Figure 8-5A).
Feed Line: Saturated liquid.

Bottom Operating Line: 
goes through y = x = xB = 0.001 and intersection of top operating line and feed line.

Reflux is the benzene phase from the liquid-liquid separator (see Figure 8-3A); thus, xreflux = xw in benz
= 0.015. Use this to start stepping off stages on Figure 8-5B. Optimum feed stage is top stage of
column. We need 2 stages plus a partial reboiler.
Settler mass balance requires distillate flow rate. From Eq. (3-3),

E. Check. All of the internal consistency checks work. The value of αw–benz agrees with the
calculation of Robinson and Gilliland (1950). The best check on αw–benz would be comparison
with data.
A check on the settler flow rates can be obtained from a water mass balance. The vapor leaving
Stage 1, y1,w, is a passing stream to the reflux,

y1,w = (0.868)(0.015) + (0.132)(0.99961) = 0.145

This stream is condensed and separated into the water layer (distillate) and the organic layer (reflux).

9.94 = 9.90, which is within the accuracy of the graph.
F. Generalize. Since the solubility of organics in water is often very low, this type of heterogeneous

azeotrope system requires only one distillation column.

Even though water has a higher boiling point than benzene, the relative volatility of water dissolved in
benzene is extremely high. This occurs because water dissolved in an organic cannot hydrogen bond as it
does in an aqueous phase, and thus, it acts as a very small molecule that is quite volatile. The practical
consequence of this is that small amounts of water can easily be removed from organics if the liquids are
partially immiscible. There are alternative methods for drying organics such as adsorption that may be



cheaper than distillation in many cases.

8.3 Steam Distillation
In steam distillation, water (as steam) is intentionally added to the distilling organic mixture to reduce the
required temperature and to keep suspended any solids that may be present. Steam distillation may be
operated with one or two liquid phases in the column. In both cases the overhead vapor will condense
into two phases. Thus, the system can be considered a type of azeotropic distillation where the added
solvent is water and the separation is between volatiles and nonvolatiles. This is a pseudo-binary
distillation with water and the volatile organic forming a heterogeneous azeotrope. Steam distillation is
commonly used for purification of essential oils in the perfume industry, for distillation of organics
obtained from coal, for hydrocarbon distillations, and for removing solvents from solids in waste
disposal (Ellerbe, 1997; Ludwig, 1997; Woodland, 1978).
For steam distillation with a liquid water phase present, both the water and organic layers exert their own
vapor pressures. At 1 atm pressure the temperature must be less than 100 °C even though the organic
material by itself might boil at several hundred degrees. Thus, one advantage of steam distillation is
lower operating temperatures. With two liquid phases present and in equilibrium, their compositions will
be fixed by their mutual solubilities. Since each phase exerts its own vapor pressure, the vapor
composition will be constant regardless of the average liquid concentration. A heterogeneous azeotrope is
formed. As the amount of water or organic is increased, the phase concentrations do not change; only the
amount of each liquid phase will change. Since an azeotrope has been reached, no additional separation is
obtained by adding more stages. Thus, only a reboiler is required. This type of steam distillation is often
done as a batch operation (see Chapter 9).
Equilibrium calculations are similar to those for drying organics except that now two liquid phases are
present. Since each phase exerts its own partial pressure, the total pressure is the sum of the partial
pressures. With one volatile organic,

(8-14)

Substituting in Eqs. (8-9) and (8-10), we obtain

(8-15)

The compositions of the liquid phases are set by equilibrium. If total pressure is fixed, then Eq. (8-15)
enables us to calculate the temperature. Once the temperature is known the vapor composition is easily
calculated as

(8-16)

The number of moles of water carried over in the vapor can be estimated, since the ratio of moles of
water to moles organic is equal to the ratio of vapor mole fracs.

(8-17)



Substituting in Eq. (8-16), we obtain

(8-18)

If several organics are present, yorg and porg are the sums of the respective values for all the organics. The
total moles of steam required is nw plus the amount condensed to heat and vaporize the organic (see
Example 8-2).

Example 8-2. Steam distillation

A cutting oil that has approximately the properties of n-decane (C10 H22) is to be recovered from
nonvolatile oils and solids in a steady-state single-stage steam distillation. Operation will be with
liquid water present. The feed is 50 mol% n-decane. A bottoms that is 15 mol% n-decane in the
organic phase is desired. Feed rate is 10 kmol/h. Feed enters at the temperature of the boiler.
Pressure is atmospheric pressure, which in your plant is approximately 745 mm Hg. Find:
a. The temperature of the still
b. The moles of water carried over in the vapor
c. The moles of water in the bottoms

Solution

A. Define. The still is sketched in the figure. Note that there is no reflux.

B. Explore. Equilibrium is given by Eq. (8-16). Assuming that the organic and water phases are
completely immiscible, we have in the bottoms xC10 in org = 0.15, xw in w = 1.0 and in the two
distillate layers xC10,org,dist = 1.0 and xw,water,dist = 1.0.Vapor pressure data as a function of
temperature are available in Perry and Green (1997). Then Eq. (8-15) can be solved by trial and
error to find Tboiler. Equation (8-18) and a mass balance can be used to determine the moles of
water and decane vaporized. The moles of water condensed to vaporize the decane can be
determined from an energy balance. Latent heat data are available in Perry and Green (1997).

C. Plan. On a water-free basis the mass balances around the boiler are

(8-19a)

(8-19b)



where B is the bottoms flow rate of the organic phase. Since F = 10, xbot = 0.15, and zC10 = 0.5, we
can solve for nC10,vapor and B. Eq. (8-18) gives nw once Tboiler is known. Since the feed, bottoms, and
vapor are all at Tboiler, the energy balance simplifies to

nC10λC10 = (moles of water condensed in still)λw

D. Do it. a. Perry and Green (1997) give the following n-decane vapor pressure data (vapor pressure
in mm Hg and T in °C):

A very complete table of water vapor pressures is given in that source (see Problem 8.D10). As a
first guess, try 95.5°C, where (VP)w = 645.7 mm.Hg. Then Eq. (8-15),

(VP)C10 xC10 in org + (VP)w xw in w = ptot

becomes
(60)(0.15) + (645.7)(1.0) = 654.7 < 745 = ptot

where we have assumed completely immiscible phases so that xw = 1.0. This temperature is too low.
Approximate solution of Eq. (8-15) eventually gives Tboiler = 99°C and (VP)C10 = 66 mm Hg.

b. Solving the mass balances, Eqs. (8-19), the kmol/h of vapor are

(8-20)

which is 586.2 kg/h. Eq. (8-18) becomes

or

which is 5347.1 kg/h.
c. The moles of water to vaporize the decane is

where λ = Hvap—hliq and the saturated vapor and liquid enthalpies at 99 °C are interpolated from
Tables 2-249 and 2-352 in Perry and Green (1997) for decane and water, respectively.

E. Check. A check for complete immiscibility is advisable since all the calculations are based on this
assumption.



F. Generalize. Obviously, the decane is boiled over at a temperature well below its boiling point, but
a large amount of water is required. Most of this water is carried over in the vapor. On a weight
basis, the kilograms of total water required per kilogram decane vaporized is 9.26. Less water will
be used if the boiler is at a higher temperature and there is no liquid water in the still. Less water is
also used for higher values of xorg,bot (see Problem 8.D10).

Additional separation can be obtained by operating without a liquid water phase in the column. Reducing
the number of phases increases the degrees of freedom by one. Operation must be at a temperature higher
than that predicted by Eq. (8-15), or a liquid water layer will form in the column. Thus, the column must
be heated with a conventional reboiler and/or the sensible heat available in superheated steam. The latent
heat available in the steam cannot be used, because it would produce a layer of liquid water. Operation
without liquid water in the column reduces the energy requirements but makes the system more complex.

8.4 Two-Pressure Distillation Processes
Pressure affects vapor-liquid equilibrium (VLE), and in systems that form azeotropes it will affect the
composition of the azeotrope. For example, Table 2-1 shows that the ethanol-water system has an
azeotrope at 0.8943 mole frac ethanol at 1 atm pressure. If the pressure is reduced, the azeotropic
concentration increases (Seader, 1984). At pressures below 70 mm Hg, the azeotrope disappears entirely,
and the distillation can be done in a simple column. Unfortunately, use of this disappearance of the
azeotrope for the separation of ethanol and water is not economical because the column requires a large
number of stages and has a large diameter (Black, 1980). However, the principle of finding a pressure
where the azeotrope disappears may be useful in other distillations. The effect of pressure on the
azeotropic composition and temperature can be estimated using the VLE correlations in process
simulators (Waslkiewski, 2005).
Even though the azeotrope may not disappear, in general, pressure affects the azeotropic composition. If
the shift in composition is large enough, a two-column process using two different pressures can be used
to completely separate the binary mixture. Doherty et al. (2008) recommend a minimum mole fraction
change of at least 5% (e.g., from 55% to 60%) with a 10% change being preferable. A schematic of the
flowchart for this two-pressure distillation process is shown in Figure 8-6 (Doherty and Malone, 2001;
Frank, 1997; Drew, 1997; Shinskey, 1984; Van Winkle, 1967). Column 1 usually operates at atmospheric
pressure, while column 2 is usually at a higher pressure but can be at a lower pressure.

Figure 8-6. Two-pressure distillation for azeotropic separation

To understand the operation of this process, consider the separation of methyl ethyl ketone (MEK) and



water (Drew, 1997). At 1 atm the azeotrope contains 35% water, while at 100 psia the azeotrope is 50%
water. If a feed containing more than 35% water is fed to the first column, the bottoms will be pure water.
The distillate from this atmospheric column will be the 35% azeotrope. When this azeotrope is sent to the
high-pressure column, an azeotrope containing 50% water comes off as the distillate; this distillate is
recycled to column 1. Since the feed to column 2 (the 35% azeotrope) contains less water than this
distillate, the bottoms from column 2 is pure MEK. Note that the water is less volatile in column 1 and the
MEK is less volatile in column 2.
Mass balances for the system shown in Figure 8-6 are of interest. The external mass balances are
identical to Eqs. (8-3a) and (8-3b). Thus, the bottoms flow rates are given by Eqs. (8-4) and (8-5).
Although the processes shown in Figures 8-4A and 8-6 are very different, they look the same to the
external mass balances. Differences in the processes become evident when balances are written for
individual columns. For instance, for column 2 in Figure 8-6 the mass balances are

(8-21)

and

(8-22)

Solving these equations simultaneously and then inserting the results in Eq. (8-4b), we obtain

(8-23)

This is of interest since D2 is the recycle flow rate. As the two azeotrope concentrations at the two
different pressures approach each other, xdist1—xdist2 will become small. According to Eq. (8-23), the
recycle flow rate D2 becomes large. This increases both operating and capital costs and makes this
process too expensive if the shift in the azeotrope concentration is small.
The two-pressure system is also used for the separation of acetonitrile-water, tetrahydrofuran-water,
methanol-MEK, and methanol-acetone (Frank, 1997). In the latter application the second column is at 200
torr. Realize that these applications are rare. For most azeotropic systems the shift in the azeotrope with
pressure is small, and use of the system shown in Figure 8-6 will involve a very large recycle stream.
This causes the first column to be rather large, and costs become excessive.
Before the relatively recent development of detailed and accurate VLE correlations, most VLE data were
only available at one atmosphere; thus, many azeotropic systems have probably not been explored as
candidates for two-pressure distillation. Fortunately, it is fairly easy to simulate two-pressure distillation
with a process simulator (see Lab 7, part A in the appendix to Chapter 8). Methods for estimating VLE
and rapidly screening possible systems are available (Frank, 1997). Because two-pressure distillation
does not require a mass separating agent, it is a prefered method when it works. If two-pressure
distillation were routinely considered as an option for breaking azeotropes, we would undoubtedly
discover additional systems where this method is economical.

8.5 Complex Ternary Distillation Systems
In Chapters 5, 6, and 7 we studied multicomponent distillation for systems with relatively ideal VLE that



do not exhibit azeotropic behavior. In Chapter 4 when we studied both relatively ideal and azeotropic
binary systems we found that there were significant differences between these systems. If no azeotrope
forms, one can obtain essentially pure distillate and pure bottom products. If there is an azeotrope we
found that one can at best obtain one pure product and the azeotrope. In Section 8.2 we found that if the
binary azeotrope was heterogeneous one could usually use a liquid-liquid separator to get past the
azeotrope and obtain two pure products with two columns. Ternary systems with nonideal VLE can have
one or more azeotropes that may be homogeneous or heterogeneous. Since the behavior of ideal ternary
distillation is more complex than that of ideal binary distillation, we expect that the behavior of nonideal
ternary distillation is probably more complex than nonideal binary distillation.
Although McCabe-Thiele diagrams can be used for ternary systems, they have not been nearly as
successful as the binary applications. Hengstebeck (1961) developed a pseudo-binary approach that is
useful for systems with close to ideal VLE. It has also been applied to extractive distillation by assuming
the solvent concentration is constant. Chambers (1951) developed a method that could be applied with
fewer assumptions to systems with azeotropes and illustrated it with the ternary system methanol-ethanol-
water. His approach consisted of drawing two McCabe-Thiele diagrams (e.g., one for methanol and one
for ethanol). Equilibrium consists of several curves with methanol mole frac as a parameter on the ethanol
diagram and ethanol mole frac as a parameter on the methanol diagram. Each equilibrium step required
simultaneous solution of the two diagrams (see Wankat, 1981). The operating lines plot on these diagrams
in the normal fashion. Although visually instructive, Chambers’s method is awkward and has not been
widely used. The conclusion is we need new visualization tools to study ternary distillation.

8.5.1 Distillation Curves
You may have noticed in Chapter 2 that enthalpy-composition and temperature-composition diagrams
contain more information than the McCabe-Thiele y-x diagram. We started using the diagram with less
information because it was easier to show the patterns and visualize the separation. For ternary
distillation we will repeat this pattern and go to a ternary composition diagram that shows the paths taken
by liquid mole fracs throughout a distillation operation. We gain in visualization power since a variety of
possible paths are easy to illustrate, but we lose power since the stages are no longer shown. For
complex systems the gains are much more important than the losses.
A distillation curve is a plot of the mole fracs on every tray for distillation. Distillation curves can be
generated at total reflux or finite reflux. If you have run a multicomponent distillation simulation or solved
a ternary distillation problem with a hand calculation, you have obtained the information (xi,j for j =
1,...N) necesary to plot a distillation curve. Thus, what is different is the presentation. The two different
formats used for these diagrams are shown in Figures 8-7 and 8-8. To generate these plots at total reflux
consider a distillation column numbered from the bottom up (Figure 5-1). If we start at the reboiler, we
first do a bubble-point calculation,

(8-24)

Figure 8-7. Distillation curves at total reflux for constant relative volatility system; A = benzene, B
= toluene, C = cumene; αAB = 2.4, α BB =1.0, α CB = 0.21; stages are shown as ×.



Figure 8-8. Distillation curves at total reflux for acetone, chloroform, benzene mixtures at 1.0 atm
(Biegler et al., 1997), reprinted with permission of Prentice-Hall PTR, copyright 1997, Prentice-

Hall.

Calculation of the bubble-point at every stage can be laborious; fortunately, the calculation is easily done
with a process simulator. Next, at total reflux the operating equation is,



(8-25a)

Alternation of these two equations results in values for xA, xB, and xC on every stage. These values (see
Example 8-3) are then plotted in Figures 8-7 and 8-8. The starting mole fracs are chosen so that the
distillation curves fill the entire space of the diagrams. If the relative volatility is constant, then the vapor
mole fracs can be easily calculated from Eq. (5-30). Substituting Eq. (5-30) into Eq. (8-25a) and solving
for xi,j+1, we obtain the recursion relationship for the distillation curve for constant relative volatility
systems.

(8-25b)

Figure 8-7 shows the characteristic pattern of distillation curves for ideal or close to ideal VLE with no
azeotropes. All of the systems considered in Chapters 5, 6, and 7 follow this pattern. The y-axis (xB = 0)
represents the binary A-C separation. This starts at the reboiler (xA = 0.01 is an arbitrary value) and
requires only the reboiler plus 4 stages to reach a distillate value of xA = 0.994. The x axis (xA = 0)
represents the binary B-C separation, which was started at the arbitrary value xB = 0.01 in the reboiler.
The maximum in B concentration should be familiar from the profiles shown in Chapter 5. Distillation
curves at finite reflux ratios are similar but not identical to those at total reflux. Note that the entire space
of the diagram can be reached by starting with concentrations near 100% C (the heavy boiler).
Distillation curves are usually plotted as smooth curves—they were plotted as discrete points in this
diagram to emphasize the location of the stages. The arrows are traditionally shown in the direction of
increasing temperature. Your understanding of the procedure for plotting these curves will be aided
significantly by studying Example 8-3 and by doing Problem 8.H1.
Figure 8-8 (Biegler et al., 1997) shows the total reflux distillation curves for acetone, chloroform,
benzene distillation on an equilateral triangle diagram. This system has a maximum boiling azeotrope
between acetone (xacetone ~ 0.34) and chloroform. To reach compositions on the right side of the diagram
we need to start with locations that are to the right of distillation boundary curve c. For compositions on
the left side of the diagram we have to start with locations that are to the left of the distillation boundary.
For a given feed concentration, only part of the space in Figure 8-8 can be reached for distillate and
bottoms products. If we want to produce pure acetone in a single column, the feed needs to be to the left
of the distillation boundary. To produce pure chloroform, the feed needs to be to the right of the
distillation boundary. Although the distillation boundary will move slightly at finite reflux ratios, this
basic principle still holds. Figure 8-8 is unusual because it shows a relatively rare maximum boiling
azeotrope. All of the other systems we will consider are the much more common minimum boiling
azeotropes.
We can also do mass balances on the triangular diagrams. First, consider the separation of binaries,
which occur along the y-axis, the x-axis, and the hypotenuse of the right triangle. In Figure 8-9 the binary
separation of the heavy (highest boiling) component H from the intermediate component I occurs along the
y-axis (line B1F1D1).

Figure 8-9. Mass balance on triangular diagram



In Chapter 3 we developed Eq. (3-3) for binary separations. This equation applies to each component in
the binary separations. For example, for separation of intermediate and heavy components,

(8-26)

Equation (8-26) remains valid if a third (or fourth or more) components are present in the distillation, and
we can write a similar equation for every component. Thus, Eq. (8-26) applies for the general ternary
separation shown as line BFD. This equation also proves that the points representing bottoms, distillate
and feed all lie on a straight line and that the lever-arm rule applies. [This is very similar to the graphical
solution developed for the enthalpy-composition diagram of Figure 2-9 and the lever-arm rule derived in
Eq. (2-26). The rules for mass balances on triangular diagrams will be developed in detail in Section 13-
8.] As a first approximation, the points representing the bottoms and distillate products from a distillation
column with a single feed will lie on the distillation and residue curves. The path traced from distillate to
bottoms must follow the same direction as the arrows (increasing temperature). Thus, these curves will
show us if the separation indicated by the line BFD is feasible. If there is a distillation boundary as in
Figure 8-8, not all separations will be feasible.

8.5.2 Residue Curves
We could do all of our calculations with distillation curves at total and finite reflux ratios; however, these
curves depend to some extent on the distillation system. It is convenient to use a thermodynamically based
curve that does not depend on the number of stages. A residue curve is generated by putting a mixture in a
still pot and boiling it without reflux until the pot runs dry and only the residue remains. This is a simple
batch distillation that will be discussed in more detail in Chapter 9. The plot of the changing mole fracs
on a triangular diagram is the residue curve. It will be similar but not identical to the distillation curves
shown in Figures 8-7 and 8-8. The differences between distillation curves and residue curves are
explored by Widagdo and Seider (1996).
A simple equilibrium still is shown in Figure 8-10. As the distillation continues the molar holdup of
liquid H decreases. The unsteady state overall mass balance is,

(8-27a)

Figure 8-10. Simple equilibrium still



where V is the molar rate (not necessarily constant) at which vapor is removed. The component mass
balances will have a similar form.

(8-27b)

Expanding the derivative, substituting in Eq. (8-27a) and rearranging, we obtain

(8-28)

This derivation closely follows the derivations in Biegler et al. (1997) and Doherty and Malone (2001).
An alternate derivation is given in sections 9.1 and 9.2.
Integration of Eq. (8-28) gives us the values of xi vs. time and allows us to plot the residue curve. This
integration can be done with any suitable numerical integration technique; however, the vapor mole frac y
in equilibrium with x must be determined at each time step. Although Doherty and Malone (2001)
recommend the use of either Gear’s method or a fourth order Runge-Kutta integration, they note that Eq.
(8-28) is well behaved and can be integrated with Euler’s method. This result is particularly simple,

(8-29)

where k refers to the step number and h is the step size. A step size of h = 0.01 or smaller is
recommended (Doherty and Malone, 2001). A case where bubble-point calculations are required for each
step is discussed in HW Problem 8.H3. If relative volatilities are constant, we can determine y from Eq.
(5-30) and the recursion relationship simplifies to

(8-30)

Despite the fact that process simulators will do these calculations for us, doing the integration for a
simple case will greatly increase your understanding. Thus, studying Example 8-3 and doing Problem
8.H2 are highly recommended.
Siirola and Barnicki (1997) and Doherty et al. (2008) show simplified residue curve plots for all 125
possible systems. The most common residue curve is the plot for ideal distillation, which is similar to
Figure 8-7. Next most common will be systems with a single minimum boiling azeotrope occurring
between one of the sets of binary pairs. The three possibilities are shown in Figure 8-11 (Doherty and
Malone, 2001). Figure 8-11c is of interest since it is one of the two residue curves that occur in extractive
distillation (the other is Figure 8-7 with small relative volatilities). As mentioned earlier, a residue curve
plot for a maximum boiling azeotrope as shown in Figure 8-8 will be rare. One can also have multiple
binary and ternary azeotropes (Doherty et al., 2008; Siirola and Barnecki, 1997). Heterogeneous ternary
azeotropes can also occur and are important in azeotropic distillation (Section 8.7). Figure 8-12 (Doherty



and Malone, 2001) is an example of the residue curves that occur in azeotropic distillation with added
solvent. The systems shown in Figures 8-11c and 8-12 are often formed on purpose by adding a solvent to
a binary azeotropic system.
Figure 8-11. Schematics of residue curve maps when there is one binary minimum-boiling azeotrope
(Doherty and Malone, 2001); reprinted with permission of McGraw-Hill, copyright 2001, McGraw-

Hill.

Figure 8-12. Calculated residue curve map for ethanol-water-benzene (Doherty and Malone, 2001).
The black squares are binary homogeneous azeotropes, the black triangle is a heterogeneous binary
azeotrope, the black dot in the center of the diagram is a heterogeneous ternary azeotrope, and the

dot-dash line represents the solubility envelope for the two liquid layers.

Reprinted with permission of McGraw-Hill, copyright 2001, McGraw-Hill.

This completes the introduction to residue curves. Residue curves will be used in the explanation of
extractive distillation (Section 8.6) and azeotropic distillation (Section 8.7). In Section 11-6 we will use
residue curves to help synthesize distillation sequences for complex systems. Doherty and Malone (2001)
develop the properties and applications of residue curves in much more detail than can be done in this
introduction.

Example 8-3. Development of distillation and residue curves for constant relative volatility

We plan to study the distillation of the ideal system A = benzene, B = toluene, and C = cumene by
generating total reflux distillation curves and residue curves. The equilibrium data for this system can



be approximated by the following constant relative volatilities: αAB = 2.4, αBB = 1.0, and αCB = 0.21.
a. Generate the total reflux distillation curve starting with the following reboiler mole fractions: xA,reb

= 0.001, xB,reb = 0.009, and xC,reb = 0.990.
b. Generate the residue curve with the following initial mole fractions in the still pot: xA = 0.9905, xB

= 0.0085, and xC = 0.001.

Solution Part a. This calculation can be done with a process simulator or with the recursion
relationship, Eq. (8-25b). Since the simulator hides the calculation procedure, we use Eq. (8-25b).
Starting with the reboiler (j = 0) mole fractions, xA,reb = 0.001, xB,reb = 0.009, and xC,reb = 0.990, we
calculate the mole fractions on the stage above the reboiler (j = 1) from Eq. (8-25b). The denominator
in Eq. (8-25b) for j + 1 = 1 is,

Σ(αi-B xi,0) = αAB xA,0 + αBB xB,0 + αCB xC,0 = 2.4(0.001) + 1.0 (.009) + 0.21(.990) = 0.21915

Then the individual mole fractions are calculated from Eq. (8-25b):
xA,1 = αAB xA,0 / Σ(αi-B xi,0) = 2.4 (0.001)/0.21915 = 0.0103

xB,1 = αBB xB,0 / Σ(i-B xi,0) = 1.0 (0.009)/0.21915 = 0.0411

xC,1 = αCB xC,0 / Σ(αi-B xi,0) = 0.21 (0.99)/0.21915 = 0.9487

Increasing j by 1, we can calculate the denominator for j+1 = 2,
Σ(αi-B xi,1) = αAB xA,1 + αBB xB,1 + αCB xC,1 = 2.4(0.0103) + 1.0 (.0411) + 0.21(.9487) = 0.263388

And the individual mole fractions for stage 2 are,
xA,2 = αAB xA,1 / Σ(αi-B xi,1) = 2.4 (0.010267)/0.263388 = 0.0877

xB,2 = αBB xB,1 / Σ(αi-B xi,1) = 1.0 (0.041068)/0.263388 = 0.1559

xC,2 = αCB xC,1 / Σ(αi-B xi,1) = 0.21 (0.948655)/0.263388 = 0.7564

Continuing the calculation we generate the following values for the remaining stages:

These values were generated from a simple spreadsheet and are plotted in Figure 8-7. Obviously, the
calculation can be continued for as many stages as desired. Problem 8.H1 asks that you generate
additional values for Figure 8-7.
Solution Part b. Although process simulators will determine residue curves, it is instructive to do a
calculation ourselves. This calculation uses Eq. (8-30), starting with still pot mole fractions xA,1 =
0.9905, xB,1 = 0.0085, and xC,1 = 0.001 (where index 1 represents k = 1, which is step 1 in the
integration). We will show one hand calculation and then the VBA program to do the calculation for h
= 0.01 and N (maximum number of iterations) = 1000. For k = 1,

Σ(αi-B xi,1) = αAB xA,1 + αBB xB,1 + αCB xC,1 = 2.4(0.9905) + 1.0 (.0085) + 0.21(.001) = 2.38591

And Eq. (8-30) is
xi,2 = xi,1 + h[xi,1 – αi-B xi,1 / Σ(αi-B xi,1)], which for each component is,



xA,2 = xA,1 + h[xA,1 – αA-B xA,1 / Σ(αi-B xi,1)] = 0.9905 + 0.01[0.9905 − 2.4(.9905)/2.38591] =
0.99044

xB,2 = xB,1 + h[xB,1 – αB-B xB,1 / Σ(αi-B xi,1)] = 0.0085 + 0.01[0.0085 − 1.0(.0085)/2.38591] =
0.008547

xC,2 = xC,1 + h[xC,1 – αC-B xC,1 / Σ(αi-B xi,1)] = 0.001 + 0.01[0.001 − 0.21(.001)/2.38591] = 0.001009

Setting k = 2 in Eq. (8-30), we can continue. This process is obviously laborious to do by hand but is
easily programmed in VBA. A program that will do this calculation is,

Option Explicit
Sub Residue_Curve()
' Calculation of constant alpha residue curve. Declare variables.
Dim i, N, j As Integer
Dim alphaA, alphaB, alphaC, sumalx, h, xA, xB, xC As Double
Sheets("Sheet1").Select
Range("A4", "D1005").Clear
' Read values
alphaA = Cells(1, 2).Value
alphaB = Cells(1, 4).Value
alphaC = Cells(1, 6).Value
h = Cells(2, 4).Value
N = Cells(2, 6).Value
' Initial values in still pot
xA = Cells(3, 2).Value
xB = Cells(3, 4).Value
xC = Cells(3, 6).Value
' Do loop for calculation of Eq. (8-30) and print values
For i = 1 To N
j = i + 1
sumalx = xA * alphaA + xB * alphaB + xC * alphaC
xA = xA * (1 + h * (1 - alphaA / sumalx))
xB = xB * (1 + h * (1 - alphaB / sumalx))
xC = xC * (1 + h * (1 - alphaC / sumalx))
Cells(4 + i + 1, 1).Value = j
Cells(4 + i + 1, 2).Value = xA
Cells(4 + i + 1, 3).Value = xB
Cells(4 + i + 1, 4).Value = xC
Next i
End Sub

The results obtained are:



These values can be plotted to form a residue curve that will look similar to Figure 8-7 except the
curves should be drawn as smooth curves. Problem 8.H2 asks students to generate additional residue
curves. Note: If too large a value of h is used, the recursion formula can give negative mole fractions
or mole fractions greater than one. Obviously, these values should not be used.

8.6 Extractive Distillation
Extractive distillation is used for the separation of azeotropes and close-boiling mixtures. In extractive
distillation, a solvent is added to the distillation column. This solvent is selected so that one of the
components, B, is selectively attracted to it. Since the solvent is usually chosen to have a significantly
higher boiling point than the components being separated, the attracted component, B, has its volatility
reduced. Thus, the other component, A, becomes relatively more volatile and is easy to remove in the
distillate. A separate column is required to separate the solvent and component B. The residue curves,
after the solvent is added, are shown in Figure 8-7 (separation of close boiling components) and 8-11C
(separation of azeotropes).
A typical flowsheet for separation of a binary mixture is shown in Figure 8-13. If an azeotrope is being
separated, the feed should be close to the azeotrope concentration; thus, a binary distillation column (not
shown) usually precedes the extractive distillation system. In column 1 the solvent is added several stages
above the feed stage and a few stages below the top of the column. In the top section, the relatively
nonvolatile solvent is removed and pure A is produced as the distillate product. In the middle section,
large quantities of solvent are present and components A and B are separated from each other. It is
common to use 1, 5, 10, 20, or even 30 times as much solvent as feed; thus, the solvent concentration in
the middle section is often quite high. Note that the A-B separation must be complete in the middle
section, because any B that gets into the top section will not be separated (there is very little solvent
present) and will exit in the distillate. The bottom section strips the A from the mixture so that only
solvent and B exit from the bottom of the column.

Figure 8-13. Extractive distillation flowsheet



The residue curve diagram for the extractive distillation of ethanol and water using ethylene glycol as the
solvent is shown in Figure 8-14. The curves start at the binary azeotrope (89% ethanol and 11% water),
which makes this residue curve plot similar to Figure 8-11c. Since all of the residue curves have the same
general shape, there is no distillation boundary in this system. (I suggest that you compare the shape of the
residue curves in Figure 8-14 to those in Figure 8-8, which has a distillation boundary.) The feed to
column 1 is 100 kmol/h of a mixture that is 72 mol% ethanol and 27 mol% water. Essentially pure solvent
is added at a rate of 52 kmol/h. (Lab 8 in the Appendix to Chapter 8.) The solvent and feed can be
combined as a mixed feed M (found from the lever-arm rule), which is then separated in column 1 into
streams D and B as shown in the figure. Detailed simulations are needed to determine if the solvent flow
rate and reflux ratio are large enough. Increasing the solvent flow rate will move point M towards the
solvent vertex. Binary stream B is easily separated in column 2. Although this system can be used to break
the ethanol-water azeotrope, azeotropic distillation (see Section 8.7) is more economical. The residue
curves from D to B both stop at S. Extractive distillation works because the solvent is added to the
column several stages above the feed stage. Complete analysis of extractive distillation is beyond this
introductory treatment. Doherty and Malone (2001) provide detailed information on the use of residue
curve maps to design extractive distillation systems.

Figure 8-14. Residue curves for water-ethanol-ethylene glycol for extractive distillation to break
ethanol-water azeotrope. Curves generated by Aspen Plus 2004 using NRTL for VLE. Mass

balance lines FMS and BMD were added.

The mixture of solvent and B is sent to column 2 where they are separated along line SBW. If the solvent
is selected correctly, the second column can be quite short, since component B is significantly more



volatile than the solvent. The recovered solvent can be cooled and stored for reuse in the extractive
distillation column. Note that the solvent must be cooled before entering column 1, since its boiling point
is significantly higher than the operating temperature of column 1.
Column 2 is a simple distillation that can be designed by the methods discussed in Chapter 4. Column 1 is
considerably more complex, but the bubble-point matrix method discussed in Chapter 6 can often be
adapted. Since the system is nonideal and K values depend on the solvent concentration, a concentration
loop is required in the flowchart shown in Figure 6-1. Fortunately, a good first guess of solvent
concentrations can be made. Solvent concentration will be almost constant in the middle section and also
in the bottom section except for the reboiler. In the top section of the column, the solvent concentration
will very rapidly decrease to zero. These solvent concentrations will be relatively unaffected by the
temperatures and flow rates. The K values can be calculated from Eq. (2-35) with the activity coefficients
determined from the appropriate VLE correlation. Process simulators are the easiest way to do these
calculations (see appendix to Chapter 8).
Concentration profiles for the extractive distillation of n-heptane and toluene using phenol as the solvent
are shown in Figure 8-15 (Seader, 1984). The profiles were rigorously calculated using a simultaneous
correction method, and activity coefficients were calculated with the Wilson equation. The feed was a
mixture of 200 lbmol/h of n-heptane and 200 lbmol/h of toluene input as a liquid at 200 °F on stage 13.
The recycled solvent is input on stage 6 at a total rate of 1200 lbmol/h. There are a total of 21 equilibrium
contacts including the partial reboiler. The high-boiling phenol is attractive to the toluene, since both are
aromatics. The heptane is then made more volatile and exits in the distillate (component A in Figure 8-
13). Note from Figure 8-15 that the phenol concentration very rapidly decreases above stage 6 and the n-
heptane concentration increases. From stages 6 to 12, phenol concentration is approximately constant and
the toluene is separated from the heptane. From stages 13 to 20, phenol concentration is again constant but
at a lower concentration. This change in the solvent (phenol) concentration occurs because the feed is
input as a liquid. A constant solvent concentration can be obtained by vaporizing the feed or by adding
some recycled solvent to it. Heptane is stripped from the mixture in stages 13 to 20. In the reboiler, the
solvent is nonvolatile compared to toluene. Thus the boilup is much more concentrated in toluene than in
phenol. The result is the large increase in phenol concentration seen for stage 21 in Figure 8-15.
Concentration profiles for other extractive distillation systems are shown by Robinson and Gilliland
(1950), Siirola and Barnicki (1997), Doherty and Malone (2001), and Doherty et al. (2008).

Figure 8-15. Calculated composition profiles for extractive distillation of toluene and n-heptane;
from Seader (1984), reprinted with permission from Perry’s Chemical Engineer’s Handbook, 6th

ed, copyright 1984, McGraw-Hill.



The almost constant phenol (solvent) concentrations above and below the feed stage in Figure 8-15 allow
for the development of approximate calculation methods (Knickle, 1981). A pseudo-binary McCabe-
Thiele diagram can be used for the separation of heptane and toluene. The “equilibrium” curve represents
the y-x data for heptane and toluene with constant phenol concentration. The equilibrium curve will have
a discontinuity at the feed stage. For the stages above the solvent feed stage, a standard heptane-phenol
binary McCabe-Thiele diagram can be used. Knickle (1981) also discusses modifying the Fenske-
Underwood-Gilliland approach by modifying the relative volatility to represent heptane-toluene
equilibrium with the phenol concentration of the feed stage.
The reason for the large increase in solvent concentration in the reboiler is easily seen if we look at an
extreme case where none of the solvent vaporizes in the reboiler. Then the boilup is essentially pure
component B. The liquid flow rate in the column can be split up as

(8-31)

where S is the constant solvent flow rate; Bliq is the flow rate of component B, which stays in the liquid in
the reboiler; and  is the flow rate of the vapor, which is mainly B. The bottoms flow rate consists of the
streams that remain liquid,



(8-32)

The mole frac of B in the liquid in the column can be estimated as

(8-33)

and the mole frac B in the bottoms is

(8-34)

For the usual flow rates this gives xB,col >> xB,bot. Even when the solvent is fairly volatile, as in Figure 8-
15, the toluene (component B) concentration drops in the reboiler.
The behavior of even the simplest azeotropic distillations systems where an entrainer is added to recover
the two components as pure products (e.g., the homogeneous systems illustrated in Figure 8-11, which
include extractive distillation) is often different than the behavior of more ideal ternary distillation
systems (Doherty and Malone, 2001; Laroche et al., 1992). For example, feasible operation may require
recovering the middle component as distillate from the first column, not the light component as would
normally be expected. We expect that adding trays will reduce the reflux ratio needed, but with
homogeneous azeotropic systems including extractive distillation, adding trays may increase the required
reflux ratio. Similarly, increasing the reflux ratio past an optimum value may cause the product purities to
decrease, and poor separation is observed at total reflux.
Selection of the solvent is extremely important. The process is similar to that of selecting a solvent for
liquid-liquid extraction, which is discussed in Chapter 13. By definition, the solvent should not form an
azeotrope with any of the components (Figure 8-11C). If the solvent does form an azeotrope, the process
becomes azeotropic distillation, which is discussed in the next section. Usually, a solvent is selected that
is more similar to the heavy key. Then the volatility of the heavy key will be reduced. Exceptions to this
rule exist; for example, in the n-butane—1-butene system, furfural decreases the volatility of the 1-butene,
which is more volatile (Shinskey, 1984). Lists of extractants (Doherty et al., 2008; Van Winkle, 1967) for
extractive distillation are helpful in finding a general structure that will effectively increase the volatility
of the keys. Salts including ionic liquids can be used as the “solvent,” particularly when there are small
amounts of water to remove (Fu, 1996; Furter, 1993). Residue curve analysis is also very helpful to
ensure that the solvent does not form additional azeotropes (Biegler et al., 1997; Doherty and Malone,
2001; Julka et al., 2009).
Solvent selection can be aided by considering the polarities of the compounds to be separated. A short
list of classes of compounds arranged in order of increasing polarity is given in Table 8-1. If two
compounds of different polarity are to be separated, a solvent can be selected to attract either the least
polar or the most polar of the two. For example, suppose we wish to separate acetone (a ketone boiling at
56.5°C) from methanol (an alcohol boiling at 64.7°C). This system forms an azeotrope.We could add a
hydrocarbon to attract the acetone, but if enough hydrocarbon were added, the methanol would become
more volatile. A simpler alternative is to add water, which attracts the methanol and makes acetone more
volatile. The methanol and water are then separated in column 2. In this example, we could also add a
higher molecular weight alcohol such as butanol to attract the methanol.



Table 8-1. Increasing polarities of classes of compounds

When two hydrocarbons are to be separated, the larger the difference in the number of double bonds the
better a polar solvent will work to change the volatility. For example, furfural will decrease the volatility
of butenes compared to butanes. Furfural (a cyclic alcohol) is used instead of water because the
hydrocarbons are miscible with furfural. A more detailed analysis of solvent selection shows that
hydrogen bonding is more important than polarity (Berg, 1969; Doherty et al., 2008; Smith, 1963).
Once a general structure has been found, homologs of increasing molecular weight can be checked to find
which has a high enough boiling point to be easily recovered in column 2. However, too high a boiling
point is undesirable, because the solvent recovery column would have to operate at too high a
temperature. The solvent should be completely miscible with both components over the entire
composition range of the distillation.
It is desirable to use a solvent that is nontoxic, nonflammable, noncorrosive, and nonre-active. In
addition, it should be readily available and inexpensive since solvent makeup and inventory costs can be
relatively high. Environmental effects and life-cycle costs of various solvents need to be included in the
decision (Allen and Shonnard, 2002). As usual, the designer must make tradeoffs in selecting a solvent.
One common compromise is to use a solvent that is used elsewhere in the plant or is a by-product of a
reaction even if it may not be the optimum solvent otherwise.
For isomer separations, extractive distillation usually fails, since the solvent has the same effect on both
isomers. For example, Berg (1969) reported that the best entrainer for separating m- and p-xylene
increased the relative volatility from 1.02 to 1.029. An alternative to normal extractive distillation is to
use a solvent that preferentially and reversibly reacts with one of the isomers (Doherty and Malone,
2001). The process scheme will be similar to Figure 8-14, with the light isomer being product A and the
heavy isomer product B. The forward reaction occurs in the first column, and the reaction product is fed
to the second column. The reverse reaction occurs in column 2, and the reactive solvent is recycled to
column 1. This procedure is quite similar to the combined reaction-distillation discussed in Section 8.8.

8.7 Azeotropic Distillation with Added Solvent
When a homogeneous azeotrope is formed or the mixture is very close boiling, the procedures shown in
Section 8.2 cannot be used. However, the engineer can add a solvent (or entrainer) that forms a binary or
ternary azeotrope and use this to separate the mixture. The trick is to pick a solvent that forms an
azeotrope that is either heterogeneous (then the procedures of Section 8.2 are useful) or easy to separate
by other means such as extraction with a water wash. Since there are now three components, it is possible
to have one or more binary azeotropes or a ternary azeotrope. The flowsheet depends upon the
equilibrium behavior of the system, which can be investigated with distillation curves and residue curves
(Section 8.5). A few typical examples will be illustrated here.
Figure 8-16 shows a simplified flowsheet (extensive heat exchange is not shown) for the separation of
butadiene from butylenes using liquid ammonia as the entrainer (Poffenberger et al., 1946). Note the use



of the intermediate reboiler in the azeotropic distillation column to minimize polymerization. At 40°C the
azeotrope is homogeneous. The ammonia can be recovered by cooling, since at temperatures below 20°C
two liquid phases are formed. The colder the operation of the settler the purer the two liquid phases. At
the −40°C used in commercial plants during World War II, the ammonia phase contained about 7 wt %
butylene. This ammonia is recycled to the azeotropic column either as reflux or on stage 30. The top phase
is fed to the stripping column and contains about 5 wt % ammonia. The azeotrope produced in the
stripping column is recycled to the separator. This example illustrates the following general points: (1)
The azeotrope formed is often cooled to obtain two phases and/or to optimize the operation for the liquid-
liquid settler. (2) Streams obtained from a settler are seldom pure and have to be further purified. This is
illustrated by the stripping column in Figure 8-16. (3) Product (butylene) can often be recovered from
solvent (NH3) in a stripping column instead of a complete distillation column because the azeotrope is
recycled.
Figure 8-16. Separation of butadiene from butylenes using ammonia as an entrainer (Poffenberger

et al., 1946)

Another system with a single binary azeotrope is shown in Figure 8-17 (Smith, 1963). In the azeotropic
column, component A and the entrainer form a minimum boiling azeotrope, which is recovered as the
distillate. The other component, B, is recovered as a pure bottoms product. In this case the azeotrope
formed is homogeneous, and a water wash (extraction using water) is used to recover the solvent from the
desired component with which it forms an azeotrope. Pure A is the product from the water wash column.
A simple distillation column is required to recover the solvent from the water. Chemical systems using
flow diagrams similar to this include the separation of cyclohexane (A) and benzene (B), using acetone as
the solvent, and the removal of impurities from benzene with methanol as the solvent.
Figure 8-17. Azeotropic distillation with one minimum boiling binary azeotrope; use of water wash

for solvent recovery from Smith (1963)



A third example that is quite common is the separation of the ethanol water azeotrope using a hydrocarbon
as the entrainer. Benzene used to be the most common entrainer (the residue curve is shown in Figure 8-
12), but because of its toxicity it has been replaced by diethyl ether, n-pentane, or n-hexane. A
heterogeneous ternary azeotrope is removed as the distillate product from the azeotropic distillation
column. A typical flowsheet for this system is shown in Figure 8-18 (Black, 1980; Doherty and Malone,
2001; Doherty et al., 2008; Robinson and Gilliland, 1950; Seader, 1984; Shinskey, 1984; Smith, 1963;
Widagdo and Seider, 1996). The feed to the azeotropic distillation column is the distillate product from a
binary ethanol-water column and is close to the azeotropic composition. The composition of the ternary
azeotrope will vary slightly depending upon the entrainer chosen. For example, when n-hexane is the
entrainer the azeotrope contains 85 wt % hexane, 12 wt % ethanol, and 3 wt % water (Shinskey, 1984).
The water/ethanol ratio in the ternary azeotrope must be greater than the water/ethanol ratio in the feed so
that all the water can be removed with the azeotrope and excess ethanol can be removed as a pure
bottoms product. The upper layer in the separator is 96.6 wt % hexane, 2.9 wt % ethanol and 0.5 wt %
water, while the bottom layer is 6.2 wt % hexane, 73.7 wt % ethanol and 20.1 wt % water. The upper
layer from the separator is refluxed to the azeotropic distillation column, while the bottom layer is sent to
a stripping column to remove water.

Figure 8-18. Ternary azeotropic distillation for separation of ethanol-water with hydrocarbon
entrainer



Calculations for any of the azeotropic distillation systems are considerably more complex than for simple
distillation or even for extractive distillation. The complexity arises from the obviously very nonideal
equilibrium behavior and from the possible formation of three phases (two liquids and a vapor) inside the
column. The residue curve shown in Figure 8-12 clearly demonstrates the complexity of these systems.
Calculation procedures for azeotropic distillation are reviewed by Doherty and Malone (2001),
Prokopakis and Seider (1983), and Widago Seider (1996).
Results of simulations have been presented by Black (1980), Hoffman (1964), Prokopakis and Seider
(1983), Robinson and Gilliland (1950), Seader (1984), Smith (1963), and Widago and Seider (1996).
Seader’s (1984) results for the dehydration of ethanol using n-pentane as the solvent are plotted in Figure
8-19. The system used is similar to the flowsheet shown in Figure 8-18. The feed to the column contained
0.8094 mole frac ethanol. The column operated at a pressure of 331.5 kPa to allow condensation of the
distillate with cooling water and had 18 stages plus a partial reboiler and a total condenser. The third
stage below the condenser was the feed stage. Note that the profiles are different from those shown in
Chapter 5. The pentane appears superficially to be a light key except that none of it appears in the
bottoms. Instead, a small amount of the water exits in the bottoms with the ethanol.

Figure 8-19. Composition profiles for azeotropic distillation column separating water and ethanol
with n-pentane entrainer (Seader, 1984).



Selecting a solvent for azeotropic distillation is often more difficult than for extractive distillation. There
are usually fewer solvents that will form azeotropes that boil at a low enough temperature to be easy to
remove in the distillate or boil at a high enough temperature to be easy to remove in the bottoms.
Distillation curve and residue curve analyses are useful for screening prospective solvents and for
developing new processes (Biegler et al., 1997; Doherty and Malone, 2001; Julka et al., 2009; Widago
and Seider, 1996). In addition, the binary or ternary azeotrope formed must be easy to separate. In
practice, this requirement is met by heterogeneous azeotropes and by azeotropes that are easy to separate
with a water wash. The chosen entrainer must also satisfy the usual requirements of being nontoxic,
noncorrosive, chemically stable, readily available, inexpensive, and green. Because of the difficulty in
finding suitable solvents, azeotropic distillation systems with unique solvents are patentable.

8.8 Distillation with Chemical Reaction
Distillation columns are occasionally used as chemical reactors. The advantage of this approach is that
distillation and reaction can take place simultaneously in the same vessel, and the products can be
removed to drive the reversible reaction to completion. The most common industrial application is for the
formation of esters from a carboxylic acid and an alcohol. For example, the manufacture of methyl acetate
by reactive distillation was a major success that conventional processes could not compete with (Biegler
et al., 1997). Reactive distillation was first patented by Backhaus in 1921 and has been the subject of
many patents since then (see Doherty and Malone, 2001; Doherty et al., 2008; and Siirola and Barnicki,
1997, for references). Reaction in a distillation column may also be undesirable when one of the desired
products decomposes.
Distillation with reaction is useful for reversible reactions. Examples would be reactions such as

A = C
A = C + D

A + B = C + D
The purposes of the distillation are to separate the product(s) from the reactant(s) to drive the reactions to
the right, and to recover purified product(s).



Depending on the equilibrium properties of the system, different distillation configurations can be used as
shown in Figure 8-20. Figure 8-20A shows the case where the reactant is less volatile than the product
(Belck, 1955). If several products are formed, no attempt is made to separate them in this system. The
bleed is used to prevent the buildup of nonvolatile impurities or products of secondary reactions. If the
feed is more volatile than the desired product, the arrangement shown in Figure 8-20B can be used
(Belck, 1955). This column is essentially at total reflux except for a small bleed, which may be needed to
remove volatiles or gases.

Figure 8-20. Schemes for distillation plus reaction: (A) Volatile product, reaction is A = C; (B)
nonvolatile product, reaction is A = D; (C) Two products, reactions are A = C + D or A + B = C + D;

(D, E) Reaction A + B = C + D with B and D nonvolatile.

Figures 8-20C, 8-20D, and 8-20E all show systems where two products are formed and the products are
separated from each other and from the reactants in the distillation column. In Figure 8-20C the reactant(s)
are of intermediate volatility between the two products. Then the reactants will stay in the middle of the
column until they are consumed, while the products are continuously removed, driving the reaction to the
right. If the reactants are not of intermediate volatility, some of the reactants will appear in each product
stream (Suzuki et al., 1971). The alternative schemes shown in Figures 8-20D and 8-20E (Siirola and
Barnicki, 1997; Suzuki et al., 1971) will often be advantageous for the reaction

A + B = C + D
In these two figures, species A and C are relatively volatile while species B and D are relatively
nonvolatile. Since reactants are fed in at opposite ends of the column, there is a much larger region where
both reactants are present. Thus, the residence time for the reaction will be larger in Figures 8-20D and E
than in Figure 8-20C, and higher yields can be expected. The systems shown in Figures 8-20C and D have



been used for esterification reactions such as
Acetic acid + ethanol → ethyl acetate + water

(Suzuki et al., 1971) and
Acetic acid + methanol → methyl acetate + water

Siirola and Barnicki (1997) show a four-component residue curve map for methyl acetate production.
They used a modification of Figure 8-20E where a nonvolatile liquid catalyst is fed between the acetic
acid (B) and methanol (A) feeds. They show profiles for the four components and the catalyst.
When a reaction occurs in the column, the mass and energy balance equations must be modified to include
the reaction terms. The general mass balance equation for stage j (Eq. 6-1) can be modified to

(8-35)

where the reaction term ri,j is positive if the component is a product of the reaction. To use Eq. (8-35), the
appropriate rate equation for the reaction must be used for ri,j. In general, the reaction rate will depend on
both the temperature and the liquid compositions.
When the mass balances are in matrix form, the reaction term can conveniently be included with the feed
in the D term in Eqs. (6-6) and (6-13). This retains the tridiagonal form of the mass balance, but the D
term depends upon liquid concentration and stage temperature. The convergence procedures to solve the
resulting set of equations must be modified, because the procedures outlined in Chapter 6 may not be able
to converge. The equations have become highly nonlinear because of the reaction rate term. Modern
process simulators are usually able to converge for reactive distillation problems, although it may be
necessary to change the convergence properties.
A sample of composition and temperature profiles for the esterification of acetic acid and ethanol is
shown in Figure 8-21 (Suzuki et al., 1971) for the distillation system of Figure 8-20C. The distillation
column is numbered with 13 stages including the total condenser (No. 1) and the partial reboiler (No. 13).
Reaction can occur on every stage of the column and in both the condenser and the reboiler. Feed is
introduced to stage 6 as a saturated liquid. The feed is mainly acetic acid and ethanol with a small amount
of water. A reflux ratio of 10 is used. The top product contains most of the ethyl acetate produced in the
reaction plus ethanol and a small amount of water. All of the nonreacted acetic acid appears in the
bottoms along with most of the water and a significant fraction of the ethanol. Reaction is obviously not
complete.

Figure 8-21. Composition and temperature profiles for the reaction acetic acid + ethanol = ethyl
acetate + water from Suzuki et al. (1971), copyright 1971.

Reprinted with permission from Journal of Chemical Engineering of Japan.



A somewhat different type of distillation with reaction is “catalytic distillation” (Doherty et al., 2008;
Parkinson, 2005). In this process bales of catalyst are stacked in the column. The bales serve both as the
catalyst and as the column packing (see Chapter 10). This process was used commercially for production
of methyl tert-butyl ether (MTBE) from the liquid-phase reaction of isobutylene and methanol. The heat
generated by the exothermic reaction is used to supply much of the heat required for the distillation. Since
MTBE use as a gasoline additive has been outlawed because of pollution problems from leaky storage
tanks, these units are shut down. Other applications of catalytic distillation include desulfurization of
gasoline, separation of 2-butene from a mixed C4 stream, esterification of fatty acids and etherification.

Although many reaction systems do not have the right reaction equilibrium or VLE characteristics for
distillation with reaction, for those that do this technique is a very valuable industrial tool.

8.9 Summary—Objectives
In this chapter we have looked at azeotropic and extractive distillation systems plus distillation with
simultaneous chemical reaction. At the end of this chapter you should be able to satisfy the following
objectives:
1. Analyze binary distillation systems using other separation schemes to break the azeotrope
2. Solve binary heterogeneous azeotrope problems, including the drying of organic solvents, using

McCabe-Thiele diagrams
3. Explain and analyze steam distillation
4. Use McCabe-Thiele diagrams or process simulators to solve problems where two pressures are used

to separate azeotropes
5. Determine the possible products for a ternary distillation using residue curves
6. Explain the purpose of extractive distillation, select a suitable solvent, explain the expected

concentration profiles, and do the calculations with a process simulator
7. Use a residue curve diagram to determine the expected products for an azeotropic distillation with an

added solvent
8. Explain qualitatively the purpose of doing a reaction in a distillation column, and discuss the

advantages and disadvantages of the different column configurations
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Homework
A. Discussion Problems

A1. Given a homogeneous azeotrope to separate, if you know nothing about the system, which method
is least likely to be economical?
a. Two-pressure distillation
b. Extractive distillation
c. Azeotropic distillation

A2. Which method(s) are commonly used for separating systems with relative volatilities close to 1.0
in addition to separating azeotropes?
a. Two-pressure distillation
b. Extractive distillation
c. Azeotropic distillation



d. All of the above
e. a and b
f. a and c
g. b and c
h. None of the above.

A3. Why is a cooler required in Figure 8-13? Can this energy be reused in the process?
A4. Explain the purpose of the liquid-liquid settler in Figures 8-3A, 8-4A, and 8-18.
A5. Explain why the external mass balances are the same for Figures 8-3A and 8-6.
A6. Why are makeup solvent additions shown in Figures 8-13, 8-17, and 8-18?
A7. Explain why extra stages are not usually helpful in steam distillation.
A8. If a liquid mixture of n-butanol and water that is 20 mol% n-butanol is vaporized, what is the

vapor composition? (See Figure 8-2.) Repeat for mixtures that are 10, 30, and 40 mol% n-butanol.
Explain what is happening.

A9. When doing distillation with reaction, the column should be designed both as a reactor and as a
distillation column. In what ways might these columns differ from normal distillation columns?

A10. Reactions are usually not desirable in distillation columns. If there is a reaction occurring, what
can be done to minimize it?

A11. Develop your key relations chart for this chapter.
A12. In both steam distillation and heterogeneous azeotropic distillation, a component is added that

forms a second liquid phase. Explain differences in the ways these two systems are normally
operated.

A13. We plan to use extractive distillation (Figure 8-13) to separate ethanol from water with ethylene
glycol as the solvent. The A product will be ethanol and the B product water. Stages are counted
with condenser = 1, and reboiler = N. Feed plate for solvent recycle in column 1 is = NS. Feed
stages are NF1 in column 1 and NF2 in column 2. Pick the best solution of the listed items.
1. If too much solvent is found in the water product,

a. Increase L/D in column 1.
b. Increase the value of NS.
c. Increase the number of stages in the stripping section of column 1.
d. Increase the number of stages in the stripping section of column 2.
e. Increase the number of stages in the enriching section of column 2.

2. If excessive water is found in the ethanol product when fresh solvent is added (with no solvent
recycle),
a. Increase L/D in column 1.
b. Increase the solvent rate.
c. Increase the value of NS.
d. Increase the number of stages in the stripping section of column 1.

3. If excessive water is found in the ethanol product when solvent recycle is used, but was not
when fresh solvent was used,
a. Increase L/D in column 1.
b. Increase the value of NS.



c. Increase the number of stages in the stripping section of column 1.
d. Reduce the water in the bottoms of column 2.

4. If excessive ethanol is found in the water product,
a. Increase L/D in column 1.
b. Increase the value of NS.
c. Increase the number of stages in the stripping section of column 1.
d. Reduce the water in the bottoms of column 2.
e. Increase the number of stages in the enriching section of column 2.

5. If too much solvent occurs in the ethanol product,
a. Increase L/D in column 1.
b. Increase the value of NF1.
c. Increase the number of stages in the stripping section of column 1.
d. Reduce the water in the bottoms of column 2.

B. Generation of Alternatives
B1. We wish to separate two organics that form a homogeneous azeotrope. This will be done in a

two-column azeotropic system with water as the solvent. Sketch possible system arrangements to
do this.

C. Derivations
C1. Derive Eq. (8-7) for the two-column, binary, heterogeneous azeotrope system.
C2. An equation for αorg–w in w similar to Eq. (8-13) is easy to derive; do it. Compare the predicted

equilibrium in water with the butanol-water equilibrium data given in Problem 8.D2. Comment on
the fit. Vapor pressure data are in Perry and Green (1984). Use the data in Table 8-2 for solubility
data.

C3. For a binary heterogeneous azeotrope separation, the feed can be introduced into the liquid-liquid
separator. In this case two stripping columns are used.
a. Sketch the column arrangement.
b. Draw the McCabe-Thiele diagram for this system.
c. Compare this system to the system in Figure 8-3A.

C4. Sketch the McCabe-Thiele diagram for a two-pressure system similar to that of Figure 8-6.

D. Problems
*Answers to problems with an asterisk are at the back of the book.

D1. A mixture of water and n-butanol is being processed in an enriching column coupled to a total
condenser and a liquid-liquid settler. The feed is a saturated vapor that is 28 mol% water. Feed
rate is 100 kmol/h. The distillate product is the water phase from the liquid-liquid settler. The
butanol phase in the settler is refluxed to the enriching column as a saturated liquid. Operation is
at 1.0 atm and CMO is valid. An external reflux ratio of L/D = 4.0 is used. Equilibrium data are in
Table 8-2.
a. Find the mole fraction water in the bottoms product.
b. How many equilibrium stages are needed?



Table 8-2. Vapor-liquid equilibrium data for water and n-butanol at 1 atm mol% water

D2.* VLE data for water-n-butanol are given in Table 8-2. We wish to distill 5000 kmol/h of a mixture
that is 28 mol% water and 30% vapor in a two-column azeotropic distillation system. A butanol
phase that contains 0.04 mole frac water and a water phase that is 0.995 mole frac water are
desired. Pressure is 101.3 kPa. Reflux is a saturated liquid. Use L/V = 1.23(L/V)min in the column
producing almost pure butanol. Both columns have partial reboilers. ( /B)2 = 0.132 in the column
producing water.
a. Find flow rates of the products.
b. Find the optimum feed location and number of stages in the columns.
Note: Draw two McCabe-Thiele diagrams.

D3. The VLE data for water and n-butanol are given in Table 8-2. We have flash distillation systems
separating 100.0 kmol/h of two different water and n-butanol mixtures.
a. The feed is 20 mol% water and the vapor product is 40 mol% water. Find L, x, V, and Tdrum.
b. The feed is 99 mol% water and 30% of the feed is vaporized. Find L, x, V, y and Tdrum.

D4. A mixture containing 88.0 mol% water and 12.0 mol% n-butanol is allowed to settle into two
liquid phases. What are the compositions and the flow rates of these two phases? VLE data are in
Table 8-2. F = 100 kmol/h.

D5. We have a saturated vapor feed that is 80.0 mol% water and 20.0 mol% butanol. Feed rate is
200.0 kmol/h. This feed is condensed and sent to a liquid-liquid separator. The water layer is
taken as the water product, W, and the butanol (top) layer is sent to a stripping column which has a
partial reboiler. The bottoms from this stripping column is the butanol product, which should
contain 4.0 mol% water. The vapor leaving the stripping column is condensed and sent to the
settler. Equilibrium data are in Table 8-2. Find:



a. Flow rates W and B
b. If /B = 4.0, find the number of equilibrium stages (step off from bottom up).
c. Determine ( /B)min for this separation.

D6. We are separating water from n-butanol in a stripping column. The feed [F = 100 kmol/h, z =
0.65(mole fraction water), a saturated vapor] is mixed with the vapor leaving the top of the
column before the combined stream is sent to the total condenser and then to a liquid-liquid
settler. The column has a partial reboiler and CMO is valid. The top layer from the liquid-liquid
settler (xα = xdist = 0.573 mole fraction water) is sent as a saturated liquid reflux to the distillation
column. The bottom layer (xβ = xdist = 0.975 mole fraction water) is the distillate product.
Pressure p = 1.0 atm, reflux is a saturated liquid, the boilup rate /B = 4, xbot = 0.02 mole fraction
water.
a. Find D and B in kmol/h.
b. What is the reflux flow rate, kmol/h?
c. How many stages are required? Step off stages from the top down.
d. What is the minimum value of the boilup rate?

D7. Aniline and water are partially miscible and form a heterogeneous azeotrope. At p = 778 mm Hg
the azeotrope concentrations are: The vapor is 0.0364 mole frac aniline, the liquid aqueous phase
contains 0.0148 mole frac aniline, and the liquid organic phase contains 0.628 mole frac aniline.
Estimate the relative volatility of water with respect to aniline in the organic phase. Note: Be
careful to use the mole fracs of the correct component.

D8.* We have a feed of 15,000 kg/h of diisopropyl ether (C6 H14 0) that contains 0.004 wt frac water.
We want a diisopropyl ether product that contains 0.0004 wt frac water. Feed is a saturated
liquid. Use the system shown in Figure 8-4, operating at 101.3 kPa. Use L/D = 1.5 (L/D)min.
Determine (L/D)min, L/D, optimum feed stage, and total number of stages required. Assume that
CMO is valid. The following data for the diisopropyl ether—water azeotrope are given (Trans.
AIChE, 36, 593, 1940): y = 0.959, Separator: Top layer x = 0.994; bottom layer x = 0.012; at
101.3 kPa and 62.2°C. All compositions are weight fractions of diisopropyl ether.
Estimate αw–ether in ether from these data (in mole frac units). Assume that this relative volatility is
constant.

D9. We are using an enriching column to dry 100.0 kmol/h of diisopropyl ether that contains 0.02
mole frac water. This feed enters as a saturated vapor. A heterogeneous azeotrope is formed.
After condensation in a total condenser and separation of the two liquid layers, the water layer is
withdrawn as product and the diisopropyl ether layer is returned as reflux. We operate at an
external reflux ratio that is 2.0 times the minimum external reflux ratio. Operation is at 1.0 atm.
Find the minimum external reflux ratio, the actual L/D, the distillate flow rate and mole frac water,
the bottoms flow rate and mole frac water, and the number of equilibrium stages required (number
the top stage as number 1). Use an expanded McCabe-Thiele diagram to determine the number of
stages. Data for the azeotropic composition (Problem 8.D8) can be used to find the mole fracs of
water in the two layers in the separator and the relative volatility of water with respect to ether at
low water concentrations. The weight fractions have to be converted to mole fracs first.

D10.* A single-stage steam distillation system is recovering n-decane from a small amount of
nonvolatile organics. Pressure is 760 mm Hg. If the still is operated with liquid water present and
the organic layer in the still is 99 mol% n-decane, determine:



a. The still temperature
b. The moles of water vaporized per mole of n-decane vaporized.
Decane vapor pressure is in Example 8-2. Water vapor pressures are (T in °C and VP in mm Hg)
(Perry and Green, 1997)

D11. We are doing a single-stage, continuous steam distillation of 1-octanol. The unit operates at 760
mm Hg. The steam distillation is operated with liquid water present. The distillate vapor is
condensed and two immiscible liquid layers form. The entering organic stream is 90.0 mol%
octanol and the rest is nonvolatile compounds. Flow rate of feed is 1.0 kmol/h. We desire to
recover 95% of the octanol.
Vapor pressure data for water are given in Problem 8.D10. This data can be fit to an Antoine
equation form with C = 273.16. The vapor pressure of 1-octanol is predicted by the Antoine
equation:

Log10 (VP) = A − B/(T+C)

Where VP is vapor pressure in mm Hg, and T is in Celsius.
a. Find the operating temperature of the still.
b. Find the octanol mole frac in the vapor leaving the still.
c. Find the moles of octanol recovered and the moles of water condensed in the distillate product.

D12. The two-pressure distillation system shown in Figure 8-6 is being used to separate compounds P
and Q. F = 100, zP = .4, zQ = 0.6, saturated liquid. At the pressure of column 1, p1, component P is
more volatile from xP = 0 to xP = xP,Az@P1 = 0.65. Thus, stream B1 is the Q product. Assuming that
B1 is pure Q and B2 is pure P, first calculate the flow rates of B1 and B2. Then assume that the
distillate product from column 1, xP, dist,1 = xP,Az@P1, and the distillate product from column 2, xP,

dist,2 = xP,Az@P2, and calculate D1 and D2 for the following values of the azeotrope in column 2,
xP,Az@P2:
a. xP,Az@P2 = 0.55
b. xP,Az@P2 = 0.64

D13. We are separating water from n-butanol in a system with two feeds. Feed 1[F1 = 100 kmol/h, z1 =
0.84(mole fraction water), saturated vapor] is mixed with the vapor leaving the top of the column
before it is sent to the total condenser and then to the liquid-liquid settler. Feed 2 [F2 = 80 kmol/h,
z2 = 0.20(mole fraction water), saturated liquid] is fed within the column. The column has a
partial reboiler and CMO is valid. The top layer from the liquid-liquid settler (x0 = 0.573 mole
fraction water) is sent as reflux to the distillation column. The bottom layer (xdist = 0.975 mole
fraction water) is the distillation product. Pressure p = 1.0 atm, reflux is a saturated liquid, /B =
1.5, xbot = 0.04 mole fraction water. Equilibrium data are in Table 8-2.
a. Find D and B in kmol/h
b. Find ,  in the bottom section of the column V´ and L´ in the section above feed 2, both in

kmol/h.



c. Derive the operating equation for the distillation section above feed 2 (flow rates V´ and L´).
d. Plot the operating lines and step off stages starting at the reboiler and going up the column.
Use the optimum feed stage for feed 2. Report the optimum feed stage above the partial reboiler
and total number of stages needed.

D14. We plan to use a two-pressure system (similar to Figure 8-6) to separate a feed that is 15.0 mol%
benzene and 85.0 mol% ethanol. The feed rate is 100.0 kmol/h, and is a saturated liquid. The two
columns will be at 101.3 kPa and 1333 kPa. We desire an ethanol product that is 99.2 mol%
ethanol and a benzene product that is 99.4 mol% benzene. Assume the two distillate products are
at the azeotrope concentrations.
a. Draw the flowsheet for this process. Label streams to correspond to your calculations.
b. Find the flow rates of the ethanol and benzene products.
c. Find the flow rates of the two distillate streams that are fed to the other column. Data (Seader,

1984): Azeotrope is homogeneous. At 101.3 kPa the azeotrope temperature is 67.9°C and is
0.449 mole frac ethanol. At 1333 kPa the azeotrope temperature is 159°C and is 0.75 mole frac
ethanol. Ethanol is more volatile at mole fracs below the azeotrope mole frac.

D15. We wish to use continuous steam distillation to recover 1-octanol from 100 kg/h of a mixture that
is 15 wt % 1-octanol and the remainder consists of nonvolatile organics and solids of unknown
composition. The feed will be preheated to the same temperature as the still pot, which operates at
1.0 atm pressure. The pot is operated with liquid water in the pot. Assume the still pot is well
mixed and liquid and vapor are in equilibrium. Ninety-five percent of the 1-octanol should be
recovered in the distillate. Assume that water is completely immiscible with 1-octanol and with
the non-volatile organics. Because the composition of the non-volatile organics is not known, we
do a simple experiment and boil the feed mixture under a vacuum with no water present. The
result is at 0.05 atm pressure the mixture boils at 129.8°C.
a. Find the mole fraction of 1-octanol in the feed and the effective average molecular weight of the

nonvolatile organics and the solids.
b. Find the kg/h and kmol/h of 1-octanol in the distillate, the kg/h of total organics in the waste,

and the 1-octanol weight fraction and 1-octanol mole fraction in the waste.
c. Find the temperature of the still pot. A spreadsheet or MATLAB is highly recommended for

finding T.
d. Find the kg/h and kmol/h of water in the distillate.

Octanol boils at about 195°C. The formula for octanol is CH3(CH2)6CH2OH and its molecular
weight is 130.23. Vapor pressure formula for octanol is available in Problem 8.D11. Water
vapor pressure data can be fit to the following, log10 (VP)water = 8.68105 − 2164.42/(T +
273.16)
Where VP is in mm Hg and T is in °C.
Note: We will see in Problem 9.E2 that batch steam distillation requires less steam than
continuous steam distillation.

D16. An extractive distillation system is separating ethanol from water using ethylene glycol as the
solvent. The makeup solvent stream is pure ethylene glycol. The flowsheet is shown in Figure 8-
13. The feed flow rate is 100.0 kmol/h. The feed is 0.810 mole frac ethanol and 0.190 mole frac
water. We desire the ethanol product (distillate from column 1) to be 0.9970 mole frac ethanol,
0.0002 mole frac ethylene glycol, and remainder water. The water product (distillate from column



2) should be 0.9990 mole frac water, 0.00035 mole frac ethylene glycol, and remainder ethanol.
Find flow rates of makeup solvent, distillate from column 1, and distillate from column 2.

D17. An extractive distillation system is separating compound A from C with a solvent. Solvent flow
rate is S, feed flow rate is F, entering solvent is pure, and entering feed is a saturated liquid with
mole fractions zA and zC. Because of plant operating problems, the distillate flow rate has to be
shut down (D = 0). The values of F, S, Qc, and QR are not changed. After a new steady state is
reached, predict the values of B and the mole fractions in the bottoms stream.

D18. An extractive distillation system is separating ethanol from water using ethylene glycol as the
solvent. The makeup solvent stream is pure ethylene glycol. The diagram is in Figure 8-13 with
ethanol as the A product and water as the B product. The feed flow rate is 100.0 kmol/h. The feed
is 0.2000 mole frac ethanol and 0.8000 mole frac water. We desire the ethanol product (distillate
from column 1) to be 0.9970 mole frac ethanol, 0.0002 mole frac ethylene glycol, and remainder
water. The water product (distillate from column 2) should be 0.9990 mole frac water, 0.00035
mole frac ethylene glycol, and remainder ethanol.
Find flow rates of Makeup solvent, A Product, and B Product.

D19. We wish to use n-hexane as an entrainer to separate a feed that is 80.0 wt % ethanol and 20 wt %
water into ethanol and water. The system shown in Figure 8-18 will be used. The feed is 10,000.0
kg/h and is a saturated liquid. The ethanol product is 99.999 wt % ethanol, 0.001 wt % hexane,
and a trace of water. The water product is 99.998% water, 0.002 wt % ethanol and a trace of
hexane. Do external mass balances and calculate the flow rates of make-up solvent (n-hexane),
ethanol product, and water product. (Assume that trace = 0.)
Note: Watch your decimal points when using weight fractions and wt %.

D20. This problem explores the azeotropic distillation column shown in Figure 8-18 with mole
fraction profiles shown in Figure 8-19. The feed to the distillation column in Figure 8-18 is a
saturated liquid that is 0.8094 mole fraction ethanol with the remainder being water. Do
calculations on a basis of 1000 kmol/h. The ethanol product is 0.998 mole fraction ethanol and
0.002 mole fraction water. The water product is 0.9999 mole fraction water and 0.0001 mole
fraction ethanol. In practice there will be traces of pentane in both products, but ignore this
(assume Makeup Solvent = 0). The vapor mole fractions of the compounds leaving the top stage of
the distillation column in Figure 8-18 (correspond to the profiles in Figure 8-19) are: ethanol yE,1
= .0555, water yw,1 = 0.3000, pentane yp,1 = 0.6445. Assume that the water and pentane are totally
immiscible; thus, there is no water in the reflux to the distillation column and there is no pentane in
the feed to the stripping column. The ethanol distributes between the water and pentane layers in
the settler. In the absence of data assume the distribution coefficient

Kd,ethanol = xethanol_in_pentane/xethanol_in_water = 1.0 (the x are mole fractions).
CMO is valid in both columns, and operation of the stripping column is at 1.0 atm.
a. Calculate the flow rates of the ethanol product E and the water product W.
b. What is V1 in the distillation column, and what is the boilup rate in this column? (Note that

Vyw,1 must equal the water in the feed minus the small amount of water lost in the ethanol
product.) Also calculate the L0 = reflux rate.

c. Since no pentane enters the stripper, at steady state all of the pentane that enters the settler must
be returned to the distillation column in the reflux stream. In addition, all of the ethanol entering
the settler minus the small amount of ethanol that leaves with the water product must be returned



to the distillation column in the reflux stream. Calculate the steady state values of
xethanol_in_pentane and xethanol_in_water and the mole fractions of the reflux stream. Note that
xethanol_in_pentane and xethanol_in_water are not equal to yE,1.

d. If the boilup ratio in the stripper is 0.5, what is the flow rate of liquid fed to the stripper, and
what is the flow rate of the vapor leaving the stripper? What is the mole fraction ethanol in the
vapor leaving the top stage of the stripper (yE,1,stripper)?

D21. A distillation column is separating water from n-butanol at 1 atmosphere pressure. Equilibrium
data are in Table 8-2. The distillation system is similar to Figure 8-3A and has a partial reboiler,
a total condenser and a liquid-liquid settler. The bottom layer from the settler (rich in water with
xw = 0.975) is taken as the distillate product. The top layer (xw = 0.573) is returned to the column
as a saturated liquid reflux. The feed is 40.0 mol% water, is a saturated vapor and flows at 500.0
kmol/h. The bottoms is 0.04 mole frac water. Use a boilup ratio of /B = 0.5. Assume CMO is
valid. Step off stages from the bottom up. Find the optimum feed stage location and the total
number of equilibrium stages needed.

D22. We are separating water from n-butanol in a system with an enriching column, a total condenser,
and a liquid-liquid settler. The feed has F = 100 kmol/h, z = 0.20(mole fraction water) and is a
saturated vapor. CMO is valid. The top layer from the liquid-liquid settler (xα = 0.573 mole
fraction water) is sent as a saturated liquid reflux to the enriching column. The bottom layer (xβ =
xdist = 0.975 mole fraction water) is the distillate product. Pressure p = 1.0 atm, reflux is a
saturated liquid, xbot = 0.08 mole fraction water.
a. Find D and B in kmol/h.
b. Derive and plot the operating line.
c. How many stages are required ? Step off stages from the top down.
d. What is the minimum value of xbot,water that can be obtained as N → infinity?

D23. 100 kmol/h of a saturated vapor feed that is 25 mol% nitromethane (NM) and 75 mol% water is
to be separated in a system with two distillation columns and a liquid-liquid separator. The feed
is sent to column W that produces a water product that is 0.01 mole fraction NM. The boilup ratio
in column W is ¼. The optimum feed stage is used. The vapor from column W is condensed and
sent to the decanter. The water phase from the decanter (0.086 mole fraction NM) is refluxed to
column W. The NM phase from the decanter (0.312 mole fraction water) is sent to stripping
column NM. The nitromethane product from the bottom of stripping column NM is 0.02 mole
fraction water. The boilup ratio in column NM = 3.0. Assume both columns operate at 1.0 atm.
pressure, that CMO is valid, that both condensers are total condensers, and that both reboilers are
partial reboilers. Equilibrium data are in Table 8-3. Find:
a. The flow rates of both products.
b. The optimum feed plate location and the number of stages in column W. Step off stages from the

bottom up and calculate a fractional number of stages.
c. The number of stages required in stripping column NM. Step off stages from the top down and

calculate a fractional number of stages.
d. The vapor flow rates entering each of the condensers.

Table 8-3. Water-nitromethane equilibrium data at 1 atm



Note: Be careful with the component that you are using for mole fractions in mass balances and in
operating lines.
Safety note: Nitromethane (aka methyl nitrate, CH3ONO2) is a dangerous compound. At 1 atm, it
boils at 77.04°C. If one tries to freeze the pure compound, it explodes.

D24. We feed 100 kmol/h of water that is saturated with n-butanol at 1.0 atm. This saturated liquid
feed is sent to a still pot (a reboiler). We want xbutanol,bottoms = 0.004. Find ybutanol, V, and B.
Equilibrium data are in Table 8-2.

D25. We wish to use continuous steam distillation to recover benzene from 100 kg/h of a mixture that
is 20 wt % benzene and the remainder consists of nonvolatile organics and solids of unknown
composition. The feed will be preheated to the same temperature as the still pot, which operates at
1.0 atm pressure. The pot is operated with liquid water in the pot. Ninety percent of the benzene
should be recovered in the distillate. Because the composition of the nonvolatile organics is not
known, we do a simple experiment and boil the feed mixture with no water present. The result is
that at 1.0 atm pressure, the mixture boils at 93°C.
Assumptions and data: Assume that the nonvolatile organics are completely immiscible in water.
Although not totally valid (see Example 8-1), assume that benzene and water are completely
immiscible. Enthalpy data for benzene and water are available in Tables 2-237 and 2-352 of the
seventh edition of Perry’s Handbook (Perry and Green, 1997), respectively, and also available in
Tables 2-193 and 2-305 in the eighth edition. In the seventh edition, H = hg and h = hf. In the eighth
edition, read the instructions at the bottom of Table 2-193 to find the values you need. Data from
these sources is very slightly different. Vapor pressure data for benzene follows the Antoine
equation (Lange, pp. 10–37),

log10 (VP)benzene = 6.90565 − 1211.033/(T + 220.790)
Water vapor pressure data can be fit to the following,
log10 (VP)water = 8.68105 − 2164.42/(T + 273.16)

where VP is in mm Hg and T is in °C. Note: It is always a good idea to check equations like this
by using known points (e.g., benzene boils at 80.1°C when pressure is 760 mm Hg).
a. Find the mole fraction of benzene in the feed and the effective average molecular weight of the

nonvolatile organics and the solids.



b. Find the kg/h and kmol/h of benzene in the distillate, the kg/h of total organics in the waste, and
the benzene weight fraction and benzene mole fraction in the waste.

c. Find the temperature of the still pot. A spreadsheet or MATLAB is highly recommended for
finding T.

d. Find the kg/h and kmol/h of water in the distillate.
e. Find the kg/h and kmol/h of water in the waste stream.

E. More Complex Problems
E1. Two feeds containing water (W) and nitromethane (NM) are to be separated in a system with two

distillation columns and a liquid-liquid separator. Feed F1 = 100 kmol/h of a saturated liquid feed
that is 8 mol% nitromethane and 92 mol% water is fed to column W that produces a water product
that is 0.01 mole fraction NM. The boilup ratio in column W is . The optimum feed stage is used.
The vapor from column W is condensed and sent to a decanter. The water phase from the
decanter, which is 0.086 mole fraction NM, is refluxed to column W. The NM phase from the
decanter (0.312 mole fraction water) is sent to column NM as reflux. Feed F2 = 150 kmol/h of a
saturated liquid that is 15 mol% water and 85 mol% nitromethane is also fed to column NM. The
nitromethane product from column NM is 0.02 mole fraction water. The boilup ratio in column
NM = 1.0. Assume both columns operate at 1.0 atm pressure, that CMO is valid, that both
condensers are total condensers, and that both reboilers are partial reboilers. Equilibrium data are
in Table 8-3. Find:
a. The flow rates of both products.
b. The optimum feed plate location and the number of stages in column W. Step off stages from the

top down.
c. The optimum feed stage location and number of stages required in column NM. Step off stages

from the bottom up.
d. The vapor flow rates entering each of the condensers.
e. What is the minimum boilup ratio in column NM?
Note: Be careful with the component that you are using for mole fractions in mass balances and in
operating lines. Also, the top operating lines are different than what you probably expect.
Safety note: Nitromethane (aka methyl nitrate, CH3NO2) is a dangerous compound. If one tries to
freeze the pure compound, it explodes.

E2. The VLE data for water and n-butanol at 1.0 atm are given in Table 8-2. The fresh feed is 100.0
kmol/h of a saturated liquid that is 30.0 mol% water. This fresh feed is mixed with the return line
from the separator to form the total feed, FT, which is fed to a stripping column that produces the
butanol product (see figure). Assume this total feed is a saturated liquid. The butanol product is
2.0 mol% water. The water product is produced from another stripping column and is 99.5 mol%
water. In the butanol column the boilup ratio is 1.90. In the water column the boilup ratio is
0.1143. Assume CMO. Both reboilers are partial reboilers. Both reflux streams are returned as
saturated liquids. Operation is at 1.0 atm. Since this problem is challenging, this list coaches you
through one solution approach.
a. Find the flow rates of the two products (use external mass balances).
b. Find vapor flow rate in butanol column, then liquid flow rate in butanol column, which = FT.
c. Calculate zT from mass balance at mixing tee for fresh feed and reflux.



d. Plot the bottom operating line and find value of vapor mole frac leaving the butanol column and
the number of equilibrium stages required for this column.

e. Use an expanded McCabe-Thiele plot to find the vapor mole frac leaving the water column and
the number of equilibrium stages required.

E3. We wish to produce pure water by boiling it with n-decane vapor (see figure). This is sort of
reverse of steam distillation. Seawater is roughly 3.5 wt % salt which can be approximated as
NaCl. The feed is 1000 kg of seawater/h. The feed temperature is 30°C. The water is heated with
pure saturated n-decane vapor at 760 mm Hg. Most of the n-decane vapor condenses while the
remainder is carried overhead with the water vapor. Pressure is 760 mm Hg. We wish to recover
60% of the water as condensate.
a. Find the approximate still temperature.
b. Find the moles of n-decane carried over in the vapor/h.
Data: VP of n-decane: Example 8-2, VP of water: Problem 8.D10, MWwater = 18.016, MWNaCl =
58.45, MWC10 = 142.28, Salt is nonvolatile. Water and n-decane are immiscible. NaCl dissolves
only in water.

F. Problems Requiring Other Resources
F1. A single-stage steam distillation apparatus is to be used to recover n-nonane (C9 H20) from

nonvolatile organics. Operation is at 1 atm (760 mm Hg), and the still will operate with liquid



water present. If the still bottoms are to contain 99 mol% nonane in the organic phase (the
remainder is nonvolatiles), determine:
a. The temperature of the distillation
b. The moles of water vaporized per mole of nonane vaporized
c. The moles of water condensed per mole of nonane vaporized for a liquid entering at the still

temperature
d. Repeat parts a and b if still bottoms will contain 2.0 mol% nonane Data are available in Perry

and Green (1984).
F2. We wish to recover a gasoline component, n-nonane (C9H20), from a nonvolatile mixture of oils,

grease, and solids. This will be done in a steady-state, single-stage, steam distillation system
operating with liquid water present and at a total pressure of 102.633 kPa. The feed is 95.0 mol%
n-nonane and we desire to recover 90% of the n-nonane in the distillate. The feed enters at the
temperature of the boiler and the feed rate is 10.0 kmol/h. Find:
a. The bottoms mole frac n-nonane in the organic layer.
b. The still temperature.
c. The kmoles of nonane in the distillate.
d. The kmoles of water in the distillate.
e. The kmoles of water in the bottoms.
Assume water and n-nonane are completely immiscible. Vapor pressure data for water are given
in Problem 8.D10. Use the DePriester chart or Raoult’s law to obtain Kc9 (T, ptot). Then porg =
Kc9 xc9,org ptot. Latent heat values are available in Perry’s and similar sources.

G. Computer Simulation Problems
G1. We wish to separate a mixture of pyridine (C5H5N) and water, which forms a homogeneous

azeotrope, by using extractive distillation using bisphenol-A (C15H16O2) as the solvent. When
finished, the system will look similar to Figure 8-13 with the water as the A product and the
pyridine as the B product. The feed to column 1 is 200 kmol/h of a liquid at 80°C and 1.0 atm. The
feed is 30 mol% pyridine and 70 mol% water. The makeup solvent is pure bisphenol-A at 1.0 atm
and 100°C, and the recycle solvent is also cooled to 100°C with a heat exchanger operating at 1.0
atm. We want to produce a water product in D1 99.0 mol% water or slightly higher, and a pyridine
product in D2 98.0 mol% pyrdine or slightly higher. Use NRTL for the VLE correlation. Both
columns have total condensers, kettle-type reboilers, pressure = 1.0 atm and is constant in column,
and have saturated liquid reflux.
Column 1: N = 40, makeup solvent and, when connected, recycle solvent both “on stage” 3, the
feed is initially “on stage 30” (all in Aspen notation), reflux ratio = 0.1. Set an appropriate value
for the distillate flow rate that would produce pure water and there would be no water in the
bottoms if the separation was perfect. Note: N and solvent feed stage will not be changed.
Column 2: N = 8, feed above stage 3 (all in Aspen notation), reflux ratio = 1.0. Set B2 initially to
1000 kmol/h. For the final design stream B2 should have less than 10-5 mole fraction of water and
pyridine. Note: N and reflux ratio will not be changed.
The initial run will probably not give the desired purities. Find the optimum feed stage in column
1. Using this optimum feed stage and N1 = 40, increase the value of solvent added by increments



of 50 kmol/h until the desired purities of water and pyridine are obtained.
Estimate the desired makeup rate with an external balance. Once the system is operating at the
desired makeup flow rate, if necessary to obtain the desired purities, make small adjustments in
the following: D1, recycle flow rate B2, L/D in column 1, and Makeup flow rate.
Report the following:
1. Final makeup solvent flow rate ___________________ kmol/h
2. Final value solvent recycle rate (B2) __________ kmol/h and L/D in col 1 _______
3. Final values of flow rates D1 _________, B1 _________, and D2 ________ kmol/h
4. Mole fractions in stream D1 __________________________________________
5. Mole fractions in stream D2 __________________________________________
6. Mole fractions in stream B1 ____________________________________________
7. Mole fractions in stream B2 (solvent recycle stream) __________________________
8. Heat load in cooler on solvent recycle line __________________ cal/s

G2. Pressure can have a large effect on the equilibrium data for nonideal systems. Your company
plans to process a mixture of acetone, methyl ethyl ketone, and methyl isobutyl ketone in an
ordinary, single-feed distillation column with a total condenser and a partial reboiler. Feed flow
rate is 200 kmol/h; feed mole fractions: acetone = 0.25; methyl ethyl ketone = 0.45; and methyl
isobutyl ketone = 0.3. Feed can be made available at any desired pressure. Feed temperature is
75°C, D = 50 kmol/h, and adiabatic column. The purpose is to produce pure acetone.
Two of the senior engineers are arguing over the proper column pressure to use. One claims that
1.0 atm is better and the other that 4.0 atm is better. They both agree that the NRTL VLE package
is satisfactory. Use Aspen Plus to determine which pressure is better, and explain why it is better.
There are at least two different approaches to solving this problem, and one is considerably less
work than the other.

G3. We will use a system similar to Figure 8-4a except both columns have direct reflux from the
condensers in addition to the reflux from the decanter. Distill a feed that is 17 mol% water and 83
mol% furfural (C5H4O2). Feed flow rate is 200 kmol/h and is at 42°C and 1.0 atm. Furfural-water
forms a heterogeneous azeotrope. Use NRTL-RK for the equilibrium. The bottoms from column 1
is the furfural product. The total condenser produces a saturated liquid, and the saturated liquid
distillate from column 1 is sent to a decanter. The water layer (liquid 1) from the decanter is the
feed to column 2. Operate the decanter as an adiabatic system at 1.0 atm. Make furfural the second
liquid with threshold of 0.5 and return the furfural layer as a feed (above) stage 2 (in Aspen
notation) of column 1.
Distillation column 1 operates at 1.0 atm with constant pressure. Column 1 has 6 stages (Aspen
notation) and has a kettle reboiler and a total condenser. The feed is above stage 3, and the
furfural layer from the decanter is sent to above stage 2 (both Aspen notation). Use the total
condenser to condense the distillate before it is sent to the decanter. Final values of the reflux
ratios in both columns should be 0.01.
Distillation column 2 operates at 1.0 atm with constant pressure. Column 2 has 6 stages (Aspen
notation) and has a kettle reboiler and a total condenser. The furfural layer from the decanter is
sent to above stage 2 (Aspen notation). The boilup rate in column 2 should initially be set to 4.0
kmol/h. Use the total condenser to condense the distillate and then send it as a second feed to the



decanter.
Once you have convergence and the final values of the reflux ratios, change the boilup rate in
column 2 to obtain 0.995 furfural or slightly higher and 0.990 water or slightly higher in the
bottoms to columns 1 and 2, respectively.
Report the following:
a. Final reflux ratio column 1 _________ and final reflux ratio column 2 ____________.
If these values are not 0.01, you are not finished with Part B.
b. Flow rates furfural product ________ kmol/h and water product _________ kmol/h.
c. Boilup rate in column 2 (column producing water product) _____________ kmol/h.
d. Mole fraction water in furfural product ___________ and mole fraction furfural in water

product ___________.
e. Flow rate of distillate from column 1 (column producing furfural product) _________ kmol/h.
f. Column 1 condenser temperature _________ K and column 1 reboiler temp. __________ K.
g. Outlet temperature of decanter _______________ K.
h. Molar ratio of water phase/total liquid in decanter ________________.

G4. The system water-acetonitrile (C2H3N) forms an azeotrope. This system can be separated using a
two-pressure distillation system. Both columns have total condensers and kettle-type reboilers.
Valid phases are vapor-liquid. Use NRTL for VLE data. The feed to the system is at 1.0 atm and
60°C. The feed is 15 mol% water and 85 mol% acetonitrile, and the flow rate of the feed is 200
kmol/h. This feed and the recycle stream labeled D2 in Figure 8-6 are input into column 1 (see
Figure 8-6) “above” the same feed stage. Column 1 operates at 1.0 atm. As a start, column 1 has N
= 15 and Nfeed = 8 (in Aspen notation) for both fresh feed and D2. This will provide more
separation than necessary once a large enough value of D2 is determined. The molar reflux ratio
for column 1 is 2.0. Set the bottoms flow rate for column 1 at a value that will produce pure
acetonitrile. Column 1 will eventually produce a bottoms product that is 99.5 mol% acetonitrile or
higher. There is no need to change the specifications for column 1 (assuming they are input
correctly).
Column 2 is at 200 torr, which is a vacuum. This column should eventually produce a bottoms
product that is 99.5 mol% water or slightly higher. Column 2 with N = 14 (in Aspen notation) and
the feed “on stage” 7 (in Aspen notation) with a molar reflux ratio of 2.0 is a good starting point
for the calculations. Put a pump (discharge pressure of 1.0 atm and efficiencies for pump and
driver of 1.0) between column 2 and column 1. Find the value of D2 (accurate to an increment of
10.0 in D2) that has column 1 meeting or slightly exceeding the desired purity of 99.5 mol%
acetonitrile in bottoms and column 2 meeting or slightly exceeding the desired purity of 99.5
mol% water in bottoms.
After correct D2 has been determined, determine the lowest reflux ratio in column 2 (accurate to
an increment of 0.1 in L/D) (but keep N = 14 and the feed “on stage” 7) as necessary to produce
the desired bottoms product that is 99.5 mol% water or very slightly higher. Once you have this,
report values for both columns 1 and 2 based on this run.
Report the following:
Column 1:
a. Bottoms product mole fraction acetonitrile._____________________________.



b. Distillate flow rate __________ kmol/h and bottoms flow rate ________ kmol/h.
c. Distillate mole fraction acetonitrile _______________.
Column 2:
a. Distillate flow rate __________ kmol/h, and reflux ratio _______.
b. Bottoms product mole fraction water ____________________.
c. Distillate mole fraction acetonitrile _______________.

G5. a. Aspen Plus automatically generates residue curves for ternary mixtures. Generate the residue
curve at 5.0 atm for a mixture propane, n-butane, and n-pentane. Report the VLE correlation used.
b. To obtain some idea of what this means, simulate a column with a total condenser and kettle

type reboiler at 5.0 atm with 50 stages, saturated liquid feed on stage 25 with F = 100 kmol/h,
and mole fractions of all three components = 0.333333, and initially far from total reflux (L/D =
0.999). Set D = 66.6667 to put pentane in the bottoms. Generate a plot of liquid compositions
versus stage location. To generate the plot, after the run, click on the blue box with a checkmark.
Then use the button with << to go to compositions. In the tool bar you will now see a button
labeled “Plot.” Click on this and click on “Plot Wizard” in the menu. Click Next, then click on
the plot type, “Comp” and click Next again. To plot all three components click on the >> button.
To plot liquid compositions, click on the liquid button in the middle of the page. Click on Next
again and then “Finish.” This gives the desired plot. Print it, and label the conditions (L/D, mole
fraction of feed, D and N) on the plot. Note that complete separation is obtained.

c. Simulate the same system as in part b, but with D = 33.3333, L/D = 0.999, N = 100 and N feed
= 50. Print the plot for this case. For the following “essentially complete separation” means
propane mole fraction in distillate > 0.990.
Is it possible to obtain essentially complete separation with L/D = 0.999, N = 100 and N feed =
50?
Is it possible to obtain essentially complete separation with N = 50 and N feed = 25 with L/D =
2.0?
Is it possible to obtain essentially complete separation with N = 10 and N feed = 5 with L/D =
2.0?
Is it possible to obtain essentially complete separation with N = 10 and N feed = 5 with L/D =
10.0?
Is it possible to obtain essentially complete separation with N = 6 and N feed = 3 with L/D =
50.0?
Print the plots for the cases with complete separation and label the conditions on the plots.

d. The residue curve obtained implies that one can obtain pure propane or pure n-pentane for any
feed composition by: setting D appropriately and using a large enough L/D (> (L/D)min), and a
large enough N (> Nmin). To convince yourself that this is true, try two different feed
compositions and show that essentially pure propane or pure n-pentane can be obtained by
changing conditions.

H. Computer Spreadsheet Problems
H1. Generation of distillation curves for systems with constant relative volatility is fairly

straightforward and is an excellent learning experience. Generate distillation curves in Figure 8-7
for the benzene (A), toluene (B), cumene (C) system with αAB = 2.4, αBB = 1.0 and αCB = 0.21.



Operation is at total reflux.
a. Mole fraction of A in the reboiler is 0.006735 and mole fraction of B is 0.003469.*
b. Mole fraction of A in the reboiler is 0.001 and mole fraction of B is 0.009.*
c. Mole fraction of A in the reboiler is 0.0003 and mole fraction of B is 0.0097.
Remember the sum of the mole fractions of A, B, and C in the reboiler is 1.0. *Solution is shown
in Figure 8-7.

H2. Generation of residue curves for systems with constant relative volatility is fairly straightforward
and is an excellent learning experience. Generate residue curves for the benzene (A), toluene (B),
cumene (C) system with αaB = 2.4, αBB = 1.0, and αCB = 0.21. Mole fraction of A in the stillpot is
0.990, and mole fraction of B in the stillpot is 0.001. Compare your results with the distillation
curves in Figure 8-7.
Remember the sum of the mole fractions of A + B + C in the stillpot is equal to 1.0.

H3. Usually, relative volatilities are not constant, and determination of the residue curve requires a
bubble-point calculation at each time used to integrate Eq. (8-28) to determine the temperature T
and the vapor mole fractions. The bubble-point calculation was illustrated in Example 5-3 for
light hydrocarbons. The K values for these compounds can be determined from Eq. (2-16) with the
constants tabulated in Table 2-3. Develop a spreadsheet that can be used to determine the residue
curves for any three of the following light hydrocarbons: i-butane, n-butane, i-pentane, n-pentane,
and n-hexane. Note: If Euler’s method, Eq. (8-29), is used, the tolerance on the sum of the yi,k
values must be quite small (e.g., E -9). Find the residue curve for the following problems.
a. n-butane, i-butane and n-pentane
b. i-pentane, n-pentane and n-hexane
c. any other combination of interest.

Chapter 8 Appendix. Simulation of Complex Distillation Systems
This appendix follows the instructions in the appendices to Chapters 2 and 6. Although the Aspen Plus
simulator is referred to, other process simulators can be used. The three problems in this appendix all
employ recycle streams in distillation columns. The procedures shown here to obtain convergence are all
forms of stream tearing. Since these are not the only methods that will work, you are encouraged to
experiment with other approaches. If problems persist while running the simulator, see Appendix A:
Aspen Plus Separations Troubleshooting Guide, at the end of the book.
The vapor-liquid equilibrium for the very nonideal systems studied in this chapter may not be fit well
with any of the correlations in Aspen Plus if the parameters embedded in Aspen Plus are used. An
alternative is to use Aspen Plus to fit the parameter values to give the best fit to VLE data. This procedure
is explained in Appendix B at the end of the book.
Lab 7. Two-pressure distillation for separating azeotropes. A modification of the arrangement of
columns shown in Figure 8-6 (or the very similar arrangement where the feed is input into the higher
pressure column 2) can be used to separate azeotropes if the azeotrope concentration shifts significantly
when pressure is changed. You should develop a system that inputs D2 and F on separate stages. Use
“Strongly non-ideal” for convergence of both columns.

We want to separate a feed that is 60 mol% water and 40 mol% methyl ethyl ketone (MEK). Feed is a
saturated liquid and is input into column 1 as a saturated liquid at 1.0 atm. Fresh feed rate to column 1
is 100 kmol/h. Column 1 operates at 1.0 atm. Start with N = 10, both feeds on Nfeed = 5, and L/D = 1.0



in column 1. Distillate is a saturated liquid. Use a total condenser and a kettle-type reboiler. Set
convergence at 75 iterations. We want products that are > 99% purity. Do external mass balances for
100% pure products.
Column 2 is at 100 psia, and has a total condenser, saturated liquid distillate, and a kettle-type reboiler.
Start with N = 15 and feed at Nfeed = 7, with L/D = 2.0. Set convergence at 75 iterations.
When you draw the flowchart, put a pump (select under “pressure changers”) on the distillate line going
from column 1 that becomes the feed to column 2. The resulting flowchart should be similar to Figure 8-
A1. Pump efficiency = 1.0, and Outlet pressure = 100 psia.

Figure 8-A1. Aspen Plus screen shot for two-pressure distillation system

To get started, do external mass balances and calculate accurate values for the two bottoms flow rates
assuming that the water and MEK products are both pure. Specify the bottoms flow rate of column 1 =
60, but do NOT specify bottoms in column 2. In column 2 start with D = 20 and increase D in steps, 30,
40, 50, 60, 70, and so forth without reinitializing. If you don’t step up, Aspen Plus will have errors.
Note that B in column 2 = 40 every time even though you did not specify it (Why?). Continue increasing
D2 until both purities are ≥ 99.0%. Use lowest D2 that gives desired purities.
Although not a perfect fit, the Wilson equation gives reasonable VLE data. Use analysis to look at the
T-y,x and y-x plots at both pressures. Feel free to look for better VLE packages.
Once an appropriate value for D2 is found, the designer can firm up the designs for the two columns.
For example, in column 2 try reducing the reflux ratio to 1.75, 1.5, 1.25, and 1.0. The reflux ratio has
only a small effect, although at a value of 1.0 the purity requirement for the MEK product is probably
not satisfied. At this reflux ratio with N2 = 15, find the optimum feed stage. Then if the purity
requirements are satisfied, reduce the reflux ratio further. Once the purity requirement is not satisfied,
find the optimum feed stage again (it may shift a bit). The goal is to have a low reflux ratio with N2 = 15
and still satisfy the purity requirements for both products. If you have time, a similar analysis can be
done for column 1. Complete optimization of the system requires an economic analysis (see Chapter
11).
After you are happy with the design, run one more time, to size the trays for both columns. Use sieve
trays with the “Fair” method and default values for the other variables.



When done, look at the distillate flow rates. Why are they so large? Note that they make the column
diameters and heat loads large for this very modest feed rate. These large recycle rates and hence large
diameters and heat loads make this design economical only when the shift of the azeotrope with
pressure is rather large. MEK and water is an example that is done commercially.

Lab 8. Binary distillation of systems with heterogeneous azeotropes. The purpose of this lab is to
design a system similar to Figure 8-4A for separating n-butanol and water. Open a new blank file. Under
Setup, check Met and make the valid phases vapor-liquid-liquid. List n-butanol and water as the
components. Finding a suitable VLE model for heterogeneous azeotropes is a challenge. NRTL-RK was
the best model of the half dozen I tried. (Feel free to fit the NRTL-RK constants using the method in
Appendix B.) NRTL-RK fits the vapor composition of the azeotrope and the liquid composition of the
water phase quite well (see Table 8-2, in Problem 8.D3.) but misses a bit on the composition of the
butanol phase. After setting up the decanter, use Analysis to look at the T-y,x and y-x plots. Compare with
the data. Remember to allow vapor-liquid-liquid as the phases in Analysis.

The problem we want to solve is to separate 100 kmol/h of a saturated liquid feed at 1 atm pressure.
The feed is 78 mol% n-butanol and 22 mol% water. We want the purity of both products to be 99% or
higher. A system similar to Figure 8-4A is to be used. The columns will operate at 1.0 atm pressure.
Use external mass balances to determine the flow rates of the two bottoms products assuming that they
are essentially pure butanol and pure water (< E -04 mole frac of the other component).
Draw the flow diagram. Use total condensers for both columns. Both distillate products should be taken
off as liquids and then be connected to the feed to the decanter. The hydrocarbon layer from the
decanter should be connected to the feed of the distillation column producing pure butanol. The
decanter (or liquid-liquid settler) on the flow diagram is listed under separators. Pick a decanter
pressure of 1.0 atm., a heat duty of 0.0, the key component for the second phase is water, and set the
threshold at ~.7 (the equilibrium data show the highest water content in the organic phase is < .6). Set
convergence at 75 iterations. The water layer from the decanter should be connected to the feed of the
distillation column that produces pure water. Note that the Aspen Plus columns in Figure 8-A2 do not
look exactly like the arrangement in Figure 8-4A. We are using the condensers on the columns to
condense the liquids. We will use the specification sheets to make the system behave like Figure 8-4A.

Figure 8-A2. Distillation system for separation of heterogeneous azeotrope



On the specification sheets for both distillation columns the lines from the decanter should be input as
feed on stage 2 (first actual stage in the column). Use kettle-type reboilers. Set the bottoms rate for the
butanol column at the values calculated from the external mass balances. Initially, set Col-1 with N =
10 and feed at 5. Initially set the stripping column with 10 stages. Set the boilup rate to 1.0 kmol/hour in
the stripping column. NOTE: This rate is not the boilup ratio. Set convergence in both columns to
“Strongly non-ideal liquid.” Set convergence at 75 iterations for both columns.
Set the reflux ratios for both columns to 0.5. We don’t really want to reflux from the condensers, but
want to take our reflux from the decanter; however, if you try setting the reflux ratio to 0.0 Aspen Plus
will not run. Reduce both reflux ratios in a few steps down to about 0.025. These ratios are small
enough that the results will be very close to using only reflux from the decanter phases. If you don’t do
this in steps, the condenser will dry up and the run will have errors. Pamper Aspen Plus, and make it
happy! After you finish the lab, you might try reinitializing and see what happens if you set reflux ratio
to 0.025. Results when the column dried up are not useable.
After you have successfully run the simulation, note that both columns are probably not producing
products as pure as required. Increase the boilup rate modestly in steps of 0.2 kmol/h until both
products meet the purity specifications, but the butanol product is purer than necessary. Since there is
more separation than required, this implies that column 1 can have fewer stages and/or a lower boilup
ratio. However, before changing conditions, save your results and note that there is a difficulty inherent
in the set of specified variables for the flowsheet in Figure 8-A2. The loop from Col-1 to the Decanter
and back to Col-1 via the HC-layer has no positive control on flow rates. (The other loop from Stripper
to Decanter and back does because the boilup rate in column 2 is specified). Thus, it is possible for the
flow rates of Distil-1 and HC-Layer to become very large. This will happen if the stages in Col-1 are
reduced drastically. The cure is to set a flow rate that will control this loop; however, since the number
of variables one can specify is set, another variable has to made free. A possibility that works once
AspenPlus is giving good results is to set reflux ratio (.025) and boilup rate in Col-1 (use the value
from the run with 10 stages and Nfeed = 5 with bottoms in Col-1 specified). To be sure this works,
repeat previous run but with boilup rate in Col-1 replacing specification of bottoms rate. Then reduce
the number of stages and the feed location. Increase the boilup rate by a maximum of 10% to obtain the
desired separation. If there are convergence difficulties as you do this, try decreasing the error
tolerance for each column to 1.0E-5. Also try increasing the number of maximum flowsheet iterations in
the Wegstein method to 75 (below Block, Utilities, and Reactions in AspenPlus click on Convergence
→ Conv Options → Methods and then Wegstein tab and Convergence Parameters).
Report your final results for number of stages, optimum feed location, boilup rate in Col-1, and
product purities.
When done, make the column not converge! Return to the original number of stages, original feed
location and original specification of bottoms flow rate in the butanol column. Then increase the boilup
rate in the water stripper to 10 kmol/h or higher and run the simulation. The messages in the control
panel, in the run summary and the reports for the blocks (obtained from View) all state there is a
problem. However, the reports for the streams (obtained from View) do not point out the convergence
problem. Do NOT save the run that did not converge.

Lab 9. Extractive Distillation. This assignment is more prescriptive and involves less exploration than
other labs since convergence is often a problem with extractive distillation. The basic algorithm (Figure
6-1) assumes that the concentration loop will have little effect on the other loops. Extractive distillation
systems have very nonideal VLE and this assumption is often not true. As always with Aspen Plus, it may
be possible to obtain convergence by starting with a set of conditions that converges and slowly changing
the variable of interest (e.g., L/D) to approach the desired value. When you have a convergence problem,



reinitialize RADFRAC and then return to a condition that converged previously.
Problem. Use extractive distillation to break the ethanol-water azeotrope. Use the two-column system
shown in Figure 8-13. The solvent is ethylene glycol. Both columns operate at a pressure of 1.0
atmosphere. The feed to column 1 is 100 kmol/h. This feed is a saturated liquid. It is 74 mol% ethanol
and 26 mol% water. Use NRTL.
In Figure 8-13 the A product will be the ethanol product and the B product (distillate from column 2)
will be water. We want the A product to be 0.9975 mole frac ethanol (this exceeds requirements for
ethanol used in gasoline). Use an external reflux ratio in column 1 L/D = 1.0. (Normally these would be
optimized, but to save time leave it constant.) The reflux is returned as a saturated liquid. This set of
conditions should remove sufficient ethylene glycol from the distillate to produce an ethanol of suitable
purity (check to make sure that this happens). The bottoms product from column 1 should have less than
0.00009 mole frac ethanol. This number is low to increase the recovery of ethanol.
The distillate from column 2 should contain less than 0.0001 mole frac ethylene glycol. The bottoms
product from column 2 should contain less than 0.0001 mole frac water since any water in this stream
will probably end up in the ethanol product when solvent is recycled.
Steps 1 and 2. First design the two columns in RADFRAC as columns in series with no solvent
recycle. Thus, all of the solvent used must be added as the make-up solvent. For this part use a makeup
solvent that is close to the expected concentration of the recycle solvent. That is, the solvent stream
should be 0.9999 mole frac ethylene glycol and 0.0001 mole frac water. Use a solvent temperature of
80°C to approximately match the temperature of the solvent feed stage NS = 5 in column 1. Solvent
pressure is 1.0 atmosphere. Use total condensers and kettle reboilers.
In the convergence section of the input block set the number of iterations to 75 (for both columns). (Go
to Data in the menu bar and click on Blocks. On the left hand side of the screen click on the + sign next
to the block for the distillation column you want to increase the number of iterations for. Then find
Convergence and click on the blue check mark for convergence. This gives a table. Increase the
maximum number of iterations to 75. Higher values don’t help.)
Step 1. Design column 1. The solvent is treated as a second feed. On the flow diagram, use the feed port
to add a solvent feed to the column. Then specify its location in the Table of input conditions. Add
solvent at stage NS = 5. Use a solvent rate of S = 52.0 kmol/h. Start with N of column 1 = 50 and feed
location NF1 = 23. List convergence as strongly non-ideal liquid. Specify the distillate flow rate that
will give you the desired purity of the ethanol product and the desired ethanol mole fraction in the
bottoms product (do external balances). Find the approximate optimum feed stage and the lowest total
number of stages that will do the desired separation. Start by keeping NF1 fixed while you reduce N
(total number of stages in column 1) to approximately obtain the desired bottoms and distillate
concentrations. Then find the optimum feed stage, and try reducing N more. Low values of the feed
stage (e.g., NF1 = 10) will probably not converge. Thus, start with a high number for the feed stage
location and reduce NF1 slowly. If your ethanol distillate mole fraction is > 0.975 but the ethanol
bottoms mole fraction > 0.00009, the cause may be a distillate flow rate that is too low. The mass
balance to calculate the distillate flow rate has to be accurate. If you exceed the purity requirements,
that is okay at this point, since the system is not coupled.
Step 2. Design column 2. The feed to column 2 is the bottoms from column 1. It is a saturated liquid at
1.0 atmosphere. Specify the bottoms flow rate that will give you the desired purity of distillate and
bottoms (do a very accurate external balance). Very small adjustments in the bottoms flow rate may be
necessary to meet the specifications. Find an approximate (L/D)min (N2 = 50 and NF2 = 25 is sufficient;
start with L/D = 1.0 and move down). AspenPlus has convergence problems near the value of (L/D)min.



Do runs with L/D > (L/D)min where the purity is better than required and runs where the purity is less
than required, which means L/D < (L/D)min. Then approximate (L/D)min. Operate with L/D = 1.15
(L/D)min. Then find the optimum value of the feed stage (start with N2 = 20 and NF2 = 10). Note that
column 2 is quite simple and a low value of L/D works.
Step 3. Eventually we will connect the solvent recycle loop from column 2 to column 1. But first
include a heat exchanger to cool the solvent. If you don’t do this column 1 will not work after you
connect the solvent recycle loop (why not?). (To put the heat exchanger in the solvent line, go to Heat
Exchangers and put a HEATER—used as a cooler in this case—in your flowsheet. Then left click on
the solvent stream and right click on Reconnect Destination. Then connect the solvent stream to the
arrow on the heat exchanger. Hit the Next button. You will get a window for the heat exchanger. Use
80°C. Pressure is 1.0 atmosphere.) For Valid Phases use “liquid only.” To check that the HEATER is
hooked up properly, try a run without changing the solvent makeup flow rate.
Step 4. Connect the line leaving the heater to column 1 (use reconnect destination and connect it to the
feed port for column 1). In the table of input conditions list the solvent makeup stream and the recycle
line at the same stage (stage number 5).
To calculate the makeup solvent flow rate that you eventually want to use, do an external mass balance
around the entire system,
Pure Solvent Makeup flow rate = Solvent out in A product + solvent out in B product.
The resulting Makeup flow rate will be extremely small since losses of solvent are small (after all, no
one wants to drink ethylene glycol with their alcohol or their water). If you immediately use this value
of solvent makeup as a feed to the system, Aspen Plus will not converge. Start with the value you were
using previously and rapidly decrease it (say by factors of roughly 5 or 10). Until the solvent makeup
stream is at the desired value for the external mass balance, the “extra” ethylene glycol will exit with
the distillate (water product) from column 2. This occurs because Bottoms flow rate in column 2 is
specified and the only place for the extra ethylene glycol to go is with the distillate from column 2.
(This is why you must set the bottoms rate in column 2. If you set the distillate rate in column 2 there is
no place for the “extra” ethylene glycol to go and the system will not converge.) Ignore the values of the
distillate flow rate and distillate compositions from column 2 until you use the Makeup solvent rate that
satisfies the overall balance. Once you are close to the correct flow for makeup, change it to pure
ethylene glycol. The final appearance of the system should be similar to Figure 8-A3.

Figure 8-A3. Aspen Plus screen shot of completed extractive distillation system



If for some reason (not recommended) you have to uncouple the recycle loop, remember to reset the
makeup flow rate to the desired value.
Step 5. If necessary, make minor adjustments in stages, flows or reflux ratios to achieve desired
purities.
As a minimum, record the following: the mole fracs of the two products and the two bottom streams; the
heat duties of the two condensers, the two reboilers and the heat exchanger; the flow rates of all the
streams in the process; L/D in each column; N and feed locations in each column; and the temperatures
of the reboilers and condensers.



Chapter 9. Batch Distillation

Continuous distillation is a thermodynamically efficient method of producing large amounts of material of
constant composition. When small amounts of material or varying product compositions are required,
batch distillation has several advantages. In batch distillation a charge of feed is loaded into the reboiler,
the steam is turned on, and after a short startup period, product can be withdrawn from the top of the
column. When the distillation is finished, the heat is shut off and the material left in the reboiler is
removed. Then a new batch can be started. Usually the distillate is the desired product.
Batch distillation is a much older process than continuous distillation. Mesopotamian clay distillation
pots have been dated to around 3500 BCE (RT, 2007), and alchemists in Alexandria used simple batch
retorts in the first century A.D. (Davies, 1980). Batch distillation was developed to concentrate alcohol
by Arab alchemists around 700 A.D. (Vallee, 1998). It was adopted in Western Europe, and the first
known book on the subject was Hieronymus Brunschwig’s Liber de arte distillandi, published in Latin in
the early 1500s. This book remained a standard pharmaceutical and medical text for more than a century.
The first distillation book written for a literate but not scholarly community was Walter Ryff’s Das New
gross Distillier Buch published in German in 1545 (Stanwood, 2005). This book included a “listing of
distilling apparatus, techniques, and the plants, animals, and minerals able to be distilled for human
pharmaceutical use.” Advances in batch distillation have been associated with its use to distill alcohol,
pharmaceuticals, coal oil, petroleum oil, and fine chemicals.
Batch distillation is versatile. A run may last from a few hours to several days. Batch distillation is the
choice when the plant does not run continuously and the batch must be completed in one or two shifts (8 to
16 hours). It is often used when the same equipment distills several different products at different times. If
distillation is required only occasionally, batch distillation would again be the choice.
Equipment can be arranged in a variety of configurations. In simple batch distillation (Figure 9-1), the
vapor is withdrawn continuously from the reboiler. The system differs from flash distillation in that there
is no continuous feed input and the liquid is drained only at the end of the batch. An alternative to simple
batch distillation is constant-level batch distillation where solvent is fed continually to the still pot to
keep the liquid level constant (Gentilcore, 2002).

Figure 9-1. Simple batch distillation

In a multistage batch distillation, a staged or packed column is placed above the reboiler as in Figure 9-2.
Reflux is returned to the column. In the usual operation, distillate is withdrawn continually (Barton and
Roche, 1997; Diwekar, 1995; Luyben, 1971; Mujtaba, 2004; Pratt, 1962; Robinson and Gilliland, 1950)
until the column is shut down and drained. In an alternative method (Treybal, 1970), no distillate is
withdrawn; instead, the composition of liquid in the accumulator changes. When the distillate in the
accumulator is of the desired composition in the desired amount, both the accumulator and the reboiler are
drained. Luyben (1971) indicated that the usual method should be superior; however, the alternative
method may be simpler to operate.

Figure 9-2. Multistage batch distillation; (A) schematic, (B) photograph of packaged batch



distillation/solvent recovery system of approximately 400-gallon capacity. Courtesy of APV
Equipment, Inc., Tonowanda, New York

Another alternative is called inverted batch distillation (Diwekar, 1995; Pratt, 1967; Robinson and
Gilliland, 1950) because bottoms are withdrawn continuously while distillate is withdrawn only at the
end of the distillation (see Figure 9-8 and Problem 9.C2). In this case the charge is placed in the
accumulator and a reboiler with a small holdup is used. Inverted batch distillation is seldom used, but it
is useful when quite pure bottoms product is required.

9.1 Binary Batch Distillation: Rayleigh Equation
The mass balances for batch distillation are somewhat different from those for continuous distillation. In
batch distillation we are more interested in the total amounts of bottoms and distillate collected than in the
rates. For a binary batch distillation, mass balances around the entire system for the entire operation time
are

(9-1)

(9-2)

The feed into the column is F kg moles of mole fraction xF of the more volatile component. The final
moles in the reboiler at the end of the batch is Wfinal of mole fraction xW,final. The symbol W is used since
the material left in the reboiler is often a waste. Dtotal is the total kilogram moles of distillate of average
concentration xD,avg. Equations (9-1) and (9-2) are applicable to simple batch and normal multistage
batch distillation. Some minor changes in variable definitions are required for inverted batch distillation.



Usually F, xF, and the desired value of either xW,final or xD,avg are specified. An additional equation is
required to solve for the three unknowns Dtotal, Wfinal, and xW,final (or xD,avg). This additional equation,
known as the Rayleigh equation (Rayleigh, 1902), is derived from a differential mass balance. Assume
that the holdup in the column and in the accumulator is negligible. Then if a differential amount of
material, −dW, of concentration xD is removed from the system, the differential component mass balance
is

(9-3)

or

(9-4)

Expanding Eq. (9-4),

(9-5)

Then rearranging and integrating,

(9-6)

which is

(9-7)

The minus sign comes from switching the limits of integration. Equation (9-7) is a form of the Rayleigh
equation that is valid for both simple and multistage batch distillation. Of course, to use this equation we
must relate xD to xW and do the appropriate integration. This is covered in sections 9.2 and 9.5.

Time does not appear explicitly in the derivation of Eq. (9-7), but it is implicitly present since W, xW,
and usually xD are all time-dependent.

9.2 Simple Binary Batch Distillation
In the simple binary batch distillation system shown in Figure 9-1 the vapor product is in equilibrium with
liquid in the still pot at any given time. Since we use a total condenser, y = xD. Substituting this into Eq.
(9-7), we have

(9-8)



where y and x are now in equilibrium and the equilibrium expression is y = f(x,p). For any given
equilibrium expression, Eq. (9-8) can be integrated analytically, graphically, or numerically.
The general graphical or numerical integration procedure for Eq. (9-8) is:
1. Plot or fit y-x equilibrium curve.
2. At a series of x values, find y − x.
3. Plot 1/(y − x) vs. x or fit it to an equation.
4. Graphically or numerically integrate from xF to xW,final. Graphical integration is shown in Figure 9-3.

Figure 9-3. Graphical integration for simple batch distillation, Example 9-1

5. From Eq. (9-8), find the final charge of material in the still pot:

(9-9a,b)

where the area is shown in Figure 9-3.
6. The average distillate concentration, xD avg, can be found from the mass balances. Solving Eqs. (9-1)

and (9-2),

(9-10)

(9-11)

The Rayleigh equation can also be integrated numerically. One convenient method for doing this is to use
Simpson’s rule (e.g., see Mickley et al., 1957, pp. 35-42). If the ordinate in Figure 9-3 is called f(x), then
one form of Simpson’s rule is



(9-12)

where terms are shown in Figure 9-3. Simpson’s rule is exact if f(x) is cubic or lower order. For smooth
curves, such as in Figure 9-3, Simpson’s rule will be quite accurate (see Example 9-1). For more
complex shapes, Simpson’s rule will be more accurate if the integration is done in two or more pieces
(see Example 9-2). Simpson’s rule is also the MATLAB command quad (for “quadrature”) (Pratap,
2006). Other integration formulas that are more accurate can be used.
If the average distillate concentration is specified, a trial-and-error procedure is required. This involves
guessing the final still pot concentration, xW,final, and calculating the area in Figure 9-3 either graphically
or using Simpson’s rule. Then Eq. (9-9) gives Wfinal and Eq. (9-10) is used to check the value of xD,avg.
For a graphical solution, the trial-and-error procedure can be conveniently carried out by starting with a
guess for xW,final that is too high. Then every time xW,final is decreased, the additional area is added to the
area already calculated.
If the equilibrium expression is given as a constant relative volatility, α, the Rayleigh equation can be
integrated analytically. In this case the equilibrium expression is Eq. (2-22), which is repeated here.

Substituting this equation into Eq. (9-8) and integrating, we obtain

(9-13)

When it is applicable, Eq. (9-13) is obviously easier to apply than graphical or numerical integration.

Example 9-1. Simple Rayleigh distillation

We wish to use a simple batch still (one equilibrium stage) to separate methanol from water. The feed
charge to the still pot is 50 moles of an 80 mol% methanol mixture. We desire an average distillate
concentration of 89.2 mol% methanol. Find the amount of distillate collected, the amount of material
left in the still pot, and the concentration of material in the still pot. Pressure is 1 atm. Methanol-water
equilibrium data at 1 atm are given in Table 2-7 in Problem 2.D1.

Solution

A. Define. The apparatus is shown in Figure 9-1. The conditions are: p = 1 atm, F = 50, xF = 0.80,
and xD,avg = 0.892. We wish to find xW,final, Dtot, and Wfinal.

B. Explore. Since the still pot acts as one equilibrium contact, the Rayleigh equation takes the form of
Eqs. (9-8) and (9-9). To use these equations, either a plot of 1/(y − x) equil vs. x is required for
graphical integration or Simpson’s rule can be used. Both will be illustrated. Since xW,final is
unknown, a trial-and-error procedure will be required for either integration routine.

C. Plan. First plot 1/(y − x) vs. x from the equilibrium data. The trial-and-error procedure is as
follows:
Guess xW,final



Integrate to find

Calculate Wfinal from Rayleigh equation and xD,calc from mass balance.
Check: Is xD,calc = xD,avg? If not, continue trial and error.

D. Do it. From the equilibrium data the following table is easily generated:

These data are plotted in Figure 9-3. For the numerical solution a large graph on millimeter graph
paper was constructed.
First guess: xW,final = 0.70.
From Figure 9-3,

Then, Wfinal = F exp (−Area) = 50 e−0.7044 = 24.72

The alternative integration procedure using Simpson’s rule gives

is the value of 1/(y-x) calculated at xW,final.

Then for Simpson’s rule, Wfinal = 24.79, Dcalc = 25.21, and xD,calc = 0.898. Simpson’s rule appears
to be quite accurate. Wfinal is off by 0.3%, and xD,calc is the same as the more exact calculation.
These values appear to be close to the desired value, but we don’t yet know the sensitivity of the
calculation.
Second guess: xW,final = 0.60. Calculations similar to the first trial give Area = 1.2084, Wfinal =
14.93, Dcalc = 35.07, xD,calc = 0.885 from Figure 9-3, and xD,calc = 0.884 from the Simpson’s rule



calculation. These are also close, but they are low. For this problem the value of xD is insensitive
to xW,final.
Third guess: xW,final = 0.65. Calculations give Area = 0.971, Wfinal = 18.94, Dcalc = 31.06, xD,calc =
0.891 from Figure 9-3 and xD,calc = 0.890 from the Simpson’s rule calculation of the area, which
are both close to the specified value of 0.892.
Thus, use xW,final = 0.65 as the answer.

E. Check. The overall mass balance should check. This gives: Wfinal xW,final + Dcalc xD,calc = 39.985 as
compared to FxF = 40. Error is (40−39.985) / 40 × 100, or 0.038%, which is acceptable.

F. Generalize. The integration can also be done numerically on a computer using Simpson’s rule or an
alternative integration method. This is an advantage, since then the entire trial-and-error procedure
can be programmed. Note that large differences in xW,final and hence in Wfinal cause rather small
differences in xD,avg. Thus, for this problem, exact control of the batch system may not be critical.
This problem illustrates a common difficulty of simple batch distillation—a pure distillate and a
pure bottoms product cannot be obtained unless the relative volatility is very large. Note that
although Eq. (9-13) is strictly not applicable since methanol-water equilibrium does not have a
constant relative volatility, it could be used over the limited range of this batch distillation.

It is interesting to compare the simple batch distillation result to a flash distillation of the same feed
producing y = 0.892 mole fraction methanol. This flash distillation problem was solved previously as
Problem 2.D1. The results were x = 0.756 (compare to xW,final = 0.65), V = 16.18 (compare to Dtotal =
31.06), and L = 33.82 (compare to Wfinal = 18.94). The simple batch distillation gives a greater
separation with more distillate product because the bottoms product is an average of liquids in
equilibrium with vapor in the entire range from y = 0.915 (in equilibrium with x = z = 0.8) to y = 0.845
(in equilibrium with x = xW,final = 0.65), while for the flash distillation the liquid is always in equilibrium
with the final vapor y = 0.892. In general, a simple batch distillation will give more separation than flash
distillation with the same operating conditions. However, because flash distillation is continuous, it is
much easier to integrate into a continuous plant.
A process that is closely related to simple batch distillation is differential condensation (Treybal, 1980).
In this process vapor is slowly condensed and the condensate liquid is rapidly withdrawn. A derivation
similar to the derivation of the Raleigh equation for a binary system gives,

(9-14)

where F is the moles of vapor fed of mole fraction yF, and Dfinal is the left over vapor distillate of mole
fraction yD,final.

9.3 Constant-Level Batch Distillation
One common application of batch distillation (or evaporation) is to switch solvents in a production
process. For example, solvents may need to be exchanged prior to a crystallization or reaction step.
Solvent switching can be done in a simple batch system by charging the still pot with feed, concentrating
the solution (if necessary) by boiling off most of the original solvent (some solvent needs to remain to
maintain agitation, keep the solute in solution, and keep the heat transfer area covered), adding the new



solvent and doing a second batch distillation to remove the remainder of the original solvent. If desired
the solution can be diluted by adding more of the desired solvent. Although this process mimics the
procedure used by a bench chemist, a considerable amount of the second solvent is evaporated in the
second batch distillation. An alternative is to do the second batch distillation by constant-level batch
distillation in which the pure second solvent is added continuously during the second batch distillation at
a rate that keeps the moles in the still-pot constant (Gentilcore, 2002). We will focus on the constant-level
batch distillation step.
For a constant-level batch distillation the general mole balance is

(9-15a)

For the total mole balance this is: In – Out = 0, since the moles in the still pot are constant. Thus, if dS
moles of the second solvent are added, the overall mole balance for a constant-level batch distillation is

(9-15b)

where dV is the moles of vapor withdrawn.
If we do a component mole balance on the original solvent (solute is assumed to be non-volatile and is
ignored), we obtain the following for a constant-level system,

(9-16a)

where y and xw are the mole fraction of the first solvent in the vapor and liquid, respectively. Substituting
in Eq. (9-15b), this becomes

(9-16b)

Note that since the amount of liquid W is constant, there is no term equivalent to the last term in Eq. (9-4).
Integration of Eq. (9-16b) and minor rearrangement gives us,

(9-17)

Since vapor and liquid are assumed to be in equilibrium, y is related to xw by the equilibrium
relationship. Equation (9-17) can be integrated graphically or numerically in a procedure that is quite
similar to that used for simple batch distillation. Problem 9.D17 will lead you through these calculations
for constant-level batch distillation.
If constant relative volatility between the two solvents can be assumed, Eq. (2-22) can be substituted into
Eq. (9-17) and the equation can be integrated analytically (Gentilcore, 2002),

(9-18)



Gentilcore (2002) presents a constant relative volatility sample calculation that illustrates the advantage
of constant-level batch distillation when it is used to exchange solvents.

9.4 Batch Steam Distillation
In batch steam distillation, steam is sparged directly into the still pot as shown in Figure 9-4. This is
normally done for systems that are immiscible with water. The reasons for adding steam directly to the
still pot are that it keeps the temperature below the boiling point of water, it eliminates the need for heat
transfer surface area and it helps keep slurries and sludges well mixed so that they can be pumped. The
major use is in treating wastes that contain valuable volatile organics. These waste streams are often
slurries or sludges that would be difficult to process in an ordinary batch still. Compounds that are often
steam distilled include glycerine, lube oils, fatty acids, and halogenated hydrocarbons (Woodland, 1978).
Section 8-3 is a prerequisite for this section.

Figure 9-4. Batch steam distillation

Batch steam distillation is usually operated with liquid water present in the still. Then both the liquid
water and the liquid organic phases exert their own partial pressure. Equilibrium is given by Eqs. (8-14)
to (8-18) when there is one volatile organic and some nonvolatile organics present. As long as there is
minimal entrainment, there is no advantage to having more than one stage. For low-molecular-weight
organics, vaporization efficiencies, defined as the actual partial pressure divided by the partial pressure
at equilibrium, p*,

(9-19)

are often in the range from 0.9 to 0.95 (Carey, 1950). This efficiency is close enough to equilibrium that
equilibrium calculations are adequate.
The system shown in Figure 9-4 can be analyzed with mass balances on a water-free basis. The mass
balances are Eqs. (9-1) and (9-2), which can be solved for Wfinal if xW,final is given.

(9-20)

With a single volatile organic, xD = 1.0 if entrainment is negligible. Then,

(9-21)



and the flow rate of the organic distillate product is

(9-22)

The Rayleigh equation can also be used and will give the same results.
At any moment the instantaneous moles of water dnw carried over in the vapor can be found from Eq. (8-
18). This becomes

(9-23a)

The total moles of water carried over in the vapor can be obtained by integrating this equation:

(9-23b)

During the batch steam distillation, the mole fraction of the volatile organics in the still varies, and thus,
the still temperature determined by Eq. (8-15) varies. Equation (9-23b) can be integrated numerically in
steps. The total moles of water required is nw plus the moles of water condensed to heat the feed and still
pot, and to vaporize the volatile organics.
To integrate Eq. (9-23b) we must relate the moles of volatile organic in the distillate norg to its mole
fraction in the still pot, xpot = xvolatile in org. From a mass balance on the volatile organic very similar to that
used to derive Eq. (9-21), we obtain

Eq. (9-24a)

This equation is valid at any time. As the mole fraction of the volatile organic in the still pot, xpot,
decreases, the moles of volatile organic collected in the distillate, norg, increases.

For step-by-step numerical integration, Eq. (9-23b) can be written as,

Eq. (9-24b)

Eq. (9-24c)

The total change in mole fraction of the volatile organic as xpot goes from xF to xw,final, can be broken up
into a number of intervals Δxpot, and then norg, xpot,average and Δnw are calculated for each interval. The
amount of water carried over into the distillate with the volatile organic is then given by Eq. (9-24c). The
larger the number of intervals from xF to xw,final, the more accurate the calculation.

A short example for the simplified case when temperature in the still pot does not vary much and



(VP)volatile is essentially constant will help to clarify the procedure. Suppose F = 1.0 kmol, xF = 0.35, Ptotal
= 760 mm Hg, (VP)volatile = 50 mm Hg, and we want to calculate Δnw for a change in xpot from 0.25 to
0.20. Then from Eq. (9-24a) at xpot = 0.25,

norg = F(xF – xpot)/(1 − xpot) = 1.0(.35 − .25)/(1 − .25) = 0.13333

At xpot = 0.20, norg = 0.18750. In the interval from xpot = 0.25 to xpot = 0.20, xpot,average = 0.225 and Δnorg =
0.18750 − 0. 13333 = 0.05417. Then from Eq. (9-24b),

Δnw = 0.05417[760 − (50)(0.225)]/[(50)(0.225)] = 3.605 kmol water.

If the still pot temperature varies significantly, the temperature at each value of xpot,average needs to be
determined from Eq. (8-15) so that the value of (VP)volatile can be calculated. This is easiest to do with a
spreadsheet.
During most of the batch operation, the mole fraction of the volatile organic is considerably higher than it
is at the end of the batch. In continuous steam distillation the mole fraction of the volatile organic is
always at its lowest value. Thus, batch steam distillation requires less steam for a given separation than
continuous steam distillation.

9.5 Multistage Batch Distillation
The separation achieved in a single equilibrium stage is often not large enough to both obtain the desired
distillate concentration and a low enough bottoms concentration. In this case a distillation column is
placed above the reboiler as shown in Figure 9-2. The calculation procedure will be detailed here for a
staged column, but packed columns can easily be designed using the procedures explained in Chapter 10.
For multistage systems xD and xW are no longer in equilibrium. Thus, the Rayleigh equation, Eq. (9-7),
cannot be integrated until a relationship between xD and xW is found. This relationship can be obtained
from stage-by-stage calculations. We will assume that there is negligible holdup on each plate, in the
condenser, and in the accumulator. Then at any specific time we can write mass and energy balances
around stage j and the top of the column as shown in Figure 9-2A. These balances simplify to

Input = output
since accumulation was assumed to be negligible everywhere except the reboiler. Thus, at any given time
t,

(9-25a)

(9-25b)

(9-25c)

In these equations V, L and D are now molal flow rates. These balances are essentially the same
equations we obtained for the rectifying section of a continuous column except that Eqs. (9-25) are time-
dependent. If we can assume constant molal overflow (CMO), the vapor and liquid flow rates will be the
same on every stage and the energy balance is not needed. Combining Eqs. (9-25a) and (9-25b) and
solving for yj+1, we obtain the operating equation for CMO:



(9-26)

At any specific time Eq. (9-26) represents a straight line on a y-x diagram. The slope will be L/V, and the
intercept with the y = x line will be xD. Since either xD or L/V will have to vary during the batch
distillation, the operating line will be continuously changing.

9.5.1 Constant Reflux Ratio
The most common operating method is to use a constant reflux ratio and allow xD to vary. This procedure
corresponds to a simple batch operation where xD also varies. The relationship between xD and xW can
now be found from a stage-by-stage calculation using a McCabe-Thiele analysis. Operating Eq. (9-26) is
plotted on a McCabe-Thiele diagram for a series of xD values. Then we step off the specified number of
equilibrium contacts on each operating line starting at xD to find the xW value corresponding to that xD.
This procedure is shown in Figure 9-5 and Example 9-2.
Figure 9-5. McCabe-Thiele diagram for multistage batch distillation with constant L/D, Example 9-2

The McCabe-Thiele analysis gives xW values for a series of xD values. We can now calculate 1/(xD −
xW). The integral in Eq. (9-7) can be determined by either numerical integration such as Simpson’s rule
given in Eq. (9-12) or by graphical integration. Once xW values have been found for several xD values,
the same procedure used for simple batch distillation can be used. Thus, Wfinal is found from Eq. (9-7), xD

avg from Eq. (9-10), and Dtotal from Eq. (9-11). If xD avg is specified, a trial-and-error procedure will
again be required.

Example 9-2. Multistage batch distillation

We wish to batch distill 50 kmol of a 32 mol% ethanol, 68 mol% water feed. The system has a still



pot plus two equilibrium stages and a total condenser. Reflux is returned as a saturated liquid, and we
use L/D = 2/3. We desire a final still pot composition of 4.5 mol% ethanol. Find the average distillate
composition, the final charge in the still pot, and the amount of distillate collected. Pressure is 1 atm.

Solution

A. Define. The system is shown in the figure Find Wfinal, Dtotal, xD,avg.

B and C. Explore and Plan. Since we can assume CMO, a McCabe-Thiele diagram (Figure 2-2) can
be used. This will relate xD to xW at any time. Since xF and xW,final are known, the Rayleigh Eq. (9-
7) can be used to determine Wfinal. Then xD,avg and Dtotal can be determined from Eqs. (9-10) and
(9-11), respectively. A trial-and-error procedure is not needed for this problem.

D. Do it. The McCabe-Thiele diagram for several arbitrary values of xD is shown in Figure 9-5. The
top operating line is

where

The corresponding xW and xD values are used to calculate xD − xW and then 1/(xD − xW) for each
xW value. These values are plotted in Figure 9-6 (some values not shown in Figure 9-5 are shown
in Figure 9-6). The area under the curve (going down to an ordinate value of zero) from xF = 0.32 to
xW,final = 0.045 is 0.608 by graphical integration.

Figure 9-6. Graphical integration, Example 9-2



Then from Eq. (9-7):
Wfinal = Fe−Area = (50) exp (−0.608) = 27.21
From Eq. (9-11): Dtotal = F − Wfinal = 22.79 and from Eq. (9-10):

The area can also be determined by Simpson’s rule. However, because of the shape of the curve in
Figure 9-6 it will probably be less accurate than in Example 9-1. Simpson’s rule gives

where (xW,final + xF)/2 = 0.1825 and 1/(xD − xW) = 2.14 at this midpoint.

This can be checked by breaking the area into two parts and using Simpson’s rule for each part. Do
one part from xW,final = 0.045 to xW = 0.10 and the other part from 0.1 to xF = 0.32. Each of the two
parts should be relatively easy to fit with a cubic. Then,

Total area = 0.6196
Note that Figure 9-6 is very useful for finding the values of 1/(xD − xW) at the intermediate points
xW = 0.0725 (value = 2.03) and xW = 0.21 (value = 2.23).
The total area calculated is closer to the answer obtained graphically (1.9% difference compared to
4.7% difference for the first estimate).
Then, doing the same calculations as previously [Eqs. (9-7), (9-11), and (9-10)] with Area =
0.6196,

E. Check. The mass balances for an entire cycle, Eqs. (9-1) and (9-2), should be and are satisfied.



Since the graphical integration and Simpson’s rule (done as two parts) give similar results, this is
another reassurance.

F. Generalize. Note that we did not need to find the exact value of xD for xF or xW,final. We just made
sure that our calculated values went beyond these values. This is true for both integration methods.
Our axes in Figure 9-6 were selected to give maximum accuracy; thus, we did not graph parts of
the diagram that we didn’t use. The same general idea applies if fitting data—only fit the data in the
region needed. For more accuracy, Figure 9-5 should be expanded. Note that the graph in Figure 9-
6 is very useful for interpolation to find values for Simpson’s rule. If Simpson’s rule is to be used
for very sharply changing curves, accuracy will be better if the curve is split into two or more
parts. Comparison of the results obtained with graphical integration to those obtained with the two-
part integration with Simpson’s rule shows a difference in xD,avg of 0.008. This is within the
accuracy of the equilibrium data.

Once xW,final, D and Wfinal are determined, we can calculate the values of Qc, QR and operating time (see
Section 9.6).

9.5.2 Variable Reflux Ratio
The batch distillation column can also be operated with variable reflux ratio to keep xD constant. The
operating Eq. (9-26) is still valid. Now the slope will vary, but the intersection with the y=x line will be
constant at xD. The McCabe-Thiele diagram for this case is shown in Figure 9-7. This diagram relates xW
to xD. Since xD is kept constant, the calculation procedure is somewhat different.
Figure 9-7. McCabe-Thiele diagram for multistage batch distillation with constant xD and variable

reflux ratio

With xD and the number of stages specified, the initial value of L/V is found by trial and error to give the
feed concentration xF. The operating line slope L/V is then increased until the specified number of
equilibrium contacts gives xW = xW,final. This gives (L/V)final. Wfinal is found from mass balance Eqs. (9-1)
and (9-2). The required maximum values of Qc and QR and the operating time can be determined next (see
Section 9.6). Note that the Rayleigh equation is not required when xD is constant. However, if used, the



Rayleigh equation gives exactly the same answer as the mass balances [see Problem 9.C1 which includes
Eq. (9-27)].

9.6 Operating Time
The operating time and batch size may be controlled by economics or other factors. For instance, it is not
uncommon for the entire batch including startup and shutdown to be done in one eight-hour shift. If the
same apparatus is used for several different chemicals, the batch sizes may vary. Also the time to change
over from one chemical to another may be quite long, since a rigorous cleaning procedure may be
required.
The total batch time, tbatch, is

(9-28)

The down time, tdown, includes dumping the bottoms, cleanup, loading the next batch, and heating the next
batch until reflux starts to appear. This time can be estimated from experience. The operating time, top, is
the actual period during which distillation occurs, so it must be equal to the total amount of distillate
collected divided by the distillate flow rate.

(9-29)

Dtotal is calculated from the Rayleigh equation calculation procedure, with F set either by the size of the
still pot or by the charge size. For an existing apparatus the distillate flow rate, D in kmol/h, cannot be set
arbitrarily. The column was designed for a given maximum vapor velocity, uflood, which corresponds to a
maximum molal flow rate, Vmax (see Chapter 10). Then, from the mass balance around the condenser,

(9-30)

We usually operate at some fraction of this flow rate such as D = 0.75 Dmax. Then Eqs. (9-29) and (9-30)
can be used to estimate top. If the resulting tbatch is not convenient, adjustments must be made.

The energy requirements in the reboiler or still pot QR and the total condenser Qc can be estimated from
energy balances. For a total condenser Eq. (3-13) is valid, but V1, hD and H1 may all be functions of time
(if xD varies the enthalpies will vary). If the reflux is a saturated liquid reflux, then H1 − hD = λ. In this
case the total condenser just condenses the vapor to saturated liquid. Likewise, the still pot vaporizes a
saturated liquid to a vapor. Thus,

(9-31a,b)

If CMO is valid, then V1 = Vpot and λ1 = λpot, and



(9-31c)

Since V = (1 + L/D)D, we obtain

(9-32)

During operation (the charge and still pot have been heated, and vapor is flowing throughout the column),
the energy balance around the entire system is

(9-33a)

If CMO is valid, then Eq. (9-31c) holds and this result simplifies to,

(9-33b)

For an existing batch distillation apparatus we must check that the condenser and reboiler are large
enough to handle the calculated values of |Qc| and QR. If |Qc| or QR are too large, then the rate of
vaporization needs to be decreased. Either the operating time top will need to be increased or the charge
to the still pot F will have to be decreased.
If the assumption of negligible holdup is not valid, then the holdup on each stage and in the accumulator
acts like a flywheel and retards changes. A different calculational procedure is required for this case and
for multicomponent systems (Barton and Roche, 1997; Diwekar, 1995; Mujtabe, 2004).
Batch distillation also has somewhat different design and process control requirements than continuous
distillation. In addition, startup and troubleshooting are somewhat different. These aspects are discussed
by Ellerbe (1979).

9.7 Summary—Objectives
In this chapter we have explored binary batch distillation calculations. At this time you should be able to
satisfy the following objectives:
1. Explain the operation of simple and multistage batch distillation systems
2. Discuss the differences between batch and continuous operation
3. Derive and use the Rayleigh equation for simple batch distillation
4. Solve problems for constant-level batch distillation
5. Solve problems in batch steam distillation
6. Use the McCabe-Thiele method to analyze multistage batch distillation for:

a. Batch distillation with constant reflux ratio
b. Batch distillation with constant distillate composition
c. Inverted batch distillation

7. Determine the operating time and energy requirements for a batch distillation
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Homework
A. Discussion Problems

A1. Why is the still pot in Figure 9-2B much larger than the column?
A2. In the derivation of the Rayleigh equation:

a. In Eq. (9-4), why do we have −xD dW instead of −xD dD?
b. In Eq. (9-4), why is the left-hand side −xD dW instead of −d(xDW)?

A3. Explain how the graphical integration shown in Figures 9-3 and 9-5 could be done numerically on
a computer.

A4. Suppose you have two feeds containing methanol and water that you want to batch distill. One
feed is 60 mol% methanol, and the other is 32 mol% methanol. How do you do the batch



distillation to obtain the largest amount of distillate of given mole fraction? N is constant.
a. Mix the two feeds together and batch distill.
b. Start the batch with the feed with higher methanol mole fraction, and the add second feed (32

mol% methanol) when the still pot concentration equals that feed concentration.
c. Do two separate batches—one for the more concentrated feed (60 %) and the other for the less

concentrated feed (32 %).
d. All of the above.
e. a and b.
f. a and c.
g. b and c.
h. None of the above.
Explain your answer.

A5. Which system(s) require less energy for batch distillation than continuous distillation with the
same amount of separation?
a. Simple batch compared to one-stage continuous.
b. Multi-stage batch compared to multi-stage continuous.
c. Batch steam distillation compared to continuous steam distillation.
d. All of the above.
e. a and b.
f. a and c.
g. b and c.
h. None of the above.
Explain your answer.

A6. Batch-by-Night, Inc. has developed a new simple batch with reflux system (Figure 9-1 with some
of stream D refluxed to the still pot) that they claim will outperform the normal simple batch
(Figure 9-1). Suppose you want to batch distill a mixture similar to methanol and water where
there is no azeotrope and two liquid phases are not formed. Both systems are loaded with the
same charge F moles with the same mole fraction xF, and distillation is done to the same value
xw,final. Will the value of xd,avg from the simple batch with reflux be
a. greater than
b. the same
c. less than
the xd,avg from the normal simple batch distillation? Explain your answer.

A7. When there are multiple stages in batch distillation, the calculation looks like the McCabe-Thiele
diagram for several
a. stripping columns.
b. enriching columns.
c. columns with a feed at the optimum location.

A8. Develop a key relations chart for this chapter.

B. Generation of Alternatives



B1. List all the different ways a binary batch or inverted batch problem can be specified. Which of
these will be trial and error?

B2. What can be done if an existing batch system cannot produce the desired values of xD and xW
even at total reflux? Generate ideas for both operating and equipment changes.

C. Derivations
C1. For a binary, multistage batch distillation with constant xdist, prove that the mass balances over

the entire batch period and the Raleigh equation give identical results.

(9-27)

C2. Assume that holdup in the column and in the total reboiler is negligible in an inverted batch
distillation (Figure 9-8).
a. *Derive the appropriate form of the Rayleigh equation.
b. Derive the necessary operating equations for CMO. Sketch the McCabe-Thiele diagrams.

Figure 9-8. Inverted batch distillation

C3. Derive Eq. (9-14).

D. Problems
*Answers to problems with an asterisk are at the back of the book.

D1. A simple batch distillation is done for a binary mixture of ethanol and water. The feed is 0.5 kmol
of liquid that is 0.10 mole fraction ethanol. The simple batch distillation is continued until the
liquid remaining in the still pot is xW,final = 0.00346 mole fraction ethanol. Find the values of Wfinal
and the distillate Dtotal and the average mole fraction of ethanol in the distillate, xD,avg.

D2.* We wish to use a simple batch still (one equilibrium stage) to separate methanol from water. The
feed charge to the still pot is 100 moles of a 75 mol% methanol mixture. We desire a final bottoms
concentration of 55 mol% methanol. Find the amount of distillate collected, the amount of material
left in the still pot, and the average concentration of distillate. Pressure is 1 atm. Equilibrium data
are given in Table 2-7.

D3.* We wish to use a distillation system with a still pot plus a column with one equilibrium stage to
batch distill a mixture of methanol and water. A total condenser is used. The feed is 57 mol%



methanol. We desire a final bottoms concentration of 15 mol% methanol. Pressure is 101.3 kPa.
Reflux is a saturated liquid, and L0/D is constant at 1.85. Find Wfinal, Dtotal, and xD,avg. Methanol-
water equilibrium data are given in Table 2-7 Calculate on the basis of 1 kmol of feed.

D4. We wish to do a simple batch distillation (1 equilibrium contact) of a mixture of acetone and
ethanol. The feed charge to the still pot is 80 mol% acetone. The final concentration in the still pot
will be 40 mol% acetone. The final amount of material in the still pot is 2.0 kmole. Vapor-liquid
equilibrium (VLE) data are in Problem 4.D7. Find the feed amount F, the average mole fraction of
the distillate, and the kmoles of distillate collected.

D5. A simple batch distillation is being done to process a feed containing water and n-butanol that is
52 mol% water. The feed to the still pot is 3.0 kmol. The final still pot concentration should be 28
mol% water. Equilibrium data are in Table 8-2.
a. Find Wfinal (final amount in the still pot, kmole), DV,tot (total amount of distillate vapor

collected, kmole), and yD,avg (average mole fraction water in the vapor distillate).
b. After the distillate vapor is condensed in the total condenser, the liquid is sent to the settler.

Two distillate liquid products are withdrawn. Find the total amounts of each distillate liquid
collected, D1 (with xD1,water = 0.573) and D2 (with xD2,water = 0.975), in kmoles.

D6. We have a simple batch still separating 1,2 dichloroethane from 1,1,2 trichloroethane. Pressure is
1 atm. The relative volatility for this system is very close to constant at a value of 2.4. The use of
Eq. (9-13) is recommended.
a. The charge (F) is 1.3 kmol. This feed is 60 mol% dichloroethane. We desire a final still pot

concentration of 30 mol% dichloroethane. Find the final moles in the still pot and the average
mole fraction of the distillate product.

b. Repeat part a if the feed charge is 3.5 kmol.
c. If the feed charge is 2.0 kmol, the feed is 60 mol% dichloroethane, and we want a distillate

with an average concentration of 75 mol% dicholoroethane, find the final kmoles in the still pot
and the final mole fraction of dichloroethane in the still pot.

D7. We will use a batch distillation system with a still pot and one equilibrium stage (2 equilibrium
contacts total) to distill a feed that is 10 mol% water and 90 mol% n-butanol (see Table 8-2 for
VLE data). Pressure is one atmosphere. The charge is 4.0 kmoles. We desire a final still
concentration that is 2.0 mol% water. The system has a total condenser and the reflux is returned
as a saturated liquid. The reflux ratio L/D = 1/2. Find the final number of moles in the still and the
average concentration of the distillate.

D8. We plan to batch distill a mixture of methanol and water in a batch distillation system at 1.0 atm
pressure. The distillation system consists of a large still pot that is an equilibrium contact, a
distillation column that acts as two equilibrium contacts (total 3 equilibrium contacts), and a total
condenser. The feed to the system is F = 10.0 kmol and xF = 0.4 (mole fraction methanol). We
operate with a constant xD = 0.8 as we increase L/D. The batch operation is continued until L/D =
4.0. CMO is valid. Equilibrium data are in Table 2-7. Find:
a. xw,final

b. Wfinal and Dtotal.
c. Initial L/D.

D9.* We wish to batch distill a mixture of 1-butanol and water. Since this system has a heterogeneous



azeotrope (see Chapter 8), we will use the system shown in the figure. The bottom liquid layer
with 97.5 mol% water is removed as product, and the top liquid layer, which is 57.3 mol% water,
is returned to the still pot. Pressure is 1 atm. The feed is 20 kmol and is 40 mol% water. Data are
given in Problem 8.D2.

a. If the final concentration in the still pot should be xW,final = 0.28, what is the final amount of
distillate Dtotal collected, in kmoles?

b. If the batch distillation is continued what is the lowest value of xW,final that can be obtained
while still producing a distillate xD = 0.975?

D10. We plan to batch distill a mixture of ethanol and water. The feed contains 0.52 mole fraction
ethanol and we wish to continue the distillation until xw,final = 0.20 mole fraction ethanol. The
initial charge is F = 10.0 kmol. The batch system has a still pot, which acts as an equilibrium
contact and a column with one equilibrium stage (total of 2 equilibrium contacts). The distillate
vapor is condensed in a total condenser and we use an external reflux ratio L/D = ¼. VLE is in
Table 2-1 Find: Wfinal, Dtotal, and xD,avg.

D11. We plan on doing a constant-level batch distillation to change from a solvent that is pure butanol
to a solvent that is 60 mol% butanol and 40 mol% water. We do this by adding pure water to the
batch while removing vapor that is concentrated in butanol. (Adding water without removing
vapor would dilute the nonvolatile solute in the solvent.) If the initial charge is W = 2.0 kmol,
how much water S must be added to achieve the desired constant-level batch distillation? Do the
integration with Simpson’s rule dividing the entire integration from 0.6 to 1.0 first into one step
and then into two steps.

D12. Acetone-ethanol VLE data are given in Problem 4.D7. We have 3.0 kmol of a mixture of acetone
and ethanol that we wish to separate in a simple batch still. The feed is 48 mol% acetone. The
final still pot should be 16 mol% acetone. Find the final amount in the still pot, the amount of
distillate collected, and the average distillate mole fraction.

D13. We are doing a simple batch distillation of butanol and water. The feed is 8.00 kmol and is 40.0
mol% water and 60.0 mol% butanol. The batch distillation is continued until the still pot contains
0.080 mole fraction water.
a. Find Wfinal, Dtotal, and xD,avg.
b. After settling, the final distillate product is two liquid phases. What are the mole fractions and

the amounts (kmole) of each liquid phase?
D14.* A simple steam distillation is being done in the apparatus shown in Figure 9-4. The organic feed

is 90 mol% n-decane and 10% nonvolatile organics. The system is operated with liquid water in
the still. Distillation is continued until the organic layer in the still is 10 mol% n-decane. F = 10
kmole. Pressure is 760 mm Hg.
a. At the final time, what is the temperature in the still?



b. What is Wfinal? What is Dtotal?
c. Estimate the moles of water passed overhead per mole of n-decane at the end of the distillation.
Data: Assume that water and n-decane are completely immiscible. Vapor pressure data for nC10 is
in Example 8-2. Vapor pressure data for water are listed in Problem 8.D10.

D15. We wish to batch distill 100 kmol of a mixture of n-butanol and water. The system consists of a
batch still pot plus 1 equilibrium stage. The system is at one atmosphere. The feed is 48 mol%
water and 52 mol% butanol. The distillate vapor is condensed and sent to a liquid-liquid settler.
The water rich product (0.975 mole fraction water) is taken as the distillate product and the
butanol rich layer (0.573 mole fraction water) is refluxed to the column. We desire a final still pot
mole fraction of 0.08 water. Energy is added at a constant rate to the still pot; thus, V = constant.
Note that the distillate product is a constant mole fraction. The reflux ratio increases as the
distillate vapor mole fraction decreases during the course of the batch distillation. Equilibrium
data are given in Table 8-2.
a. Find the final amount of material in the still pot and the amount of distillate collected.
b. Find the initial and final internal reflux ratios (L/V values).

D16.* We wish to do a normal batch distillation of methanol and water. The system has a still pot that
acts as an equilibrium stage and a column with two equilibrium stages (total of three equilibrium
contacts). The column has a total condenser, and reflux is returned as a saturated liquid. The
column is operated with a varying reflux ratio so that xD is held constant. The initial charge is F =
10 kmol and is 40 mol% methanol. We desire a final still-pot concentration of 8 mol% methanol,
and the distillate concentration should be 85 mol% methanol. Pressure is 1 atm and CMO is valid.
Equilibrium data are given in Table 2-7.
a. What initial external reflux ratio, L0/D, must be used?
b. What final external reflux ratio must be used?
c. How much distillate product is withdrawn, and what is the final amount, Wfinal, left in the still

pot?
D17. A nonvolatile solute is dissolved in 1.0 kmol of methanol. We wish to switch the solvent to

water. Because the solution is already concentrated, a first batch distillation to concentrate the
solution is not required. We desire to have the solute in 1.0 kmol of solution that is 99.0 mol%
water and 1.0 mol% methanol. This can be done either with a constant-level batch distillation or
by diluting the mixture with water and then doing a simple batch distillation. VLE data (ignore the
effect of the solute) are in Table 2-7. Do a constant-level batch distillation from xM,initial = 1.0
(pure methanol) to xM,final = 0.01. Find the moles of water added during the constant-level batch
distillation and the moles of water evaporated with the methanol in the distillate. Results can be
compared with dilution followed by simple batch distillation in Problem 9.E4.
Note: Since xM,final = 0.01 is quite small, 1/y is quite large at this limit. Straightforward
application of Simpson’s rule from xM,initial = 1.0 to xM,final = 0.01 will not be accurate. The
integral needs to be divided into at least two sections.

D18. A differential condensation [see Eq. (9-14)] is done for a binary mixture of ethanol and water.
The feed is 0.5 kmol of vapor that is 0.10 mole fraction ethanol. The differential condensation is
continued until the vapor remaining is yD,final = 0.5 mole fraction ethanol. Find the values of Dfinal
and the condensate Ctotal, and the average mole fraction of ethanol in the condensate, xC,avg. Note



that this operation can only be approximated in practice (Treybal, 1980). Compare the result to the
solution to Problem 9.D1.

D19. Batch steam distillation is being done to recover octanol from nonvolatile organics. Assume that
water and octanol, and water and the nonvolatile organics, are completely immiscible. The water
layer is pure. The organic layer in the still pot contains 0.6 mole fraction octanol and 0.4 mole
fraction nonvolatile organics. The still pot temperature is 90°C. The Antoine equations are:

In these equations T is in °C and VP is the vapor pressure in mm Hg. What is the pressure of the
still pot?

D20. We will use a simple batch still (one equilibrium contact—the still pot) to separate 1.5 kmol of a
mixture of n-pentane and n-octane at a pressure of 101.3 kPa. The feed is 35 mol% n-pentane. We
desire a final still pot concentration of 5 mol% n-pentane. Find the final amount in the still pot, the
amount of distillate collected, and the average distillate mole fraction.

D21. A mixture of ethanol and water is batch distilled in a system with a still pot, a column with 20
equilibrium stages, and a total condenser. Operation is at a constant external reflux ratio of L/D =
1.0. The feed charge is 2.5 kmol that is 0.06 mole fraction ethanol. We want a final still pot that is
0.02 mole fraction ethanol. Find Wfinal, Dtotal, and xD,avg. Work smart, and this problem is not as
much work as it appears at first.

D22. We are doing a simple batch distillation of n-pentane from n-hexane. The feed is 2.0 lbmol and is
40 mol% n-pentane. We collect 0.6 lbmol of distillate. The heating rate in the still pot is 5000
Btu/h. The average latent heat of the mixture is 12,470 Btu/lbmol.
What is the operating time for the batch distillation?
Note: This does not include the down time for dumping, cleaning, filling and so forth.

D23. We wish to batch distill a mixture of ethanol and water. The feed is 10.0 mol% ethanol.
Operation is at 1.0 atmosphere. The batch distillation system consists of a still pot plus a column
with the equivalent of 9 equilibrium contacts and a total condenser. We operate at a constant
external reflux ratio of 2/3. The initial charge to the still pot is 1000.0 kg. We desire a final still
pot concentration of 0.004 mole fraction ethanol. Equilibrium data are in Table 2-1. Convert the
amount of feed to kmole using an average molecular weight. Find Wfinal and Dtotal in kmole, and
xD,avg.
Note: Stepping off 10 stages for a number of operating lines sounds like a lot of work. However,
after you try it once, you will notice that there is a short cut to determining the relationship
between xD and xw.

D24. A mixture that is 62 mol% methanol and 38 mol% water is batch distilled in a system with a still
pot and a column with 1 equilibrium stage (2 equilibrium contacts total). F = 3.0 kmol. The system
operates with a constant distillate concentration that is 85 mol% methanol. We desire a final still
pot concentration that is 45 mol% methanol. Reflux is a saturated liquid and the external reflux
ratio L/D varies. Assume CMO. VLE data are in Table 2-7.
a. Find Dtotal and Wfinal (kmoles).
b. Find the final value of the external reflux ratio L/D.

D25. We have 1.5 kmol of feed 1 that is 40 mol% methanol and 60 mol% water. We also have 1.0
kmol of feed 2 that is 20 mol% methanol and 80 mol% water. We want to do a simple batch



distillation of these mixtures. The following three approaches have been proposed:
a. Mix the two feeds together and do the batch distillation.
b. Do a batch distillation of feed 1 until the still pot concentration is 20% methanol (same as feed

2), add feed 2, and complete the batch distillation.
c. Do a batch distillation of feed 1 and a separate batch distillation of feed 2. Add the two

distillate products and the two still pot products.
If we want xW,final,total = 0.10, do the calculations for each method. Determine Wfinal, Dtotal, and
xD,average and compare the three methods. Equilibrium data are in Table 2-7. Logically, parts b and
c should give the same result. If they don’t, there is probably a numerical error from the use of
Simpson’s rule. Try dividing an area into two parts for more accuracy.

E. More Complex Problems
E1. We are doing a single-stage, batch steam distillation of 1-octanol. The unit operates at 760 mm

Hg. The batch steam distillation is operated with liquid water present. The distillate vapor is
condensed and two immiscible liquid layers form. The feed is 90 mol% octanol and the rest is
nonvolatile organic compounds. The feed is 1.0 kmol. We desire to recover 95% of the octanol.
Vapor pressure data for water are given in Problem 8.D10. For small ranges in temperature, these
data can be fit to an Antoine equation form with C = 273.16. The vapor pressure equation for 1-
octanol is in Problem 8.D11.
a. Find the operating temperature of the still at the beginning and end of the batch.
b. Find the amount of organics left in the still pot at the end of the batch.
c. Find the kmoles of octanol recovered in the distillate.
d. Find the kmoles of water condensed in the distillate product. To do this, use the average still

temperature to estimate the average octanol vapor pressure which can be assumed to be
constant. To numerically integrate Eq. (9-23b) relate xorg to norg with a mass balance around the
batch still.

e. Compare with your answer to Problem 8.D11. Which system produces more water in the
distillate? Why?

E2. We wish to use batch steam distillation to recover 1-octanol from 100 kg of a mixture that is 15
wt % 1-octanol and the remainder consists of nonvolatile organics and solids of unknown
composition. The still pot operates at 1.0 atm pressure. The pot is operated with liquid water in
the pot. Assume the still pot is well mixed and liquid and vapor are in equilibrium. Ninety-five
percent of the 1-octanol should be recovered in the distillate. Assume that water is completely
immiscible with 1-octanol and with the nonvolatile organics. Because the composition of the
nonvolatile organics is not known, we do a simple experiment and boil the feed mixture under a
vacuum with no water present. The result is that at 0.05 atm pressure, the mixture boils at
129.8°C.
a. Find the mole fraction of 1-octanol in the feed and the effective average molecular weight of the

non-volatile organics and the solids. (Note: This is identical to the solution of part a of Problem
8.D15.)

b. Find the kg and kmole of 1-octanol in the distillate, the kg of total organics in the waste, and the
1-octanol weight fraction and 1-octanol mole fraction in the waste.

c. Find the initial and final values of temperature and of VPoctanol in the still pot. A spreadsheet or



MATLAB is highly recommended for finding T and VP.
d. Find the kg and kmole of water in the distillate. This requires a numerical integration of Eq. (9-

23b); however, the problem is simplified in this case. Because the still pot temperature does not
change much, the value of (VP)octanol is very close to constant and the average value can be
used.

e. Compare the solution with the solution of Problem 8.D15. Why does batch steam distillation
require less steam than continuous steam distillation?

Octanol boils at about 195°C. The formula for octanol is CH3(CH2)6CH2OH, and its molecular
weight is 130.23. Vapor pressure formulas for octanol and water are available in Problems 8.D11
and 8.D15, respectively.

E3. In inverted batch distillation the charge of feed is placed in the accumulator at the top of the
column (Figure 9-8). Liquid is fed to the top of the column. At the bottom of the column bottoms
are continuously withdrawn and part of the stream is sent to a total reboiler, vaporized and sent
back up the column. During the course of the batch distillation the less volatile component is
slowly removed from the liquid in the accumulator and the mole fraction more volatile component
xd increases. Assuming that holdup in the total reboiler, total condenser and the trays is small
compared to the holdup in the accumulator, the Rayleigh equation for inverted batch distillation is,

In (Dfinal/F) = –xfeed∫xd,final [(dxd)/(xd – xB)]
We feed the inverted batch system shown in the Figure 9-8 with F = 10 mole of a feed that is 50
mol% ethanol and 50% water. We desire a final distillate mole fraction of 0.63. There are 2
equilibrium stages in the column. The total reboiler, the total condenser and the accumulator are
not equilibrium contacts. VLE are in Table 2-1. Find Dfinal, Btotal and xB,avg if the boilup ratio is
1.0.

E4. A nonvolatile solute is dissolved in 1.0 kmol of methanol. We wish to switch the solvent to
water. Because the solution is already concentrated, a first batch distillation to concentrate the
solution is not required. We desire to have the solute in 1.0 kmol of solution that is 99.0 mol%
water and 1.0 mol% methanol. This can be done either with a constant-level batch distillation or
by diluting the mixture with water and then doing a simple batch distillation. VLE data (ignore the
effect of the solute) are in Table 2-7. Dilute the original pure methanol (plus solute) with water
and then do a simple batch distillation with the goal of having Wfinal = 1.0 and xM,final = 0.01. Find
the moles of water added and the moles of water evaporated during the batch distillation.
Compare with constant-level batch distillation in Problem 9.D17.

H. Computer Spreadsheet Problems
H1. Solve the following problems with a spread sheet. A mixture of benzene (A) and cumene (C) is to

be distilled in a simple batch system. The initial charge of 5.0 kmol is 37 mol% benzene and 63
mol% cumene. At the system pressure of one atmosphere and choosing cumene (C) as the
reference component, the relative volatility is αA-C = 10.71. Use Eq. (9-13).
a. We desire a fractional recovery of benzene in the distillate of 75%. Find xA,Wfinal, Wfinal, Dtotal,

and xA,D,avg.
b. If we want xA,Wfinal = 0.05, what fractional recovery of benzene in the distillate is required?

Find Wfinal, Dtotal, and xA,D,avg.



Chapter 10. Staged and Packed Column Design

In previous chapters we saw how to determine the number of equilibrium stages and the separation in
distillation columns. In the first part of this chapter we will discuss the details of staged column design
such as tray geometry, determination of column efficiency, calculation of column diameter, downcomer
sizing, and tray layout. We will start with a qualitative description of column internals and then proceed
to a quantitative description of efficiency prediction, determination of column diameter, sieve tray design,
and valve tray design. In the second part (sections 10.6 to 10.10) we will discuss packed column design
including the selection of packed materials and determination of the length and diameter of the column.
New engineers are expected to be able to do these calculations. The internals of distillation columns are
usually designed under the supervision of experts with many years of experience.
This chapter is not a shortcut to becoming an expert. However, upon completion of this chapter you
should be able to finish a preliminary design of the column internals for both staged and packed columns,
and you should be able to discuss distillation designs intelligently with the experts.

10.1 Staged Column Equipment Description
A very basic picture of staged column equipment was presented in Chapter 3. In this section, a much more
detailed qualitative picture will be presented. Much of the material included here is from the series of
articles and books by Kister (1980, 1981, 1992, 2003), the book by Ludwig (1997), and the chapter by
Larson and Kister (1997). These sources should be consulted for more details.
Sieve trays, which were illustrated in Figure 3-7, are easy to manufacture and are inexpensive. The holes
are punched or drilled (a more expensive process) in the metal plate. Considerable design information is
available, and since the designs are not proprietary, anyone can build a sieve tray column. The efficiency
is good at design conditions. However, turndown (the performance when operating below the designed
flow rate) is relatively poor. This means that operation at significantly lower rates than the design
condition will result in low efficiencies. For sieve plates, efficiency drops markedly for gas flow rates
that are less than about 60% of the design value. Thus, these trays are not extremely flexible. Since sieve
trays are easy to clean, they are very good in fouling applications and are the normal choice when solids
are present. Sieve trays are a standard item in industry, but new columns are more likely to have valve
trays (Kister, 1992).
Valve trays are designed to have better turndown properties than sieve trays, and thus, they are more
flexible when the feed rate varies. There are many different proprietary valve tray designs, of which one
type is illustrated in Figure 10-1. The valve tray is similar to a sieve tray in that it is has a deck with
holes in it for gas flow and downcomers for liquid flow. The difference is that the holes, which are quite
large, are fitted with “valves,” covers that can move up and down as the pressures of the vapor and the
liquid change. Each valve has feet or a cage that restrict its upward movement. Round valves with feet are
most popular but wearing of the feet can be a problem (Kister, 1990). At high vapor velocities, the valve
will be fully open, providing a maximum slot for gas flow (see Figure 10-1). When the gas velocity
drops, the valve will drop. This keeps the gas velocity through the slot close to constant, which keeps
efficiency close to constant and prevents weeping. An individual valve is stable only in the fully closed
or fully opened position. At intermediate velocities some of the valves on the tray will be open and some
will be closed. Usually, the valves alternate between the open and closed positions. The Venturi valve
has the lip of the hole facing upwards to produce a Venturi opening, which will minimize the pressure
drop.

Figure 10-1. (A) Valve assembly for Glitsch A-1 valve, and (B) small Gitsch A-1 ballast tray;



courtesy of Glitsch, Inc., Dallas, Texas

At the design vapor rate, valve trays have about the same efficiency as sieve trays. However, their
turndown characteristics are generally better, and the efficiency remains high as the gas rate drops. They
can also be designed to have a lower pressure drop than sieve trays, although the standard valve tray will
have a higher pressure drop. The disadvantages of valve trays are they are about 20% more expensive
than sieve trays (Glitsch, 1985) and they are more likely to foul or plug if dirty solutions are distilled.
Bubble-cap trays are illustrated in Figure 10-2. In a bubble-cap there is a riser, or weir, around each hole
in the tray. A cap with slots or holes is placed over this riser, and the vapor bubbles through these holes.
This design is quite flexible and will operate satisfactorily at very high and very low liquid flow rates.
However, entrainment is about three times that of a sieve tray, and there is usually a significant liquid
gradient across the tray. The net result is that tray spacing must be significantly greater than for sieve
trays. In columns less than about 1.2 m in diameter, a tray spacing of 0.45 m is satisfactory because
workers can reach through a side entry for maintenance (Torzewski, 2009). For columns from 1.2 to 3.0
m, workers need to be able to crawl through the column, and a minimum 0.6 m spacing is required. For
columns greater than 3.0 m in diameter, the tray spacing must be greater than 0.6 m because the heavy
support beams required to support the trays restrict access. Efficiencies are usually the same or less than
for sieve trays, and turndown characteristics are often worse. The bubble-cap has problems with coking,
polymer formation, or high fouling mixtures. Bubble-cap trays are approximately four times as expensive
as valve trays (Glitsch, 1985). Very few new bubble-cap columns are being built. However, new
engineers are likely to see older bubble-cap columns still operating. Lots of data are available for the
design of bubble-cap trays. Since excellent discussions on the design of bubble-cap columns are
available (Bolles, 1963; Ludwig, 1997), details will not be given here.

Figure 10-2. Different bubble-cap designs made by Glitsch, Inc., courtesy of Glitsch, Inc., Dallas,



Texas

Perforated plates without downcomers look like sieve plates but with significantly larger holes. The plate
is designed so that liquid weeps through the holes at the same time that vapor is passing through the center
of the hole. The advantage of this design is that the cost and space associated with downcomers are
eliminated. Its major disadvantage is that it is not robust. That is, if something goes wrong the column may
not work at all instead of operating at a lower efficiency. These columns are usually designed by the
company selling the system. Some design details are presented by Ludwig (1997).

10.1.1 Trays, Downcomers, and Weirs
In addition to choosing the type of tray, the designer must select the flow pattern on the trays and design
the weirs and downcomers. This section will continue to be mainly qualitative.
The most common flow pattern on a tray is the cross-flow pattern shown in Figure 3-7 and repeated in
Figure 10-3A. This pattern works well for average flow rates and can be designed to handle suspended
solids in the feed. Cross-flow trays can be designed by the user on the basis of information in the open
literature (Bolles, 1963; Fair, 1963, 1984, 1985; Kister, 1980, 1981, 1992; Ludwig, 1997), from
information in company design manuals (Glitsch, 1974; Koch, 1982), or from any of the manufacturers of
staged distillation columns. Design details for cross-flow trays are discussed later.

Figure 10-3. Flow patterns on trays; (A) cross-flow, (B) double-pass

Multiple-pass trays are used in large-diameter columns with high liquid flow rates. Double-pass trays
(Figure 10-3B) are common (Pilling, 2005). The liquid flow is divided into two sections (or passes) to
reduce the liquid gradient on the tray and to reduce the downcomer loading. With even larger liquid
loadings, four-pass trays are used; three-pass trays are not used because of liquid maldistribution (Kister



et al, 2010; Pilling, 2005; Summers, 2010). This type of tray is usually designed by experts, although
preliminary designs can be obtained by following the design manuals published by some of the equipment
manufacturers (Glitsch, 1974; Koch, 1982).
Which flow pattern is appropriate for a given problem? As the gas and liquid rates increase, the tower
diameter increases. However, the ability to handle liquid flow increases with weir length, while the gas
flow capacity increases with the square of the tower diameter. Thus, eventually multiple-pass trays are
required. A selection guide is given in Figure 10-4 (Huang and Hodson, 1958), but it is only approximate,
particularly near the lines separating different types of trays.

Figure 10-4. Selection guide for sieve trays, reprinted with permission from Huang and Hodson,
Petroleum Refiner, 37 (2), 104 (1958), copyright 1958, Gulf Pub. Co.

Downcomers and weirs are very important for the proper operation of staged columns, since they control
the liquid distribution and flow. A variety of designs are used, four are shown in Figure 10-5 (Kister,
1980e, 1992). In small columns and pilot plants the circular pipe shown in Figure 10-5A is commonly
used. The pipe may stick out above the tray floor to serve as the weir, or a separate weir may be used. In
the Oldershaw design commonly used in pilot plants, the pipe is in the center of the sieve plate and is
surrounded by holes. The most common design in commercial columns is the segmented vertical
downcomer shown in Figure 10-5B. This type is inexpensive to build, easy to install, almost impossible
to install incorrectly, and can be designed for a wide variety of liquid flow rates. If liquid-vapor
disengagement is difficult, one of the sloped segmental designs shown in Figure 10-5C can be useful.
These designs help retain the active area of the tray below. Unfortunately, they are more expensive and
are easy to install backwards. For very low liquid flow rates, the envelope design shown in Figure 10-5D
is occasionally used.

Figure 10-5. Downcomer and weir designs; (A) circular pipe, (B) straight segmental, (C) sloped
downcomers, (D) envelope



The simplest weir design is the straight horizontal weir from 2 to 4 inches high (Figures 3-7 and 10-5).
This type is the cheapest but does not have the best turndown properties. The adjustable weir shown in
Figure 10-6A is a very seductive design, since it appears to solve the problem of turndown.
Unfortunately, if maladjusted, this weir can cause lots of problems such as excessive weeping or trays
running dry, so it should be avoided. When flexibility in liquid rates is desired, one of the notched (or
picket-fence) weirs shown in Figure 10-6B will work well (Pilling, 2005); they are not much more
expensive than a straight weir. Notched weirs are particularly useful with low liquid flow rates.

Figure 10-6. Weir designs (A) adjustable, and (B) notched

Trays, weirs, and downcomers need to be mechanically supported. This is illustrated in Figure 10-7
(Zenz, 1997). The trick is to adequately support the weight of the tray plus the highest possible liquid
loading it can have without excessively blocking either the vapor flow area or the active area on the tray.
As the column diameter increases, tray support becomes more critical. See Ludwig (1997), or Kister
(1980d, 1990, 1992) for more details.

Figure 10-7. Mechanical supports for sieve trays from Zenz (1997).

Reprinted with permission from Schweitzer, Handbook of Separation Techniques for Chemical
Engineers, 3rd ed., copyright 1997, McGraw-Hill, New York.



10.1.2 Inlets and Outlets
Inlet and outlet ports must be carefully designed to prevent problems (Glitsch, 1985; Kister, 1980a, b,
1990, 1992, 2005; Ludwig, 1997). Inlets should be designed to avoid both excessive weeping and
entrainment when a high-velocity stream is added. Several acceptable designs for a feed or reflux to the
top tray are shown in Figure 10-8. The baffle plate or pipe elbow prevents high-velocity fluid from
shooting across the tray. The designs shown in Figures 10-8D and E can be used if there is likely to be
vapor in the feed. These two designs will not allow excessive entrainment. Intermediate feed introduction
is somewhat similar, and several common designs are shown in Figure 10-9. Low-velocity liquid feeds
can be input through the side of the column as shown in Figure 10-9A. Higher velocity feeds and feed
containing vapor require baffles as shown in Figures 10-9B and C. The vapor is directed sideways or
downward to prevent excessive entrainment. When there is a large quantity of vapor in the feed, the feed
tray should have extra space for disengagement of liquid and vapor. For large diameter columns some
type of distributor such as the one shown in Figure 10-9D is often used.

Figure 10-8. Inlets for reflux or feed to top tray

Figure 10-9. Intermediate feed systems; (A) side inlet, (B) and (C) baffles, (D) distributor



The vapor return at the bottom of the column should be at least 12 inches above the liquid surge level. The
vapor inlet should be parallel to the seal pan and parallel to the liquid surface, as shown in Figure 10-
10A. The purpose of the seal pan is to keep liquid in the downcomer. The vapor inlet should not el-down
to impinge on the liquid, as shown in Figure 10-10B. When a thermosiphon reboiler (a common type of
total reboiler) is used, the split drawoff shown in Figure 10-10C is useful. Since there is usually no pump
between the column and the reboiler, the driving pressure to move the liquid from the column into the
reboiler is based on the head of liquid in the column. This head must be large enough to overcome the
pressure drop in the lines and in the reboiler. For kettle type reboilers the liquid will be on the shell side,
and the effect of shell-side fouling needs to be included in the pressure-drop calculation. The
recommended height from the overflow baffle in the kettle to the column vapor inlet is approximately 2 m
(Lieberman and Lieberman, 2008). Smaller clearances can eventually result in flooding of the tower
because of high liquid levels in the bottom of the column.
Figure 10-10. Bottom vapor inlet and liquid drawoffs; (A) correct—inlet vapor parallel to seal pan,

(B) incorrect—inlet vapor el-down onto liquid, (C) bottom draw-off with thermosiphon reboiler

Intermediate liquid drawoffs require some method for disengaging the liquid and vapor. The cheapest
way to do this is with a downcomer tapout as shown in Figure 10-11A. A more expensive but surer
method is to use a chimney tray (Figure 10-11B). The chimney tray provides enough liquid volume to fill
lines and start pumps. There are no holes or valves in the deck of this tray; thus, it doesn’t provide for
mass transfer and should not be counted as an equilibrium stage. Chimney trays must often support quite a
bit of liquid; therefore, mechanical design is important (Kister, 1990). An alternative to the chimney tray



is to use a downcomer tapout with an external surge drum.
Figure 10-11. Intermediate liquid draw-off; (A) downcomer sump, (B) chimney tray (downcomer to

next tray not shown)

The design of vapor outlets is relatively easy and is less likely to cause problems than liquid outlets
(Kister, 1990). The main consideration is that the line must be of large enough diameter to have a modest
pressure drop. At the top of the column a demister may be used to prevent liquid entrainment. An
alternative is to put a knockout drum in the line before any compressors.

10.2 Tray Efficiencies
Tray efficiencies were introduced in Chapter 4. In this section they will be discussed in more detail, and
simple methods for estimating the value of the efficiency will be explored. The effect of mass transfer
rates on the stage efficiency is discussed in Chapter 16.
The overall efficiency, EO, is

(10-1)

The determination of the number of equilibrium stages required for the given separation should not
include a partial reboiler or a partial condenser. The overall efficiency is extremely easy to measure and
use; thus, it is the most commonly used efficiency value in the plant. However, it is difficult to relate
overall efficiency to the fundamental heat and mass transfer processes occurring on the tray, so it is not
generally used in fundamental studies.
The Murphree vapor and liquid efficiencies were also introduced in Chapter 4. The Murphree vapor
efficiency is defined as

(10-2)

while the Murphree liquid efficiency is

(10-3)

The physical model used for both of these efficiencies is shown in Figure 10-12. The gas streams and the
downcomer liquids are assumed to be perfectly mixed. Murphree also assumed that the liquid on the tray



is perfectly mixed, which means x = xout. The term y*out is the vapor mole fraction that would be in
equilibrium with the actual liquid mole fraction leaving the tray, xout. In the liquid efficiency, x*out is in
equilibrium with the actual leaving vapor mole fraction, yout. The Murphree efficiencies are popular
because they are relatively easy to measure and they are very easy to use in calculations (see Figure 4-
27B). Unfortunately, there are some difficulties with their definitions. In large columns the liquid on the
tray is not well mixed; instead there will be a cross-flow pattern. If the flow path is long, the more
volatile component will be preferentially removed as liquid flows across the tray. Thus, in Figure 10-12,

xout < x4 < x3 < x2 < x1

Figure 10-12. Murphree efficiency model

Note that xout and hence y*out are based on the lowest concentration on the tray. Thus, it is possible to
have y*out < yout, because yout is an average across the tray. Then the numerator in Eq. (10-2a) will be
greater than the denominator and EMV > 1. This is often observed in large-diameter columns. Although not
absolutely necessary, it is desirable to have efficiencies defined so that they range between zero and 1. A
second and more serious problem with Murphree efficiencies is that the efficiencies of different
components must be different for multicomponent systems. Fortunately, for binary systems the Murphree
efficiencies are the same for the two components. In multicomponent systems not only are the efficiencies
different, but on some trays they may be negative. This is both disconcerting and extremely difficult to
predict. Despite these problems, Murphree efficiencies remain popular. The overall efficiency and the
Murphree vapor efficiency are related by the following equation, which is derived in Problem 12.C4.

(10-4)

The point efficiency is defined in a fashion very similar to the Murphree efficiency,

(10-5)

where the prime indicates that all the concentrations are determined at a specific point on the tray. The
Murphree efficiency can be determined by integrating all of the point efficiencies (which will vary from
location to location) on the tray. Typically, the point and Murphree efficiencies are not equal. The point
efficiency is difficult to measure in a commercial column, but it can often be predicted from heat and mass
transfer calculations. Thus, it is used for prediction and for scale-up.
In general, the efficiency of a tray depends on the vapor velocity, which is illustrated schematically in



Figure 10-13. The trays are designed to give a maximum efficiency at the design condition. At higher
vapor velocities, entrainment increases. When entrainment becomes excessive, the efficiency plummets.
At vapor velocities less than the design rate the mass transfer is less efficient. At very low velocities the
tray starts to weep and efficiency again plummets. Trays with good turndown characteristics have a wide
maximum, so there is little loss in efficiency when vapor velocity decreases.

Figure 10-13. Efficiency as a function of vapor velocity

The best way to determine efficiency is to have data for the chemical system in the same type of column of
the same size at the same vapor velocity. If velocity varies, then the efficiency will follow Figure 10-13.
The Fractionation Research Institute (FRI) has reams of efficiency data, but until recently, most of the data
were available to members only. Most large chemical and oil companies belong to FRI. The second best
approach is to have efficiency data for the same chemical system but with a different type of tray. Much of
the data available in the literature are for bubble-cap or sieve trays. Usually, the efficiency of valve trays
is equal to or better than sieve tray efficiency, which is equal to or better than bubble-cap tray efficiency.
Thus, if bubble-cap efficiencies are used for a valve tray column, the design will be conservative. The
third best approach is to use efficiency data for a similar chemical system.
If data are not available, a detailed calculation of the efficiency can be made on the basis of fundamental
mass and heat transfer calculations. With this method, you first calculate point efficiencies from heat and
mass transfer calculations and then determine Murphree and overall efficiencies from flow patterns on the
tray. Unfortunately, the results are often not extremely accurate. A simple application of this method is
developed in Chapter 16.
The simplest approach is to use a correlation to determine the efficiency. The most widely used is the
O’Connell correlation shown in Figure 10-14 (O’Connell, 1946), which gives an estimate of the overall
efficiency as a function of the relative volatility of the key components times the liquid viscosity at the
feed composition. Both α and μ are determined at the average temperature and pressure of the column.
Efficiency drops as viscosity increases, since mass transfer rates are lower. Efficiency drops as relative
volatility increases, since the mass that must be transferred to obtain equilibrium increases. The scatter in
the 38 data points is evident in the figure. O’Connell was probably studying bubble-cap columns; thus, the
results are conservative for sieve and valve trays (Walas, 1988). Walas (1988) surveys a large number of
tray efficiencies for a variety of tray types. O’Brien and Schultz (2004) recently reported that many
petrochemical towers are designed with stage efficiencies in the 75 to 80% range. Although these
columns are probably valve trays, the efficiency range agrees with O’Connell’s correlation. Seider et al.
(2009) recommend a first estimate of 70%. Recent FRI data are discussed by Kister (2008), who notes
that for low volatility systems, errors in VLE data have an enormous effect on the measured overall
efficiency. Vacuum systems, which are not included in Figure 10-14, will typically have efficiencies of
15 to 20% (O’Brien and Schultz, 2004).

Figure 10-14. O’Connell correlation for overall efficiency of distillation columns from O’Connell



(1946).

Reprinted from Transactions Amer. Inst. Chem. Eng., 42, 741 (1946), copyright 1946, American Institute
of Chemical Engineers.

For computer and calculator use it is convenient to fit the data points to an equation. When this was done
using a nonlinear least squares routine, the result (Kessler and Wankat, 1987) was Viscosity is in
centipoise (cP) in Eq. (10-6) and in Figure 10-14. This equation is not an exact fit to O’Connell’s curve,
since O’Connell apparently used an eyeball fit. Ludwig (1997) discusses other efficiency correlations.

(10-6)

Efficiencies can be scaled up from laboratory data taken with an Oldershaw column (a laboratory-scale
sieve-tray column) (Fair et al., 1983; Kister, 1990). The overall efficiency measured in the Oldershaw
column is often very close to the point efficiency measured in the large commercial column. This is
illustrated in Figure 10-15, where the vapor velocity has been normalized with respect to the fraction of
flooding (Fair et al., 1983). The point efficiency can be converted to Murphree and overall efficiencies
once a model for the flow pattern on the tray has been adopted (see section 16.6).
Figure 10-15. Overall efficiency of 1-inch-diameter Oldershaw column compared to point efficiency

of 4-foot-diameter FRI column. System is cyclohexane/n-heptane from Fair et al. (1983).

Reprinted with permission from Ind. Eng. Chem. Process Des. Develop., 22, 53 (1983), copyright 1983,
American Chemical Society.



For very complex mixtures, the entire distillation design can be done using the Older-shaw column by
changing the number of trays and the reflux rate until a combination that does the job is found. Since the
commercial column will have an overall efficiency equal to or greater than that of the Oldershaw column,
this combination will also work in the commercial column. This approach eliminates the need to
determine vapor-liquid equilibrium (VLE) data (which may be quite costly), and it also eliminates the
need for complex calculations. The Oldershaw column also allows one to observe foaming problems
(Kister, 1990).

Example 10-1. Overall efficiency estimation

A sieve-plate distillation column is separating a feed that is 50 mole % n-hexane and 50 mole % n-
heptane. Feed is a saturated liquid. Plate spacing is 24 in. Average column pressure is 1 atm.
Distillate composition is xD = 0.999 (mole fraction n-hexane) and xB = 0.001. Feed rate is 1000
lbmol/h. Internal reflux ratio L/V = 0.8. The column has a total reboiler and a total condenser.
Estimate the overall efficiency.

Solution

To use the O’Connell correlation we need to estimate α and μ at the average temperature and pressure
of the column. The column temperature can be estimated from equilibrium (the DePriester chart). The
following values are easily generated from Figure 2-12.

Relative volatility is α = (y/x)/[(1−y)/(1−x)]. The average temperature can be estimated several
ways:
Arithmetic average T = (98.4 + 69)/2 = 83.7, α = 2.36
Average at x = 0.5, T = 80, α = 2.33
Not much difference. Use α = 2.35 corresponding to approximately 82.5°C.
The liquid viscosity of the feed can be estimated (Reid et al., 1977, p. 462) from

(10-7a)

The pure component viscosities can be estimated from

(10-7b)

where μ is in cP and T is in kelvins (Reid et al., 1977, App. A)
nC6: A = 362.79, B = 207.08

nC7: A = 436.73, B = 232.53

These equations give μC6 = 0.186, μC7 = 0.224, and μmix = 0.204. Then αμmix = 0.480. From Eq. (10-
6), EO = 0.62, while from Figure 10-14, EO = 0.59. To be conservative, the lower value would
probably be used.
Note that once Tavg, αavg, and μfeed have been estimated, calculating EO is easy.



In many respects the most difficult part of determining design conditions for staged and packed columns is
determining the physical properties. For hand calculations good sources are Green and Perry (2008),
Perry and Green (1997), Poling et al. (2001), Reid et al. (1977), Smith and Srivastra (1986), Stephan and
Hildwein (1987), Woods (1995), and Yaws (1999). Commercial simulators have physical property
packages to do this grunt work.

10.3 Column Diameter Calculations
To design a sieve tray column we need to calculate the column diameter that prevents flooding, design the
tray layout, and design the downcomers. Several procedures for designing column diameters have been
published in the open literature (Fair, 1963, 1984, 1985; Kister, 1992; Ludwig, 1997; McCabe et al.,
2005). In addition, each equipment manufacturer has its own procedure. We will follow Fair’s procedure,
since it is widely known and is an option in the Aspen Plus simulator (see Chapter 6 Appendix). This
procedure first estimates the vapor velocity that will cause flooding due to excessive entrainment, then
uses a rule of thumb to determine the operating velocity, and from this calculates the column diameter.
Column diameter is very important in controlling costs and has to be estimated even for preliminary
designs. The method is applicable to sieve, valve, and bubble-cap trays. In Sections 10.3 and 10.5 where
hand calculations for diameter and tray layout are discussed, we are essentially forced to use English
units because many of the graphs and equations that present required empirical data are in English units.
Fortunately, commercial simulators allow one to work in a variety of units, and in Lab 10 in the Appendix
to Chapter 10 SI units are used.
The flooding velocity based on net area for vapor flow is determined from

(10-8)

Where σ is the surface tension in dynes/cm and Csb,f is the capacity factor. This is similar to Eq. (2-64),
which was used to size vertical flash drums. Csb,f is a function of the flow parameter

(10-9)

where WL and Wv are the mass flow rates of liquid and vapor, QL and QV are volumetric flow rates, and
densities are mass densities. The correlation for Csb,f is shown in Figure 10-16 (Fair and Matthews,
1958). For computer use it is convenient to fit the curves in Figure 10-16 to equations. The results of a
nonlinear least squares regression analysis (Kessler and Wankat, 1987) for 6-inch tray spacing are

(10-10a)

Figure 10-16. Capacity factor for flooding of sieve trays from Fair and Matthews (1958).

Reprinted with permission from Petroleum Refiner, 37 (4), 153 (1958), copyright 1958, Gulf Pub. Co.



for 9-inch tray spacing

(10-10b)

for 12-inch tray spacing

(10-10c)

for 18-inch tray spacing

(10-10d)

for 24-inch tray spacing

(10-10e)

and for 36-inch tray spacing

(10-10f)

The same flooding correlation but in metric units is available in graphical form (Fair, 1985). Figure 10-
16 and Eqs. (10-10) predict conservative values for the flooding velocity.
The flooding correlation assumes that β, the ratio of the area of the holes, Ahole, to the active area of the
tray, Aactive, is equal to or greater than 0.1. If β < 0.1, then the flooding velocity calculated from Eq. (10-
8) should be multiplied by a correction factor (Fair, 1984). If β = 0.08, the correction factor is 0.9; while
if β = 0.06, the correction factor is 0.8. Note that this is a linear correction and can easily be interpolated.
Tray spacing, which is required for the flooding correlation, is usually selected according to maintenance
requirements because it has little effect on tray efficiency (Kister, 2008). Sieve trays are spaced 6 to 36
inches apart with 12 to 16 inches a common range for smaller (less than 5 feet) towers. Tray spacing is
usually greater in large-diameter columns. A minimum of 0.4572 m, with 0.6096 m typical, is used if it is



desirable to have a worker crawl through the column for inspection. With the typical 24-inch (0.6096 m)
tray spacing, Csb,f ~ 0.33 ft/s (Biegler et al., 1997).

The operating vapor velocity is determined as

(10-11)

where the fraction can range from 0.65 to 0.9. Jones and Mellbom (1982) suggest using a value of 0.75
for the fraction for all cases. Higher fractions of flooding do not greatly affect the overall system cost, but
they do restrict flexibility. The operating velocity uop can be related to the molar vapor flow rate,

(10-12)

where the 3600 converts from hours (in V) to seconds (in uop). The net area for vapor flow is

(10-13)

where η is the fraction of the column cross-sectional area that is available for vapor flow above the tray.
Then 1 − η is the fraction of the column area taken up by one downcomer. Typically η lies between 0.85
and 0.95; its value can be determined exactly once the tray layout is finalized. Equations (10-12) and (10-
13) can be solved for the diameter of the column.

(10-14)

If the ideal gas law holds,

(10-15)

and Eq. (10-14) becomes

(10-16)

Note that these equations are dimensional, since Csb is dimensional.

The terms in Eqs. (10-8) to (10-16) vary from stage to stage in the column. If the calculation is done at
different locations, different diameters will be calculated. The largest diameter should be used and
rounded off to the next highest ½-foot increment. (For example, a 9.18-foot column is rounded off to 9.5
feet). Ludwig (1997) and Kister (1990) suggest using a minimum column diameter of 2.5 feet; that is, if
the calculated diameter is 2.0 feet, use 2.5 feet instead, since it is usually no more expensive. These small
columns typically use cartridge trays that are prefabricated outside the column (Ludwig, 1997). Columns



with diameters less than 2.5 feet are usually constructed as packed columns. If diameter calculations are
done at the top and bottom of the column and above and below the feed, one of these locations will be
very close to the maximum diameter, and the design based on the largest calculated diameter will be
satisfactory. For columns operating at or above atmospheric pressure, the pressure is essentially constant
in the column. If we substitute Eqs. (10-8) and (10-15) into Eq. (10-16), calculate the conditions at both
the top and bottom of the column, take the ratio of these two equations and simplify, the result is:

(10-17)

The last two terms on the right-hand side are usually close to 1.0 although when water and organics are
separated the surface tension term could be approximately 1.1 (water is bottom product) or 0.9 (water is
distillate product). The ratio of temperatures is always < 1 with a range for binary separations typically
from 0.9 to 0.99 although it can be lower for distillation at low temperatures. For a saturated vapor feed
the vapor velocity term is > 1.0 and can range from approximately 1.1 to 2. For a saturated liquid feed
this term is very close to 1.0. The molecular weight and liquid density terms can be greater than or less
than one. For distillation of homologous series, the molecular weight term is < 1 while the liquid density
term is probably > 1. Since one would not expect large differences, the product of these terms is probably
~ 1. For distillation of water and an organic if water is the bottom product, the molecular weight term is <
1 while the density term > 1 and the product of the two terms is probably close to one. If water is the
distillate product these two terms flip, and the product of the two terms probably remains close to one.
As a rule of thumb, if feed is a saturated liquid and a homologous series is being distilled, the ratio of
diameters is probably less than one and the diameter calculated at the bottom is probably larger. This is
also true with a saturated liquid feed if the distillation is water from organics, and water is the distillate
product, but if water is the bottoms product (more common), either top or bottom diameter can be larger.
If feed is a saturated vapor feed the ratio of diameters is probably greater than one and one should design
at the top; however, when water and an organic are distilling with water as the distillate product and for
cryogenic distillation the ratio of diameters could be greater than or less than one.
If there is a very large change in the vapor velocity in the column, the calculated diameters can be quite
different. Occasionally, columns are built in two sections of different diameter to take advantage of this
situation, but this solution is economical only for large changes in diameter. If a column with a single
diameter is constructed, the efficiencies in different parts of the column may vary considerably (see
Figure 10-13). This variation in efficiency has to be included in the design calculations. Another
alternative is to attempt to balance the required diameters by adjusting vapor velocities. This method is
discussed in Section 10.4.
The design procedure sizes the column to prevent flooding caused by excessive entrainment. Flooding can
also occur in the downcomers, and this case is discussed later. Excessive entrainment can also cause a
large drop in stage efficiency because liquid that has not been separated is mixed with vapor. The effect
of entrainment on the Murphree vapor efficiency can be estimated from

(10-18a)

where EMV is the Murphree efficiency without entrainment and ψ is the fractional entrainment defined as



(10-18b)

where e is the mol/h of entrained liquid. The relative entrainment ψ for sieve trays can be estimated from
Figure 10-17 (Fair, 1963). Once the corrected value of EMV is known, the overall efficiency can be
determined from Eq. (10-7). Usually, entrainment is not a problem until fractional entrainment is above
0.1, which occurs when operation is in the range of 85 to 100% of flood (Ludwig, 1997). Thus, a 75% of
flood value should have a negligible correction for entrainment. This can be checked during the design
procedure (see Example 10-3).

Figure 10-17. Entrainment correlation from Fair (1963).

Reprinted with permission from Smith, B.D., Design of Equilibrium Stage Processes, copyright 1963,
McGraw-Hill, New York.

Example 10-2. Diameter calculation for tray column

Determine the required diameter at the top of the column for the distillation column in Example 10-1.

Solution

We can use Eq. (10-16) with 75% of flooding. Since the distillate is almost pure n-hexane, we can
approximate properties as pure n-hexane at 69°C. Physical properties are from Perry and Green
(1984). T = 69°C = 342 K; liquid sp grav. = 0.659 (at 20°); viscosity = 0.22 cP; MW = 86.17.



ρL = (0.659)(62.4) = 41.12 lb/ft3 (will vary, but not a lot)

Surface tension σ = 13.2 dynes/cm (Reid et al., 1977, p. 610)
Flow parameter,

Ordinate from Figure 10-16 for 24 inch tray spacing, Csb = 0.36 while Csb = 0.38 from Eq. (10-10e).
Then

K = 0.35 if Eq. (10-10e) is used. The lower value is used for a conservative design. From Eq. (10-8),

We will estimate η as 0.90. The vapor flow rate V = L + D. From external mass balances, D = 500.
Since L = V (L/V),

The diameter Eq. (10-16) becomes

Since Fair’s diameter calculation procedure is conservative, an 11-foot diameter column would
probably be used. If η = 0.95, Dia = 10.74 feet; thus, the value of η is not extremely important. Note
that this is a large-diameter column for this feed rate. The reflux rate is quite high, and thus, V is high,
which leads to a larger diameter. The effect of location on the diameter calculation can be explored
by doing Problem 10.D2. Since the result obtained in that problem is a 12-foot diameter, the column
would be designed at the bottom. This result agrees with the rule of thumb given after Eq. (10-17)
(hexane and heptane are part of the homologous series of alkanes). The value of η = 0.9 will be
checked in Example 10-3. The effect of column pressure is explored in Problem 10.C1.

10.4 Balancing Calculated Diameters
Occasionally the calculated diameter at different points in the column will vary by a large factor. For
example, for distillation of a vapor feed of ethanol and water, the calculated diameter at the top of the
column was 3.7 times as large as the calculated diameter at the bottom of the column (Wankat, 2007a).
For distillation of a liquid feed of acetic acid and water (water is more volatile), the calculated diameter
at the bottom was 1.7 times the calculated diameter at the top (Wankat, 2007b).
Instead of building the entire column at the larger diameter, it may be possible to balance the column
diameters. Equation (10-14) shows that the column diameter is directly proportional to the square root of
the vapor velocity. If we can reduce V at the location with the largest calculated diameter and increase V
elsewhere, we may be able to decrease column diameter significantly with very little effect on purity.
For a vapor feed, the column diameter is often largest in the enriching section. We can reduce the



diameter by reducing V by condensing all or part of the feed or by condensing vapor inside the column
with an intermediate condenser. Three methods for doing this are shown in Figure 10-18. In all cases,
there will be a reduction in purity if L/D and N are constant. (Why?) Often, adding a few stages will
restore purity to the desired value. If the calculated diameters are markedly different, then the net column
volume and column cost will probably be reduced despite the use of more stages. For ethanol-water
distillation with a vapor feed, a reduction in column volume of 58% was achieved with the two-enthalpy
feed (Figure 10-18B) and of 42% with an intermediate condenser with constant heating and cooling loads.
Cooling the entire feed (Figure 10-18A) could reduce volume significantly, but |Qc| and QR had to be
increased (Wankat, 2007a).
Figure 10-18. Column balancing methods for vapor feed with largest calculated diameter at the top.

(A) Cool entire feed. (B) Use two-enthalpy feed and cool portion of feed. (C) Intermediate
condenser.

For a liquid feed system with the largest diameter at the bottom of the column, we want to reduce V at the
bottom of the column and increase V higher up the column. The reboiler duty can be reduced (V
decreases) if we heat the entire feed (Figure 10-19A), or use two-enthalpy feed vaporizing a portion of
the feed (Figure 10-19C), or use an intermediate reboiler (Figure 4-23A). If number of stages and reflux
ratio are constant, these methods will all result in lower purity. Again, adding a few stages will often
solve this difficulty. For acetic acid-water distillation with constant total heat loads, a reduction of
column volume of 54% was obtained with an intermediate reboiler (Figure 4-23A), vapor bypass (Figure
10-19C) reduction was 9.6%, two-enthalpy feed (Figure 10-19B) reduction was 12%, and heating the
entire feed (Figure 10-19A) reduction was 10% (Wankat, 2007b).

Figure 10-19. Column balancing methods for liquid feed with largest calculated diameter at the
bottom. (A) Heat entire feed. (B) Use two-enthalpy feed and heat portion of feed. (C) Vapor

bypass.



The addition of heat exchangers and an additional feed stage (Figures 10-18A,B and 10-19A,B) are
straightforward and should cause no operating problems. Intermediate condensers and reboilers (Figures
10-18C and 4-23A) are commonly used; however, they can make start-up significantly more difficult
(Sloley, 1996). The best system can be determined with computer simulations (see Problem 10.G1).

10.5 Sieve Tray Layout and Tray Hydraulics
Tray layout is an art with its own rules. This section follows the presentations of Ludwig (1997), Bolles
(1963), Fair (1963, 1984, 1985), Kister (1990, 1992, 2008), and Lockett (1986), and more details are
available in those sources. The holes on a sieve plate are not scattered randomly on the plate. Instead, a
detailed pattern is used to ensure even flow of vapor and liquid on the tray. The punched holes in the tray
usually range in diameter from 1/8 to 1.0 inch. In the range from ½ to 1 inch, efficiency is constant and at
its highest level. The 1/8-inch holes with the holes punched from the bottom up are often used in vacuum
operation to reduce entrainment and minimize pressure drop. In normal operation, holes are punched from
the bottom down since this is much safer for maintenance personnel. In fouling applications, holes are ½
inch or larger. For clean service, ½ inch is a reasonable first guess for hole diameter.
A common tray layout is the equilateral triangular pitch shown in Figure 10-20. The use of standard
punching patterns will be cheaper than use of a non-standard pattern. The holes are spaced from 2.5do to
5do apart, with 3.8do a reasonable average. The region containing holes should have a minimum 2- to 3-
inches clearance from the column shell and from the inlet downcomer. A 3- to 5-inch minimum clearance
is used before the downcomer weir because it is important to allow for disengagement of liquid and
vapor. Since flow on the tray is very turbulent, the vapor does not go straight up from the holes. The
active hole area is considered to be 2- to 3-inches from the peripheral holes; thus, the area up to the
column shell is active. The fraction of the column that is taken up by holes depends upon the hole size, the
pitch, the hole spacing, the clearances, and the size of the downcomers. Typically, 4% to 15% of the
entire tower area is hole area. This corresponds to a value of β = Ahole/Aactive of 6% to 25%. The average
value of β is between 7% and 16%, with 10% a reasonable first guess.

Figure 10-20. Tray geometry; (A) equilateral triangular pitch, (B) downcomer area geometry



The value of β is selected so that the vapor velocity through the holes, vo, lies between the weep point and
the maximum velocity. The exact design point should be selected to give maximum flexibility in
operation. Thus, if a reduction in feed rate is much more likely than an increase in feed rate, the design
vapor velocity will be close to the maximum. The vapor velocity through the holes, vo, in feet per second
(ft/sec) can be calculated from

(10-19)

where V is the lbmol/h of vapor, ρv is the vapor density in lb/ft3, and Ahole is the total hole area on the tray
in ft2. Obviously, Ahole can be determined from the tray layout.

(10-20a)

or

(10-20b)

The active area can be estimated as

(10-20c)

Obviously,

(10-20d)

The downcomer geometry is shown in Figure 10-18B. From this and geometric relationships, the
downcomer area Ad can be determined from

(10-21)

where θ is in radians. The downcomer area can also be calculated from



(10-22)

Combining Eqs. (10-20d), (10-21), and (10-22), we can solve for angle θ and the length of the weir. We
obtain the results given in Table 10-1. Typically the ratio of lweir/Dia falls in the range of 0.6 to 0.75.

Table 10-1. Geometric relationship between η and lweir/diameter

If the liquid is unable to flow down the downcomer fast enough, the liquid level will increase, and if it
keeps increasing until it reaches the top of the weir of the tray above, the tower will flood. This
downcomer flooding must be prevented. Downcomers are designed on the basis of pressure drop and
liquid residence time, and their cost is relatively small. Thus, downcomer design is done only in the final
equipment sizing.
The tray and downcomer are drawn schematically in Figure 10-21, which shows the pressure heads
caused by various hydrodynamic effects. The head of clear liquid in the downcomer, hdc, can be
determined from the sum of heads that must be overcome.

Figure 10-21. Pressure heads on sieve trays

(10-23)

The head of liquid required to overcome the pressure drop of gas on a dry tray, hΔp,dry, can be measured
experimentally or estimated (Ludwig, 1995) from

(10-24)

where vo is the vapor velocity through the holes in ft/sec from Eq. (10-19). The orifice coefficient, Co,
can be determined from the correlation of Hughmark and O’Connell (1957). This correlation can be fit by
the following equation (Kessler and Wankat, 1987):



(10-25)

where ttray is the tray thickness. The minimum value for do/ttray is 1.0. Equation (10-24) gives hΔp,dry in
inches.
The weir height, hweir, is the actual height of the weir. The minimum weir height is 0.5 inch with 2 to 4
inches more common. The weir must be high enough that the opposite downcomer remains sealed and
always retains liquid. The height of the liquid crest over the weir, hcrest, can be calculated from the
Francis weir equation.

(10-26)

where hcrest is in inches. In this equation, Lg is the liquid flow rate in gal/min that is due to both L and e.
The entrainment e can be determined from Figure 10-17. lweir is the length of the straight weir in feet. The
factor Fweir is a modification factor to take into account the curvature of the column wall in the
downcomer (Bolles, 1946, 1963; Ludwig, 1997). This is shown in Figure 10-22 (Bolles, 1946). An
equation for this figure is available (Bolles, 1963). For large columns where lweir is large, Fweir
approaches 1.0. On sieve trays, the liquid gradient hgrad, across the tray is often very small and is usually
ignored.

Figure 10-22. Weir correction factor, Fweir, for segmental weirs from Bolles (1946).

Reprinted with permission of Petroleum Processing

There is a frictional loss due to flow in the downcomer and under the downcomer onto the tray. This term,
hdu, can be estimated from the empirical equation (Ludwig, 1997; Bolles, 1963).

(10-27)

where hdu is in inches and Adu is the flow area under the downcomer apron in ft2. The downcomer apron
typically has a 1-in gap above the tray.

(10-28)

The value of hdc calculated from Eq. (10-23) is the head of clear liquid in inches. In an operating
distillation column the liquid in the downcomer is aerated. The density of this aerated liquid will be less



than that of clear liquid, and thus, the height of aerated liquid in the downcomer will be greater than hdc.
The expected height of the aerated liquid in the downcomer, hdc,aerated, can be estimated (Fair, 1984) from
the equation

(10-29)

where φdc is the relative froth density. For normal operation, a value of φdc = 0.5 is satisfactory, while
0.2 to 0.3 should be used in difficult cases (Fair, 1984). To avoid downcomer flooding, the tray spacing
must be greater than hdc,aerated. Thus, in normal operation the tray spacing must be greater than 2hdc.

The downcomer is designed to give a liquid residence time of three to seven seconds. Minimum residence
times are listed in Table 10-2 (Kister, 1980e, 1990; Ludwig, 1997). The residence time in a straight
segmental downcomer is

(10-30)

Table 10-2. Minimum residence times in downcomers

where the 3600 converts hours to seconds (from L + e) and the 12 converts hdc in inches to feet. Density is
the density of clear liquid, and hdc is the height of clear liquid. Equation (10-30) is used to make sure
there is enough time to disengage liquid and vapor in the downcomers. Kister (1990) recommends a
minimum downcomer area of 5% of the column area. With saturated liquid feeds downcomers should be
designed for the stripping section where liquid flow rate is largest.
Figure 10-13 showed that the two limits to acceptable tray operation are excessive entrainment and
excessive weeping. Weep and dump points are difficult to determine exactly. An approximate analysis
can be used to ensure that operation is above the weep point. Liquid will not drain through the holes as
long as the sum of heads due to surface tension, hσ, and gas flow, hΔp,dry, are greater than a function
depending on the liquid head. This condition for avoiding excessive weeping can be determined from
Fair’s (1963) graphical correlation or estimated (Kessler and Wankat, 1987) as

(10-31)

where x = hweir + hcrest + hgrad. Equation (10-31) is valid for β ranging from 0.06 to 0.14. The dry tray
pressure drop is determined from Eqs. (10-24) and (10-25). The surface tension head hσ can be estimated
(Fair, 1963) from



(10-32)

where σ is in dynes/cm, ρL in lb/ft3, d0 in inches, and hσ in inches of liquid. Equation (10-31) is
conservative.

Example 10-3. Tray layout and hydraulics

Determine the tray layout and pressure drops for the distillation column in Examples 10-1 and 10-2.
Determine if entrainment or weeping is a problem. Determine if the downcomers will work properly.
Do these calculations only at the top of the column.

Solution

This is a straightforward application of the equations in this section. We can start by determining the
entrainment. In Example 10-2 we obtained Flv = 0.0546. Then Figure 10-17 at 75% of flooding gives
ψ = 0.045. Solving for e,

(10-33)

Since L = (L/V)V = 2000 lbmol/h,

and L + e = 2094.24 lbmol/h. This amount of entrainment is quite reasonable.
The geometry calculations proceed as follows for a 11.0-foot diameter column:

Eq. (10-20d), Atotal = (π)(11.0)2/4 = 95.03 ft2

Eq. (10-22), Ad = (1 − 0.9)(95.03) = 9.50 ft2

Table 10-1 gives lweir/Dia = 0.726 or lweir = 8.0 feet.

Eq. (10-20c), Aactive = (95.03)(1 − 0.2) = 76 ft2

Eq. (10-20b), Ahole = (0.1)(76) = 7.6 ft2

We will use 14 gauge standard tray material (ttray = 0.078 in) with 3/16-inch holes. Thus, do/ttray =
2.4.
From Eq. (10-19)

where ρv is from Example 10-2. This hole velocity is reasonable.

The individual pressure drop terms can now be calculated. The orifice coefficient Co is from Eq. (10-
25),

Co = 0.85032 − 0.04231 (2.4) + 0.0017954 (2.4)2 = 0.759

From Eq. (10-24),

In this equation ρw at 69 °C was found from Perry and Green (1984, p 3-75). A weir height of hweir =



2 inch will be selected.
The correlation factor Fweir can be found from Figure 10-22. Lg in the abscissa is the liquid flow rate
including entrainment in gallons per minute.

Parameter 1weir/Dia = 0.727. Then Fweir = 1.025

From Eq. (10-26),

We will assume hgrad = 0. The area under the downcomer is determined with an 1-in gap.

From Eq. (10-28), Adu = (1/12)(8) = 2/3 ft2.

From Eq. (10-27),

Total head (total pressure drop across the tray) from Eq. (10-23),
hdc = 2.472 + 2 + 1.577 + 0 + 1.871 = 7.92

This is inches of clear liquid of density 41.12 lbm/ft3.
This value can be converted to a pressure drop with two different methods. First,
Δp = ρgh/gc = [(41.12 lbm/ft3)(32.2 ft/s2)(7.92 in)/(32.2 ft lbm/lbf s2)](1 ft3/1728 in3) = 0.189 lbf/in2

which is 1.30 kPa. We can also convert the inches of clear liquid of density 41.12 lbm/ft3 to cm Hg.
Since the density of mercury is 845.3 lbm/ft3, we have

(7.92 in)(41.12/845.3)(2.54 cm/in) = 0.9786 cm Hg = 1.30 kPa.
Since the typical pressure drop for sieve or valve trays is in the range from 0.7 to 1.4 kPa per tray
(Woods, 2007), this total pressure drop is reasonable.

Since this is much less than the 24-inch tray spacing, there should be no problem. The residence time
is, from Eq. (10-30),

This is greater than the minimum residence time of 3 s.
Weeping can be checked. From Eq. (10-32),

Then the left-hand side of Eq. (10-31) is
hΔp,dry + hσ = 2.472 + 0.068 = 2.54

The function x = 2 + 1.577 + 0 = 3.577, and the right-hand side of Eq. (10-31) is 0.725. The



inequality is obviously satisfied. Weeping should not be a problem.

Note that the design should be checked at other locations in the column. Since Problem 10.D2 calculated a
12-foot diameter is needed in the stripping section, calculations need to be repeated for the stripping
section (see Problem 10.D3). Problem 10.D3 shows that backup of liquid in the downcomers might be a
problem in the bottom of the column even with a 12-foot diameter. This occurs because L = L + F = 3000
lbmol/h, which is significantly greater than the liquid flow in the top of the column. This problem can be
handled by an increase in the gap between the downcomer and the tray.
NOTE: Aspen Plus will do these calculations—see Lab 10 in Appendix to Chapter 10.

10.6 Valve Tray Design
Valve trays, which were illustrated in Figure 10-1, are proprietary devices, and the final design would
normally be done by the supplier. However, the supplier will not do the optimization studies that the
buyer would like without receiving compensation for the additional work. In addition, it is always a good
idea to know as much as possible about equipment before making a major purchase. Thus, the
nonproprietary valve tray design procedure of Bolles (1976) is very useful for estimating performance.
Ludwig (1997) discusses design of proprietary value trays.
Bolles’s (1976) design procedure uses the sieve tray design procedure as a basis and modifies it as
necessary. One major difference between valve and sieve trays is in their pressure drop characteristics.
The dry tray pressure drop in a valve tray is shown in Figure 10-23 (Bolles, 1976). As the gas velocity
increases, Δp first increases and then levels off at a plateau level. In the first range of increasing Δp, all
valves are closed. At the closed balance point, some of the valves open. Additional valves open in the
plateau region until all valves are open at the open balance point. With all valves open, Δp increases as
the gas velocity increases further. The head loss in inches of liquid for both closed and open valves can
be expressed in terms of the kinetic energy.

Figure 10-23. Dry tray pressure drop for valve tray from Bolles (1976).

Reprinted from Chemical Engineering Progress, Sept. 1976, copyright 1976, American Institute of
Chemical Engineers.



(10-34a)

where vo is the velocity of vapor through the holes in the deck in ft/s, g = 32.2 ft/s2, and Kv is different for
closed and open valves. For the data shown in Figure 10-23,

(10-34b)

Note that Eq. (10-34a) has the same dependence on v2
oρv/ρL as hΔp,dry for sieve trays in Eq. (10-24).

The closed balance point can be determined by noting that the pressure must support the weight of the
valve, Wvalve, in pounds. Pressure is Wvalve/Av, where Av is the valve area in square feet. The pressure
drops in terms of feet of liquid density ρL is then

(10-35)

where the valve coefficient Cv is introduced to include turbulence losses. For the data in Figure 10-23, Cv
= 1.25. Setting Eqs. (10-33) and (10-35) equal, allows solution of both the closed and open balance
points.

(10-36)



where vo,bal is the closed balance point velocity if Kv,closed is used. The values of Kv,closed, Kv,open, and Cv
depend upon the thickness of the deck and, to a small extent, on the type of valve (Bolles, 1976).
Much of the remainder of the preliminary design of valve trays is the same or slightly modified from the
sieve tray design (Kister, 1990, 1992; Larson and Kister, 1997; Lockett, 1986). Flooding and diameter
calculations are the same except that the correction factor for Ahole/Aa < 0.1 is replaced by a correction
factor for Aslot/Aa < 0.1. The same values for the correction factors are used. The slot area Aslot is the
vertical area between the tray deck and the top of the valve through which the vapor passes in a horizontal
direction. In the region between the balance points the slot area is variable and can be determined from
the fraction of valves that are open. The pressure drop Eq. (10-23) is the same, while Eq. (10-24) for
hΔp,dry is replaced by Eq. (10-33) or (10-35). Equations (10-26) to (10-30) are unchanged. The gradient
across the valve tray, hgrad, is probably larger than on a sieve tray but is often ignored. Valve trays usually
operate with higher weirs. An hweir of 3 inches is normal. There are typically 12 to 16 valves per ft2 of
active area (Kister, 1990).
The efficiency of valve tray depends upon the vapor velocity, the valve design, and the chemical system
being distilled. Except at vapor flow rates near flooding, the efficiencies of valve trays are equal to or
higher than sieve tray efficiencies, which are equal to or higher than bubble-cap tray efficiencies. Thus,
the use of the efficiency correlations discussed earlier will result in a conservative design.

10.7 Introduction to Packed Column Design
Instead of staged columns we often use packed columns for distillation, absorption, stripping, and
occasionally extraction. Packed columns are used for smaller diameter columns since it is expensive to
build a staged column that will operate properly in small diameters. Packed columns are definitely more
economical for columns less than 2.5 feet in diameter. In larger packed columns the liquid may tend to
channel, and without careful design randomly packed towers may not operate very well; in many cases
large-diameter staged columns are cheaper. Packed towers have the advantage of a smaller pressure drop
and are therefore useful in vacuum fractionation.
In designing a packed tower, the choice of packing material is based on economic considerations. A wide
variety of packings including random and structured are available. Once the packing has been chosen it is
necessary to know the column diameter and the height of packing needed. The column diameter is sized on
the basis of either the approach to flooding or the acceptable pressure drop. Packing height can be found
either from an equilibrium stage analysis or from mass transfer considerations. The equilibrium stage
analysis using the height equivalent to a theoretical plate (HETP) procedure will be considered here; the
mass transfer design method is discussed in Chapter 16.

10.8 Packed Column Internals
In a packed column used for vapor-liquid contact, the liquid flows over the surface of the packing and the
vapor flows in the void space inside the packing and between pieces of packing. The purpose of the
packing is to provide for intimate contact between vapor and liquid with a very large surface area for
mass transfer, which according to Eq. (1-4) will increase the rate of mass transfer. At the same time, the
packing should provide for easy liquid drainage and have a low pressure drop for gas flow. Since
packings are often randomly dumped into the column, they also have to be designed so that one piece of
packing will not cover up and mask the surface area of another piece.
Packings are available in a large variety of styles, some of which are shown in Figure 10-24. The simpler
styles such as Raschig rings are usually cheaper on a volumetric basis but will often be more expensive



on a performance basis, since some of the proprietary packings are much more efficient. The individual
rings and saddles are dumped into the column and are distributed in a random fashion. The structured or
arranged packings (e.g., Glitsch grid, Goodloe, and Koch Sulzer) are placed carefully into the column.
The structured packings usually have lower pressure drops and are more efficient than dumped packings,
but they are often more expensive. Packings are available in a variety of materials including plastics,
metals, ceramics, and glass. One of the advantages of packed columns is they can be used in extremely
corrosive service.
Figure 10-24. Types of column packing; (A) ceramic Intalox saddle, (B) plastic super Intalox saddle,

(C) Pall ring, (D) GEMPAK cartridge, (E) Glitsch EF-25A grid.

Figures A, B, and C courtesy of Norton Chemical Process Products, Akron, Ohio. Figures D and E
courtesy of Glitsch, Inc., Dallas, Texas

The packing must be properly held in the column to fully utilize its separating power. A schematic
diagram of a packed distillation column is shown in Figure 10-25. In addition to the packed sections
where separation occurs, sections are needed for distribution of the reflux, feed, and boilup and for
disengagement between liquid and vapor. The liquid distributors are very important for proper operation
of the column. Small random and structured packings need better liquid and vapor distribution (Kister,
1990, 2005). If (column diameter)/(packing diameter) > ~40 maldistribution of liquid and vapor is more
probable. Maldistribution also reduces the turndown capability of the packing and causes a large increase
in HETP with low liquid rates. Liquid distributors typically have a manifold with a number of drip
points. Bonilla (1993) recommends six (ten for high purity fractionation) drip points per square foot for



large packings (random packings ≥ 2.5 inches or structured packings with crimps > ½ inch). For small
packings (random packings ≤ 1 inch or structured packings with crimps ≥ ¼ inch) he recommends eight
(12 for high purity) drip points per square foot at high liquid loads and ten (14 for high purity) drip points
per square foot at low liquid loads. Requirements for medium size packings are between the small and
large recommendations. Low liquid loads need more drip points because the liquid tends to spread less.
The effects of liquid maldistribution are explored in Problem 10.D10. Scale-up of distributors is done by
keeping the number of drip points per square foot constant. Redistribution systems may be required on
large columns. The packing is supported by a support plate, which may be a grid or series of bars. A
hold-down plate is often employed to prevent packing movement when surges in the gas rate occur. Since
liquid and vapor are flowing countercurrently throughout the column, there are no downcomers. The
packed tower internals must be carefully designed to obtain good operation (see Fair, 1985; Green and
Perry, 2008; Kister, 1990, 2005; Ludwig, 1997; and Strigle, 1994). Additional details are given in the
manufacturers’ literature. The internals of a packed column for absorption or stripping would be similar
to the distillation column shown in Figure 10-23 but without the center feed, reboiler, or condenser.

Figure 10-25. Packed distillation column

10.9 Height of Packing: HETP Method
Even though a packed tower has continuous instead of discontinuous contact of liquid and vapor, it can be
analyzed like a staged tower. We assume that the packed portion of the column can be divided into a
number of segments of equal height. Each segment acts as an equilibrium stage, and liquid and vapor
leaving the segment are in equilibrium. It is important to note that this staged model is not an accurate
picture of what is happening physically in the column, but the model can be used for design. The staged
model for designing packed columns was first used by Peters (1922).
We calculate the number of stages from either a McCabe-Thiele or Lewis analysis and then calculate the
height as

(10-37a)

The HETP, which is measured experimentally, is the height of packing needed to obtain the change in
composition obtained with one theoretical equilibrium contact. HETPs can vary from ½-inch (very low
gas flow rates in self-wetting packings) to several feet (large Raschig rings). In normal industrial



equipment the HETP varies between 1 and 4 feet. The smaller the HETP, the shorter the column and the
more efficient the packing.
To measure the HETP, determine the top and bottom compositions at total reflux and then calculate the
number of equilibrium stages.
Then

(10-37b)

A partial reboiler is usually used but should not be included in the calculation of HETP.
The HETP determined at total reflux is then used at the actual reflux ratio. Ellis and Brooks (1971) found
that there is an increase in the HETP for internal reflux ratios below 1.0, but the increase is usually quite
small until L/V approaches 1/2. Thus, the usual measurement procedure can be used for most design
situations.
The HETP varies with the packing type and size, chemicals being separated, and gas flow rate. Some
typical HETP curves are shown in Figure 10-26. The HETP values for several types of packing are listed
in the manufacturers’ bulletins and have been compared by Ellis and Brooks (1971), Kister and Larson
(1997), Kister et al. (1994), Ludwig (1997), Perry (1950, p. 620), and Walas (1988). Mass transfer
results are compared by Furter and Newstead (1973), Green and Perry, 2008, Ludwig (1997), and Strigle
(1994). Correlations to determine HETP values were developed by Murch (1953) and Whitt (1959), but
these do not include modern packings (see Ludwig, 1995). An improved mass transfer model for packings
and HETP data for a variety of packings are presented by Bolles and Fair (1982) and discussed in
Chapter 16. The HETPs are different for different chemical systems and are higher for larger size
packing. Most packings of the same size will have approximately the same HETP. Note from Figure 10-
26 that the HETP for a given system and packing size is roughly constant over a wide range of gas flow
rates. This constant value in the usual design range makes the design proceedure convenient. As flooding
is approached, the efficiency of the contact decreases, and the HETP increases. Also, at very low gas
flow rates, the HETP often increases. This occurs because the packing is not completely wet. For self-
wetting packings, where capillary action keeps the packing wet, the HETP usually drops at very low gas
flow rates.

Figure 10-26. HETP vs. vapor rate for metal Pall rings; (A) Iso-Octane-Toluene, (B) acetone-
water.

Reprinted with permission from “Pall Rings in Mass Transfer Operations,” 1968 courtesy of Norton
Chemical Process Products, Akron, Ohio

HETP values are most accurate if determined from data. If no data are available, generalized mass
transfer correlations are used (see Chapter 16). If no information is available, Ludwig (1997) suggests
using an average of 1.5 to 2.0 feet for dumped packings. If the column diameter is greater than 1 foot, an



HETP greater than 1 foot should be used. Another approximate approach is to set HETP equal to column
diameter (Ludwig, 1997). Eckert (1979) notes that HETP values for 1, 1½ and 2-inch Pall rings are 1, 1½
and 2 feet, respectively. Woods (2007) gives ranges of 0.4 to 0.8 m and 0.7 to 0.9 m for 1 and 2 inch Pall
rings, respectively. These HETP values are almost independent of the system distilled. Approximate
values of HETP for structured packings can be obtained from the following approximate equation
(Geankoplis, 2003; Kister, 1992)

(10-37c)

where HETP is in meters and ap, the surface area per volume, is in m2/m3. This result is restricted to low
viscosity fluids at moderate or low pressures. Typical HETP values range from 0.3 to 0.6 m. Systems
with high surface tensions will have higher HETP values. For example, for systems (amines, glycols)
with σ ~ 40 dynes/cm multiply HETP from Eq. (10-37c) by 1.5 and for aqueous systems with σ ~ 70
dynes/cm multiply HETP from Eq. (10-37c) by 2 (Anon., 2005). A number of other shortcut HETP
relationships are summarized by Wang et al. (2005). If liquid distribution is not excellent, a 30% to 50%
safety factor is suggested.
Although packed columns operate with a continuous change in vapor and liquid concentrations, the staged
model is still a useful design method. Since the HETP is often almost constant throughout the usual design
range for gas flow rates, concentrations, and reflux ratios, a single HETP value can usually be used in
comparing many different designs. This greatly facilitates design. In certain cases HETP can vary
significantly within the column because of changes in composition; it can then be estimated for each stage
from the mass transfer coefficient (see Sherwood et al., 1965, pp. 521–523 for an example).
Alternatively, a mass transfer design approach can be used and is preferred (see Chapter 16).

10.10 Packed Column Flooding and Diameter Calculation
The column diameter is sized to operate at 65% to 90% of flooding or to have a given pressure drop per
foot of packing. Flooding can be more easily measured in a packed column than in a plate column and is
usually signaled by a break in the curve of pressure drop vs. gas flow rate.
The generalized flooding correlation developed by Sherwood et al. (1938) as modified by Eckert (1970,
1979) is shown in Figure 10-27. Note that the ordinate of Figure 10-27 has units and these units need to
be used in the calculation. A graph of the same data with an arithmetic scale for the ordinate is available
(Geankoplis, 2003; Strigle, 1994), and a graph updated with new data is available (Kister et al, 2007).
The packing factor, F, depends on the type and size of the packing. The higher the value of F, the larger
the pressure drop per foot of packing. F values for several types of dumped packing are given in Table
10-3 (Eckert, 1970, 1979; Ludwig, 1997), and F values for structured packings are in Table 10-4 (Fair,
1985; Geankoplis, 2003). As the packing size increases, the F value decreases, and thus, pressure drop
per foot will decrease. More extensive lists of F values are available in Perry’s Handbook (Perry and
Green, 1997) and in Strigle (1994). The effect of packing size on the packing factor can be fit reasonably
well with the equation (Bennett, 2000),

(10-38)

Figure 10-27. Generalized flooding and pressure drop correlation for packed columns.

Reprinted with permission from Eckert, Chem. Eng. Prog., 66(3), 39 (1970), copyright 1970 AIChE.
Reproduced by permission of the American Institute of Chemical Engineers.



Table 10-3. Parameters for dumped packings (F is 1/ft)

Table 10-4. F values (1/ft) for structured packings (Fair, 1985; Geankoplis, 2003)

where the packing size factor Cp,size is given in Table 10-5 and δp is the characteristic dimension of the



packing in inches. For random packing δp = the nominal size or diameter of the packing and for structured
packing δp = the height of the corrugation. Ceramic packings have thicker walls than plastic, and the
plastic have thicker walls than metal; ceramic packings thus, have the lowest free space, highest pressure
drops, and highest F values. Generally, the lower the F value the smaller the column diameter. Figure 10-
27 is not a perfect fit of all the data. Better results can be obtained using pressure drop curves measured
for a given packing, (e.g., see Kister et al., 2007). Specifically, predicted pressure drop for non-aqueous
systems at high flow parameter values is too low (Kister and Gill, 1991).

Table 10-5. Size factors for Eq. (10-38) (Bennett, 2000), copyright 2000, AIChE.

Reproduced by permission of the American Institute of Chemical Engineers.

The Flooding curve can be fit by the equation (Kessler and Wankat, 1988)

(10-39a)

where μ is the liquid viscosity in cP, ψ = ρwater/ρL, gc = 32.2, and Flv is the abscissa of Figure 10-27 and
is given in Eq. (10-9), densities are mass densities and L and G or WL and Wv are mass flow rates.

In the region below the flooding curves, the pressure drop can be correlated with an equation of the form

(10-39b)

where Δp is the pressure drop in inches of water per foot of packing. L′ and G′ are fluxes in lb/s-ft2.
Constants α and β are also given in Table 10-3 for dumped packings (Ludwig, 1997). Alternative flooding
and pressure drop correlations are given by Kister and Larson (1997), Kister et al., 2007, Ludwig (1997),
and Strigle (1994).
The generalized correlation in Figure 10-27 for Eqs. (10-39) are used as follows. The designer first picks
a point in the column and determines gas and liquid densities (ρG and ρL), viscosity (μ), value of ψ, and
packing factor for the packing of interest. The ratio of liquid to vapor fluxes, L′/G′, is equal to the internal
reflux ratio, L/V, if the liquid and vapor are of the same composition, because the area terms divide out
and molecular weights cancel. If liquid and vapor mole fractions are significantly different at this point,
then



(10-40)

In the first design method the designer chooses the pressure drop per unit length of packing. This number
ranges from 0.1 to 0.4 inches of water per foot for vacuum columns, from 0.25 to 0.4 inches of water per
foot for absorbers and strippers, and from 0.4 to 0.8 inches of water per foot for atmospheric and high-
pressure columns (Coker, 1991). With the value of the abscissa and the parameter known, the ordinate can
be determined. G′ is the only unknown in the ordinate. Once G′ is known, the area is

(10-41)

In the second design method, the flooding curve in Figure 10-27 or Eq. (10-39a) is used. Then G′flood is
calculated from the ordinate. The actual operating vapor flux will be some percent of G′flood. The usual
range is 65% to 90% of flooding with 70% to 80% being most common. The area is then determined from
Eq. (10-41). The flooding correlation is not perfect. To have 95% confidence a safety factor of 1.32
should be used for the calculated cross-sectional area (Bolles and Fair, 1982).
The diameter is easily calculated once the area is known. Since the liquid and vapor properties and gas
and liquid flow rates all vary, the designer must calculate the diameter at several locations and use the
largest value. Usually, variations in vapor flow rate dominate diameter calculations.

Example 10-4. Packed column diameter calculation

A distillation column is separating n-hexane from n-heptane using 1-inch ceramic Intalox saddles. The
allowable pressure drop in the column is 0.5 inches of water per foot. Average column pressure is 1
atm. Separation in the column is essentially complete, so the distillate is almost pure hexane and the
bottoms is almost pure heptane. Feed is a 50-50 mixture and is a saturated liquid. In the top, L/V =
0.8. If F = 1000 lbmol/h and D = 500 lbmol/h, estimate the column diameter required at the top.

Solution

A. Define. Find the diameter that gives Δp = 0.5 for top of column.
B. Explore. Need physical properties, most of which are in Examples 10-1 to 10-3: n-Hexane: MW

86.17, bp 69°C = 342 K, sp grav = 0.659, viscosity (at 69°) = 0.22 cP
n-Heptane: MW 100.2, bp 98.4°C = 371.4 K, sp grav = 0.684, viscosity (at 98.4°) = 0.205 cP
The ideal gas law can be used to estimate vapor densities,

Water density at 69°C = 0.9783 g/ml. We can use Figure 10-27 with F from Table 10-3 or Eq. (10-
39b) with α and β from Table 10-3. We will use both methods.

C. Plan. Figure 10-27 and Eq. (10-39b) can both be used to determine the required diameter.
D. Do it. The top is essentially pure n-hexane. Then,



Abscissa for Figure 10-27 is

From Figure 10-27 at (Δp = 0.5), 
(Obtaining the same value for ordinate and abscissa is an accident!) Then

From Table 10-3, F = 98. Thus

From Eq. (10-41),

Calculate V from V = L + D = (L/D + 1) D, where

This gives

Alternative: Use Eq. (10-39b). First we must rearrange the equation. Since L′/G′ = L/V, have L′ =
(L/V)G′. Then Eq. (10-39b) becomes

(10-42)

From Table 10-3, α = 0.52 and β = 0.16. Then the equation is

This is an equation with one unknown, G′, so it can be solved for G′. Rearranging the equation,



Using our previous answer, G′ = 0.360, as the first guess and using direct substitution, we obtain G′
= 0.404 as the answer in two trials. This equation is also easy to solve on a spreadsheet with Goal
Seek.
Then,

Note that there is a 6% difference between this answer and the one we obtained graphically. Since
α and β in Eqs. (10-39b) and (10-42) are specific for this packing and are not based on generalized
curves, the lower value is probably more accurate and a 14-foot diameter would be used. If we
wanted to be conservative (safe), a 14.5-foot diameter would be used. Additional safety factors
(see Fair, 1985) might be employed if the pressure drop is critical.

E. Check. Solving the problem two different ways is a good, but incomplete, check. The check is
incomplete because the same values for several variables (e.g., ρG, V, and MW) were used in both
solutions. Errors in these variables will not be evident in the comparison of the two solutions.

F. Generalize. Either Figure 10-27 or Eq. (10-39b) can be used for pressure drop calculations in
packed beds. The use of both is a good check procedure the first time you calculate a diameter (or
Δp). Remember, the required diameters should also be estimated at other locations in the column. It
is interesting to compare this design with a design using the same packing at 75% of flooding. The
75% of flooding design requires a diameter of 12.4 feet and has pressure drop of approximately
1.5 inches of water per foot of packing (0.37 kPa/ft). It is also interesting to compare this example
with Example 10-2, which is a sieve-tray column for the same distillation problem. At 75% of
flooding the sieve tray was 11.03 feet in diameter. The packed column is a larger diameter because
a small packing was used. If a larger diameter packing were used, the packed column would be
smaller (see Problem 10.D16). The effect of location on the calculated column diameter is
explored in Problem 10.D17. If calculated diameters are very different, the column balancing
method explored in Section 10.4 will help lower capital costs. If pressure drop is absolutely
critical, the column area should be multiplied by a safety factor of 2.2 (Bolles and Fair, 1982).

There are three alternatives that can overcome the flooding limitations of counter-current packed columns.
The rotating packed bed or Higee process (Lin et al., 2003; Ramshaw, 1983) puts the packing inside an
annular-flow column that is rotated at high rpm. This device achieves high rates of mass transfer, and
because of the effective increase in gravity floods at much higher velocities. The column size is
considerably smaller than for normal distillation or absorption systems, but the device is more
complicated. A few commercial units have been built. The second approach is to do absorption,
stripping, or extraction in counter-current flow with hollow fiber membrane phase contactors (Humphrey
and Keller, 1997; Reed et al., 1995). One phase flows inside the hollow fibers and the other flows
counter-current to it in the shell. High flow rates are observed because flooding is unlikely, and relatively
low HETP values have been reported because of the very large surface area of hollow fibers. This
process has been commercialized by Celanese as Liqui-Cel. The third approach is to avoid counter-
current operation altogether and operate in co-current flow where there is no flooding (see Section 12.8).

10.11 Economic Trade-Offs for Packed Columns
In the design of a packed column the designer has many trade-offs that are ultimately reflected in the
operating and capital costs. After deciding that a packed column will be used instead of a staged column,



the designer must choose the packing type. There is no single packing that is most economical for all
separations. For most distillation systems the more efficient packings (low HETP and low F) are most
expensive per volume but may be cheaper overall. The designer must then pick the material of
construction. Since random commercial packings of the same size will all have an HETP in the range of 1
to 2 feet, the major difference between them is the packing factor, F. Perusal of Table 10-3 shows that
there is a very large effect of packing size and a lesser but still up to fourfold effect of packing type on F
value. The material of construction can also change F by a factor that can be as high as 3. From Figure 10-
27,

(10-43)

A fourfold increase in F would cause a halving of G′ and a doubling of the required area [(Eq. (10-41)].
The diameter can then be calculated,

(10-44)

Note that F is the packing factor, not the feed rate! Thus, the major advantage of more efficient packings,
structured packings, and the larger size packings is that they can be used with a smaller diameter column,
which is not only less expensive but will also require less packing.
At this point, the designer can pick the packing size and determine both the HETP and packing factor.
Larger size packing will have a larger HETP (require a larger height), but a smaller F factor and hence a
smaller diameter. Thus, there is a trade-off between packing sizes. The larger size packings are cheaper
per cubic foot but can’t be used in very small diameter columns. As a rule of thumb,

(10-45)

depending on whose thumb you are using. The purpose of this rule is to prevent excessive channeling in
the column. Structured packings are purchased for the desired diameter column and are not restrained by
Eq. (10-45). In small-diameter columns (say, less than 6 inches), structured packings allow low F factors
and hence low Δp without violating Eq. (10-45).
The designer can also select the pressure drop per foot. Operating costs in absorbers and strippers will
increase as Δp/ft increases, but the diameter decreases and hence capital costs for the column decrease.
Operation should be in the range of 20% to 90% of flood and is usually in the range of 65% to 90% of
flooding. Since columns are often made in standard diameters, the pressure drop per foot is usually
adjusted to give a standard size column.
The reflux ratio is a critical variable for packed columns as it is for staged columns. An L/D between
1.05 (L/D)min and 1.25 (L/D)min would be an appropriate value for the reflux ratio. The exact optimum
point depends upon the economics of the particular case.
In many applications packed columns appear to be the wave of the future. Columns packed with structured
packings have a combination of low pressure drop and high efficiency that often makes them less
expensive than either randomly packed columns or staged columns. Random packings can be made in a
wide variety of materials so that practically any chemicals can be processed. Many of the flow
distribution problems that limited the size of packed columns appear to have been solved.



10.12 Choice of Column Type
You’re a young engineer asked to design a distillation column. Do you use trays, random packing, or
structured packing?
Kister et al. (1994) considered which column to use in considerable detail. They concluded that in
vacuum columns, particularly high vacuum, the lower pressure drop of packing is a major advantage and
packed columns will have higher capacities and lower reflux ratios than tray columns. For atmospheric
and pressure columns pressure drop is usually unimportant, and one needs to compare optimally designed
tray columns to optimal packed columns. An optimally designed tray column balances tray and
downcomer areas so that both restrict capacity simultaneously. An optimally designed packed column has
good liquid and vapor distribution and capacity restrictions are due to the inherent qualities of the packing
not due to supports or distributors.
Kister et al. (1994) compared a large amount of data generated by FRI in a 4-foot diameter column and
for the structured packing at p < 90 psia by the Separation Research Program (SRP) at the University of
Texas-Austin in a 17-inch diameter column. Nutter rings were chosen to represent state-of the-art random
packings. The only structured packing measured at high pressures was Norton’s Intalox 2T, which was
chosen to represent structured packing. Test data were available on both sieve and valve trays with 24-
inch tray spacing. All comparisons were at total reflux. For efficiency they compared practical HETP
values that include height consumed by distribution and redistribution equipment.

(10-46)

where multiplier M > 1. For 2-inch random packing M = 1.1, while for structured packing (Intalox 2T) M
= 1.2. For trays

(10-47)

where S is the tray spacing in inches and Eo is the fractional overall efficiency. For capacity they
compared the capacity factor at flooding,

(10-48)

where Ug is the gas velocity in ft/sec and the densities are mass densities. Both efficiency and capacity
results were plotted against the flow parameter FP given in Eq. (10-49) and repeated here.

(10-9)

Since the valve trays were superior to the sieve trays (higher Cs,flood and lower HETP), valve trays were
compared to the packings. The overall comparison of tray and packing efficiencies (as measured by the
adjusted HETP) is shown in Figure 10-28. The adjusted HETP for the structured packing is lower over
most of the range of FP while the HETPs for trays and random packings are almost identical. At high FP
values, which are at high pressures, the random packing had the lowest HETP and the structured packing
the highest. Capacities, as measured by Cs,flood values, are compared in Figure 10-29. At low FP (low



pressures) the structured packing has a 30% to 40% advantage in capacity. At FP values around 0.2 all
devices have similar capacities. At high pressures (high FP values) the trays clearly had higher
capacities.

Figure 10-28. Overall comparison of efficiency of trays, random packing, and structured packing
(Kister et al., 1994).

Reprinted with permission from Chemical Engineering Progress, copyright AICHE 1994.

Figure 10-29. Overall comparison of capacity of trays, random packing, and structured packing
(Kister et al, 1994).

Reprinted with permission from Chemical Engineering Progress, copyright AICHE 1994.

In addition to efficiency and capacity, engineers need to be vitally concerned with safety. Many fires are
related to distillation and absorption columns. The most dangerous periods are during abnormal operation
—upsets, shutdowns, maintenance, total reflux operation, and startups. Structured packing has been
implicated in a number of fires, mainly occurring during shutdown and maintenance of units (Ender and
Laird, 2003). Several different mechanisms were identified. 1) Hydrocarbons may coat the packing with a
thin film that is very difficult to remove. If the packing is at an elevated temperature when it is exposed to



air, the hydrocarbons may self-ignite. 2) Coke or polymers may form on the packing during normal
operation. Although coking or polymerization will eventually be signaled by increased pressure drop, a
large fraction of the bed will contain coke or polymer by time this is noticed. Cooling the interior of the
coke or polymer is very difficult because the thermal conductivity is low. Thus, the interior of the coke or
polymer may be much hotter than the vapor, which is where the temperature measuring device is located.
When the column is opened to air, the coke or polymer may catch fire. 3) If sulfur is present in the feed,
corrosion of carbon steel components up- or downstream of the column can form iron sulfide (FeS) that
can settle on the packing. This iron sulfide is difficult to remove and will autoignite at ambient
temperature when exposed to air. 4) Packing usually arrives from the factory coated with lubricating oil.
This oil can catch fire if hot work (e.g., welding) is conducted on the column. 5) If the hydrocarbons,
coke, or FeS on the packing catches fire, the very thin metal packing can burn. This is more likely with
reactive metals such as aluminum, titanium, and zirconium. The danger of metal fires is because they burn
at very high temperatures (up to 1500°C), they can be very destructive.
Standard operating procedures should be designed to prevent these fires (Ender and Laird, 2003).
1. Cool the column to ambient before opening the column. Continuously monitor the temperature.
2. Wash the column extensively to remove residues and deposits.
3. If sulfur is present in the feed assume FeS formed and wash the column with permanganate or

percarbonate.
4. Purge with inert gas (nitrogen, carbon dioxide, or steam), and be sure personnel are equipped with

respirators before opening the column.
5. Minimize the number of open manways to reduce air entry and allow for rapid closure of the column if

there is a fire. Do not force air circulation into the column. This may sound counterintuitive since air
circulation will help cool the column if there is no fire; however, fires can be prevented or stopped by
starving them of oxygen.

Ultimately, the decision of which column design to use is often economic. Currently, unless there are
exceptional circumstances, it appears that structured packings are most economical in low-pressure
operation and valve trays are most economical in high-pressure operation. At atmospheric and slightly
elevated pressures structured packings have an efficiency but not a capacity advantage; however,
structured packings are often considerably more expensive than valve trays (Humphrey and Keller, 1997).
The slight added safety risk of structured packing with flammable materials also needs to be considered.
Thus, random packings (small-diameter columns) and valve trays will often be preferred for atmospheric
and slightly elevated pressures. Exceptional circumstances include the need to use exotic materials such
as ceramics, which favors random packings and the need for high holdup for reactive systems, which
favors trays. Packed columns are dynamically more stable than staged columns. They are less likely to
fail during start-up, shutdown, or other upsets in operation. This is particularly true of absorption and
stripping columns (Gunaseelan and Wankat, 2002), and should be considered if the column will be used
for processing vent gases in emergencies. Note that tray columns still retain advantages in addition to cost
for a number of applications such as very large column diameters, columns with multiple drawoffs,
varying feed compositions, highly fouling systems, and systems with solids where sieve trays are usually
used (Anon., 2005).

10.13 Summary—Objectives
In this chapter both qualitative and quantitative aspects of column design are discussed. At the end of this
chapter you should be able to satisfy the following objectives:
1. Describe the equipment used for staged distillation columns



2. Define different definitions of efficiency, predict the overall efficiency, and scale-up the efficiency
from laboratory data

3. Determine the diameter of sieve and valve tray columns, and adjust vapor flow rates to balance
column diameters

4. Determine tray pressure drop terms for sieve and valve trays and design downcomers
5. Lay out a tray that will work
6. Describe the parts of a packed column and explain the purpose of each part
7. Use the HETP method to design a packed column. Determine the HETP from data
8. Calculate the required diameter of a packed column
9. Determine an appropriate range of operating conditions for a packed column

10. Select the appropriate design (sieve tray, valve tray, random packing, or structured packing) for a
separation problem
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Homework
A. Discussion Problems

A1. What effect does increasing the spacing between trays have on



a. Column efficiency?
b. Csb, f and column diameter?
c. Column height?

A2. Several different column areas are used in this chapter. Define and contrast: total cross-sectional
area, net area, downcomer area, active area, and hole area.

A3. Relate the head of clear liquid to a pressure drop in psig.
A4. Another type of weir not shown in Figure 10-6 is the adjustable weir. In an adjustable weir the

height can be changed by loosening bolts, moving the weir, and retightening the bolts. List as many
reasons as you can think of why this type of weir is generally not recommended.

A5. As shown by the Leaning Tower of Pisa, towers that do not have a proper footing can develop a
significant lean. Even if a distillation tower is structurally sound, leaning away from being
vertical affects the operation. What is likely to go wrong for a tray tower if it leans?

A6. Valve trays are often constructed with two different weight valves. What would this do to Figure
12-21? What are the probable advantages of this design?

A7. Beer stills are distillation columns that process the raw feed from fermentation. This feed
includes cells and cell debris in addition to ethanol and water. Why are sieve plates with larger-
than-normal holes the preferred column internals for beer stills?

A8. Intermediate feeds should not be introduced into a downcomer. Explain why not.
A9. What are the characteristics of a good packing? Why are marbles a poor packing material?

A10. Develop your key relations chart for this chapter.
A11. If HETP varies significantly with the gas rate, how would you design a packed column?
A12. Structured packings work very well in vacuum and atmospheric pressure distillation columns, but

sometimes structured packings do not work well in high-pressure columns. What is different about
high-pressure columns that may make the structured packings not work as well?

A13. What effect will an increase in viscosity have on pressure drop in a packed column?
A14. Refer to Table 10-3.

a. Which is more desirable, a high or low packing factor, F?
b. As packing size increases, does F increase or decrease? What is the functional form of this

change (linear, quadratic, cubic, etc.)?
c. Why do ceramic packings have higher F factors than plastic or metal packings of the same type

and size? When would you choose a ceramic packing?
A15. Why can’t large-size packings be used in small-diameter columns? What is the reason for the rule

of thumb given in Eq. (10-45)?
A16. We have designed a sieve tray distillation column for p = 3 atm. We decide to look at the design

for p = 1 atm. Assume feed flow rate, mole fractions in the feed, and L/D are the same for both
designs. Feed is a saturated liquid for both designs. We want same recoveries of light and heavy
key for both designs. Both designs have a total condenser and a partial reboiler. Compared to the
original design at 3 atm, the design at 1 atm will:



A17. If we compare 1-inch Pall rings to 3-inch Pall rings,
a. The 1-inch rings have higher HETP and higher Δp/ft than 3-inch rings.
b. The 1-inch rings have same HETP and higher Δp/ft than 3-inch rings.
c. The 1-inch rings have lower HETP and higher Δp/ft than 3-inch rings.
d. The 1-inch rings have higher HETP and same Δp/ft than 3-inch rings.
e. The 1-inch rings have same HETP and same Δp/ft than 3-inch rings.
f. The 1-inch rings have lower HETP and same Δp/ft than 3-inch rings.
g. The 1-inch rings have higher HETP and lower Δp/ft than 3-inch rings.
h. The 1-inch rings have same HETP and lower Δp/ft than 3-inch rings.
i. The 1-inch rings have lower HETP and lower Δp/ft than 3-inch rings.

B. Generation of Alternatives
B1. One type of valve is shown in Figure 10-1. Brainstorm alternative ways in which valves could be

designed.
B2. What other ways of contacting in packed columns can you think of?
B3.

a. A farmer friend of yours is going to build his own distillation system to purify ethanol made by
fermentation. He wants to make his own packing. Suggest 30 different things he could make or
buy cheaply to use as packing (set up a brainstorming group to do this—make no judgments as
you list ideas).

b. Look at your list in part a. Which idea is the craziest? Use this idea as a trigger to come up with
20 more ideas (some of which may be reasonable).

c. Go through your two lists from parts a and b. Which ideas are technically feasible? Which ideas
are also cheap and durable? List about 10 ideas that look like the best for further exploration.

C. Derivations
C1. You need to temporarily increase the feed rate to an existing column without flooding. Since the

column is now operating at about 90% of flooding, you must vary some operating parameter. The
column has a 0.4572 m tray spacing, is operating at 1 atm, and has a flow parameter

The column is rated for a total pressure of 10 atm. L/D = constant. The relative volatility for this
system does not depend on pressure. The condenser and reboiler can easily handle operation at a
higher pressure. Downcomers are large enough for larger flow rates. Will increasing the column
pressure increase the feed rate that can be processed? It is likely that:



(10-49)

Determine the value of the exponent for this situation. Use the ideal gas law.
C2. Show that staged column diameter is proportional to (feed rate)½ and to (1 + L/D)½.
C3. If the packing factor were unknown, you could measure Δp at a series of gas flow rates. How

would you determine F from these data?
C4. Using a McCabe-Thiele diagram for a binary system, show why the purity will be reduced

compared to the base case if N and L/D are constant and one of the diameter balancing methods in
Figure 10-18 (base case is saturated vapor feed) or Figure 10-19 (base case is saturated liquid
feed) is used to reduce the column volume. Although this demonstration is for a binary system, the
logic is true for multicomponent systems also.

C5. Using a McCabe-Thiele diagram for a binary system, show why increasing N may not be
sufficient to keep constant purity compared to the base case if the diameter balancing method in
Figure 10-18A (base case is saturated vapor feed) or 10-19A (base case is saturated liquid feed)
is used to reduce the column volume. Although this demonstration is for a binary system, the logic
is true for multicomponent systems also.

D. Problems
*Answers to problems with an asterisk are at the back of the book.

D1.* Repeat Example 10-1 for an average column pressure of 700 kPa.
D2.* Repeat Example 10-2, except calculate the diameter at the bottom of the column. For n-heptane:

MW = 100.2, bp 98.4°C, sp gravity = 0.684, viscosity (98.4°C) = 0.205 cP, σ (98.4°C) = 12.5
dynes/cm.

D3. The calculations in Example 10-3 were done for conditions at the top of the column. Physical
properties will vary throughout the column, but columns are normally constructed with identical
trays, downcomers, weirs, etc., on every stage (this is simpler and cheaper). For a 12-foot
diameter column, calculate entrainment, pressure drops, downcomer residence time, and weeping
at the bottom of the column. The results of Problem 10.D2 are required. If the column will not
operate, will it work if the gap between the tray and downcomer apron is increased to 1.5 inches?

D4.* We wish to repeat the distillation in Examples 10-2 and 10-3 except that valve trays will be
used. The valves have a 2-inch diameter head. For the top of the column, estimate the pressure
drop vs. hole velocity curve. Assume that Kv and Cv values are the same as in Figure 10-21. Each
valve weighs approximately 0.08 pound.

D5.* We are testing a new type of packing. A methanol-water mixture is distilled at total reflux and a
pressure of 101.3 kPa. The packed section is 1 meter long. We measure a concentration of 96
mol% methanol in the liquid leaving the condenser and a composition of 4 mol% methanol in the
reboiler liquid. What is the HETP of this packing at this gas flow rate? Equilibrium data are in
Table 2-7.

D6.* We are testing a new packing for separation of benzene and toluene. The column is packed with
3.5 meters of packing and has a total condenser and a partial reboiler. Operation is at 760 mm Hg,
where α varies from 2.61 for pure benzene to 2.315 for pure toluene (Perry et al., 1963, p. 13-3).
At total reflux we measure a benzene mole fraction of 0.987 in the condenser and 0.008 in the
reboiler liquid. Find HETP:
a. Using α = 2.315
b. Using α = 2.61



c. Using a geometric average α.
Use either the Fenske equation or a McCabe-Thiele diagram.

D7. You have designed a sieve tray column with 0.3048 m tray spacing to operate at a pressure of 1.0
atm. The value of the flow parameter is Flv = 0.090 and the flooding velocity was calculated as
1.83 m/s. Unfortunately, your boss dislikes your design. She thinks that 0.3048 m tray spacing is
not enough and that your reflux ratio is too low. You must redesign for a 0.6096 m tray spacing
and increase L/V by 11%. Estimate the new flooding velocity.
Assumptions: Ideal gas, σ, ρL, and ρG are unchanged.

D8. You have designed a sieve tray column with 0.4572 m tray spacing to operate at a pressure of 2.0
atm. The value of the flow parameter is Flv = 0.5, and the flooding velocity was calculated as
uflood = 1.83 m/s. Unfortunately, the latest lab results show that the distillation temperature is too
high and unacceptable thermal degradation occurs. To reduce the operating temperature, you plan
to reduce the column pressure to 0.5 atm. Estimate the new flooding velocity.
Assumptions: Ideal gas, σ and ρL are unchanged, ρL >> ρV (thus, ρL – ρV = ρL). Ignore the effect
of temperature change in calculation of ρV.

D9.* We are distilling methanol and water in a sieve plate column operating at 75% of flooding
velocity. The distillate composition is 0.999 mole fraction methanol. The bottoms composition is
0.01 mole fraction methanol. The column operates at 1.0 atmosphere pressure. Use L/V = 0.6. The
flow rate of the feed is 1000.0 kmol/h. The feed is a saturated vapor that is 60 mol% methanol.
Use an 0.4572 m tray spacing and η = 0.90. Density of pure liquid methanol is 0.79 g/ml. Data are
available in Table 2-7. Assume an ideal gas. The surface tension of pure methanol can be
estimated as σ = 24.0 − 0.0773 T with T in °C (Dean, 1985, p. 10–110). Calculate the diameter
based on the conditions at the top of the column.

D10. The effect of liquid maldistribution in packed columns can be explored with a McCabe-Thiele
diagram. Assume that a packed distillation column is separating a saturated liquid binary feed that
is 40.0 mol% MVC. A distillate product, D = 100.0 kmol/h, that is 90% MVC is desired. Relative
volatility = 3.0 and is constant. We operate at an L/D = 2(L/D)min. If there is liquid
maldistribution, the actual L/V represents an average for the entire column. Assume that vapor is
equally distributed throughout the column, but there is more liquid on one side than the other. The
slope of the operating line on the low liquid side will be Llow/V not (L/V)avg. If the low liquid
flow rate is small enough, the operating line on the low side will be pinched at the feed point, and
the desired separation will not be obtained. What fraction of the average liquid flow rate must the
low liquid flow rate be to just pinch at the feed concentration? Then generalize your result for L/D
= M(L/D)min, where M > 1.

D11.* We wish to distill an ethanol-water mixture to produce 2250 lb of distillate product per day. The
distillate product is 80 mol% ethanol and 20 mol% water. An L/D of 2.0 is to be used. The
column operates at 1 atm. A packed column will use 5/8-inch plastic Pall rings. Calculate the
diameter at the top of the column.
Physical properties: MWE = 46, MWW = 18, assume ideal gas, μL = 0.52 cP at 176°F, ρL = 0.82
g/ml.
a. Operation is at 75% of flooding. What diameter is required?
b. Operation is at a pressure drop of 0.25 inches of water per foot of packing. What diameter is

required?



c. Repeat part a but for a feed that is 22,500 lb of distillate product per day. Note: It is not
necessary to redo the entire calculation, since D and hence V and hence diameter are related to
the feed rate.

D12.* A distillation system is a packed column with 1.524 m of packing. A saturated vapor feed is
added to the column (which is only an enriching section). Feed is 23.5 mole % water with the
remainder nitromethane. F = 10 kmol/h. An L/V of 0.8 is required. xD = xβ = 0.914. Find HETP
and water mole fraction in bottoms. Water-nitromethane data are given in Problem 8.E1.

D13. Repeat Problem 10.D9 calculating the diameter at the top, but condense the feed to a saturated
liquid. Adjust the reflux ratio so that the multiplier M used to determine L/D = M(L/D)min is the
same for the saturated vapor feed (in 10.D9) and the saturated liquid feed in this problem.
Compare the diameter of this column to the diameter of 10.27 feet calculated for Problem 10.D9.
Calculate the ratio QR,liquid_feed / QR,vapor_feed for this problem.

D14.
a. We are distilling methanol and water in a column packed with 1-inch ceramic Berl saddles.

The bottoms composition is 0.0001 mole fraction methanol. The column operates at 1 atm
pressure. The feed to the column is a saturated liquid at 1000.0 kmol/day and is 40 mol%
methanol. An L/D = 2.0 will be used. The distillate product is 0.998 mole fraction methanol. If
we will operate at a vapor flow rate that is 80% of flooding, calculate the diameter based on
conditions at the bottom of the column. Data are available in Tables 2-7 and 10-3. You may
assume the vapors are an ideal gas. Viscosity of water at 100°C is 0.26 cP.

b. Suppose we wanted to use 1-inch plastic Intalox saddles. What diameter is required?
Note: Part b can be done in one line once part a is finished.

D15. Repeat Problem 10.D14a except determine the diameter of a sieve plate column operating at 80%
of flooding velocity. Use a 0.3048 m tray spacing and η = 0.85. The liquid surface tension of pure
water is σ = 58.9 dynes/cm at 100°C.

D16.* Repeat Example 10-4, except use 3-inch Intalox saddles.
D17.* Repeat Example 10-4, except calculate the diameter at the bottom of the column.
D18. You have designed a packed column at 1.0 atm. The flow parameter Flv has a value of 0.2. The

calculated gas flux at flooding is 0.50 lbm/[(sec)(ft2)]. Your boss now wants to increase the
column pressure to 4.0 atm. Assume that the vapor in the column follows the ideal gas law. What
is the new gas flux at flooding?

D19. Repeat Problems 10.D9 and 10.D13 using the two-enthalpy feed method in which a portion of the
feed is condensed to a saturated liquid and the remainder is still a saturated vapor. Select the
amount of feed to condense so that the column has pinch points at minimum reflux at both the
liquid and the vapor feed simultaneously. Use the same multiplier M as in Problem 10.D13.
Compare the diameter of this column to the diameter of 10.27 feet calculated for Problem 10.D9
and to the diameter calculated for Problem 10.D13. Calculate the ratio QR,2–enthalpy_feed /
QR,vapor_feed for this problem.

D20. Do after studying Chapter 12. If the column uses sieve plates, what column diameter is required
for the absorber in Problem 12.D14? Operate at 75% of flood. Use a 0.6096 m tray spacing.
Assume η = 0.85. The density of liquid ammonia is approximately 0.61 gm/ml. Assume that
nitrogen is an ideal gas. Note that you will have to extrapolate the graph or the equation for 24-
inch tray spacing to find Csb. Since surface tension data are not reported, assume that σ = 20



dynes/cm. Watch your units!
D21. Repeat Problem 10.D14, except calculate the diameter at the top of the column.

E. More Complex Problems
E1. You need a solution to Problem 9.D23 (batch distillation) for this problem.

The batch distillation column in Problem 9.D23 is a 6-inch diameter packed column that is packed
with 5/8-inch metal Pall rings. Operate at a vapor flux that is 70% of flooding. Design for
conditions at the end of the batch calculated at the bottom of the column. Estimate the viscosity as
that of pure water at 100°C (0.26 cP). Find the operating time for the batch distillation with the
packed column.

F. Problems Requiring Other Resources
F1. Calculate the expected overall efficiency for the column in Problem 10.D9. Viscosities are

available in Perry’s Chemical Engineers Handbook (7th Edition, p. 2–322 and 2–323). Note that
O’Connell’s correlation uses the liquid viscosity of the same composition as the feed at the
average temperature of the column. Estimation of the viscosity of a mixture is shown in Eq. (10-
7a).

F2. Estimate the overall plate efficiency for Problem 10.D15. See Problem 10.F1 for hints.
F3.* We are separating an ethanol-water mixture in a column operating at atmospheric pressure with a

total condenser and a partial reboiler. Constant molal overflow (CMO) can be assumed, and the
reflux is a saturated liquid. The feed rate is 100 lbmol/h of a 30 mole % ethanol mixture. The feed
is a subcooled liquid, and 3 moles of feed will condense 1 mole of vapor at the feed plate. We
desire an xD = 0.8, xB = 0.01 and use L/D = 2.0. Use a plate spacing of 0.4572 m. What diameter
is necessary if we will operate at 75% of flooding? How many real stages are required, and how
tall is the column?
The downcomers can be assumed to occupy 10% of the column cross-sectional area. Surface
tension data are available in Dean (1985) and in the Handbook of Chemistry and Physics. The
surface tension may be extrapolated as a linear function of temperature. Liquid densities are given
in Perry’s. Vapor densities can be found from the perfect gas law. The overall efficiency can be
estimated from the O’Connell correlation. Note that the diameter calculated at different locations
in the column will vary. The largest diameter calculated should be used. Thus, you must either
calculate a diameter at several locations in the column or justify why a given location will give
the largest diameter.

F4.* Repeat Problem 10.F3, except design a packed column using 1-inch metal Pall rings.
Approximate HETP for ethanol-water is 0.366 m.

G. Computer Problems
G1. [Note: This problem is quite extensive.] A saturated vapor feed at 1000 kmol/h of methanol (5

mol%) and water (95 mol%) is fed to a distillation column with 18 stages plus a kettle reboiler
and a total condenser (N = 20 in Aspen Plus notation). Use the NRTL VLE correlation. Operate at
80% of flooding using Fair’s diameter calculation method and a tray spacing = 0.4572 m. Use an
external reflux ratio of 24. Pressure is 1.0 atm.
Calculate the optimum feed plate location, product purities, Qc and QR, and the column diameters
at different locations for the base case. Then determine which of the methods in Figure 10-18 will
do the best job of balancing the diameters and reducing the column volume with constant product



purities, Qc and QR. Report the results for your system with the largest volume reduction.
G2. [Note: This problem is quite extensive.] Biorefineries producing ethanol by fermentation have

several distillation columns to separate the ethanol from the water. The first column, the beer still,
is a stripping column that takes the dilute liquid fermenter product containing up to 15% solids and
produces a clean vapor product that is sent to the main distillation column. The main column
produces a distillate product between about 65 mole % and the ethanol azeotrope, and a bottoms
product with very little ethanol. The calculated diameter of the main distillation column is much
greater at the top than elsewhere. To reduce the size and hence the cost of the main column, one
can use a two-enthalpy feed system: split the vapor feed into two parts and condense one part,
then feed both parts to the main column at their optimum feed locations. This method reduces the
vapor velocity in the top of the column, which reduces the calculated diameter; however, a few
additional stages may be required to obtain the desired purity.
Simulate the following base case and two-enthalpy feed system with Aspen Plus using NRTL VLE
correlation. The feed for the base case is 1000 kmol/h of a 10 mol% ethanol saturated vapor
stream. The feed and the column are at 2.5 atm. A vapor distillate product from a partial
condenser with yD = 79.01 mol% ethanol and a liquid bottoms product with 99.86 mol% water
are desired. The column has 34 equilibrium stages plus a partial condenser and a kettle reboiler
(N = 36 in Aspen Plus notation). Tray spacing = 18 inches = 0.4572 meters, operation is at 80%
of flooding and the flooding design method developed by Jim Fair was used. For the base case
(all feed is a vapor) the feed stage is 23 (in Aspen Plus notation). QR = 902 kW, and D = 125
kmol/h.
For the two-enthalpy feed case, 600 kmol/h of the feed is condensed to a saturated liquid and is
fed to the column on stage 17. Vapor feed remains on stage 23. Other parameters are unchanged
from the base case.
a. Use Aspen Plus to simulate the base case and calculate the product mole fractions and the

column diameter.
b. Use Aspen Plus to simulate the two-enthalpy feed system and calculate the product mole

fractions and the column diameter.
c. To explain the reduction in column diameter, assume constant molal overflow and calculate V

in the top of the column for both cases. Then explain, using the equations in Chapter 10, how this
will reduce the diameter.

G3. We wish to distill 0.10 kmol/s of a feed at 25°C and 15.0 atm. The feed is 0.100 mole fraction
ethane, 0.350 mole fraction propane, 0.450 mole fraction n-butane, and 0.100 mole fraction n-
pentane. Use the Peng-Robinson VLE correlation. Design a column with N (Aspen notation) = 35
and the feed on stage 16. The column operates at 15.0 atm, has a partial condenser, and produces a
vapor distillate with D = 0.0450 kmol/s. A kettle type reboiler is used. Reflux ratio is L/D = 2.4.
a. Do tray sizing using the Fair flooding method with 70% flooding, 0.6 m distance between

plates, and default values for the other tray parameters. Find the largest column diameter and
mole fractions of distillate (vapor) and bottoms.

b. Do tray rating for this single-section column with one pass, with weir height of 0.0508 m, same
diameter calculated in Part a, and default values for other parameters. Leave the Downcomers
tab blank. Report the worst downcomer backup (amount and stage) and the weir loading m2/s.

c. Design a two-pass system and compare to the one-pass system.
G4.



a. Repeat Problem 10.G3 except use the method shown in Figure 10-19B to partially balance the
column diameters. The liquid and vapor feeds have the same mole fractions as the feed in Lab
10, and both are at 15.0 atm. The liquid feed is at 25°C, and the vapor feed is a saturated vapor.
Input the liquid feed on stage 15. Input the vapor feed as a vapor on stage 18. Treat the column
as a single section with one pass. Vary the vapor feed and liquid feed and record the values in
the following table.

Note that QR decreases, but since energy will be required to vaporize the feed the net change in
heating requirement is negligible. The maximum diameter decreases, but the purity of the
distillate and the bottoms decreases.

b. In order to obtain a purer product, increase N (Aspen notation) to 41, use NF,liq = 18 and NF,vap
= 21. Then repeat the run with 0.03 kmol/s of vapor feed and 0.07 kmol/s of liquid feed.
Compare with the all-liquid feed run. How much volume decrease is there in the column?

c. Do a tray rating run with the diameter calculated in part b and defaults for tray spacing and for
the downcomer. Record the maximum downcomer backup and the tray it occurs at and the
maximum weir loading and the tray it occurs at.

d. Since Problem 10.G3 has not been optimized, try feed of the liquid on stage 15 with no vapor
feed. Record the maximum downcomer backup and the tray it occurs at and the maximum weir
loading and the tray it occurs at.

Chapter 10 Appendix. Tray and Downcomer Design with Computer Simulator
This appendix shows how the Aspen Plus simulator can be used to do detailed tray and downcomer
design.
Lab 10. Aspen Plus uses RADFRAC with the Tray Rating option to do detailed tray and downcomer
design. Start by setting up the problem below with RADFRAC.
1. We wish to distil a feed of 1.0 kmol/s of a feed at 25°C and 15.0 atm. The feed is 0.100 mol fraction

ethane, 0.300 mole fraction propane, 0.500 mole fraction n-butane and 0.100 mole fraction n-pentane.
Use the Peng-Robinson VLE correlation. Design a column with N (Aspen notation) = 35 and the feed
on stage 16. The column operates at 15.0 atm, has a partial condenser and produces a vapor distillate
with D = 0.400 kmol/s. A kettle type reboiler is used. Reflux ratio is L/D = 2.5.*

2. In the Tray Sizing section divide the column into two sections. (When you click on Tray Sizing and
see the Object Manager, click on New and call this section 1. Once you have completed tray sizing
section 1, click on Tray Sizing again, in the Object Manager click on New and call this section 2.)



Section 1 is stages 2 to 15 and section 2 is stages 16 to 34. In both sections use sieve plates with the
Fair flooding calculation method with flooding at 70%. For other variables initially use the default
numbers for the variables in both sections.

3. Click Next and run the simulation and look at the Report (View→Report→check block). Note that the
two sections have different diameters. If the column was designed with a single section it would all
have to be the larger diameter. [Note: the methods in Section 10.4 might allow design of a column with
constant diameter between the two values calculated.]

4. Now click on Tray Rating. In the Object Manager Click on New and call this section 1. Input the same
information for section 1 as you did for section 1 in Tray Sizing. Use the same diameter as you
calculated previously for section 1. Use a weir height of 0.050 m. On the Design/Pdrop tab pick the
Fair flooding calculation method and do NOT check Update section pressure drop. In the Layout tab
the tray type is sieve and use the defaults for the other items. At this point do not put any numbers into
the Downcomers tab (this means default values will be used). Return to Tray Sizing→Object
Manager→New→call it section 2. Put in same values as for section 1, except use the diameter that
was calculated for section 2.

5. Click Next and run the simulation and look at the Report (View→Report→check block). Note that the
report now contains a Tray Rating section after the Tray Sizing section. Look at the Downcomer (DC)
backup for both sections. Section 1 should be OK (backup < tray spacing), but section 2 is not OK.
Section 2 would flood due to excessive downcomer backup and will not operate. [The flooding
calculation done in tray sizing is for entrainment flooding—that calculation does not consider flooding
caused by downcomer backup.]

6. We must adjust section 2 so that the downcomer does not backup excessively. This can be done by
increasing the size of the downcomer and/or increasing the tray spacing. First, in Tray Sizing for
section 2, in the Design tab change the Minimum Downcomer Area (fraction of total tray area) to 0.15.
Rerun the simulation. Look at the Report for both tray sizing and tray rating for section 2. Note that the
tray sizing diameter has changed, but (since you input the value) the diameter in tray rating has not
changed. Change the diameter in the tray rating for section 2, rerun the simulation, open the block
report, and look at the downcomer backup in section 2. It should be better, but not good enough.

7. Now try increasing the tray spacing in section 2 to 0.700 m. Do this in both tray spacing and tray
rating (although tray rating is the critical location). Run the simulation again, obtain the block report,
and look at section 2 in both tray sizing and tray rating parts. Note that the diameter required in tray
sizing has dropped. Keep the diameter you have from step 6 in tray sizing. The downcomer backup is
better, but probably not good enough.

8. Increase the downcomer dimensions in tray rating for section 2 (use the Downcomer tab in tray rating)
and in Downcomer Geometry list a side Clearance of 0.06 m. Run the simulation again, obtain the
block report, and look at section 2 in both tray sizing and tray rating parts. Note that the tray sizing still
lists 0.15 for Minimum Downcomer Area (fraction of total tray area). The tray sizing and tray rating
sections do not communicate with each other. Look at the downcomer backup in section 2. It now
should be OK. Report the distillate (remember it is a vapor) and bottoms mole fractions, the diameters
and largest percentages of flooding and largest fractional downcomer backups in both sections 1 and
2.

9. Now we need to look at a number of other aspects based on rules of thumb for design (Torzewski,
2009).

A. For column diameter > 3.0 m need tray spacing > 0.6 m. OK.
B. For diameter > 3.0 m can use up to four passes. The number of tray passes depends on the weir



loading. The maximum weir loading is 70 m3 of liquid/(h m weir length) = 0.01944 m2/s. Both of the
sections have weir loadings that are too high. We must increase the number of passes.

C. The downercomer clearance < weir height. This is violated by section 2.
10. Increase both sections 1 and 2 to two passes. Use section 2 downcomer clearances (both

downcomers) of 0.05 m and increase weir height to 0.052 m. Run the program, look at the downcomer
backup, and compare your results with the items in item 9. The weir loading is still too high.

11. Increase section 2 to four passes and run again. Look at the downcomer backup, and compare your
results with the items in item 9. The weir loading is still a bit too high, but everything else is fine.

12. Since the downcomer backups are now quite low in section 2, reduce the tray spacing to 0.6096 m,
and use a 0.05 m weir with the default value 0.0373 m for downcomer clearance. The resulting design
is satisfactory except for a slightly high weir loading. Probably accept this as an initial design.

Note that this column is not optimized, but is a workable design.



Chapter 11. Economics and Energy Conservation in Distillation

There are an estimated 40,000 distillation columns in the United States, which have a combined capital
value in excess of $8 billion. These columns are estimated to have at least a 30-year life, and they are
used in more than 95% of all chemical processes. The total energy use of these columns is approximately
3% of total U.S. energy consumption (Humphrey and Keller, 1987). Thus, estimating and, if possible,
reducing capital and operating costs of distillation are important. Because they are a major energy user,
saving energy in distillation systems is particularly important in a time of high and uncertain energy costs.

11.1 Distillation Costs
Now that we have considered the design of the entire column we can explore the effect of design and
operating parameters on the cost of operation. A brief review of economics will be helpful (for complete
coverage, see a design or economics text such as Peters et al., 2003; Seider, et al., 2009; Sullivan et al.,
2006; Turton et al., 2009; Ulrich, 1984; or Woods, 1976).
Capital costs can be determined by estimating delivered equipment costs and adding on installation,
building, piping, engineering, contingency, and indirect costs. These latter costs are often estimated as a
factor times the delivered equipment cost for major items of equipment.

(11-1)

where the Lang factor ranges from approximately 3.1 to 4.8. The Lang factor for a plant processing only
fluids is 4.74 (Turton et al., 2009). Thus, these “extra” costs greatly increase the capital cost.
Costs of major equipment are often estimated from a power law formula:

(11-2)

Some equipment will not follow this power law. The appropriate size term depends on the type of
equipment. For example, for shell and tube heat exchangers such as condensers, the size used is the area
of heat exchanger surface. The exponent has an “average” value of 0.6, but varies widely. For shell and
tube heat exchangers the exponent has been reported as 0.41 (Seider et al., 2009), 0.59 (Turton et al.,
2009), and 0.48 (Rudd and Watson, 1968). Thus,

(11-3)

As the area becomes larger, the cost per square meter decreases.
The exponent in Eq. (11-2) is usually less than 1. This means that as size increases, the cost per unit size
decreases. This will be translated into a lower cost per kilogram of product. This “economy of scale” is
the major reason that large plants have been built in the past. However, there is currently a trend toward
smaller, more flexible plants that can change when the economy changes.
The current cost can be estimated by updating published sources or from current vendors’ quotes. The
method for updating costs is to use a cost index.



(11-4)

The Marshall and Stevens equipment cost index or the Chemical Engineering magazine plant cost index
are usually used. Current values are given in each issue of Chemical Engineering magazine. Values for
several years’ cost indices are tabulated in Table 11-1. The total uninstalled equipment cost will be the
sum of condenser, reboiler, tower casing, and tray costs. The total capital cost is then found from Eq. (11-
1). The capital cost per year equals the capital cost times the depreciation rate. Note that cost estimates
can easily vary by up to 35%.
Table 11-1. Values of Cost Indices. Values are averages for entire year, which is approximately the
June-July value. The base year (index value of 100) of the Chemical Engineering Plant Cost Index

is 1957-59 and of the Marshall & Swift Index is 1926.

The final bare module cost CBM of distillation equipment can be estimated from charts and equations. The
calculation starts with the base purchase cost Cp for systems built of carbon steel and operating at ambient
pressure, and then adjusts this cost with factors for additional costs. The charts that we need to estimate
the base purchase cost Cp of distillation systems are shown in Figures 11-1 to 11-3 (Turton et al., 2003).
Since the shell of distillation columns is a vertical vessel, Figure 11-1 can be used to determine Cp = Cp°
× (Volume) for towers. The base purchase costs for sieve and valve trays and tower packing are shown in
Figure 11-2, Cp = Cp° × (Area) for trays and Cp = Cp° × (Volume) for packing. In the heat exchanger costs
(Figure 11-3), distillation systems commonly use kettle type reboilers and fixed tube sheet shell and tube
exchangers, Cp = Cp° × (Area). The Chemical Engineering Plant Cost Index (CEPCI) listed on these
figures is the CEPCI at the time the figures were prepared.

Figure 11-1. Purchased costs of process vessels (Turton et al., 2003), reprinted with permission,
copyright 2003 Prentice Hall



Figure 11-2. Purchased costs of packing, trays, and demisters (Turton et al., 2003), reprinted with
permission, copyright 2003 Prentice Hall

Figure 11-3. Purchased costs for heat exchangers (Turton et al., 2003), reprinted with permission,



copyright 2003, Prentice Hall.

All types of equipment are affected by increased costs due to expensive materials, and the material
factors Fm for these increased costs in distillation systems are given in Table 11-2 (Turton et al., 2003).
Pressure effects on the costs of process vessels and heat exchangers are included through the pressure
factor Fp. The pressure factor for process vessels is given by (Turton et al., 2003),

(11-5)

Table 11-2. Material factors Fm for equipment in distillation systems (Turton et al., 2003)



 
which is valid for a vessel wall thickness >0.0063 m. In this equation p = absolute pressure in bars and D
= vessel diameter in meters. If Fp < 1 set Fp = 1.0. For vacuum operation with p < 0.5 bar, use Fp = 1.25.
Further limitations on the use of this equation are discussed by Turton et al. (2003, p. 925). The pressure
factor for condensers and kettle type reboilers can be determined from (Turton et al., 2003),

(11-6)

In this equation p = absolute pressure in bars and the range of validity of the equation is from 6 < p < 141
bar. If p ≤ 6, set Fp = 1.0.

Sieve and valve tray and packing costs do not depend directly on pressure although they depend indirectly
on pressure since column diameter depends on pressure. Sieve tray costs depend on the number of trays
ordered through the quantity factor Fq, which can be calculated from the following equation (Turton et al.,
2003).

(11-7)

where N is the number of trays. This equation is valid for N < 20. For N ≥ 20 set Fq = 1.0. Packing costs
also depend on the amount of packing, which is inherently included in Figure 11-2.
The final bare module cost CBM for vertical process vessels is given by (Turton et al., 2003),

(11-8)

For condensers and kettle type reboilers the final bare module cost is,



(11-9)

For sieve and valve trays the final bare module cost is determined from,

(11-10)

where N = number of trays. For packings the final bare module cost is

(11-11)

The use of these graphs and equations is illustrated in Example 11-1.
Since the cost per-volume does not vary much, Seider et al. (2009) report a single value for installed
costs per unit volume of dumped packings based on the packing size, type, and materials of construction.
As expected, the cost per volume decreases for larger-size packings (e.g., carbon steel Pall rings were
$49/ft3 for 1 inch and $32/ft3 for 2 inch). Costs depend greatly on the material of construction. For
example, for 1-inch Pall rings costs (in 2006 with CEPCI = 500) ranged from $37/ft3 for polypropylene to
$49 for carbon steel to $168 for stainless steel. Note that the ratio of costs for stainless steel packing
compared to carbon steel is 3.4, while Table 11-2 lists Fm = 1.0 for carbon steel packing and Fm = 7.1 for
stainless steel, which is a ratio of 7.1. This type of difference is not unusual for cost data from different
sources. The installed cost of structured packing varies greatly. Seider et al. (2009) suggest $250/ft3 as a
rough average installed cost for stainless steel corrugated-sheet structured packing.
The total operating costs per year can be determined as

(11-12)

For most continuous distillation columns, the electricity costs are modest, and the labor costs are the same
regardless of the values of operating variables.
A useful rule of thumb is the annual operating cost of a distillation system is half operating costs and half
capital costs (Keller, 1987).

11.2 Operating Effects on Costs
We can use the methods developed in Chapters 4, 6, and 7 to calculate the number of equilibrium stages,
Nequil, required. Then Nactual = Nequil/Eo. The height of a staged column is

(11-13)

The column diameter is found using the methods in Chapter 10. Equation (10-16) shows that for higher
pressures the diameter will be somewhat reduced. Conversely, for vacuum operation the diameter will be
increased. Increases in tray spacing increase Csb, flood, which also increases uop, and thus, the diameter
will decrease while the column height increases.
As L/D → ∞ (total reflux), the number of stages approaches a minimum that minimizes the column height,



but the diameter goes to infinity. As L/D → (L/D)min, the number of stages and the height become infinite
while the diameter becomes a minimum. Both these limits will have infinite capital costs. Thus, we
expect an optimum L/D to minimize capital costs. Column height is independent of feed flow rate, while
diameter is proportional to F1/2 and (1 + L/D)1/2.
Pressure effects on distillation columns are extremely important and were discussed previously in Section
3.3. At first glance Equation (10-16) shows that the diameter of staged columns is proportional to (1/p)1/2.
However, as p increases, T also increases and uflood decreases. Thus, the effect is less than (1/p)1/2.
Operating at higher pressures reduces the column diameter, although the height may increase because
relative volatility typically decreases as pressure increases. Usually the effect of pressure on diameter is
significantly larger than its effect on column height. Based on Figure 11-1 we would expect the base
purchased cost of the column to decrease. Typically the pressure factor Fp = 1.0 below approximately 6
bar and then rises modestly for pressures below about 20 bar. If the column is made of an expensive
material (high Fm), cost factors for pressure increases are accelerated since the bare module factor
depends on the product of Fp and Fm, Eq. (11-8). Since sieve tray purchase cost Cp decreases as diameter
decreases (Figure 11-2), we would expect the purchased cost per tray to drop although a few more trays
may be required. Keller (1987) reported on detailed economic analyses and found that the net result is
that bare module costs of distillation columns (shell and trays) generally decrease up to a pressure of
approximately 6.8 atm (100 psia). This result assumes that there is no thermal degradation at these
pressures. Compounds that degrade must often be processed under vacuum (at lower pressures the boiling
points and hence column temperatures are lower) even though the columns are more expensive. If the
chemicals being distilled are flammable, special safety precautions must be taken to prevent air from
leaking into vacuum columns (Biegler et al., 1997). The effect of pressure on purchase costs above 6.8
atm need to be determined on a case-by-case basis.
Condenser and reboiler sizes depend on Qc and QR. These values can be determined from external mass
and energy balances around the column. Equations (3-14) and (3-16) allow us to calculate Qc and QR for
columns with a single feed. Qc is proportional to (1 + L/D)F and QR is proportional to F and increases
linearly with (1 + L/D). [The subtle distinction between proportional and linearly dependent can be
important.] The amount of cooling water is determined from an energy balance.

(11-14)

where ΔTw = Tw,hot – Tw,cold. Seider et al. (2009) recommend assuming Tw, cold = 90°F and Tw, hot =
120°F. A water condenser can easily cool to 100°F (O’Brien and Schultz, 2004). The cooling water cost
per year is

(11-15)

This cost is proportional to (1 + L/D)F if cost per kilogram is constant.
In the reboiler the steam is usually condensed from a saturated or superheated vapor to a saturated liquid.
Then the steam rate is



(11-16a)

In many applications, Hsteam = Hsaturated vapor, and

(11-16b)

where λ is the latent heat of vaporization of water at the operating pressure. The steam rate is
proportional to F and increases linearly with (1 + L/D). The value of λ can be determined from the steam
tables. Then the steam cost per year is

(11-17)

At higher pressures, λ decreases and the cost/kg steam increases. Thus, higher pressures will probably
have a modest increase in steam cost.
Because Qc and QR are proportional to feed rate F, doubling F doubles cooling water and steam rates. Qc
is also proportional to (1 + L/D). QR is linearly dependent on (1 + L/D), but is not proportional to (1 +
L/D).
Although detailed design of condensers and particularly reboilers is specialized (Ludwig, 2001;
McCarthy and Smith, 1995) and is beyond the scope of this book, an estimate of the heat transfer area is
sufficient for preliminary cost estimates. The sizes of the heat exchangers can be estimated from the heat
transfer equation

(11-18)

where U = overall heat transfer coefficient, A = heat transfer areas, and ΔT is the temperature difference
between the fluid being heated and the fluid being cooled. Use of Eq. (11-18) is explained in detail in
books on transport phenomena and heat transfer (e.g., Chengel, 2003; Geankoplis, 2003; Greenkorn and
Kessler, 1972; Griskey, 2002; Kern, 1950; Ludwig, 2001). For condensers and reboilers, the condensing
fluid is at constant temperature. Then

(11-19)

where Thot = condensing temperature of fluid or of steam, and Tcold,avg = (1/2)(Tcold,1 + Tcold,2). For a
reboiler, the cold temperature will be constant at the boiling temperature, and ΔT = Tsteam – Tbp. For
multicomponent mixtures in the bottoms, Tbp, partial reboiler < Tbp, total reboiler. Thus, partial reboilers can use
lower steam temperatures and are naturally preferred. The values of the heat transfer coefficient U depend
upon the fluids being heated and cooled and the condition of the heat exchangers. Tabulated values and
methods of calculating U are given in the references. Approximate ranges are given in Table 11-3.

Table 11-3. Approximate heat transfer coefficients



If we use average values for U and for the water temperature in the condenser, we can estimate the
condenser area. With the steam pressure known, the steam temperature can be found from the steam
tables; then, with an average U, the area of the reboiler can be found. Condenser and reboiler costs can
then be determined. Area is directly proportional to Q, and thus is directly proportional to F. Qc is also
directly proportional to (1 + L/D) and QR depends linearly on (1 + L/D).

If the column pressure is raised, the condensation temperature in the condenser will be higher. This is
desirable, since ΔT in Eqs. (11-18) and (11-19) will be larger and required condenser area will be less.
In addition, higher pressures will often allow the designer to cool with water instead of using
refrigeration (see lab 4 in Appendix A of Chapter 6). This can result in a large decrease in cooling costs
because refrigeration is expensive. With increased column pressure, the boiling point in the reboiler will
be raised. Since this is the cold temperature in Eq. (11-18), the value of ΔT in Eqs. (11-18) and (11-19)
is reduced and the reboiler area will be increased. An alternative solution is to use a higher pressure
steam so that the steam temperature is increased and a larger reboiler won’t be required. This approach
does increase operating costs, though, since higher pressure steam is more expensive.
The total operating cost per year is given in Eq. (11-12). This value can be estimated as steam costs [(Eq.
(11-17)] plus cooling water costs [Eq. (11-15)]. The effects of various variables are summarized in
Table 11-4.

Table 11-4. Effect of changes in operating variables on operating costs

The capital cost per year is



(11-20)

The individual equipment costs depend on the condenser area, reboiler area, tower size, and tray
diameter. Some of the variable effects on the capital costs are complex. These are outlined in Table 11-5.
The net result of increasing L/D is shown in Figure 11-4; capital cost goes through a minimum.

Table 11-5. Effect of changes in design variables on capital costs

The total cost per year is the sum of capital and operating costs and is also illustrated in Figure 11-4.
Note that there is an optimum reflux ratio. As operating costs increase (increased energy costs), the
optimum will shift closer to the minimum reflux ratio. As capital cost increases due to special materials
or very high pressures, the total cost optimum will shift toward the capital cost optimum. The optimum



L/D is usually in the range from 1.05 (L/D)min to 1.25 (L/D)min.
Figure 11-4. Effect of reflux ratio on costs

The column pressure also has complex effects on the costs. If two pressures both above 1 atm are
compared and cooling water can be used for both pressures, then total costs can be either higher or lower
for the higher pressure. The effect depends on whether tower costs or tray costs dominate. If refrigeration
would be required for condenser cooling at the lower pressure and cooling water can be used at the
higher pressure, then the operating costs and the total costs will often be less at the higher pressure (see
Tables 11-4 and 11-5).
The effects of other variables are somewhat simpler than the effect of L/D or pressure. For example,
when the design feed rate increases, all costs go up; however, the capital cost per kilogram of feed drops
significantly. Thus, total costs per kilogram can be significantly cheaper in large plants than in small
plants. The effects of other variables are also summarized in Tables 11-4 and 11-5.

Example 11-1. Cost estimate for distillation

Estimate the cost in June 2010 of the distillation column (shell and trays) designed in Examples 10-1
to 10-3.

Solution

The number of equilibrium stages can be calculated from a McCabe-Thiele diagram or estimated by
the Fenske-Underwood-Gilliland approach. We will use the latter approach. In Example 10-1, α =
2.35 was used. Then from the Fenske Eq. (7-16),

From Example 10-1, y = 0.7 when x = 0.5, which is the feed concentration. Then for a saturated liquid
feed,



Since L/V = 0.8,

Using Eq. (7-42b) for the Gilliland correlation, we have

and

Subtract 1 for a partial reboiler. From Example 10-1, the overall efficiency Eo = 0.59. Then

The calculated column diameter was 11 feet in Example 10-2 and 12 feet in Problem 10.D2. Use the
larger value.
With 24 in = 0.6096 m tray spacing, we need (36)(0.6096) = 21.95 m. In addition, add approximately
3 m for vapor disengagement and a liquid pool at bottom. Do calculation in meters, since Figures 11-
1 and 11-2 are in metric units:
Height = 24.95 m, Diameter = (12 ft) (1 m/3.2808 ft) = 3.66 m, Tray area = πD2/4 = 10.5 m2, and
Volume of tower = (πD2/4)(L) =262.5 m3.
From Figure 11-1, Cp° = Cost/volume ~ $680/m3, and Cp,tower = (680)(262.5) = $178,000 in 2001.
(Note: First horizontal line below 1000 is 800.)
From Figure 11-2, Cp° = Tray cost/area ~ $720/m2, and Cp,tray = (720)(10.5) = $7560/tray in 2001.

We now need to include the extra cost factors and calculate the bare module costs. Since the column
and trays are probably of carbon steel, Fm = 1.0. At 1 atm, Fp = 1.0. Since N > 20, Fq = 1.0 for the
trays. Then from Eqs. (11-8) and (11-9), respectively,

Total bare module cost for tower and trays was $998,000 in 2001.
This result should be compared with Problem 11.D1 for the same separation, but at a pressure of 7
bar. That column costs slightly more.
The cost in June 2010 can be estimated from Eq. (11-4) and the CEPCI indices. The base cost was in
September 2001 with the CEPCI = 397. The June 2010 CEPCI index = 556.

June 2010 cost = ($998,000)(556/397) = $1,398,000
This cost does not include pumps, instrumentation and controls, reboiler, condenser, or installation.



Note: For aircraft safety and structural reasons, towers rarely exceed 200 feet (62.3 m) (Sieder et al.,
2009). If a taller tower is required, it will be constructed as two columns in series.

11.3 Changes in Plant Operating Rates
Plants are designed for some maximum nameplate capacity but commonly produce less. The operating
cost per kilogram of feed can be found by dividing Eq. (11-2) by the feed rate.

(11-21)

The kg steam/h, kg water/h, and kW elec/h are all directly proportional to F. Thus, except for labor costs,
the operating cost per kilogram will be constant regardless of the feed rate. Since labor costs are often a
small fraction of total costs in automated continuous chemical plants, we can treat the operating cost per
kilogram as constant.
Capital cost per kilogram depends on the total amount of feed processed per year. Then, from Eq. (11-
20),

(11-22)

Operation at half the designed feed rate doubles the capital cost per kilogram.
The total cost per kilogram is

(11-23)

The effect of reduced feed rates depends on what percent of the total cost is due to capital and
administrative costs.
If the cost per kilogram for the entire plant is greater than the selling price, the plant will be losing money.
However, this does not mean that it should be shut down. If the selling cost is greater than the operating
cost plus administrative costs, then the plant is still helping to pay off the capital costs. Since the capital
charges are present even if F = 0, it is usually better to keep operating (Seidler et al., 2009; Sullivan et
al., 2006). Of course, a new plant would not be built under these circumstances.

11.4 Energy Conservation in Distillation
Distillation columns are often the major user of energy in a plant. Mix et al. (1978) estimated that
approximately 3% of the total U.S. energy consumption is used by distillation! Thus, energy conservation
in distillation systems is extremely important, regardless of the current energy price. Although the cost of
energy oscillates, the long-term trend has been up and will probably continue to be up for many years.
This passage, originally written in 1986, is obviously also true for the twenty-first century. Several
energy-conservation schemes have already been discussed in detail. Most important among these are
optimization of the reflux ratio and choice of the correct operating pressure.
What can be done to reduce energy consumption in an existing, operating plant? Since the equipment



already exists, there is an incentive to make rather modest, inexpensive changes. Retrofits like this are a
favorite assignment to give new engineers, since they serve to familiarize the new engineer with the plant
and failure will not be critical. The first thing to do is to challenge the operating conditions (Geyer and
Kline, 1976). If energy can be saved by changing the operating conditions the change may not require any
capital. When the feed rate to the column changes, is the column still operating at vapor rates that are near
those for optimum efficiency? If not, explore the possibility of varying the column pressure to change the
vapor flow rate and thus, operate closer to the optimum. This will allow the column to have the
equivalent of more equilibrium contacts and allow the operator to reduce the reflux ratio. Reducing the
reflux ratio saves energy in the system. Challenge the specifications for the distillate and bottoms
products. When products are very pure, rather small changes in product purities can mean significant
changes in the reflux ratio. If a product of intermediate composition is required, side withdrawals require
less energy than mixing top and bottom products (Allen and Shonnard, 2002).
Second, look at modifications that require capital investment. Improving the controls and instrumentation
can increase the efficiency of the system (Geyer and Kline, 1976; Mix et al., 1978; Shinskey, 1984).
Better control allows the operator to operate much closer to the required specifications, which means a
lower reflux ratio. Payback on this investment can be as short as 6 months. Distillation column control is
an extremely important topic that is beyond the scope of this textbook. Rose (1985) provides a qualitative
description of distillation control systems while Shinskey (1984) is more detailed. If the column has
relatively inefficient trays (e.g., bubble-caps) or packing (e.g., Raschig rings), putting in new, highly
efficient trays (e.g., valve trays) or new high-efficiency packing (e.g., modern rings, saddles, or structured
packing) will usually pay even though it is fairly expensive (Kenney, 1988). Certainly, any damaged trays
or packing should be replaced with high-efficiency/high-capacity trays or packing (Kenney, 1988). Any
column with damaged insulation should have the insulation removed and replaced. Heat exchange and
integration of columns may be far from optimum in existing distillation systems. An upgrade of these
facilities should be considered to determine whether it is economical.
When designing new facilities, many energy conservation approaches can be used that might not be
economical in retrofits. Heat exchange between streams and integration of processes should be used
extensively to minimize overall energy requirements. These methods have been known for many years
(e.g., see Robinson and Gilliland, 1950, or Rudd and Watson, 1968), but they were not economical when
energy costs were very low. When energy costs shot up in the 1970s and early 1980s and again after
2004, many energy conservation techniques suddenly became very economical (Doherty and Malone,
2001; Geyer and Kline, 1976; King, 1981; Mix et al., 1978; Null, 1976; O’Brien, 1976; Seider et al.,
2009; Shinskey, 1984; and Siirola, 1996). These sources and many other references discussed by these
authors give more details. Current concerns over global warming and existing or pending carbon dioxide
cap and trading legislation in many parts of the world make energy reduction in distillation columns even
more important.
The basic idea of heat exchange is to use hot streams that need to be cooled to heat cold streams that need
to be heated. The optimum way to do this depends upon the configuration of the entire plant, since streams
from outside the distillation system can be exchanged. The goal is to use exothermic reactions to supply
all or at least as much as possible of the heat energy requirements in the plant. Pinch technology has been
developed that allows analysis of optimum heat exchange for very complicated plants (Seider et al.,
2009). If only the distillation system is considered, there are two main heat exchange locations, as
illustrated in Figure 11-5. The cold feed is preheated by heat exchange with the hot distillate; this
partially or totally condenses the distillate. The trim condenser is used for any additional cooling that’s
needed and for improved control of the system. The feed is then further heated with the sensible heat from
the bottoms product. The heat exchange is done in this order since the bottoms is hotter than the distillate.



Further heating of the feed is done in a trim heater to help control the distillation. The system shown in
Figure 11-5 may not be optimum, though, particularly if several columns are integrated. Nevertheless, the
heat exchange ideas shown in Figure 11-5 are quite basic.

Figure 11-5. Heat exchange for an isolated distillation column

A technique similar to that of Figure 11-5 is to produce steam in the condenser. If there is a use for this
low-pressure steam elsewhere in the plant, this can be a very economical use of the energy available in
the overhead vapors. Intermediate condensers (Sections 4.9.4 and 10.4) can also be used to produce
steam, and they have a hotter vapor.
Heat exchange integration of columns is an important concept for reducing energy use (Andrecovich and
Westerberg, 1985; Biegler et al., 1997; Doherty and Malone, 2001; Douglas, 1988; King, 1981; Linnhoff
et al., 1982; Robinson and Gilliland, 1950; Seider et al., 2009). The basic idea is to condense the
overhead vapor from one column in the reboiler of a second column. This is illustrated in Figure 11-6. (In
practice, heat exchanges like those in Figure 11-5 will also be used, but they have been left off Figure 11-
6 to keep the figure simple.) Obviously, the condensation temperature of stream D1 must be higher than the
boiling temperature of stream B2. When distillation is used for two rather different separations the system
shown in Figure 11-6 can be used without modification. However, in many cases stream D1 is the feed to
the second column or B2 is the feed to column 1 as shown in Figure 11-7. The system shown in Figure 11-
6 will work if the first column is at a higher pressure than the second column so that stream D1 condenses
at a higher temperature than that at which stream B2 boils.

Figure 11-6. Integration of distillation columns



Figure 11-7. Multieffect distillation system

Many variations of the basic idea shown in Figure 11-6 have been developed. If a solvent is recovered
from considerably heavier impurities, some variant of the multieffect system shown in Figure 11-7 is
useful (Agrawal, 2000; Andrecovich and Westerberg, 1985; Doherty and Malone, 2001; King, 1981;
O’Brien, 1976; Robinson and Gilliland, 1950; Siirola, 1996; Wankat, 1993). After preheating, the solvent
is first recovered as the distillate product in the first column, which operates at low pressure. The
bottoms from this column is pumped to a higher pressure, preheated, and fed to the second column. Since
the second column is at a higher pressure, the overheads can be used in the reboiler of the low-pressure
column. Thus, the steam used in the reboiler of the higher pressure column serves to heat both columns.
The steam efficiency is almost doubled. Since the separation is easy, not too many stages are required,
and the two distillate products are both essentially pure solvent. Multieffect systems can also have feed to
the high-pressure column in addition to or instead of feed to the low-pressure column. Liquified oxygen



and nitrogen from air are produced on very large scales in Linde double columns, which are multieffect
distillation columns. Multieffect distillation is closely related to multieffect evaporation (Mehra, 1986).
The condensing vapor from overhead can be used to heat the reboiler of the same column if vapor
recompression or a heat pump is used (Humphrey and Keller, 1997; King, 1981; Meili, 1990; Null, 1976;
Robinson and Gilliland, 1950). One arrangement for this is illustrated in Figure 11-8. The overhead
vapors are compressed to a pressure at which they condense at a higher temperature than that at which the
bottoms boil. Vapor recompression works best for close-boiling distillations, since modest pressure
increases are required. Generally, vapor recompression is more expensive than heat integration or
multieffect operation of columns. Thus, vapor recompression is used when the column is an isolated
installation or is operating at extremes of high or low temperatures. O’Brien and Schultz (2004) report
that UOP (formerly Universal Oil Products, Inc.) uses heat pumps for the difficult propane-propylene
separation.

Figure 11-8. Vapor recompression or heat pump system

11.5 Synthesis of Column Sequences for Almost Ideal Multicomponent Distillation
A continuous distillation column is essentially a binary separator; that is, it separates a feed into two
parts. For binary systems, both parts can be the desired pure products. However, for multicomponent
systems, a simple single column is unable to separate all the components. For ternary systems, two
columns are required to produce pure products; for four-component systems, three columns are required;
and so forth. There are many ways in which these multiple columns can be coupled together for
multicomponent separations. The choice of cascade can have a large effect on both capital and operating
costs. In this section we will briefly look at the coupling of columns for systems that are almost ideal.
More detailed presentations are available in other books (Biegler et al., 1997; Doherty and Malone,
2001; Douglas, 1988; King, 1981; Rudd et al., 1973; Woods, 1995), in reviews (Nishida et al., 1981;
Siirola, 1996), and in a huge number of papers only a few of which are cited here (Agrawal, 2000; Garg
et al., 1991; Kim and Wankat, 2004; Schultz et al., 2002; Shah, 2002; Tedder and Rudd, 1978; Thompson
and King, 1972). Synthesis of sequences for nonideal systems are considered in the next section.
How many ways can columns be coupled for multicomponent distillation? Lots! For example, Figure 11-9
illustrates nine ways in which columns can be coupled for a ternary system that does not form azeotropes.
With more components, the number of possibilities increases geometrically. Figure 11-9A shows the
“normal” sequence, where the more volatile components are removed in the distillate one at a time. This
is probably the most commonly used sequence, particularly in older plants. Scheme B shows an inverted
sequence, where products are removed in the bottoms one at a time. With more components, a wide
variety of combinations of these two schemes are possible. The scheme in Figure 11-9C is similar to the



one in part A except that the reboiler has been removed and a return vapor stream from the second column
supplies boilup to the first column. Capital costs will be reduced, but the columns are coupled, which
will make control and startup more difficult. Scheme D is similar to B, except that a return liquid stream
supplies reflux.
Figure 11-9. Sequences for the distillation of ternary mixtures; no azeotropes. Component A is most

volatile, and component C is least volatile

The scheme in Figure 11-9E uses a side enricher, while the one in part F uses a side stripper to purify the
intermediate component B. The stream is withdrawn at the location where component B has a
concentration maximum. These schemes are often used in petroleum refineries. Figure 11-9G illustrates a
thermally coupled system (sometimes called Petyluk columns). The first column separates A from C,
which is the easiest separation, and the second column then produces three pure products. The system will
often have relatively low energy requirements, but it will be more difficult to start up and control. This
system may also require an excessive number of stages if either the A-B or B-C separations are difficult.
Sometimes this scheme can be achieved in a single “divided wall” column shown in Figure 11-9H
(Parkinson, 2007; Schultz et al., 2002). This four-section column has a vertical wall between two parts of
the column in the middle two sections. The feed enters on the left side of the wall and the two sections on
the left side of the wall do the same separation done by the first column in Figure 11-9G. At the top of the
wall a mixture of A and B would spill over the wall and go into the rectifying and the top intermediate
sections. At the bottom of the wall a mixture of B and C would flow under the wall and into the stripping
and bottom intermediate sections. Thus, the two intermediate sections on the right side of the wall do the
separation done in the middle two sections of the second column in Figure 11-9G. Divided wall columns



can be designed as if they were three simple columns; for example, with the Fenske-Underwood-Gilliland
approach (Muralikrishna et al., 2002). Compared to Figure 11-9G, divided wall columns have been
reported to have savings up to 30% for energy costs and 25% for capital costs (O’Brien and Schultz,
2004). Note that this arrangement appears to be somewhat sensitive to upsets. Divided-wall columns can
also be used for four-component separations and extractive distillation (Parkinson, 1997).
The scheme in Figure 11-9I is quite different from the others, since a single column with a side stream is
used (Tedder and Rudd, 1978). The side stream cannot be completely pure B, although it may be pure
enough to meet the product specifications. This or closely related schemes are most likely to be useful
when the concentration of C in the feed is quite low. Then at the point of peak B concentration there will
not be much C present. Methods using side streams to connect columns (Doherty and Malone, 2001) and
for four-component separations (Kim and Wankat, 2004) can also be used.
These sequences are only the start of what can be done. For example, the heat exchange and energy
integration schemes discussed in the previous section can be interwoven with the separation scheme.
Agrawal (2000) shows multieffect distillation cascades for ternary separations. These schemes are
currently the most economical methods to produce oxygen, nitrogen, and argon from air by cryogenic
distillation. Obviously, the system becomes quite complex.
Which method is the best to use depends upon the separation problem. The ease of the various
separations, the required purities, and the feed concentrations are all important in determining the
optimum configuration. The optimum configuration may also depend upon how “best” is defined. The
engineer in charge of operating the plant will prefer the uncoupled systems, while the engineer charged
with minimizing energy consumption may prefer the coupled and integrated systems. The only way to be
assured of finding the best method is to model all the systems and try them. This is difficult to do, because
it involves a large number of interconnected multicomponent distillation columns. Shortcut methods are
often used for the calculations to save computer time and money. Unfortunately, the result may not be
optimum. Many studies have ignored some of the arrangements shown in Figure 11-9; thus, they may not
have come up with the optimum scheme. Conditions are always changing, and a distillation cascade may
become nonoptimum because of changes in plant operating conditions such as feed rates and feed or
product concentrations. Changes in economics such as energy costs or interest rates may also alter the
optimality of the system. Sometimes it is best to build a nonoptimum system because it is more versatile.
An alternative approach to design is to use heuristics, which are rules of thumb used to exclude many
possible systems. The heuristic approach may not result in the optimum separation scheme, but it usually
produces a scheme that is close to optimum. Heuristics have been developed by doing a large number of
simulations and then looking for ideas that connect the best schemes. Some of the most common heuristics
listed in approximately the order of importance (Biegler et al., 1997; Doherty and Malone, 2001;
Douglas, 1988; Garg et al., 1991; King, 1981; Thompson and King, 1972) include:
1. Remove dangerous, corrosive, and reactive components first.
2. Do not use distillation if αLK-HK < αmin, where αmin ~ 1.05 to 1.10.
3. Remove components requiring very high or very low temperatures or pressures first.
4. Do the easy splits (large α) first.
5. The next split should remove components in excess.
6. The next split should remove the most volatile component.
7. Do the most difficult separations as binary separations.
8. Favor 50:50 splits.
9. If possible, final product withdrawals should be as distillate products.



Two additional heuristics not listed in order of importance that can be used to force the designer to look
at additional sequences are:
10. Consider side stream withdrawals for sloppy separations.
11. Consider thermally coupled and multieffect columns, particularly if energy is expensive.
There are rational reasons for each of the heuristics. Heuristic 1 will minimize safety concerns, remove
unstable compounds, and reduce the need for expensive materials of construction in later columns.
Heuristic 2 eliminates the need for excessively tall columns. Since very high and very low temperatures
and pressures require expensive columns or operating conditions, heuristic 3 will keep costs down. Since
the easiest split will require a shorter column and low reflux ratios, heuristic 4 says to do this when there
are a number of components present and feed rates are large. The next heuristic suggests reducing feed
rates as quickly as possible. Removing the most volatile component (heuristic 6) removes difficult to
condense materials, probably allowing for reductions in column pressures. Heuristic 7 forces the lowest
feed rate and hence the smallest diameter for the large column required for the most difficult separation.
Heuristic 8 balances columns so that flow rates don’t change drastically. Since thermal degradation
products are usually relatively nonvolatile, heuristic 9 is likely to result in purer products. The purpose of
heuristics 10 and 11 is to force the designer to think outside the usual box and look at schemes that are
known to be effective in certain cases.
Each heuristic should be preceded with the words “All other things being equal.” Unfortunately, all other
things usually are not equal, and the heuristics often conflict with each other. For example, the most
concentrated component may not be the most volatile. When there are conflicts between the heuristics, the
cascade schemes suggested by both of the conflicting heuristics should be generated and then compared
with more exact calculations.

Example 11-2. Sequencing columns with heuristics

A feed with 25 mol% ethanol, 15 mol% isopropanol, 35 mol% n-propanol, 10 mol% isobutanol, and
15 mol% n-butanol is to be distilled. Purity of 98% for each alcohol is desired. Determine the
possible optimum column configurations.

Solution

A, B, C. Define, explore, plan. With five components, there are a huge number of possibilities; thus,
we will use heuristics to generate possible configurations. Equilibrium data can be approximated
as constant relative volatilities (King, 1981) with n-propanol as the reference component: ethanol,
α = 2.09, isopropanol, α = 1.82, n-propanol, α = 1.0; isobutanol, α = 0.677; n-butanol, α = 0.428.
To use the heuristics it is useful to determine the relative volatilities of all adjacent pairs of
compounds:
αE-IP = 2.09/1.82 = 1.15, αIP-nP = 1.82/1.0 = 1.82, αnP-IB = 1.0/0.677 = 1.48, αIB-nB = 0.677/0.428
= 1.58.
Since the easiest separation, isopropanol—n-propanol, is not that much easier than the other
separations, heuristic 4 can probably be ignored.

D. Do it.
Case 1. Heuristics 6 and 9 give the direct sequence



(Reboilers and condensers are not shown.) This will certainly work, but it is not very inventive.
Case 2. Heuristic 7 is often very important. Which separation is most difficult? From the list of
relative volatilities of adjacent pairs of compounds ethanol-isopropanol is the hardest separation.
If we also use heuristic 8 for column A, heuristic 7 for column B, and heuristics 5 and 8 for column
C, we obtain the scheme shown in the figure.

Naturally, other alternatives are possible.
Case 3. Heuristic 11 can be used to generate an entirely thermally coupled system (see Problem
11.A17). This would be difficult to operate. However, we can use heuristics 7, 8, and 11 to obtain
a modification of case 2 (see figure).

Case 4. Heuristic 11 can also be used to develop a system with one or more multieffect columns. If
we use heuristic 7 to do the ethanol-isopropanol separation by itself, one option is to pressurize the
liquid feed to column D in case 2 and operate column D at a higher pressure. This multieffect
arrangement is shown below. There are many other options possible for using multieffect columns
for this separation.

Other systems can be generated, but one of the four shown here is probably reasonably close to



optimal.
E. Check. Finding the optimum configuration requires a simulation of each alternative. This can be

done for cases 1 and 2 using the Fenske-Underwood-Gilliland approach. For cases 3 and 4 the
thermally coupled and multieffect columns are more complex and probably should be simulated in
detail.

F. Generalize. It is likely that one of these designs is close to optimum. Because of the low relative
volatility between ethanol and isopropanol, heuristic 7 is important. Use of the heuristics does
avoid having to look at several hundred other alternatives.

These heuristics have been developed for systems that have no azeotropes. When azeotropes are
present, the methods developed in the next section should be used.

11.6 Synthesis of Distillation Systems for Nonideal Ternary Systems
In the previous section we developed heuristics for synthesis of distillation sequences for almost ideal
systems; unfortunately, many of these heuristics do not apply to nonideal systems. Instead, we must use a
different set of operational suggestions and the tools developed in section 8.5, distillation and residue
curves. The purpose of the operational suggestions is to first develop a feasible separation scheme and
then work to improve it.
Heuristics for nonideal systems have not been formalized and agreed upon to the same degree as for ideal
systems. The following operational suggestions are from Biegler et al. (1997), Doherty and Malone
(2001), Doherty et al. (2008), and common sense.

Operational Suggestions: Preliminary
1. Obtain reliable equilibrium data and/or correlations for the system.
2. Develop residue curves or distillation curves for the system.
3. Classify the system as A) almost ideal; B) nonideal without azeotropes; C) one homogeneous binary

azeotrope without a distillation boundary; D) one homogeneous binary azeotrope with a distillation
boundary; E) two or more homogeneous binary azeotropes with possibly a ternary azeotrope; F)
heterogeneous azeotrope, which may include several binary and ternary azeotropes. Although solutions
for cases D to F are beyond the scope of this introductory treatment, they will be discussed briefly.

Operational Suggestions: Case by Case
A. Almost ideal. If the system is reasonably close to ideal (Figure 8-7), rejoice and use the heuristics in

Section 11.5.
B. Nonideal systems without azeotropes. These systems are often similar to ideal, and a variety of

column sequences will probably work. However, it may be easier to do the most difficult separation
with a non-key present instead of the binary separation recommended for ideal mixtures. Doherty and
Malone (2001) present a detailed example for the acetaldehyde-methanol-water system.
1. Generate the y-x curves for each binary pair. If all separations are relatively easy (reasonable

relative volatilities and no inflection points causing tangent pinches for one of the pure components)
use the ideal heuristics in Section 11.5.

2. If one of the binary pairs has a small relative volatility or a tangent pinch, determine if this
separation is easier in the presence of the third component. This can be done by generating
distillation curves or y-x “binary” equilibrium at different constant concentrations of the third
component. If the presence of the third component aids the separation, separate the difficult pair
first. The concentration of the third component can be adjusted by recycling it from the column



where it is purified. Note that this approach is very similar to using the third component as an
extractive distillation solvent for separation of close boiling components (Section 8.6).

C. One homogeneous binary azeotrope, without a distillation boundary. The residue curve maps look
like Figure 8-11a or 8-11c.
1. If the binary azeotrope is between the light and intermediate components (Figure 8-11c), the

situation is very similar to using extractive distillation to separate a binary azeotrope, and the heavy
component is used instead of an added solvent. In general, the flowsheet is similar to Figure 8-13
except the heavy component product is withdrawn where the makeup solvent is added. If there is
sufficient heavy component in the feed, a heavy recycle may not be required. The residue curve map
will be similar to the extractive distillation residue map, Figure 8-14, but since the feed contains
all three components point F will be inside the triangle.

2. If the binary azeotrope is between the heavy and light components (Figure 8-11a), a separation can
be obtained with an intermediate recycle as shown in Figures 11-10a and 11-10b. If there is
sufficient intermediate component in the feed, the intermediate recycle may not be required.
Separation using the flowchart in Figure 11-10a is illustrated in Example 11-3.

Figure 11-10. Distillation cascades for ternary feed with binary azeotrope between light L and
heavy H components; (A) Indirect sequence, (B) direct sequence

D. One homogeneous binary azeotrope with distillation boundary. There can either be a maximum
boiling azeotrope (Figure 8-8) or a minimum boiling azeotrope (Figure 8-11b).
1. If the distillation boundary is straight, complete separation of the ternary feed is not possible

without addition of a mass-separating agent (Doherty and Malone, 2001).
2. If the distillation boundary is curved, complete separation of the ternary feed may be possible.

Distillation boundaries can often be crossed by mixing a feed with a recycle stream. An example of
the synthesis of feasible flowsheets is given by Biegler et al. (1997) for the system in Figure 8-8.
Detailed solution of this case and the remaining two cases is beyond the scope of this section.

E. Two or more homogeneous binary azeotropes, with possibly a ternary azeotrope. These systems are
messy, and there are invariably one or more distillation boundaries. If there is a single curved
distillation boundary, it may be possible to develop a scheme to separate the mixture without



addition of a mass-separating agent. If there are only two binary azeotropes and no ternary
azeotropes, look for a separation method (e.g., extraction) that will remove the component that occurs
in both azeotropes.

F. Heterogeneous azeotrope, which may include several binary and ternary azeotropes. An example
was shown in Figure 8-12 for an azeotropic distillation scheme. The residue curve map developed
by a process simulator probably will not show the envelope of the two-phase region, and this region
will have to be added. Since liquid-liquid separators can cross distillation boundaries, there is a
good chance that a separation can be achieved without adding an additional mass-separating agent.
Distillation boundaries can be crossed by mixing, decanting, and reaction. If possible, use
components already in the feed as an extractive distillation solvent or entrainer for azeotropic
distillation. Also explore using components in the feed as extraction solvents. These systems are
discussed in detail by Doherty and Malone (2001), and a process example is discussed by Biegler et
al. (1997).

Example 11-3. Process development for separation of complex ternary mixture

We have 100.0 kmol/h of a saturated liquid feed that is 50.0 mol% methanol, 10.0 mol% methyl
butyrate and 40 mol% toluene. We want to separate this feed into three pure products (99.7+%
purities). Develop a feasible distillation cascade for this system. Prove that your system is feasible.

Solution

A. Define. We want to develop a sequence of distillation columns including recycle that we claim can
produce 99.7+% pure methanol, methyl butyrate, and toluene. Proof requires running a process
simulator to show that the separation is achieved. Note that optimization is not required.

B. Explore. These components are in the Aspen Plus data bank and residue curves were generated
with Aspen Plus using NRTL (Figure 11-11) (obviously, other process simulators could be used).
Since there is one minimum boiling binary azeotrope between methanol (light component) and
toluene (heavy) component without a distillation boundary, this residue curve map is similar to
Figure 8-11a. We expect that the flowchart in either Figure 11-10a or 11-10b will do the
separation.
Figure 11-11. Residue curves and mass balances for methanol, toluene, and methyl butyrate

distillation. Key: M = methanol, MB = methyl butyrate, T = toluene



C. Plan. The fresh feed point is plotted in Figure 11-11. Since the methyl butyrate concentration in the
fresh feed is low, this point is close to the binary toluene-methanol line. If we don’t recycle
intermediate (methyl butyrate) we may have a problem with the binary azeotrope. Thus, for a
feasible design, it is safer to start with recycle of intermediate.
Is Figure 11-10a or 11-10b likely to be better? Probably either one will work. Comparing the
boiling points, the separation of methanol from methyl butyrate is probably simpler than separating
methyl butyrate from toluene. Thus, the second column is likely to be considerably smaller if we
use the flowchart in Figure 11-10a, although the first column will be larger. We will use Figure 11-
10a and leave exploration of Figure 11-10b to Problems 11.D6 and 11.G1.

D. Do it. Use the flowchart in Figure 11-10a with recycle of intermediate. Arbitrarily, pick a recycle
rate of 100 kmol/h. (The purpose of this example is to show feasibility. This initial assumption
would be varied as the design is polished.) Since the methyl butyrate needs to be 99.7+% pure, we
will assume the recycle stream is pure. Mixing the fresh feed and the recycle stream and using the
lever arm rule, we find point M as shown in Figure 11-11. This combined feed can then be split
into a distillate that contains essentially no toluene and a bottoms product that is 99.7+% pure
toluene. This path is feasible because the straight lines going from D to MB to B (pure toluene) are
always in the direction of increasing temperatures and these represent a valid residue curve. The
distillate product can then be separated in the second column into a 99.7+% pure methanol
distillate and a 99.7+% pure methyl butyrate bottoms. Thus, the separation appears to be possible.
Proof: The mixed feed to the column is 55% methyl butyrate, 20% toluene and 25% methanol. Flow
rate is 200 kmol/h, and it was assumed to be a saturated liquid. The system in Figure 11-10a was
simulated on Aspen Plus using NRTL for equilibrium. For the feasibility study pure methyl butyrate
(instead of the recycle stream) and fresh feed were mixed together and input on the same stage of
the first column. After some trial-and-error, the following results were obtained.
Column 1: N = 81 (including total condenser and partial reboiler), Nfeed = 41, D = 160 kmol/h,
L/D = 8, p = 1.0 atm.
Distillate mole fractions: Methanol = 0.3125, Methyl butyrate = 0.6869907, Toluene =
0.00050925.
Bottoms mole fractions: Methanol = 6.345 E -35, Methyl butyrate = 0.002037, Toluene =



0.997963.
Column 2: N = 20 (including total condenser and partial reboiler), Nfeed = 10, D = 50 kmol/h, L/D
= 1.5, p = 1.0 atm.
Distillate mole fractions: Methanol = 0.99741, Methyl butyrate = 0.002315, Toluene = 0.0002753.
Bottoms mole fractions: Methanol =0.0011751, Methyl butyrate = 0.998207, Toluene =
0.00061559.
Thus, the separation is feasible.

E. Check. The residue curve map plotted from the process simulator agrees with the map in Doherty
and Malone (2001). The predicted distillate composition for the first column determined from the
mass balance calculation on Figure 11-11 is 31% methanol and 69% methyl butyrate. This agrees
quite well with the results from the simulator. The literature states that Figure 11-10a should be
successful for separating this type of mixture. Thus, we are quite confident that the process is
feasible.

F. Generalization. The development of a feasible process is the first major step in the design. We
would also need to do a preliminary design of Figure 11-10b to make sure that process is not better
(see Problems 11.D6 and 11.G1). We need to optimize the better process to find appropriate
values for the recycle rate, and optimum values for N, Nfeed, and L/D for each column. We should
also try the processes without recycle of MB to see if either of these processes are feasible (see
Problems 11.D7a and 11.G2). In the first column the use of separate feed locations for the fresh
feed and the recycle stream should be explored. If neither process is clearly better than the other,
we would optimize both processes to determine which is more economical.

11.7 Summary—Objectives
In this chapter we looked briefly at the economics of distillation, energy reduction, and multicomponent
cascades. At the end of this chapter you should be able to satisfy the following objectives:
1. Estimate the capital and operating costs for a distillation column
2. Predict the effect of the following variables on column capital and operating costs:

a. Feed rate
b. Column pressure
c. External reflux ratio

3. Estimate the effects that external factors have on capital and operating costs; external factors would
include:

a. Energy costs
b. The general state of the economy

4. Discuss methods for reducing energy in distillation systems; develop flowsheets with appropriate heat
exchange

5. Use heuristics to develop alternative cascades for the distillation of almost ideal multicomponent
mixtures.

6. Use distillation or residue curves to develop a feasible separation scheme for nonideal mixtures.
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Homework
A. Discussion Problems

A1. If valve trays cost more than sieve trays, why are they often advertised as a way of decreasing
tower costs?

A2. Develop your key relations chart for this chapter.
A3. What is the effect of increasing the feed temperature if

L/D = 1.15 (L/D)min. Note that (L/D)min will change.
Include effects on QR and number of stages. Use a McCabe-Thiele diagram.

A4. Optimums usually occur because there are two major competing effects. For the optimum L/D
these two major effects for capital cost are (select two answers):
a. The number of stages is infinite as L/D goes to infinity and has a minimum value at (L/D)min.
b. The number of stages is infinite at (L/D)min and approaches a minimum value as L/D goes to

infinity.
c. The column diameter becomes infinite at (L/D)min and approaches a minimum value as L/D

approaches infinity.
d. The column diameter becomes infinite as L/D approaches infinity and has a minimum value at

(L/D)min.
A5. How does the general state of the economy affect:

a. Design of new plants
b. Operation of existing plants

A6. We are separating ethanol, i-propanol, and n-propanol in a distillation column with a sidestream.
The relative volatilities can be assumed to be constant: αE-nP = 2.17, αiP-nP = 1.86, αnP-nP = 1.0.
We want to recover ethanol in the distillate, n-propanol in the bottoms, and as pure a sidestream
of i-propanol as possible. The feed has equal amounts of ethanol and n-propanol. To obtain
maximum sidestream purity, the best location and type of sidestream is:
a. A vapor sidestream between the feed and the distillate.
b. A liquid sidestream between the feed and the distillate.
c. A vapor sidestream between the feed and the bottoms.
d. A liquid sidestream between the feed and the bottoms.
Explain your answer.

A7. Why is the dependence on size usually less than linear—in other words, why is the exponent in
Eq. (11-2) less than 1?

A8. It is common to design columns at reflux ratios slightly above (L/D)opt. Use a curve of total
cost/yr vs. L/D to explain why an L/D > (L/D)opt is used. Why isn’t there a large cost penalty?

A9. Discuss the concept of economies of scale. What happens to economies of scale if the feed rate is



half the design value?
A10. Sketch how a divided wall column could be set up for separation of a four-component mixture.
A11. Referring to Figure 11-6 if D1 is the feed to column 2, explain what conditions are necessary for

this system to work.
A12. Sometimes a list of what not to do is as valuable as a list of what to do. For separation of a close

to ideal system by distillation, develop a list of heuristics of what not to do.
A13. To estimate future values of the cost indices, one is tempted to assume that the average value for

the year occurred at midyear (June 30–July 1) and that the linear fit to the recent data can be
extrapolated past the last data point. Based on Table 11-1, for which years would this procedure
work fairly well, and for which years will it fail?

A14. The use of components in the feed as solvents for extractive or azeotropic distillation or
extraction is recommended even if they are not the best solvents for stand-alone separations.
Explain the reasoning behind this recommendation.

A15. Residue curves and distillation curves have similar shapes but are not identical. Even though the
residue curves might be misleading in some cases, they are still useful for screening possible
distillation separations. Explain why.

A16. Preheating the feed will often increase the number of stages required for the separation (F, z, xD,
xB, L/D constant). Use a McCabe-Thiele diagram to explain why this happens.

A17. Draw the entirely thermally coupled system (an extension of Figure 11-9G) for Example 11-2.

B. Generation of Alternatives
B1. Sketch possible column arrangements for separation of a four-component system. Do not include

sidestream products. Note that there are a large number of possibilities.
B2. We wish to generate additional arrangements for quaternary mixtures (see Problem 11.B1).

Sketch possible arrangements that use one or two columns that have side-streams for one or both
of the intermediate component product streams.

B3. Multieffect distillation or column integration can be done with more than two columns. Use the
basic ideas in Figures 11-5 and 11-6 to sketch as many ways of thermally connecting three
columns as you can.

B4. We wish to separate a feed that is 10 mol% benzene, 55 mol% toluene, 10 mol% xylene, and 25
mol% cumene. Use heuristics to generate desirable alternatives. Average relative volatilities are
αBT = 2.5, αTT = 1.0, αXT = 0.33, αCT = 0.21. 98% purity of all products is required.

B5. Repeat Problem 11.B4 for an 80% purity of the xylene product.

C. Derivations
C1. Show that Eq. (11-1) will plot as a straight line on log-log paper, and show that the exponent can

be determined from a slope.
C2. For large volumes Figure 11-2 shows that packing costs are directly proportional to the volume

of packing. Show that packing costs go through a minimum as L/D increases.

D. Problems
*Answers to problems with an asterisk are at the back of the book.

D1.* Repeat Example 11-1 except at a pressure of 700 kPa. At this pressure Eo = 0.73, D = 9 ft, and
the relative volatility will be a function of pressure.



a.* Find (L/D)min.
b.* Find Nmin.
c.* Estimate Nequil.
d.* Estimate Nactual.
e.* Find cost of shells and trays as of Sept. 2001.
f. Update cost of shells and trays to current date.

D2.* Estimate the cost of the condenser and reboiler (both fixed tube sheet, shell and tube) for the
distillation of Example 11-1. Pressure is 101.3 kPa. CPL,C7 = 50.8 Btu/(lbmol– °F), λC7 = 14,908
Btu/lbmol. Data for hexane are given in Problem 3.D6. The saturated steam in the reboiler is at
110°C. λsteam = 958.7 Btu/lb. Cooling water enters at 70°F and leaves at 110°F. CP,w = 1.0
Btu/(lb– °F). Use heat transfer coefficients from Table 11-2. Watch your units.

D3. Determine the steam and water operating costs per hour for Problem 11.D2. Cost of steam is
$20.00/1000 lb, and cost of cooling water is $3.00/1000 gal.

D4. Example 10-4 and Problem 10.D17 sized the diameter of a packed column doing the separation in
Example 11-1. Suppose a 15-foot diameter column is to be used. The 1-in Intalox saddles have an
HETP of 0.37 m. Estimate the packing and tower costs. Pressure is 101.3 kPa.

D5. The cost data for the double pipe heat exchanger plots as a straight line (Figure 11-3), which
indicates that Eq. (11-2) is valid. Determine the exponent in Eq. (11-2) for the double pipe heat
exchanger.
Note: If your exponent is negative, you have made a mistake.

D6. Repeat the residue curve analysis for Example 11-3, but using the flowsheet in Figure 11-10b.
Arbitrarily use a recycle flow rate of 100 kmol/h.

D7. Repeat the residue curve analysis for Example 11-3 but with no recycle.
a. For process in Figure 11-10a.
b. For process in Figure 11-10b.

D8.
a. What is the total bare module cost of the column plus trays for Example 11-2 in June 2010?
b. If the feed rate in Example 11-2 is doubled, what is the total bare module cost of the column

plus trays in June 2010?
c. Compare the June 2010 total bare module cost of the column plus trays per lbmol of product for

the two different feed rates.

F. Problems Requiring Other Resources
F1. Look up the current cost index in Chemical Engineering magazine. Use this to update Table 11-1

and the ordinates in Figures 11-1 to 11-3.

G. Computer Problems
G1. Repeat the computer simulation proof of feasibility for Example 11-3, but using the flowsheet in

Figure 11-10b. The input for the simulator should be based on the solution to Problem 11.D6. If
desired, you may input the recycle stream and the fresh feed to different stages in the first column.

G2. Repeat the computer simulation proof of feasibility for Example 11-3, but with no recycle. The
input for the simulator should be based on the solution to Problem 11.D7.



a. For process in Figure 11-10a.
b. For process in Figure 11-10b.

G3. A distillation column is being designed to process a feed that is 10 mol% ethanol and 90 mol%
water. The feed rate is 100 kmol/h, and the feed is a saturated liquid at a pressure of 5.0 atm. The
column has a partial reboiler, a total condenser, N = 10 in Aspen notation, D = 10, and L/D = 2.
Do tray sizing for a sieve try with one pass, 0.4572 m tray spacing, 85% approach to flood (use
Jim Fair’s flooding calculation method), and default values for other design variables.
a. Operate the column at 1.0 atm. Find and report the optimum feed stage (based on maximum

separation). For the optimum feed stage, report Qreboiler, Qcondenser, the distillate and bottoms
mole fractions ethanol, and the maximum tray diameter.

b. Operate the column at 3.0 atm. Find and report the optimum feed stage (based on maximum
separation). For the optimum feed stage, report Qreboiler, Qcondenser, the distillate and bottoms
mole fractions ethanol, and the maximum tray diameter.

c. Operate the column at 5.0 atm. Find and report the optimum feed stage (based on maximum
separation). For the optimum feed stage, report Qreboiler, Qcondenser, the distillate and bottoms
mole fractions ethanol, and the maximum tray diameter.

d. Compare your results.
D1. Which pressure gives the best separation? Why?
D2. Which pressure has the lowest Qreboiler? Why?
D3. Which pressure has the lowest absolute value of Qcondenser? Why?
D4. Which pressure has the smallest diameter column? Why?

e. When operating and capital costs are considered, the optimum pressure to obtain the same
purity is usually above 1.0 atm, but is usually less than 6.8 atm. Speculate on the reasons for
this.

Note: A useful rule of thumb is the annual operating cost of a distillation column is half operating
costs and half capital costs (Keller, 1987).

G4. [This problem is extensive.] A plant needs to distill 1000 kmol/h of a feed that is 5.0 mol%
ethanol and 95 mol% water and a temperature of 76°C. We desire a bottoms that is 0.01 mol%
ethanol or slightly less and a distillate that is 75.0 mol% ethanol or slightly more. Use NRTL for
equilibrium data.
a. Design (find number of equilibrium stages, optimum feed stage, and column diameter) a

distillation column at 1.0 atm to do this separation. The column has a total condenser and partial
reboiler. Operate with a saturated liquid reflux and with L/D = 1.1 × (L/D)min. Determine
(L/D)min from simulations with 100 stages. Operate at 80% of flooding (based on Jim Fair’s
method) with sieve plates and 0.6096 m spacing between trays. Report number of trays,
optimum feed tray, column diameter, L/D, QR, and Qc.

b. Design a multieffect distillation system to produce two bottoms products that are 0.01 mol%
ethanol or slightly less and two distillate products that are 75.0 mol% ethanol or slightly more.
Both columns receive fresh feed. The low-pressure column operates at 1.0 atm. The high-
pressure column is at 3.0 atm. The condenser of the high-pressure column is also the reboiler of
the low-pressure column; thus, Qc,high pressure column = – QR,low-pressure column. Use the same
optimum feed stage and the total number of stages for the low pressure column as determined in



part a. Add one stage to the high-pressure column but use the same feed location as in the low-
pressure column. Make QR in the high-pressure column 0.7555 × QR determined in part a.
Adjust the feed flow rate in the two columns so that

F(low-pressure column) + F(high-pressure column) = Ftotal = 1000 kmol/h.
Operate both columns at 80% of flooding (based on Jim Fair’s method) with sieve plates and
0.6096 m spacing between trays. Report F, number of trays, feed tray, column diameter, L/D,
QR, and Qc for both columns.

c. Compare the results of parts a and b.



Chapter 12. Absorption and Stripping

Up to now we have talked almost entirely about distillation. There are other unit operations that are very
useful in the processing of chemicals or in pollution control. Absorption is the unit operation where one
or more components of a gas stream are removed by being taken up (absorbed) in a nonvolatile liquid
(solvent). In this case the liquid solvent must be added as a separating agent. Absorption is one of the
methods used to remove CO2 from natural gas and flue gasses so that the CO2 is not added to the
atmosphere where it helps cause global warming (Socolow, 2005).
Stripping is the opposite of absorption. In stripping, one or more components of a liquid stream are
removed by being vaporized into an insoluble gas stream. Here the gas stream (stripping agent) must be
added as a separating agent.
What was the separating agent for distillation? Energy.
Absorption can be either physical or chemical. In physical absorption the gas is removed because it has
greater solubility in the solvent than other gases. An example is the removal of butane and pentane (C4 −
C5) from a refinery gas mixture with a heavy oil. In chemical absorption the gas to be removed reacts
with the solvent and remains in solution. An example is the removal of CO2 or H2S by reaction with
NaOH or with monoethanolamine (MEA). The reaction can be either irreversible (as with NaOH) or
reversible (as with MEA). For irreversible reactions the resulting liquid must be disposed of, whereas in
reversible reactions the solvent can be regenerated (in stripper or distillation columns). Thus, reversible
reactions are often preferred. Chemical absorption systems are discussed in more detail by Astarita et al.
(1983), Kister et al. (2008), Kohl (1987), Kohl and Nielsen (1995), and Zarycki and Chacuk (1993).
Chemical absorption usually has a much more favorable equilibrium relationship than physical absorption
(solubility of most gases is usually very low) and is therefore often preferred. However, the Murphree
efficiency is often quite low (10% is not unusual), and this must be taken into account.
Both absorption and stripping can be operated as equilibrium stage operations with contact of liquid and
vapor. Since distillation is also an equilibrium stage operation with contact of liquid and vapor, we
would expect the equipment to be quite similar. This is indeed the case; both absorption and stripping are
operated in packed and plate towers. Plate towers can be designed by following an adaptation of the
McCabe-Thiele method. Packed towers can be designed by use of HETP or preferably by mass transfer
considerations (see Chapter 16).
In both absorption and stripping a separate phase is added as the separating agent. Thus, the columns are
simpler than those for distillation in that reboilers and condensers are normally not used. Figure 12-1 is a
schematic of a typical absorption column. In this column solute B entering with insoluble carrier gas C in
the inlet gas stream is absorbed into the non-volatile solvent A.

Figure 12-1. Gas absorber



A gas treatment plant often has both absorption and stripping columns as shown in Figure 12-2. In this
operation the solvent is continually recycled. The heat exchanger heats the saturated solvent, changing the
equilibrium characteristics of the system so that the solvent can be stripped. A very common type of gas
treatment plant is used for the removal of CO2 and/or H2S from refinery gas or natural gas. In this case
MEA or other amine solvents in water are used as the solvent, and steam is used as the stripping gas (for
more details see Kohl and Nielsen, 1997 or Ball and Veldman, 1991). Both random packings and sieve
trays, but not structured, packings are commonly used for these acid gas systems (Kister, 2006).

Figure 12-2. Gas treatment plant

12.1 Absorption and Stripping Equilibria
For absorption and stripping in three component systems we often assume that
1. Carrier gas is insoluble.
2. Solvent is nonvolatile.
3. The system is isothermal and isobaric.

The Gibbs phase rule is
F = C − P + 2 = 3(A, B, and C) − 2(vapor and liquid) + 2 = 3

If we set T and p constant, there is one remaining degree of freedom. The equilibrium data are usually
represented either by plotting solute composition in vapor vs. solute composition in liquid or by giving a
Henry’s law constant. Henry’s law for dilute solute B is



(12-1)

where HB is Henry’s law constant, in atm/mole frac, H = H(p, T, composition); xB is the mole frac B in
the liquid; and pB is the partial pressure of B in the vapor.

Henry’s law is valid only at low concentrations of B. Since partial pressure is defined as

(12-2)

Henry’s law becomes

(12-3)

This will plot as a straight line if HB is a constant. Equilibrium data for absorption are given by Hwang
(1981), Hwang et al. (1992a, b), Kohl (1987), Kohl and Nielsen (1997), Perry et al. (1963, pp. 14-2 to
14-12), Perry and Chilton (1973, p. 14-3), Perry and Green (1997, pp. 2-125 to 2-128), and Yaws et al.
(2005). For example, the values given for CO2, CO, and H2S are shown in Table 12-1 (Perry et al.,
1963). The large H values in Table 12-1 show that CO2 and H2S are very sparingly soluble in water.
Since H is roughly independent of ptot, this means that more gas is absorbed at higher pressure. This
phenomenon is commonly taken advantage of to make carbonated beverages. When the bottle or can is
opened the pressure drops and the gas desorbs, forming little bubbles. Selected Henry’s law constants for
chlorinated compounds in water are listed in Table 12-2 (Yaws et al., 2005) at 25°C. These values are
useful for developing processes for removal of these compounds from contaminated water by stripping.
Note that these compounds are much more soluble than the gases listed in Table 12-1. Obviously, Henry’s
law is only valid when x is less than the solubility limit.

Table 12-1. Henry’s law constants, H for CO2, CO, and H2S in water. H is in atm/mole frac.



Table 12-2. Henry’s law constants and solubilities for chlorinated compounds in water at 25°C and 1
atm (Yaws et al., 2005)

The Henry’s law constants depend upon temperature and usually follow an Arrhenius relationship. Thus,

(12-4)

A plot of log H vs. 1/T will often give a straight line.
The effect of concentration is shown in Table 12-3, where the absorption of ammonia in water (Perry et
al., 1963) is illustrated. Note that the solubilities are nonlinear and H = pNH3/X is not a constant. This
behavior is fairly general for soluble gases.

Table 12-3. Absorption of ammonia in water



We will convert equilibrium data to the concentration units required for calculations. If mole or mass
ratios are used, equilibrium must be converted into ratios.

12.2 McCabe-Thiele Solution for Dilute Absorption
The McCabe-Thiele diagram is most useful when the operating line is straight. This requires that the
energy balance is automatically satisfied and liquid flow rate/vapor flow rate = constant. In order for
energy balances to be automatically satisfied, we must assume that
1. The heat of absorption is negligible.
2. Operation is isothermal.

These two assumptions will guarantee satisfaction of the energy balances. When the gas and liquid
streams are both fairly dilute, the assumptions will probably be satisfied.
If the solute mole fraction in the feed yB,N+1 is very low, then transferring most or even all of the solute to
the liquid will have very little effect on the overall vapor flow rate V or on the overall liquid flow rate L.
Thus, we can assume that L and V are both constant, and the operating line on a McCabe-Thiele diagram
will be straight. Using the mass balance envelope around the top of the absorption column shown in
Figure 12-1, we can write the solute B mass balance for constant L and V.

(12-5)

We dropped the subscript B because this mass balance plus L = constant and V = constant are the only



mass balances we need for this simple dilute absorber.
Solving for yj+1 we obtain the equation for the McCabe-Thiele operating line.

(12-6)

This operating line is a straight line with a slope of L/V and a y-intercept of [y1 – (L/V)x0]. All possible
passing streams with compositions (xj, yj+1) must lie on the operating line. This includes the two streams
at the top of the absorber (x0, y1) and the two streams at the bottom of the absorber (xN, yN+1).

The procedure for solving a dilute absorption problem is:
1. Plot the y versus x equilibrium data.
2. For a design problem, typically x0, yN+1, y1, and L/V will be known. Point (x0, y1) is on the operating

line and the slope is L/V. Plot the operating line.
3. Start at stage 1 and step off stages by alternating between the equilibrium and operating lines.

This procedure is illustrated in Figure 12-3 for Example 12-1.
Figure 12-3. McCabe-Thiele diagram for absorption, Example 12-1

Note that the operating line is above the equilibrium line. This occurs because solute is being transferred
from gas to liquid. In distillation the more volatile component was transferred from liquid to gas and the
operating line was below the equilibrium curve.

Example 12-1. McCabe-Thiele analysis for dilute absorber

1000 kmol/h of air containing 100 ppm (mol) of chloroform at 25°C and 2.0 atmosphere is to be
processed. We plan to absorb the chloroform with pure water at 25°C. Operation is at L/V = 1.4
(L/V)min. If we want an outlet air stream containing 10.0 ppm chloroform, how many equilibrium
stages are required?

Solution

A. Define. The operation uses an absorber similar to Figure 12-1 with V = 1000 kmol/h, yN+1 = 100



ppm, y1 = 10 ppm, x0 = 0, and L/V = 1.4 (L/V)min. Find the number of equilibrium stages, N.
B. Explore. Equilibrium data in the form of a Henry’s law constant are given in Table 12-2. Since

concentrations are low, the total flow rates L and V will be constant. The McCabe-Thiele diagram
can be plotted in terms of ppm. Then (L/V)min, L/V, and N can be determined.

C. Plan. Plot the equilibrium data. Plot known point (x0, y1). Find (L/V)min and L/V. Plot the operating
line and step off stages.

D. Do It. Equilibrium is y = Hx/p = 211.19x/2.0 = 105.6x with y and x in ppm. This is a straight line
of slope 105.6 that goes through the origin. With reasonable care we can plot this line on a y versus
x plot, as shown in Figure 12-3. (Suggested procedure: calculate xequil at y = 100 as xequil =
100/105.6 = 0.947 ppm and plot this point.)
The operating line goes through point (x0, y1) = (0, 10 ppm). The minimum operating line goes
through this point and the point on the equilibrium line at yN+1 = 100 ppm. At this value of y,
xmin_L/V = yN+1/slope = 100/105.6 = 0.947 ppm. (Note that it is more accurate to calculate the value
than to determine it from the value of equilibrium at yN+1 on Figure 12-3.) The slope of the
minimum operating line is

(12-7)

Equation (12-6) is valid when j = N. Solving for xN with x0 = 0, we obtain,

xN = (yN+1 – y1)/(L/V) = (100 − 10)/133 = 0.68 ppm

The operating line is most easily plotted without error by drawing the straight line from point (x0, y1)
= (0, 10 ppm) to point (xN, yN+1) = (0.68, 100 ppm). This is shown in Figure 12-3. Step off stages as
shown in the figure. Five equilibrium stages are more than sufficient. If desired, we can estimate a
fractional number of equilibrium contacts,

Fraction = (distance from op line to xN)/(distance from op line to equil line)

Fraction = (distance a to b)/(distance a to c) ≈ 0.4
Thus, we need 4.4 equilibrium contacts.

E. Check. We can check the result with the Kremser equation (see Section 12.4). This check gives N
= 4.5, which is within the accuracy of the graph and is left as Problem 12.D19.

F. Generalize. Note that the gas concentration is higher than the liquid concentration. Stripping
chloroform from water with air would work quite well (see Section 12.3), but the physical
absorption step does not work as well.
A fair amount of attention in this example went into proper plotting of the equilibrium and operating
lines. With unequal axes, many students will plot these lines incorrectly if they do not calculate the
values of points on the lines.

12.3 Stripping Analysis for Dilute Systems
Since stripping is very similar to absorption we expect the method to be similar. The mass balance for the



column shown in Figure 12-4 is the same as for absorption and the operating line is still

Figure 12-4. Stripping column

For stripping we know x0, xN, yN+1, and L/V. Since (xN, yN+1) is a point on the operating line, we can plot
the operating line and step off stages. This is illustrated in Figure 12-5.

Figure 12-5. McCabe-Thiele diagram for stripping

Note that the operating line is below the equilibrium curve because solute is transferred from liquid to
gas. This is therefore similar to the stripping section of a distillation column. A maximum L/V ratio can be
defined; this corresponds to the minimum amount of stripping gas. Start from the known point (yN+1, xN),
and draw a line to the intersection of x = x0 and the equilibrium curve. Alternatively, there may be a
tangent pinch point. For a stripper, y1 > yN+1, while the reverse is true in absorption. Thus, the top of the
column is on the right side in Figure 12-5 but on the left side in Figure 12-3. Stripping often has large
temperature changes, so the calculation method used here is often appropriate only for very dilute
systems.
Murphree efficiencies can be used on these diagrams.
Efficiencies for absorption and stripping are often quite low.

12.4 Analytical Solution for Dilute Systems: Kremser Equation
When the solution is quite dilute (say less than 1% solute in both gas and liquid), the total liquid and gas
flow rates will not change significantly since little solute is transferred. The column was shown in Figure
12-1 and the operating equation was given in Eq. (12-6).
To use Eq. (12-6) in a McCabe-Thiele diagram, we assume the following:
1. L/V (total flows) is constant.



2. Isothermal system.
3. Isobaric system.
4. Negligible heat of absorption.

These are reasonable assumptions for dilute absorbers and strippers.
Figure 12-6. McCabe-Thiele diagram for dilute absorber with parallel equilibrium and operating

lines

Figure 12-7. McCabe-Thiele diagram for dilute absorber. (L/V) < m

If one additional assumption is valid, the stage-by-stage problem can be solved analytically. This
additional assumption is that the
5. Equilibrium line is straight.

(12-8)

This assumption is reasonable for very dilute solutions and agrees with Henry’s law, Eq. (12-3), if m =
HB/ptot and b = 0.

An analytical solution for absorption is easily derived for the special case shown in Figure 12-6, where
the operating and equilibrium lines are parallel. Now the distance between operating and equilibrium
lines, Δy, is constant. To go from outlet to inlet concentrations with N stages, we have

(12-9)



since each stage causes the same change in vapor composition. Δy can be obtained by subtracting the
equilibrium Eq. (12-8) from the operating Eq. (12-6).

(12-10)

For the special case shown in Figure 12-6 L/V = m (the lines are parallel), Eq. (12-10) becomes

(12-11)

Combining Eqs. (12-9) and (12-11), we get

(12-12)

Equation (12-12) is a special case of the Kremser equation. When this equation is applicable, absorption
and stripping problems can be solved quite simple and accurately without the need for a stage-by-stage
calculation.
Figure 12-6 and the resulting Eq. (12-12) were for a special case. The more general case is shown in
Figure 12-7. Now Δyj varies from stage to stage. The Δyj values can be determined from Eq. (12-10).
Equation (12-10) is easier to use if we replace xj with the equilibrium Eq. (12-8),

(12-13)

Then

(12-14a)

(12-14b)

Subtracting Eq. (12-14a) from (12-14b), and solving for (Δy)j+1

(12-15)

Equation (12-15) relates the change in vapor composition from stage to stage to (L/mV), which is known
as the absorption factor. If either the operating or equilibrium line is curved, this simple relationship no
longer holds and a simple analytical solution does not exist.
The difference between inlet and outlet gas concentrations must be the sum of the Δyj values shown in
Figure 12-7. Thus,



(12-16a)

Applying Eq. (12-15)

(12-16b)

The summation in Eq. (12-16b) can be calculated. The general formula is

(12-17)

Then Eq. (12-16b) is

(12-18)

If L/mV > 1, then divide both sides of Eq. (12-16b) by (L/mV)N−1 and do the summation in terms of mV/L.
The resulting equation will still be Eq. (12-18). From Eq. (12-15), Δy1 = Δy0L/mV where  is
shown in Figure 12-7. The vapor composition  is the value that would be in equilibrium with the inlet
liquid, x0. Thus,

(12-19)

Removal of Δy1 from Eq. (12-18) gives

(12-20)

Equation (12-20) is one form of the Kremser equation (Kremser, 1930; Souders and Brown, 1932). A
large variety of alternative forms can be developed by algebraic manipulation. For instance, if we add 1
to both sides of Eq. (12-20) and rearrange, we have

(12-21)

which can be solved for N. After manipulation, this result is



(12-22)

where L/(mV) ≠ 1. Equations (12-21) and (12-22) are also known as forms of the Kremser equation.
Alternative derivations of the Kremser equation are given by Brian (1972) and King (1980).
A variety of forms of the Kremser equation for L/(mV) ≠ 1 can be developed. Several alternative forms in
terms of the gas-phase composition are

(12-23)

(12-24)

(12-25)

(12-26)

where

(12-27)

Alternative forms in terms of the liquid phase composition are

(12-28)

(12-29)

(12-30)

(12-31)

(12-32)



where

(12-33)

A form including a constant Murphree vapor efficiency is (King, 1980)

(12-34)

Forms for systems with three phases where two phases flow co-currently and countercurrent to the third
phase were developed by Wankat (1980). Forms of the Kremser equation for columns with multiple
sections are developed by Brian (1972, Chap. 3) and by King (1980, pp. 371-376). Forms for reboiled
absorbers are given by Hwang et al. (1992a).
When the assumptions required for the derivation are valid, the Kremser equation has several advantages
over the stage-by-stage calculation procedure. If the number of stages is large, the Kremser equation is
much more convenient to use, and it is easy to program on a computer or calculator. When the number of
stages is specified, the McCabe-Thiele stage-by-stage procedure is trial-and-error, but the use of the
Kremser equation is not. Because calculations can be done faster, the effects of varying y1, x0, L/V, m etc.
are easy to determine. The major disadvantage of the Kremser equation is that it is accurate only for dilute
solutions where L/V is constant, equilibrium is linear, and the system is isothermal. The appropriate form
of the Kremser equation depends on the context of the problem.
The optimum value of mV/L for absorption is approximately 0.7 and for stripping is approximately 1.4
(Woods, 2007). For an absorber removing most of the solute y1 ≈ 0 and the operating line with the
minimum L/V is essentially collinear with the equilibrium curve.
Thus, (L/V)min = m and

(12-35a)

For stripping with most of the solute removed, xN ≈ 0 and the operating line with minimum V and a
maximum slope is collinear with the equilibrium curve. Then

(12-35b)

Example 12-2. Stripping analysis with Kremser equation

A plate tower providing six equilibrium stages is employed for stripping ammonia from a wastewater
stream by means of countercurrent air at atmospheric pressure and 80°F. Calculate the concentration
of ammonia in the exit water if the inlet liquid concentration is 0.1 mol% ammonia in water, the inlet
air is free of ammonia, and 30 standard cubic feet (scf) of air are fed to the tower per pound of
wastewater.

Solution

A. Define. The column is sketched in the figure.



We wish to find the exit water concentration, x6.
B. Explore. Since the concentrations are quite low we can use the Kremser equation. Equilibrium

data are available in several sources. From King (1971, p. 273) we find yNH3 = 1.414 xNH3 at
80°F.

C. Plan. We have to convert flow to molar units. Since we want a concentration of liquid, forms (12-
31) or (12-32) of the Kremser equation will be convenient. We will use Eq. (12-31).

D. Do it. We can calculate ratio V/L,

Note that the individual flow rates are not needed.
The Kremser equation [form (12-31)] is

Where xN = x6 is unknown, x0 = 0.001, m = 1.414, b = 0, , V/L = 1.43, N = 6
Rearranging,

Most of the ammonia is stripped out by the air.
E. Check. We can check with a different form of the Kremser equation or by solving the results

graphically; both give the same result. We should also check that the major assumptions of the
Kremser equation (constant flow rates, linear equilibrium, and isothermal) are satisfied. In this
dilute system they are.

F. Generalize. This problem is trial-and-error when it is solved graphically, but a graphical check is
not trial-and-error. Also, the Kremser equation is very easy to set up on a computer or calculator.
Thus, when it is applicable, the Kremser equation is very convenient.

12.5 Efficiencies
Usually the best way to determine efficiencies is to measure them on commercial-scale equipment. In the
absence of such data a rough prediction of the overall efficiency E0 can be obtained from O’Connell’s
correlation shown in Figure 12-8 (O’Connell, 1946). Although originally done for bubble-cap systems,
the results can be used for a first estimate for sieve and valve trays. The data in Figure 12-6 are fit by
(Kessler and Wankat, 1988)



(12-36)

Figure 12-8. O’Connell’s correlation for overall efficiency of bubble-cap absorbers, reprinted from
O’Connell, Trans. AIChE, 42, 741 (1946), copyright 1946, AIChE

which is valid for (Hp/μ) > 0.000316. The Henry’s law constant H is in lb mole/(atm · ft3), pressure p in
atm, and liquid viscosity μ in centipoise (cP). More detailed estimates can be made using a mass transfer
analysis (see Chapter 16). Correlations for very dilute strippers are given by Hwang (1981). As a first
estimate, Seider et al. (2009) recommend overall efficiencies of 30% for absorbers and 50% for
strippers.

12.6 McCabe-Thiele Analysis for More Concentrated Systems
If absorption or stripping can be assumed 1) to be isothermal and 2) to have negligible heat of absorption,
then the energy balances will be satisfied. In this case the McCabe-Thiele analysis procedure can be
adapted to more concentrated systems where the total flow rates L and V are not constant. We will have
the desired straight operating line if we define

and if we also assume that:
3. Solvent is nonvolatile
4. Carrier gas is insoluble

Assumptions 3 and 4 are often closely satisfied. The results of these last two assumptions are that the
mass balance for solvent becomes

(12-37a)

while the mass balance for the carrier gas is



(12-37b)

Note that we cannot use overall flow rates of gas and liquid in concentrated mixtures because a
significant amount of solute may be absorbed which would change gas and liquid flow rates and give a
curved operating line. Since we want to use S = moles nonvolatile solvent/hr and G = moles insoluble
carrier gas (C)/hr, we must define our compositions in such a way that we can write a mass balance for
solute B. How do we do this?
After some manipulation we find that the correct way to define our compositions is as mole ratios. Define

(12-38a)

The mole ratios Y and X are related to our usual mole fracs by

(12-38b)

Note that both Y and X can be greater than 1.0. With the mole ratio units, we have

and

Thus, we can easily write the steady-state mass balance, input = output, in these units. The mass balance
around the top of the column using the mass balance envelope shown in Figure 12-1 is

(12-39)

or
Mol B in/h = moles B out/h

Solving for Yj+1 we obtain

(12-40)

This is a straight line with slope S/G and intercept (Y1 − (S/G) X0). It is our operating line for
absorption. Thus, if we plot ratios Y vs. X we have a McCabe-Thiele type of graph as shown in Figure
12-9. Note that this graph looks similar to Figure 12-3 except different variables are used.

Figure 12-9. McCabe-Thiele diagram for absorption, Example 12-3



The steps in this procedure are very similar to those used for dilute systems:
1. Plot Y vs. X equilibrium data (convert from fraction to ratios).
2. Values of X0, YN+1, Y1 and S/G are known. Point (X0, Y1) is on operating line, since it represents

passing streams.
3. Slope is S/G. Plot operating line.
4. Start at stage 1 and step off stages by alternating between the equilibrium curve and the operating line.

Equilibrium data must be converted to ratio units, Y vs. X. These values can be greater than 1.0, since Y
= y/(1 − y) and X = x/(1 − x). The Y = X line has no significance in absorption. As usual the stages are
counted at the equilibrium curve. A minimum S/G ratio can be defined as shown in Figure 12-9. If the
system is not isothermal, the operating line will not be affected, but the equilibrium line will be. Then the
McCabe-Thiele method must be modified to include changing equilibrium curves.

Example 12-3. Graphical analysis for more concentrated absorber

A gas stream is 90 mol% N2 and 10 mol% CO2. We wish to absorb the CO2 into water. The inlet
water is pure and is at 5°C. Because of cooling coils, operation can be assumed to be isothermal.
Operation is at 10 atm. If the liquid flow rate is 1.5 times the minimum liquid flow rate, how many
equilibrium stages are required to absorb 92% of the CO2? Choose a basis of 1 mol/h of entering gas.

Solution

A. Define. See the sketch. We need to find the minimum liquid flow rate, the value of the outlet gas
concentration, and the number of equilibrium stages required.



B. Explore. First we need equilibrium data. These are available in Table 12-1. Since concentrations
are fairly high, the problem should be solved in mole ratios. Thus, we need to convert all
compositions including equilibrium data to mole ratios.

C. Plan. Derive the equilibrium equation from Henry’s law. Convert compositions from mole fracs to
mole ratios using Eq. (12-38). Calculate Y1 by a percent recovery analysis. Plot mole ratio
equilibrium data on a Y-X diagram, and determine (S/G)min and hence Smin. Calculate actual S/G,
plot operating line, and step off stages.
The problem appears to be straightforward.

D. Do it. Equilibrium:

Change the equilibrium data to mole ratios with a table as shown below. (The equation can also be
converted, but it is easier to avoid a mistake with a table.)

Note that x = X in this concentration range, but y ≠ Y. The inlet gas mole ratio is

Percent Recovery Analysis: 8% of CO2 exits.
(0.1 mole in)(0.08 exits) = 0.008 moles CO2 out
Thus,

Operating Line:

Goes through point (Y1, X0) = (0.008888, 0).



(S/G)min is found as the slope of the operating line from point (Y1, X0) to the intersection with the
equilibrium curve at YN+1. This is shown on Figure 12-9.
The fraction was calculated as

E. Check. The overall mass balances are satisfied by the outlet concentrations. The significant figures
carried in this example are excessive compared with the equilibrium data. Thus, they should be
rounded off when reported (e.g., N = 4.1). The concentrations used were quite high for Henry’s
law. Thus, it would be wise to check the equilibrium data.

F. Generalize. Note that the gas concentration is considerably greater than the liquid concentration.
This situation is common for physical absorption (solubility is low). Chemical absorption is used
to obtain more favorable equilibrium. The liquid flow rate required for physical absorption is
often excessive. Thus, in practice, this type of operation uses chemical absorption.
If we had assumed that total gas and liquid flow rates were constant (dilute solutions), the result
would be in error. An estimate of this error can be obtained by estimating (L/V)min with the
incorrect mole fraction units. The minimum operating line in these units goes from (y1, x0) =
(0.00881, 0) to (yN+1, xequil,N+1). yN+1 = 0.1 and xequil,N+1 = yN+1/87.6 = 0.1/87.6 = 0.0011415.
Then

This is in error by more than 10%.

12.7 Column Diameter
For absorption and stripping, the column diameter is designed the same way as for a staged or packed
distillation column (Chapter 10). However, note that the gas flow rate, G, must now be converted to the
total gas flow rate, V. The carrier gas flow rate, G, is

(12-41)

Since

this is

(12-42a)

or

(12-42b)

The total liquid flow rate, Lj, can be determined from an overall mass balance. Using the balance
envelope shown in Figure 12-1, we obtain



(12-43)

Note that the difference between total flow rates of passing streams is constant. This is illustrated in
Figure 12-10.

Figure 12-10. Total flow rates in absorber

Both total flows Vj and Lj will be largest where Yj and Xj are largest. This is at the bottom of the column
for absorption, and therefore you design the diameter at the bottom of the column. In strippers, flow rates
are highest at the top of the column, so you design the diameter for the top of the column. Specific design
details for absorbers and strippers are discussed by Kister et al. (2008) and Zenz (1997).
An order of magnitude estimate of the column diameter can be made quite easily (Reynolds et al., 2002).
The superficial gas velocity (velocity in an empty column) is typically in the range v = 0.9144 to 1.8288
m/s (3 to 6 ft/sec). The volumetric flow rate of the gas is  (  is the molar gas density), the required
cross sectional area is  and the column diameter is . Substituting an average superficial
gas velocity of 1.37 m/s (4.5 ft/s) with other appropriate values gives an estimate of the column diameter.

12.8 Dilute Multisolute Absorbers and Strippers
Up to this point we have been restricted to cases where there is a single solute to recover. Both the stage-
by-stage McCabe-Thiele procedures and the Kremser equation can be used for multisolute absorption and
stripping if certain assumptions are valid. The single-solute analysis by both procedures required systems
that 1) are isothermal, 2) are isobaric, 3) have a negligible heat of absorption, and 4) have constant flow
rates. These assumptions are again required.
To see what other assumptions are required consider the Gibbs phase rule for a system with three solutes
plus a solvent and a carrier gas. The phase rule is

F = C − P + 2 = 5 − 2 + 2 = 5
Five degrees of freedom is a large number. In order to represent equilibrium as a single curve or in a
linear form like Eq. (12-16), four of these degrees of freedom must be specified. Constant temperature
and pressure utilize two degrees of freedom. The other two degrees of freedom can be specified by
assuming that 5) solutes are independent of each other; in other words, that equilibrium for any solute
does not depend on the amounts of other solutes present. This assumption requires dilute solutions. In
addition, the analysis must be done in terms of mole or mass fractions and total flow rates for which
dilute solutions are also required. An analysis using ratio units will not work because the ratio calculation

involves other solute concentrations that will be unknown.



The practical effect of the fifth assumption is that we can solve the multisolute problem once for each
solute, treating each problem as a single-component problem. This is true for both the stage-by-stage
solution method and the Kremser equation. Thus, for the absorber shown in Figure 12-11 we solve three
single-solute problems.

Figure 12-11. Dilute multisolute absorber

Each additional solute increases the degrees of freedom for the absorber by two. These two degrees of
freedom are required to specify the inlet gas and inlet liquid compositions. For the usual design problem,
as shown in Figure 12-11, the inlet gas and inlet liquid compositions and flow rates will be specified.
With temperature and pressure also specified, one degree of freedom is left. This is usually used to
specify one of the outlet solute concentrations such as yB,1. The design problem for solute B is now fully
specified. To solve for the number of stages, we can plot the equilibrium data, which are of the form yB =
fB(xB) on a McCabe-Thiele diagram. When assumptions 1 to 5 are satisfied, the equilibrium expression
will usually be linear. The operating equation

(12-44a)

is the same as Eq. (12-6) and can also be plotted on the McCabe-Thiele diagram. Then the number of
stages is stepped off as usual. This is shown in Figure 12-12.
Figure 12-12. McCabe-Thiele solution for dilute three-solute absorber where solute B is specified,

and solutes A and C are trial and error

Once the number of stages has been found from the solute B calculation, the concentrations of solutes A
and C can be determined by solving two fully specified simulation problems. That is, the number of stages
is known and the outlet compositions have to be calculated. Simulation problems require a trial-and-error
procedure when a stage-by-stage calculation is used. One way to do this calculation for component A is:



1. Plot the A equilibrium curve, yA = fA(xA).
2. Guess yA,1 for solute A.
3. Plot the A operating line,

(12-44b)

Slope = L/V, which is same as for solute B. Point (yA,1, xA,0) is on the operating line. This is shown in
Figure 12-12.

4. Step off stages up to yA,N+1 (see Figure 12-12).
5. Check: Are the number of stages the same as calculated? If yes, you have the answer. If no, return to

step 2.
The procedure for solute C is the same.
The three diagrams shown in Figure 12-12 are often plotted on the same y-x graph. This saves paper but
tends to be confusing.
If the equilibrium function for each solute is linear as in Eq. (12-8), the Kremser equation can be used.
First the design problem for solute B is solved by using Eq. (12-22), (12-25), or (12-26) to find N. Then
separately solve the two simulation problems (for solutes A and C) using equations such as (12-20), (12-
21), or (12-24). Remember to use mA and mC when you use the Kremser equation. Note that when the
Kremser equation can be used, the simulation problems are not trial-and-error.
These solution methods are restricted to very dilute solutions. In more concentrated solutions, flow rates
are not constant, solutes may not have independent equilibria, and temperature effects become important.
When this is true, more complicated computer solution methods involving simultaneous mass and energy
balances plus equilibrium are required. These methods are discussed in the next section and the computer
simulation is explored in the chapter appendix.

12.9 Matrix Solution for Concentrated Absorbers and Strippers
For more concentrated solutions, absorbers and strippers are usually not isothermal, total flow rates are
not constant, and solutes may not be independent. The matrix methods discussed for multicomponent
distillation (reread section 6.2) can be adapted for absorption and stripping.
Absorbers, like flash distillation, are equivalent to very wide boiling feeds. Thus, in contrast with
distillation, a wide-boiling feed (sum rates) flowchart such as Figure 2-13 should be used. The flow rate
loop is now solved first, since flow rates are never constant in absorbers. The energy balance, which
requires the most information, is used to calculate new temperatures, since this is done last. Figure 12-13
shows the sum-rates flow diagram for absorbers and strippers when Ki = Ki(T, p). If Ki = Ki (T, p, xi, x2,
... xc) a concentration correction loop is added. The initial steps are very similar to those for distillation,
and usually the same physical properties package is used.

Figure 12-13. Sum rates convergence procedure for absorption and stripping



The mass balance and equilibrium equations are very similar to those for distillation and the column is
again numbered from the top down as shown in Figure 12-14. To fit into the matrix form, streams VN+1
and L0 are relabeled as feeds to stages N and 1, respectively. The stages from 2 to N have the same
general shape as for distillation (Figure 6-3). Thus, the mass balances and the manipulations [Eqs. (6-1)
to (6-6) and (6-10) to (6-12)] are the same for distillation and absorption.

Figure 12-14. Absorber nomenclature for matrix analysis

For stage 1 the mass balance becomes

(12-45)



where

(12-46)

and the component flow rates are l1 =L1x1 and l2 = L2x2. These equations are repeated for each
component. These equations differ from Eqs. (6-7) to (6-9) since the absorber equations are for an
equilibrium stage, not a total condenser.
For stage N the mass balance is

(12-47)

where

(12-48)

These equations are essentially identical to Eqs. (6-10) to (6-12).
Combining Eqs. (12-45), (6-5), and (12-47) results in a tridiagonal matrix, Eq. (6-13), with all terms
defined in Eqs. (12-46), (6-6), and (12-48). There is one matrix for each component. These tridiagonal
matrices can each be inverted with the Thomas algorithm (Table 6-1). The results are liquid component
flow rates, li,j, that are valid for the assumed Lj, Vj, and Tj.

The next step is to use the summation equations to find new total flow rates Lj and Vj. The new liquid flow
rate is conveniently determined as

(12-49)

The vapor flow rates are determined by summing the component vapor flow rates,

(12-50)

Convergence can be checked with

(12-51)

for all stages. For computer calculations, an ε of 10−4 or 10−5 can be used. If convergence has not been
reached, new liquid and vapor flow rates are determined, and we return to the component mass balances
(see Figure 12-13). Direct substitution (Lj = Lj,new, Vj = Vj,new) is usually adequate.

Once the flow rate loop has converged, the energy balances are used to solve for the temperatures on each
stage. This can be done in several different ways (King, 1980; Smith, 1963). We will discuss only a



multivariate Newtonian convergence procedure. For the general stage j, the energy balance was given as
Eq. (6-20). This can be rewritten as

(12-52)

The multivariate Newtonian approach is an extension of the single variable Newtonian convergence
procedure. The change in the energy balance is

(12-53)

where k is the trial number. The ΔT values are defined as

(12-54)

The partial derivatives can be determined from Eq. (12-52) by determining which terms in the equation
are direct functions of the stage temperatures Tj−1, Tj, and Tj+1. The partial derivatives are

(12-55a)

(12-55b)

(12-55c)

where we have identified the terms as A, B, and C terms for a matrix. The total stream heat capacities can
be determined from individual component heat capacities. For ideal mixtures this is

(12-56)

For the next trial we hope to have (Ej)k+1 = 0. If we define

(12-57)

where (Ej)k is the numerical value of the energy balance for trial k on stage j, then the equations for ΔTj
can be written as



(12-58)

Equation (12-58) can be inverted using any computer inversion program or the Thomas algorithm shown
in Table 6-1. The result will be all the ΔTj values.

Convergence can be checked from the ΔTj. If

(12-59)

for all stages, then convergence has been achieved. The problem is finished! If Eq. (12-59) is not
satisfied, determine new temperatures from Eq. (12-54) and return to calculate new K values and redo the
component mass balances (see Figure 12-13). A reasonable range for εT for computer solution is 10−2 to
10−3. Computer solution methods are explored further in the appendix to this chapter.

12.10 Irreversible Absorption and Co-Current Cascades
Absorption with an irreversible chemical reaction is often used in small facilities for removing obnoxious
chemicals. For example, NaOH is used to remove both CO2 and H2S; it reacts with the acid gas in
solution and forms a nonvolatile salt. This is convenient in small facilities, because the absorber is
usually small and simple and no regeneration facilities are required. However, the cost of the reactant
(NaOH) can make operation expensive. In addition, the salt formed has to be disposed of responsibly. In
large-scale systems it is usually cheaper and more sustainable to use a solvent that can be regenerated.
Consider a simple absorber where the gas to be treated contains carrier gas C and solute B. The solvent
contains a nonvolatile solvent S and a reagent R that will react irreversibly with B according to the
irreversible reaction

(12-60)

The resulting product RB is nonvolatile. At equilibrium, xB (in the free form) = 0 since the reaction is
irreversible and any B that is in solution will form product RB. Thus, yB = 0 at equilibrium. As long as
there is any reagent R present, the equilibrium expression is yB = 0. From the stoichiometry of the reaction
shown in Eq. (12-60), there will be reagent available as long as LxR,0 > VyB,N+1.

For a dilute countercurrent absorber, the mass balance was given by Eq. (12-5), where x is the total mole
frac of B in the liquid (as free B and as bound RB). The operating and equilibrium diagrams can be
plotted on a McCabe-Thiele diagram as shown in Figure 12-15. One equilibrium stage will give y1 = 0,
which is more than sufficient. Unfortunately, the stage efficiency is often very low because of low mass
transfer rates of the solute into the liquid. If the Murphree vapor efficiency



(12-61)

is used in Figure 12-15, the number of real stages can be stepped off. Murphree vapor efficiencies less
than 30% are common.

Figure 12-15. McCabe-Thiele diagram for countercurrent irreversible absorption

Since only one equilibrium stage is required, alternatives to countercurrent cascades may be preferable.
A co-current cascade is shown in Figure 12-16A. Packed columns would normally be used for the co-
current cascade. The advantage of the co-current cascade is that it cannot flood, so smaller diameter
columns with higher vapor velocities can be used. The higher vapor velocities give higher mass transfer
rates (see Chapter 15), and less packing will be required (Gianetto et al., 1973). The mass balance for the
co-current system using the mass balance envelope shown in Figure 12-16A is

(12-62)

Figure 12-16. Co-current irreversible absorption; (A) apparatus, (B) McCabe-Thiele diagram

Solving for y, we obtain the operating equation

(12-63)

This is a straight line with a slope of − L/V, and is plotted in Figure 12-16B. At equilibrium, yN = 0, and
xN can be found from the operating equation as shown in Figure 12-16B. When equilibrium is not
attained, the system can be designed with the mass transfer analysis discussed in Chapter 16. Co-current
absorbers are used commercially for irreversible absorption.
For reversible chemical absorption, the higher flow rates and lack of flooding available in co-current



absorbers is still desirable, but one equilibrium contact is rarely sufficient. Connecting a co-current
absorber and a countercurrent absorber in series or parallel can provide more flexibility for operation
(Isom and Rogers, 1994). This combination is explored in Problem 12.B3.

12.11 Summary—Objectives
In this chapter we studied absorption and stripping. At the end of this chapter you should be able to
achieve the following objectives:
1. Explain what absorption and stripping do and describe a complete gas treatment plant
2. Use the McCabe-Thiele method to analyze absorption and stripping systems for both concentrated and

dilute systems
3. Design the column diameter for an absorber or stripper for staged columns and packed columns
4. Derive the Kremser equation for dilute systems
5. Use the Kremser equation for dilute absorption and stripping problems
6. Solve problems for dilute multicomponent absorbers and strippers both graphically and analytically
7. Use the matrix solution method for nonisothermal multicomponent absorption or stripping
8. Discuss how irreversible absorption differs from reversible systems, and design irreversible

absorbers
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Homework
A. Discussion Problems

A1. How can the direction of mass transfer be reversed as it is in a complete gas plant? What controls
whether a column is a stripper or an absorber?

A2. Why is the Murphree efficiency often lower in chemical absorption than in physical absorption?
(What additional resistances are present?)

A3. After reviewing Chapter 10, outline the method of determining the column diameter for an
absorber or stripper in a packed column.

A4. As the system becomes dilute, L/G→L/V, Y → y, and X → x. At what concentration levels could



you safely work in terms of fractions and total flows instead of ratios and flows of solvent and
carrier gas? What variable will this depend on? Explore numerically.

A5. Which methods will give accurate results for concentrated, nonisothermal absorber (circle all
correct answers)?
a. McCabe-Thiele diagram
b. Kremser equation
c. Aspen Plus
d. None of the above

A6. A stripper is unable to obtain the specified purity of the outlet liquid. The outlet liquid
concentration of the impurity can be decreased (which might allow one to reach or exceed the
specified purity) by doing which of the following changes? Circle all correct answers. There are
five correct answers—one in each pair (A,B,C,D,E). Note: Think of this as doing each change by
itself and determine if it decreases the concentration of impurity in the outlet liquid.
A. a. Increase inlet gas flow rate.

b. Decrease inlet gas flow rate.
B. c. Increase inlet liquid flow rate

d. Decrease inlet liquid flow rate.
C. e. Increase number of stages.

f. Decrease number of stages.
D. g. Increase column pressure.

h. Decrease column pressure.
E. i. Increase temperature of inlet gas and inlet liquid.

j. Decrease temperature of inlet gas and inlet liquid.
A7. Explain how the single assumption that “solutes are independent of each other” can specify more

than one degree of freedom.
A8. Develop your key relations chart for this chapter.

B. Generation of Alternatives
B1. The Kremser equation can be used for more than just determining the number of stages. List as

many types of problems (where a different variable is solved for) as you can. What variables
would be specified? How would you solve the equation?

B2. Many other configurations of absorbers and strippers can be devised. For example, there could be
two feeds. Generate as many as possible.

B3. You want to use both co-current and countercurrent absorbers in a process. Sketch as many ways
of doing this as you can think of. What are the advantages and disadvantages of each method?

C. Derivations
C1. Derive Eq. (12-22) starting with Eq. (12-21).
C2. Derive an equation that is equivalent to Eq. (12-12) for L/(mV) =1, but in terms of liquid mole

fractions.
C3. Derive an operating equation similar to Eq. (12-40), but draw your balance envelope around the

bottom of the column. Show that the result is equivalent to Eq. (12-40).



C4. Derive Eq. (10-4), which relates the overall efficiency to the Murphree vapor efficiency, for
dilute systems by determining Nequil and Nactual in Eq. (10-1) from appropriate forms of the
Kremser equation.

C5. Occasionally it is useful to apply the Kremser equation to systems with a constant relative
volatility. Where on the y vs. x diagram for distillation can you do this? Derive the appropriate
values for m and b in the two regions where the Kremser equation can be applied.

C6. For dilute systems show that (L/V)min for absorbers and (L/V)max for strippers calculated from the
Kremser equation agrees with a graphical calculation.

D. Problems
*Answers to problems with an asterisk are at the back of the book.

D1. A 5-stage countercurrent absorber is used to absorb acetone from air into water at 3 atm pressure
and 20°C. The total inlet gas flow rate is 100 kmol/h. The inlet gas is 0.004 mole fraction acetone.
The inlet liquid contains 0.0001 mole fraction acetone. Outlet gas is 0.0002 mole fraction acetone.
Assume total liquid and gas flow rates are constant. At 20°C the Henry’s law constant for acetone
in water is H = 1.186 atm/(mole fraction). Find the liquid flow rate required and the mole fraction
acetone in the outlet liquid.

D2. We are absorbing hydrogen sulfide at 15°C into water. The entering water is pure. The feed gas
contains 0.0012 mole frac hydrogen sulfide and we want to remove 97% of this in the water. The
total gas flow rate is 10 kmol/h. The total liquid flow rate is 2000 kmol/h. Total pressure is 2.5
atm. You can assume that total liquid and gas flow rates are constant. Equilibrium data are in
Table 12-1.
a. Calculate the outlet gas and liquid mole fracs of hydrogen sulfide.
b. Calculate the number of equilibrium stages required using a McCabe-Thiele diagram.
c. If L/V = M × (L/V)min, find the multiplier M (M > 1).
d. Why is this operation not practical? What would an engineer do to develop a practical process?

D3. A stripper with one equilibrium stage is stripping 1-chloro-naphthalene from water into air. The
liquid feed is xin = 2.0 × 10–6 mole fraction 1-chloro-naphthalene and the total liquid flow rate is
L = 100 kmol/h. The inlet air is pure yin = 0 and total gas flow rate is V = 10.0 kmol/h. The
column operates at T = 25°C, and the Henry’s law constant for 1-chloro-naphthalene is given in
Table 12-2. If an outlet liquid mole fraction of xout = 0.4 × 10–6 is desired, what is the pressure (in
atm) of the stripper, and what is the value of yout?
Assume H does not depend on pressure and that both L and V are constant. Note: there are
multiple approaches to solve this problem.

D4. We have a steam stripper operating isothermally at 100°C. The entering liquid stream contains
0.0002 mole frac nitrobenzene in water at 100°C. Flow rate of entering liquid is 1 kmol/min. The
entering steam is pure water at 100°C. We desire an outlet liquid mole frac of 0.00001
nitrobenzene. L/V = 12.0. You can assume that total liquid and gas flow rates are constant. At
100°C equilibrium in terms of nitrobenzene mole frac is y = 28 x. Find the outlet mole fraction of
the nitrobenzene in the vapor stream and the number of stages.

D5.* A packed column 0.0762 m in diameter with 3.048 m of Intalox saddle packing is being run in the
laboratory. P is being stripped from nC9 using methane gas. The methane can be assumed to be
insoluble and the nC9 is nonvolatile. Operation is isothermal. The laboratory test results are:



Equilibrium data can be approximated as Y = 1.5X. Find the HETP for the packing.
D6.* We wish to design a stripping column to remove carbon dioxide from water. This is done by

heating the water and passing it countercurrent to a nitrogen stream in a staged stripper. Operation
is isothermal and isobaric at 60°C and 1 atm pressure. The water contains 9.2 × 10−6 mole frac
CO2 and flows at 100,000 lb/h. Nitrogen (N2) enters the column as pure nitrogen and flows at
2500 ft3/h. Nitrogen is at 1 atm and 60°C. We desire an outlet water concentration that is 2 × 10−7

mole frac CO2. Ignore nitrogen solubility in water and ignore the volatility of the water.
Equilibrium data are in Table 12-1. Use a Murphree vapor efficiency of 40%. Find outlet vapor
composition and number of real stages needed.

D7. We wish to absorb ammonia from an air stream using water at 0°C and a total pressure of 1.30
atm. The entering water stream is pure water. The entering vapor is 17.2 wt % ammonia. We
desire to recover 98% of the ammonia in the water outlet stream. The total gas flow rate is 1050
kg/h. We want to use a solvent rate that is 1.5 times the minimum solvent rate. Assume that
temperature is constant at 0°C, water is nonvolatile, and air does not dissolve in water.
Equilibrium data are available in Table 12-3. Find Lmin, L, and N.

D8. HCl is being absorbed from two air streams into water in a countercurrent staged laboratory
absorber at 10°C and a pressure of 2.0 atm. Feed rate of gas feed 1 is 1.0 kmol/h of total gas, and
this gas is 20 mol% HCl. Feed rate of gas feed 2 is 0.5 kmol/h of total gas, and this gas is 5 mol%
HCl. The entering water is pure. The outlet gas should be 0.002 mole fraction HCl. Equilibrium
data are given below. Use the optimum feed locations for both gas feeds.
Note: Use ratio units. If careful with units, the liquid units can be in mass and the gas units in
moles, which is effectively the form of the equilibrium data. Derive the operating equation and
external mass balances to determine where to include the molecular weight of HCl (36.46).
Because HCl has a very large heat of absorption in water, the column will have to be well-cooled
to maintain the temperature at 10°C. Commercial units are not isothermal.
a. Find the minimum water flow rate required.
b. If L = 0.4 kg water/h, find the outlet liquid concentration, the number of stages required

(including a fractional number of stages) and the optimum feed location for gas feeds 1 and 2.
Equilibrium data from Perry and Green (1997, p. 2-127):

D9. Problem 12.D2 satisfies the criteria for using the Kremser equation. Repeat Problem 12.D2b, but
use the Kremser equation. Compare your answer with the McCabe-Thiele solution.

D10.* A stripping tower with four equilibrium stages is being used to remove ammonia from



wastewater using air as the stripping agent. Operation is at 80°F and 1 atm. The inlet air is pure
air, and the inlet water contains 0.02 mole frac ammonia. The column operates at L/V = 0.65.
Equilibrium data in mole fracs are given as y = 1.414x. Find the outlet concentrations.

D11.* An absorption column for laboratory use has been carefully constructed so that it has exactly 4
equilibrium stages and is being used to measure equilibrium data. Water is used as the solvent to
absorb ammonia from air. The system operates isothermally at 80°F and 1 atm. The inlet water is
pure distilled water. The ratio of L/V = 1.2, inlet gas concentration is 0.01 mole frac ammonia,
and the measured outlet gas concentration is 0.0027 mole frac ammonia. Assuming that
equilibrium is of the form y = mx, calculate the value of m for ammonia. Check your result.

D12.* Read Section 13.4 on cross flow in Chapter 13 before proceeding. We wish to strip CO2 from a
liquid solvent using air as the carrier gas. Since the air and CO2 mixtures will be vented and since
cross flow has a lower pressure drop, we will use a cross-flow system. The inlet liquid is 20.4
wt % CO2, and the total inlet liquid flow rate is 1000 kg/h. We desire an outlet liquid composition
that is 2.5 wt % (0.025 wt frac) CO2. The gas flow to each stage is 25,190 kg air/h. In the last
stage a special purified air is used that has no CO2. Find the number of equilibrium stages
required. In weight fraction units, equilibrium is y = 0.04x. Use unequal axes for your McCabe-
Thiele diagram. Note: With current environmental concerns, venting the CO2 is not a good idea
even if it is legal.

D13. A water cleanup is stripping vinyl chloride from contaminated ground water at 25°C and 850 mm
Hg using a countercurrent, staged stripper. The feed is 5.0 ppm (molar) vinyl chloride. An outlet
water that contains 0.1 ppm (molar) vinyl chloride is required. The inlet air used for stripping is
pure. For a base liquid flow rate of L = 1.0 kmol/h, determine the following:
a. The minimum gas flow rate Gmin in kmol/h.
b. If G = 2 Gmin, use a McCabe-Thiele diagram to determine the number of equilibrium stages

needed (including a fractional number). Note: Scales on your y and x axes should be different.
Calculate two points to plot the straight lines.

c. If G = 2 Gmin, use one of the forms of the Kremser equation to determine the number of
equilibrium stages needed (including a fractional number).

d. For parts b and c, what is the concentration of vinyl chloride in the outlet gas? What would you
propose doing with this gas (it cannot be vented to the atmosphere)?

e. Are the assumptions required for the solution methods satisfied?
Data are in Table 12-2.

D14. In an ammonia plant we wish to absorb traces of argon and methane from a nitrogen stream using
liquid ammonia. Operation is at 253.2 K and 175 atm pressure. The feed flow rate of gas is 100
kmol/h. The gas contains 0.00024 mole frac argon and 0.00129 mole frac methane. We desire to
remove 95% of the methane. The entering liquid ammonia is pure. Operate with L/V =
1.4(L/V)min. Assume the total gas and liquid rates are constant. The equilibrium data at 253.2 K
are:
Methane: partial pressure methane atm = 3600(methane mole frac in liquid)
Argon: partial pressure argon atm = 7700(argon mole frac in liquid)
Reference: Alesandrini et al., Ind. Eng. Chem. Process Design and Develop., 11, 253 (1972)
a. Find outlet methane mole frac in the gas.



b. Find (L/V)min and actual L/V.
c. Find outlet methane mole frac in the liquid.
d. Find the number of equilibrium stages required.
e. Find the outlet argon mole fracs in the liquid and the gas, and the % recovery of argon in the

liquid.
D15.* We want to remove traces of propane and n-butane from a hydrogen stream by absorbing them

into a heavy oil. The feed is 150 kmol/h of a gas that is 0.0017 mole frac propane and 0.0006
mole frac butane. We desire to recover 98.8% of the butane. Assume that H2 is insoluble. The
heavy oil enters as a pure stream (which is approximately C10 and can be assumed to be
nonvolatile). Liquid flow rate is 300 kmol/h. Operation is at 700 kPa and 20°C. K values can be
obtained from the DePriester charts. Find the equilibrium number of stages required and the
compositions of gas and liquid streams leaving the absorber.

D16. You have a water feed at 25°C and 1 atm. The water has been in contact with air and can be
assumed to be in equilibrium with the normal CO2 content of air (about 0.035 volume %) (Note:
This dissolved CO2 will decrease the pH of the water.) We wish to strip out the CO2. A
countercurrent stripping column will be used operating at 25°C and 50 mm Hg pressure. The
stripping gas used will be nitrogen gas saturated with pure water at 25°C. Assume the nitrogen is
insoluble in water. Assume ideal gas (vol % = mol%). Data: See Table 12-1. We want to remove
95% of the initial CO2 in the water.
a. Calculate the inlet and outlet mole fracs of CO2 in water.
b. Determine (L/G)max. If L = 1 kgmol/h, calculate Gmin (corresponds to (L/G)max).
c. If we operate at G = 1.5 × Gmin find the CO2 mole frac in the outlet nitrogen and the number of

equilibrium stages needed.
D17.* We wish to absorb ammonia from air into water. Equilibrium data are given as yNH3 =

1.414xNH3 in mole fracs. The countercurrent column has three equilibrium stages. The entering air
stream has a total flow rate of 10 kmol/h and is 0.0083 mole frac NH3. The inlet water stream
contains 0.0002 mole frac ammonia. We desire an outlet gas stream with 0.0005 mole frac
ammonia. Find the required liquid flow rate, L.

D18. Dilute amounts of ammonia are to be absorbed from two air streams into water. The absorber
operates at 30°C and 2 atm pressure, and the equilibrium expression is y = 0.596x where y is
mole frac of ammonia in the gas and x is mole frac of ammonia in the liquid. The solvent is pure
water and flows at 100 kmol/h. The main gas stream to be treated has a mole frac ammonia of
yN+1 = 0.0058 (the remainder is air) and flow rate of VN+1 = 100 kmol/h. The second gas stream is
input as a feed in the column with a mole frac ammonia of yF = 0.003 and flow rate of VF = 50
kmol/h. We desire an outlet ammonia mole frac in the gas stream of y1 = 0.0004. Find:
a. The outlet mole frac of ammonia in the liquid, xN.
b. The optimum feed stage for the gas of mole frac yF, and the total number of stages needed.
c. The minimum solvent flow rate, Lmin.

D19.* Use the Kremser equation to check the McCabe-Thiele calculation done in Example 12-1.
D20. We need to remove H2S and CO2 from 1000 kmol/h of a water stream at 0°C and 15.5 atm. The



inlet liquid contains 0.000024 mole frac H2S and 0.000038 mole frac CO2. We desire a 99%
recovery of the H2S in the gas stream. The gas used is pure nitrogen at 0°C and 15.5 atm. The
nitrogen flow rate is 3.44 kmol/h. A staged countercurrent stripper will be used. Assume water
flow rate and air flow rate are constant. Data are in Table 12-1. Note: Watch your decimals.
a. Determine the H2S mole fractions in the outlet gas and liquid streams.
b. Determine the number of equilibrium stages required.
c. Determine the CO2 mole frac in the outlet liquid stream.

D21. A gas processing plant has an absorber and stripper set up as shown in Figure 12-2 except both
columns operate at 25°C but are at different pressures. The absorber is at 5.0 atm and the stripper
is at 0.2 atm. The feed to the plant is Vabs = 100 kmol/h of air containing yin,abs = yN+1,abs =
0.00098 mole fraction 1,2,3 trichloropropane. We want the outlet gas from the absorber yout,abs =
y1,abs = 0.000079 mole fraction 1,2,3 trichloropropane. The inlet liquid to the absorber is xin,abs =
x0,abs = 0.00001 mole fraction 1,2,3 trichloropropane. Note that because the absorber and stipper
are connected, xin,abs = xout,stripper and xout,abs = xin,stripper. The entering gas in the stripper is pure air.
Determine the minimum liquid flow rate in the absorber and then operate with Labs = 1.6(Labs,min).
Note that Labs = Lstripper. In the stripper determine the minimum gas flow rate and operate with
Vstripper = 1.5(Vstripper,min). Equilibrium data are in Table 12-2.
a. Find Labs,min, Labs, xout,abs = xin,stripper, Nabs, Vstripper,min, Vstripper, yout,stripper = y1,stripper, Nstripper.
b. Do the mole fractions in the liquid ever exceed the solubility limits?
Suggestion: Easiest solution path is to roughly sketch McCabe-Thiele diagrams to help in
calculation of Labs,min and Vstripper,min, use external balances to find xout,abs = xin,stripper and
yout,stripper, and use Kremser equation to find Nabs and Nstripper. Watch your decimal points!

D22. We are absorbing n-butane from a light gas into a heavy oil at 1000 kPa and 15°C. The flow rate
of the inlet gas is VN+1 = 150 kmol/h and the mole fraction n-butane in the inlet gas is yN+1 =
0.003. The inlet solvent flows at L0 = 75 kmol/h and contains no n-butane, x0 = 0. We want an exit
vapor with y1 = 0.0004 mole fraction n-butane. Use the DePriester chart for equilibrium data.
Assume the light gas is insoluble and the heavy oil is nonvolatile.
a. Find the mole fraction of n-butane in the outlet liquid, xN.
b. Find the number of equilibrium stages that is sufficient.

D23.* A complete gas treatment plant often consists of both an absorber to remove the solute and a
stripper to regenerate the solvent. Some of the treated gas is heated and is used in the stripper.
This is called stream B. In a particular application we wish to remove obnoxious impurity A from
the inlet gas. The absorber operates at 1.5 atm and 24°C where equilibrium is given as y = 0.5x
(units are mole fracs). The stripper operates at 1 atm and 92°C where equilibrium is y = 3.0x
(units are mole fracs). The total gas flow rate is 1400 mol/day, and the gas is 15 mol% A. The
nonsoluble carrier is air. We desire a treated gas concentration of 0.5 mol% A. The liquid flow
rate into the absorber is 800 mol/day and the liquid is 0.5 mol% A.
a. Calculate the number of stages in the absorber and the liquid concentration leaving.
b. If the stripper is an already existing column with four equilibrium stages, calculate the gas flow

rate of stream B (concentration is 0.5 mol% A) and the outlet gas concentration from the
stripper.



E. More Complex Problems
E1. A laboratory steam stripper with 11 real stages is used to remove 1000 ppm (wt) nitrobenzene

from an aqueous feed stream which enters at 97°C. The flow rate of the liquid feed stream is Lin =
F =1726 g/h. The entering steam rate was measured as S = 99 g/hr. The leaving vapor rate was
measured as Vout = 61.8 g/h. Column pressure was 1 atm. The treated water was measured at 28.1
ppm nitrobenzene. Data at 100°C are in Problem 12.D4. Molecular weights are 123.11 and
18.016 for nitrobenzene and water, respectively. What is the overall efficiency of this column?
Note: A significant amount of steam condenses in this system to heat the liquid feed to its boiling
point and to replace significant heat losses. An approximate solution can be obtained by assuming
all this condensation occurs on the top stage, ignoring condensation of nitrobenzene, and adjusting
the liquid flow rate in the column.

F. Problems Requiring Other Resources
F1. Laboratory tests are being made prior to the design of an absorption column to absorb bromine

(Br2) from air into water. Tests were made in a laboratory-packed column that is 0.1524 m in
diameter, has 1.524 m of packing, and is packed with saddles. The column was operated at 20 °C
and 5 atm total pressure, and the following data were obtained:
Inlet solvent is pure water.
Inlet gas is 0.02 mole frac bromine in air.
Exit gas is 0.002 mole frac bromine in air.
Exit liquid is 0.001 mole frac bromine in water.
What is the L/G ratio for this system? (Base your answer on flows of pure carrier gas and pure
solvent.) What is the HETP obtained at these experimental conditions? Henry’s law constant data
are given in Perry’s (4th ed) on pages 14-2 to 14-12. Note: Use mole ratio units. Assume that
water is nonvolatile and air is insoluble.

F2.* (Difficult) An absorber with three equilibrium stages is operating at 1 atm. The feed is 10 mol/h
of a 60 mol% ethane, 40 mol% n-pentane mixture and enters at 30°F. The solvent used is pure n-
octane at 70°F, solvent flow rate is 20 mol/h. We desire to find all the outlet compositions and
temperatures. The column is insulated. For a first guess assume that all stages are at 70°F. As a
first guess on flow rates, assume:

Then go through one iteration of the sum rates convergence procedure (Figure 12-13) using direct
substitution to estimate new flow rates on each stage. You could use these new flow rates for a
second iteration, but instead of doing a second iteration of the flow loop use a paired simultaneous
convergence routine. To do this, use the new values for liquid and vapor flow rates to find
compositions on each stage. Then calculate enthalpies and use the multivariable Newtonian
method to calculate new temperatures on each stage. You will then be ready to recalculate K
values and solve the mass balances for the second iteration. However, for purposes of this
assignment stop after the new temperatures have been estimated. Use a DePriester chart for K
values. Pure-component enthalpies are given in Maxwell (1950) and on pages 629 and 630 of
Smith (1963). Assume ideal solution behavior to find the enthalpy of each stream.

F3. Global warming is very much in the news. Engineers will need to be heavily involved in methods



to control global warming. One approach is to capture carbon dioxide and bury it. Read
Socolow’s (2005) article. Write a one page engineering analysis of the feasibility of using
absorption to capture carbon dioxide. In your analysis explain why capturing carbon dioxide from
the flue gases of large power plants is considered to be more feasible than capturing carbon
dioxide from automobile exhaust or from air.

G. Computer Problems
G1. Do the following problem with a process simulator. A feed gas at 1 atm and 30°C is 90 mol% air

and 10 mol% ammonia. Flow rate is 200 kmol/h. The ammonia is being absorbed in an absorber
operating at 1 atm using water at 25°C as the solvent. We desire an outlet ammonia in the exiting
air that is 0.0032 or less. The column is adiabatic.
a. If N = 4, what L is required (± 10 kmol/h)?
b. If N = 8, what L is required (± 10 kmol/h)?
c. If N = 16, what L is required (± 10 kmol/h)?
d. Examine your answers. Why does N = 16 not decrease L more?

G2. Solve the following problem with a process simulator. We wish to absorb two gas streams in an
absorber. The main gas stream (stream A) is at 15°C, 2.5 atm and has a flow rate of 100 kmol/h.
Stream A is 0.90 mole frac methane, 0.06 mole frac n-butane, and 0.04 mole frac n-pentane. The
other gas stream (stream B) is at 10°C, 2.5 atm, and has a flow rate of 75 kmol/h. Stream B is 0.99
mole frac methane, 0.009 mole frac n-butane, and 0.001 mole frac n-pentane. The liquid solvent
fed to the absorber is at 15°C, 2.5 atm and has a flow rate of 200 kmol/h. This stream is 0.999
mole frac n-decane and 0.001 mole frac n-pentane. Absorber pressure is 2.5 atm. We desire an
outlet gas stream that is 0.999 mole frac methane or slightly higher.
Determine the total number of stages and the optimum feed stages for streams A and B required to
just achieve the desired methane purity of the outlet gas stream. (Use “on stage” for all of the
feeds.) Report the following information:
a. Total number of stages required _________________________
b. Feed stage location for the solvent _______________________
c. Feed stage location for stream A _________________________
d. Feed stage location for stream B _________________________
e. Outlet mole fracs of gas stream leaving absorber________________
f. Outlet mole fracs of liquid leaving absorber ____________________
g. Outlet gas flow rate ___________________ kmol/h
h. Outlet liquid flow rate __________________ kmol/h
i. Highest temperature in column _______°C and stage it occurs on__________

G3. Part a. We are stripping 200 kmol/h of a liquid feed that is 10 mol% isopropyl alcohol and 90
mol% water. The stripping gas is pure nitrogen. The stripper has five equilibrium stages. The
column pressure can be varied between 1.0 and 5.0 atm (make the feed gas and feed liquid
pressures equal to the column pressure). The feed gas can be between 25°C and 100°C, and the
inlet liquid can be between 25°C and 75°C. Design the operating conditions (column pressure,
inlet gas flow rate and temperature, and inlet liquid temperature) to recover 98% of the isopropyl
alcohol (recover means in the gas phase), and we want as high an isopropyl alcohol concentration
in the gas as possible. Report the column pressure, feed gas flow rate and temperature, liquid feed
temperature, recovery of the isopropyl alcohol, mole fractions and flow rates of the leaving gas



and liquid product streams, and temperature on every stage.
Part b. Determine the diameter of the column if it has sieve plates, uses a plate spacing of
0.60960 m, has an 85% flooding factor, and uses the Fair’s flooding calculation method. Other
values use the default values in Aspen Plus.

Chapter 12 Appendix. Computer Simulations for Absorption and Stripping
This appendix follows the instructions in the appendices to Chapters 2 and 6. Although the Aspen Plus
simulator is referred to, other process simulators can be used. If difficulties are encountered while
running the simulator, see Appendix: Aspen Plus Separations Troubleshooting Guide that follows Chapter
18.
Lab 11. Aspen Plus uses RADFRAC for absorber calculations. If you want more information, once you
are logged into Aspen Plus you can go to Help→Help Topics→index, and click on Absorbers-
RADFRAC. Note: Help may be useful for other applications of Aspen Plus.

To draw an absorber, use the RADFRAC icon. Draw a system with a vapor feed at the bottom, a liquid
bottoms product, a second feed (liquid) at the top, and a vapor distillate. In the configuration window
for the RADFRAC block set:

Go to convergence for the block (probably easiest to do using the flow diagram in color on the left side
of the Aspen Plus screen). Click on the name of the block for your absorber. Then click on the blue
check next to Convergence. In the Basic window the algorithm should be listed as Sum Rates. Set the
maximum iterations at 75.
Input your components (remember air is a component), pick the physical properties package, input
conditions for the liquid and vapor feed streams (note that Aspen will determine if a stream is a liquid
or a vapor), set the pressure and the number of stages for the absorber. Supply Aspen Plus the locations
of the two feed streams:
In the streams window for the RADFRAC block set: Liquid feed above stage 1, and Vapor feed on the
last stage.
For each simulation, determine the outlet gas and outlet liquid mole fracs, outlet flow rates, and
temperatures on the top and bottom stages. Note if there is a temperature maximum.
The purpose of parts 1 and 2 is to explore how different variables affect the operation of absorbers and
strippers. Desired specification is 0.003 or less mole frac acetone in the exiting air.

1. Absorber:
a. You wish to absorb acetone from air into water. The column and feed streams are at 1 atm. The inlet

gas stream is 3.2 mol% acetone. Flow of inlet gas is 100 kmol/h. Inlet gas is at 30°C. Water flow
rate is 200 kmol/h. Inlet water is pure and temperature is 20°C. N = 6. Find the outlet concentrations
and flow rates.

Results: Look at the temperature profile and note the temperature maximum. Look at the concentration
profiles. Does the outlet vapor meet the acetone requirement? (It should.) Where does all the water in
the outlet gas come from? Note how dilute the outlet liquid is. What can we do to increase this mole
frac?
b. Decrease the water flow rate to 100 kmol/h and run again. Do you meet the required acetone

concentration in the gas? (It shouldn’t.) But note that the outlet water is more concentrated.



c. Double the number of stages to 12 with L = 100. Does this help reduce the outlet vapor mole frac of
acetone significantly? (Probably not.)

d. Return to N = 6 with L = 100. Reduce the temperature of both the feed gas and the inlet water to
10°C. Did this allow you to meet the outlet specifications for air? (Answer depends on the vapor-
liquid equilibrium package you used.) Did the amount of water in the air decrease? (Why?) Do you
see much change in the outlet concentration of the liquid stream?

e. Repeat part 1d but with feed, solvent, and absorber all at 2.0 atm.
2. Stripper. The same flowchart can be used as the stripper, or you can attach a heater and then a stripper

to the liquid outlet from the absorber. The liquid feed to the stripper should be the liquid product from
the absorber (part 1e), but heat it to 85°C (at 1 atm) first. The gas feed to the stripper should be pure
steam, at 1 atm. Use 6 stages. Be sure to put your steam (the stripping gas) on stage 6 and the liquid
from the absorber should be put in above stage 1. Stripper is at 1.0 atm.

a. Set the steam flow rate at 20 kmol/h. The steam should be superheated to 101°C. If the specification
is liquid leaving should have acetone mole fraction < 1.0 E – 04, does this design satisfy the spec? (It
should.) What is the acetone mole frac in the gas leaving the stripper? Note that this is high enough
that pure acetone could be recovered by distillation.

b. Repeat with saturated steam at 1 atm and 100°C (set V/F = 1.0).
c. Using saturated steam (V/F = 1) at 1 atm, reduce the steam flow rate to just satisfy the specification

on the outlet liquid composition.
d. Try reducing the pressure of the stripper and the steam to 0.5 bar with steam at 83°C and 15 kmol/h

of steam. What can you conclude about the effect of pressure?
3. Complete gas plant. Design a complete gas plant (similar to Figure 12-2 but without solvent recycle)

to process the feed in Problem 1e. Gas temperature is 10°C. Absorber has 6 stages, pressure = 2.0
atm. The outlet mole frac of acetone leaving in the gas should be less than 0.003 mole frac. The
solvent fed to the absorber is pure water at 10°C and 2.0 atm. Flow rate is 100 kmol/h. The liquid
outlet from the absorber should be heated to 70°C at 0.5 atm and then be sent directly to a stripper (N
= 6) operating at 0.5 atm with a gas feed of 0.5 atm saturated (V/F = 1) steam. The acetone mole frac
leaving in the liquid from the stripper should be less than 0.0001. Adjust the steam flow rate until your
outlet is slightly below this value. The flowsheet for the gas plant should be similar to Figure 12-A1.
If the outlet gas specification is not met, adjust operating conditions (L, T, N, or p) until it is met.

Figure 12-A1. Aspen Plus screenshot of gas plant without solvent recycle



4. The treated solvent from part 3, which is close to pure water, should be recycled and connected to the
absorber and fed to above stage 1; however, first cool this stream to 10°C in a heat exchanger (use
Heater) and use a pump to increase the pressure to 2.0 atm. Now the tricky part. The fresh solvent has
to be reduced to a flow rate at which the water mass balance can be valid, and the flow rate in the
recycle loop must be controlled. In other words, at steady state the water in (makeup solvent + steam)
must equal the water out (proc-gas + conc-gas + waste). But, you don’t know what waste or makeup
values to use. So, after the stripper on the TRT-SOLV line, put in a splitter (FSPLIT), and send TRT-
SOLV as feed to the splitter. Hook up one of the product lines to the heat exchanger that cools the
recycle liquid. Set the flow rate of this line to 100 kmol/h. The other product from the splitter is waste
(XSH2O) and is dumped. After the recycle is hooked up (Figure 12-A2), use a fresh (or makeup)
solvent rate of 100 and run the simulation. Decrease the makeup solvent flow in steps (try increments
of –10 and then lower). Ultimately, the makeup solvent flow rate can be zero with an XSH2O flow
rate > 0 (where does the water come from for the waste?). Note: Stream XSH2O also serves as a
purge of liquid water. A small purge is needed to prevent non-volatile impurities such as salts from
building up in the solvent loop. Report the flow rates and mole fractions of the two outlet gas streams,
the flow rate and mole fraction of the waste (XSH2O) stream, and the flow rate of the steam.

Figure 12-A2. Aspen Plus screenshot of gas plant with solvent recycle





Chapter 13. Liquid-Liquid Extraction

13.1 Extraction Processes and Equipment
Extraction is a process where one or more solutes are removed from a liquid by transferring the solute(s)
into a second liquid phase. The second liquid phase, the solvent, is a mass separating agent that must be
recovered later. The two liquid phases must be immiscible (that is, insoluble in each other) or partially
immiscible. In this chapter we discuss extraction equipment, immiscible extraction, partially miscible
extraction, and equipment design. The separation is based on different solubilities of the solute in the two
phases. Since vaporization is not required, extraction can be done at low temperature and is a gentle
process suitable for unstable molecules such as proteins or DNA.
Extraction is a common laboratory and commercial unit operation. For example, in commercial penicillin
manufacturing, after the fermentation broth is sent to a centrifuge to remove cell particles, the penicillin is
extracted from the broth. Then the solvent and the penicillin are separated from each other by one of
several techniques. In petroleum processing, aromatic hydrocarbons such as benzene, toluene, and xylenes
are separated from the paraffins by extraction with a solvent such as sulfolane. The mixture of sulfolane
and aromatics is sent to a distillation column, where the sulfolane is the bottoms product, and is recycled
back to the extractor. Flowcharts for acetic acid recovery from water, for the separation of aromatics
from aliphatics, and uranium recovery are given by Robbins (1997). Reviews of industrial applications of
extraction are presented by Lo et al. (1983), Ritchy and Ashbrook (1979), and Frank et al. (2008); and
extraction of biological compounds, particularly proteins, is discussed by Belter et al. (1988) and
Harrison et al. (2003). Although extraction is fairly common, the ratio of distillation to extraction units in
industry is about 20 to 1 (Alder et al., 1998).
As these commercial examples illustrate, the complete extraction process includes the extraction unit and
the solvent recovery process. This is shown schematically in Figure 13-1. In many applications the
downstream solvent recovery step (often distillation or a chemical stripping step) is more expensive than
the actual extraction step. Woods (1995, Table 4-8) lists a variety of commercial processes and the
solvent regeneration step employed. A variety of extraction cascades including single-stages,
countercurrent cascades, and cross-flow cascades can be used; we discuss these later.

Figure 13-1. Complete extraction process

The variety of equipment used for extraction is much greater than for distillation, absorption, and
stripping. Efficient contacting and separating of two liquid phases is considerably more difficult than
contacting and separating a vapor and a liquid. In addition to plate and packed (random, structured and
membrane) columns, many specialized pieces of equipment have been developed. Some of these are



illustrated in Figure 13-2. Details of the different types of equipment are provided by Frank et al. (2008),
Godfrey and Slater (1994), Humphrey and Keller (1997), Lo (1997), Lo et al. (1983), Reissinger and
Schroeter (1978), Robbins and Cusack (1997), Schiebel (1978), and Woods (1995a). A summary of the
features of the various types of extractors is presented in Table 13-1. Decision methods for choosing the
type of extractor to use are presented by Frank et al. (2008), King (1980), Lo (1997), Reissinger and
Schroeter (1978), and Robbins (1997). Detailed design of mixer-settlers is discussed in Section 13.14,
and detailed design of Karr columns in Section 13.15.

Figure 13-2. Extraction equipment

Table 13-1. Extractor types



The following heuristics are useful for making an initial decision on the type of extraction equipment to
use:
1. If one or two equilibrium stages are required, use mixer-settlers.
2. If three equilibrium stages are required, use a mixer-settler, a sieve tray column, a packed column

(random or structured), or a membrane contactor.
3. If four or five equilibrium stages are required, use a sieve tray column, a packed column (random or

structured), or a membrane contactor.
4. If more than five equilibrium stages are required, use one of the systems that apply mechanical energy

to a column (Figure 13-2).



Godfrey and Slater (1994) have detailed chapters on all the major types of extraction equipment with
considerable detail on mass transfer rates. Humphrey and Keller (1997) discuss equipment selection in
considerable detail and have height equivalent to a theoretical plate (HETP) and capacity data. Frank et
al. (2008) discusses equipment selection, holdup, flooding, and mass transfer.
The number of equilibrium contacts required can be determined using the same stage-by-stage procedures
for all the extractors. Determining stage efficiencies and hydrodynamic characteristics is more difficult.
The more complicated systems are designed by specialists (e.g., see Lo, 1997, or Skelland and Tedder,
1987).
Solvent selection is critical for the development of an economical extraction system. The solvent should
be highly selective for the desired solute and not very selective for contaminants. Both the selectivity, α =
Kdesired/Kundesired, and Kdesired should be largelarge [K is defined later in Eq. (13-6)]. The solvent should
be easy to separate from the diluent either as a totally immiscible system or a partially miscible system
where separation by distillation is easy. In addition, the solvent should be nontoxic, noncorrosive, readily
available, chemically stable, environmentally friendly, and inexpensive.
A useful, relatively simple approach to selecting a solvent with reasonably large selectivity is to use the
solubility parameter (Giddings, 1991; King, 1980; Walas, 1985; Woods, 1995a). The solubility
parameter δ is defined as

(13-1)

where (ΔEv)i = (ΔHv − pΔV)i ~ (ΔHv − RT)i is the latent energy of vaporization and Vi is the molal
volume for component i. The solubility parameter has the advantage of being a property of only the pure
components, it is easily calculated from parameters that are easy to measure and are often readily
available, and tables of δ are available (Giddings, 1991; King, 1980; Walas, 1985; Woods, 1995b). The
solubility parameter is useful for quick estimation of the miscibility of two liquids—the closer the values
of δA and δB the more likely the liquids are miscible. For example, the δ values in (cal/ml)1/2 are: water =
23.4, ethanol =12.7, and benzene = 9.2 (Giddings, 1991). Water and ethanol are miscible (although they
are nonideal and the vapor-liquid equilibrium (VLE) shows an azeotrope), water and benzene are
immiscible, and ethanol and benzene are miscible. Blumberg (1988), Frank et al. (2008), King (1981), Lo
et al. (1983), and Treybal (1963) discuss solvent selection in detail.
The rules for selecting solvents are changing. Because of increased concern about the environment, global
warming, and the desire to use “green” processes, solvents that used to be quite acceptable may be
unacceptable now or in the future (Allen and Shonnard, 2002). There is a tendency to stop using
chlorinated solvents and to use fewer hydrocarbon solvents. This has led to increased interest in ionic
liquids, aqueous two-phase extraction, and the use of supercritical extraction (see Section 14-5). If a
designer has a reasonable choice of solvents, consideration of life-cycle costs may lead to the use of a
“greener” solvent even though it may be somewhat more expensive initially.

13.2 Countercurrent Extraction
The most common type of extraction cascade is the countercurrent system shown schematically in Figure
13-3. In this cascade the two phases flow in opposite directions. Each stage is assumed to be an
equilibrium stage so that the two phases leaving the stage are in equilibrium.

Figure 13-3. Mass balance envelope for countercurrent cascade



The solute, A, is initially dissolved in diluent, D, in the feed. Solute is extracted with solvent, S. The
entering solvent stream is often presaturated with diluent. Streams with high concentrations of diluent are
called raffinate, while streams with high concentrations of solvent are the extract. The nomenclature in
both weight fraction and weight ratio units is given in Table 13-2.

Table 13-2. Nomenclature for extraction

13.2.1 McCabe-Thiele Method for Dilute Systems
The McCabe-Thiele analysis for dilute immiscible extraction is very similar to the analysis for dilute
absorption and stripping discussed in Chapter 12. It was first developed by Evans (1934) and is
reviewed by Robbins (1997). In order to use a McCabe-Thiele type of analysis we must be able to plot a
single equilibrium curve, have the energy balances automatically satisfied, and have one operating line
for each section.
For equilibrium conditions, the Gibbs phase rule is: F = C − P + 2. There are three components (solute,
solvent, and diluent) and two phases. Thus, there are three degrees of freedom. In order to plot



equilibrium data as a single curve, we must reduce this to one degree of freedom. The following two
assumptions are usually made:
1. The system is isothermal.
2. The system is isobaric.

To have the energy balances automatically satisfied, we must also assume
3. The heat of mixing is negligible.

These three assumptions are usually true for dilute systems. The operating line will be straight, which
makes it easy to work with, and the solvent and diluent mass balances will be automatically satisfied if
the following assumption is valid:
4a. Diluent and solvent are totally immiscible.

When the fourth assumption is valid, then

(13-2a)

(13-2b)

These are flow rates of diluent only and solvent only and do not include the total raffinate and extract
streams. Equations (13-2a and b) are the diluent and solvent mass balances, and they are automatically
satisfied when the phases are immiscible.
Most solvent-diluent pairs that are essentially completely immiscible become partially miscible as more
solute is added (see Section 13.7). This occurs because appreciable amounts of solute make the two
phases chemically more similar. Since Eq. (13-2) is usually valid only for very dilute systems, we can
usually analyze immiscible extraction systems using constant total flow rates. Thus, the fifth assumption
we usually make is

(13-3a)

(13-3b)

For the mass balance envelope shown in Figure 13-3, the mass balance becomes,

(13-4)

Solving for yj+1 we obtain the operating equation

(13-5)

Since R/E is assumed to be constant, this equation plots as a straight line on a y vs. x (McCabe-Thiele)
graph.
Equilibrium data for dilute extraction are usually represented as a distribution ratio, Kd,



(13-6)

in weight fractions, mole fracs, or concentrations (e.g., kg/m3). For very dilute systems Kd will be
constant, while at higher concentrations Kd often becomes a function of concentration. Values of Kd are
tabulated in Frank et al. (2008, pp. 15-29 to 15-31), Robbins and Cusack (1997, pp. 15-10 to 15-15),
Hartland (1970, Chap. 6), Francis (1972), and Frank et al. (2008, pp. 15-29 to 15-31). A brief listing is
given in Table 13-3. The value of Kd in the table in Perry’s Handbook (Frank et al., 2008) ranges from
0.0012 to 181 for different solute-diluent-solvent combinations. Even for the same solute (phenol) in the
same diluent (water), the value of Kd varies from 0.040 in isopropyl acetate (a nonselective solvent) to
39.8 in methyl isobutyl ketone.

Table 13-3. Distribution coefficients for immiscible extraction

It is common to think of Kd as dimensionless, but it has dimensions. For example, in weight fraction units
the dimensions of Kd,wt are (g A/g extract)/(g A/g raffinate), while in mole fraction units the dimensions of
Kd,mol are (mol A/mol extract)/(mol A/mol raffinate). If the molecular weights of extract and raffinate are
not equal, then Kd,wt ≠ Kd,mol.

The equilibrium “constant” is temperature- and pH-dependent. The temperature dependence is illustrated
in Table 13-3 for the distribution of acetic acid between water (the diluent) and benzene (the solvent).
Note that there is an optimum temperature at which Kd is a maximum. Benzene is not a good solvent for
acetic acid because the Kd values are low, but water would be a good solvent if benzene were the diluent.
As shown in Table 13-3, 1-butanol is a much better solvent than benzene for acetic acid. In addition,
benzene would probably not be used as a solvent because it is carcinogenic. The use of extraction to
fractionate components requires that the selectivity, α21 = Kd2/Kd1, be large. An example where fractional



extraction (see Section 13.3) is feasible is the separation of ethylbenzene and xylenes illustrated in Table
13-3. The ethylbenzene - p-xylene separation will be the most difficult of these, but is nonetheless
feasible.
Extraction equilibria are dependent upon temperature, pH, and the presence of other chemicals. Although
temperature dependence is small in the immiscible range (see Table 13-3) variations with temperature
can be large when the solvents are partially miscible. Biological molecules, particularly proteins can
have an order of magnitude change in Kd when the buffer salt is changed, and may have several orders of
magnitude change in Kd when pH is varied (Harrison et al., 2003). Extraction processes often use shifts in
temperature or pH to extract and then recover a solute from the solvent (Blumberg, 1988; Frank et al.,
2008). For example, penicillin is extracted in a process with a pH swing.
The McCabe-Thiele diagram for extraction can be obtained by plotting the equilibrium data, which is a
straight line if Kd is constant, and the operating line, which is also straight if assumption 5 (constant total
flow rates) is valid. The operating line goes through the point (xN, yN+1), which are passing streams in the
column. Since this procedure is very similar to stripping (e.g., Figure 12-5, but in wt frac units), we will
consider a more challenging example problem.

Example 13-1. Dilute countercurrent immiscible extraction

A feed of 100.0 kg/min of a 1.2 wt % mixture of acetic acid in water is to be extracted with 1-butanol
at 1 atm pressure and 26.7°C. We desire an outlet concentration of 0.1 wt % acetic acid in the exiting
water. We have available solvent stream 1 that is 44.0 kg/min of pure 1-butanol and solvent stream 2
that is 30.0 kg/min of 1-butanol that contains 0.4 wt % acetic acid. Devise a scheme to do this
separation, find the outlet flow rate and concentration of the exiting 1-butanol phase, and find the
number of equilibrium contacts needed.

Solution

A. Define. A feasible scheme is one that will produce exiting water with 0.001 wt frac acetic acid.
We will assume that we want to use all of the solvent available; thus, the outlet butanol flow rate is
74 kg/min (the assumption that we want to use all of the butanol will be checked in Problem
13.D1). We need to find N and y1.

B. Explore. The equilibrium data are given in Table 13-3, y = 1.613x where y and x are the acetic
acid wt fracs in the solvent and diluent phases, respectively. We learned in previous chapters that
mixing is the opposite of separation; thus, we probably want to keep the two solvent streams
separate. The extraction column will have an aqueous feed at the top. Since xN = 0.001 < ys2 =
0.004, we probably want to input the pure solvent stream 1 at the bottom of the extractor and
solvent 2 in the middle of the column (Figure 13-4A).

Figure 13-4. Dilute extractor with two feeds (Example 13-1); (A) schematic, (B) McCabe-Thiele
diagram



C. Plan. We can use the mass balance envelope in the bottom of the extractor to find the operating
equation,

(13-7)

where the slope = /  = 100/44 = 2.273 and the operating line goes through the point (xN, yN+1) =
(0.001, 0.0). If we use the mass balance envelope in the top of the extractor, we obtain Eq. (13-5)
with

slope = R/E = R/(E1 + E2) = 100/(44 + 30) = 1.35.
This operating line goes through point (x0, y1). Although y1 is not immediately known, we can find
it from an overall mass balance. We could also use the horizontal line y = ysolvent2 = 0.004 as a feed
line and use the point of intersection of the feed line and the bottom operating line to find a point on
the top operating line.
Once we have plotted the operating lines, we step off stages until a stage crosses the feed line. At
that point we switch operating lines.

D. Do it. The overall mass balance is
Rx0 + E1y1 + E2ys2 = RxN + Ey1

Substituting in known values,
(100.0)(0.012) + (44.0)(0.0) + (30)(0.004) = (100.0)(0.001) + (74)y1

and solving for y1 we obtain y1 = 0.01649.
The intersection point of the two operating lines occurs at the feed line, y = ysolvent2 = 0.004.
Substituting this value of y into Eq. (13-7) and solving for x we obtain xintersection = 0.00276.
Plotting the equilibrium line and the two operating lines and stepping off stages, we obtain Figure
13-4B. The optimum feed stage is the third from the bottom, and we need 11.8 equilibrium contacts.

E. Check. The calculation is probably more accurate than the assumptions involved. Since there is
some miscibility between the organic and aqueous phases, the flow rates will not be entirely
constant. The methods discussed in Sections 13.7 to 13.10 can be used for a more accurate
calculation if sufficient data are available.



F. Generalization. The McCabe-Thiele procedure is quite general and can be applied to a number of
different dilute extraction operations (Sections 13.3 and 13.4) and to other separation methods
(Sections 14.1 to 14.3).

The McCabe-Thiele diagram shown in Figure 13-4 is very similar to the McCabe-Thiele diagrams for
dilute stripping. This is true because the processes are analogous unit operations in that both contact two
phases and solute is transferred from the x phase to the y phase. The analogy breaks down when we
consider stage efficiencies and sizing the column diameter, since mass transfer characteristics and flow
hydrodynamics are very different for extraction and stripping.
In stripping there was a maximum L/G. For extraction, a maximum value of R/E can be determined in the
same way. This gives the minimum solvent flow rate, Emin, for which the desired separation can be
obtained with an infinite number of stages.
For simulation problems the number of stages is specified but the outlet raffinate concentration is
unknown. A trial-and-error procedure is required in this case. This procedure is essentially the same as
the simulation procedure used for absorption or stripping.
Dilute multicomponent extraction can be analyzed on a McCabe-Thiele diagram if we add one more
assumption.
6. Each solute is independent.

When these assumptions are valid, the entire problem can be solved in mole or weight fractions. Then for
each solute the mass balance for the balance envelope shown in Figure 13-3 is

(13-8)

where i represents the solute and terms are defined in Table 13-2. This equation is identical to Eq. (13-5)
when there is only one solute. The operating lines for each solute have the same slopes but different y
intercepts. The equilibrium curves for each solute are independent because of assumption 6. Then we can
solve for each solute independently. This solution procedure is similar to the one for dilute
multicomponent absorption and stripping (Section 12.8). We first solve for the number of stages, N, using
the solute that has a specified outlet raffinate concentration. Then with N known, a trial-and-error
procedure is used to find xN+1 and y1 for each of the other solutes.

Equations (13-5) or (13-8) can also be used, with care, if there is a constant small amount of solvent
dissolved in the raffinate streams and a constant small amount of diluent dissolved in the extract streams.
Flow rates R and E should include these small concentrations of the solvent or diluent. Unless entering
streams are presaturated with solvent and diluent, R = R1 > R0 by the amount of solvent dissolved in the
raffinate and RN < RN-1 = R by the amount of diluent that dissolves in entering solvent stream EN+1.
Similar adjustments need to be made to extract flow rates.

13.2.2 Kremser Method for Dilute Systems
If one additional assumption can be made, the Kremser equation can be used for dilute extraction of single
or multicomponent systems.
7. Equilibrium is linear.

In this case, equilibrium has the form



(13-9)

The dilute extraction model now satisfies all the assumptions used to derive the Kremser equations in
Chapter 12, so they can be used directly. Since we have used different symbols for flow rates, we replace
L/V with R/E. Then Eq. (12-12) becomes

(13-10)

while if R/(mE) ≠ 1, Eqs. (12-21) (inverted) and (12-22) become

(13-11a)

with  and

(13-11b)

Other forms of the Kremser equation can also be written with this substitution. When the Kremser
equation is used, simulation problems are no longer trial-and-error.
The grouping mE/R is known as the extraction factor. Note that mE/R = (yE)/(Rx). If mE/R > 1, then there
is more solute in the extract phase and in Figure 13-3 net movement of solute is to the right. If mE/R < 1,
then there is more solute in the raffinate phase and net movement of solute is to the left in Figure 13-3. If
the goal is to remove solute from the diluent, then to have a reasonable solute recovery, we must have
mE/R > 1, and the absolute theoretical minimum value of the extraction factor is mE/R = 1. A practical
minimum value that is often used for the preliminary design of extractors is (Frank et al., 2008)

(13-12)

As we will see when we discuss partially miscible extraction, there is also a maximum solvent to feed
ratio when the solvent dissolves the entire feed and only one phase is formed.
Except for very dilute systems, the equilibrium will often be nonlinear and the various forms of the
Kremser equation are not strictly valid. However, for modest curvature, a geometric average value of m
(Frank et al., 2008)

(13-13)

often gives a good fit. For the best fit, the value of b must also be fit and will not be zero.
Application of the Kremser equation to extraction is considered in detail by Hartland (1970), who also



gives linear fits to equilibrium data over various concentration ranges. As the solution becomes more
concentrated and more solute is transferred into the solvent, the total flow rate E increases while R
decreases. The applicability of the Kremser equation can be extended by using solvent and diluent flow
rates with ratio units (see Section 13.5).

13.3 Dilute Fractional Extraction
Very often, particularly in bioseparation, extraction is used to separate solutes from each other (Belter et
al., 1988; Frank et al., 2008; Schiebel, 1978). In this situation we can use fractional extraction with two
solvents as illustrated in Figure 13-5. In fractional extraction the two solvents are chosen so that solute A
prefers solvent 1 and concentrates at the top of the column, while solute B prefers solvent 2 and
concentrates at the bottom of the column. In Figure 13-5 solvent 2 is labeled as diluent so that we can use
the nomenclature of Table 13-2. The column sections in Figure 13-5 are often separate so that each
section can be at a different pH or temperature. This will make the equilibrium curve different for the two
sections. It is also common to have reflux at both ends (Schiebel, 1978).

Figure 13-5. Fractional extraction

A common problem in fractional extraction is the center cut. In Figure 13-6 solute B is the desired solute
while A represents a series of solutes that are more strongly extracted by solvent 1 and C represents a
series of solutes that are less strongly extracted by solvent 1. Center cuts are common when
pharmaceuticals are produced by fermentation, since a host of undesired chemicals are also produced.

Figure 13-6. Center-cut extraction



Before looking at the analysis of fractional extraction it will be helpful to develop a simple criterion to
predict whether a solute will go up or down in a given column. At equilibrium the solutes distribute
between the two liquid phases. The ratio of solute flow rates in the column shown in Figure 13-5 is

(13-14a)

where we have used the equilibrium expression, Eq. (13-6). If (Kd,AE/R)j > 1, the net movement of solute
A is up at stage j, while if (Kd,AE/R)j < 1, the net movement of solute is down at stage j. In Figure 13-5
we want

(13-14b)

in both sections of the column. By adjusting KD,i (say, by changing the solvents used or temperature)
and/or the two solvent flow rates (E and R), we can change the direction of movement of a solute. This
was done to solute B in Figure 13-6; B goes down in the first column and up in the second column.
Ranges of (Kd,iE/R) can be derived that will make the fractional extractor work (see Problem 13.A12).
Since it is quite expensive to have a large number of equilibrium stages in a commercial extractor, the
ratios in Eq. (13-14b) should be significantly different.
Analysis of fractional extraction is straightforward for dilute mixtures when the solutes are independent
and total flow rates in each section are constant. The external mass balances for the fractional extraction
cascade shown in Figure 13-5 are

(13-15a)

(13-15b)

(13-15c)



If the feed is contained in solvent 1, the flow rates in the two sections are related by the expressions

(13-16a)

(13-16b)

while if the feed is in solvent 2,

(13-17a)

(13-17b)

The solute operating equations for the top section using the top mass balance envelope in Figure 13-5 is
Eq. (13-8), which was derived earlier. For the bottom section the mass balances are represented by

(13-18)

which is identical to the single component Eq. (13-7). Since the feed is usually dissolved in one of the
solvents, the phase flow rates are usually slightly different in the two sections. A McCabe-Thiele diagram
can be plotted for each solute. Each diagram will have two operating lines and one equilibrium line, as
shown in Figure 13-7.

Figure 13-7. McCabe-Thiele diagram for fractional extraction; (A) solute A, (B) solute B



Figures 13-7A and B show the characteristics of both absorber and stripper diagrams. The solutes are
being “absorbed” in the top section (that is, the solute concentration is increasing as we go down the
column) while the solute is being “stripped” in the bottom section (solute concentration is increasing as
we go up the column). Thus, the solute is most concentrated at the feed stage and diluted at both ends
(because we add lots of extra solvent). The two operating lines will intersect at a feed line which is at the
concentration of the solute in the feed. This feed concentration is usually much greater than the solute
concentration on the feed stage. If there is no solvent in the feed (the feed is liquid A + B), then the
effective feed concentrations (yi or xi) are very large and the operating lines are almost parallel.

The top section of the column in Figures 13-5 and 13-7 is removing (“absorbing”) component B from A.
The more stages in this section, the purer the A product will be (smaller yB,1), and the higher the recovery
of B in the B product will be. The bottom section of the column is removing (“stripping”) component A
from B. Extra stages in the bottom section increase the purity of the B product (reduce xA,N) and increase
the recovery of A in the A product.
Specifications would typically include temperature, pressure, feed composition (A, B, and solvents), feed
flow rate, and both solvent compositions. Some of the ways of specifying the four remaining degrees of
freedom are illustrated below.
Case 1. Specify yA,1, R, , and NF. Calculate xA,N from Eq. (13-15b), calculate  from Eq. (13-16b) or
(13-17b), and calculate E from Eq. (13-16a) or (13-17a). Since pairs of passing streams and slopes are
known, both operating lines can be plotted for solute A. The total number of stages can be determined
from the solute A diagram. Solution for solute B is trial and error.
Case 2. Specify , R, NF, and N. This is trial and error for each solute, but the two solute problems are



not coupled and can be solved separately.
Case 3. Specify R, , yA,1, and xB,N. After doing external mass balances, you can plot the operating lines
as in Figure 13-7, but the problem is still trial-and-error. The feed stage must be varied until the total
number of stages is the same for both solutes. Small changes in compositions or flow rates will probably
be required to get an exact fit.
Because they are inherently trial-and-error, fractional extraction problems are naturals for computer
solution (see Chapter 13 Appendix).
Brian (1972, Chapt. 3) explores fractional extraction calculations in detail. He illustrates the use of
extract reflux and derives forms of the Kremser equation for multisection columns. An abbreviated
treatment of the Kremser equation for fractional extraction is also presented by King (1980).

13.4 Immiscible Single-Stage and Cross-Flow Extraction
Although countercurrent cascades are the most common, other cascades can be employed. One type
occasionally used is the cross-flow cascade shown in Figure 13-8. Each stage is assumed to be an
equilibrium stage. In this cascade, fresh extract streams are added to each stage and extract products are
removed. For single-solute systems the same five assumptions made for countercurrent cascades are
required for the McCabe-Thiele analysis. For dilute multicomponent systems, assumption 6 is again
required.

Figure 13-8. Cross-flow cascade

To derive an operating equation, we use a mass balance envelope around a single stage as shown around
stage j in Figure 13-8. For dilute systems the resulting steady-state mass balance is

(13-19)

Solving for the outlet extract mass fraction, yj, we get the operating equation,

(13-20)

Each stage will have a different operating equation. On a McCabe-Thiele diagram plotted as y vs. x, this
is a straight line of slope −R/Ej and y intercept (xj−1 R/Ej + yj,in). In these equations yj,in is the mass fraction
of solute in the extract entering stage j and Ej is the flow rate of solvent entering stage j. The designer can
specify all values of Ej and yj,in as well as x0, R, and either xN or N. If the calculation is started at the first
stage (j = 1), xj−1 = x0 is known and the operating equation can be plotted. Since the stage is an
equilibrium stage, x1 and y1 are in equilibrium in addition to being related by operating equation (13-20).



Thus, the intersection of the operating line and the equilibrium curve is at y1 and x1 (see Figure 13-9).
This is the single-stage solution. For a cross-flow system, the raffinate input to stage 2 is x1. Thus, the
point (y2,in, x1) on the operating line is known and the operating line for stage 2 can be plotted. The
procedure is repeated until xN is reached or N stages have been stepped off.

Figure 13-9. McCabe-Thiele diagram for cross-flow

In general, each stage can have different solvent flow rates, Ej, and different inlet solvent mass fractions,
yj,in, as illustrated in Figure 13-9. This figure also shows that the point with the inlet concentrations (yj,in,
xj−1) is on the operating line for each stage, which is easily proved. If we let yj = yj,in and xj = xj−1, Eq. (13-
20) is satisfied. Thus, the point representing the inlet concentrations is on the operating line.
The operating lines in Figure 13-9 are similar to those we found for binary flash distillation. Both single-
stage systems and cross-flow systems are arranged so that the two outlet streams are in equilibrium and
on the operating line. This is not true of countercurrent systems.
The analysis for dilute multicomponent systems follows as a logical extension of the independent solution
for each solute as was discussed for countercurrent systems. Total flow rates and mole or weight
fractions are used in these calculations. Note that the simulation problems do not require trial-and-error
solution for cross-flow systems.

Example 13-2. Single-stage and cross-flow extraction of a protein

We wish to extract a dilute solution of the protein alcohol dehydrogenase from a aqueous solution of
5 wt % poly (ethylene glycol) (PEG) with an aqueous solution that is 10 wt % dextran. Aqueous two-
phase extraction system is a very gentle method of recovering proteins that is unlikely to denature the
protein since both phases are aqueous (Albertsson et al., 1990; Harrison et al., 2003). The two phases
can be considered to be essentially immiscible. The dextran phase is denser and will be the cross-
flow solvent. The entering dextran phases contain no protein. The entering PEG phase flow rate is 20
kg/h.
a. If 10 kg/h of dextran phase is added to a single-stage extractor, find the total recovery fraction of

alcohol dehydrogenase in the dextran solvent phase.
b. If 10 kg/h of dextran phase is added to each stage of a cross-flow cascade with two stages, find the

total recovery fraction of alcohol dehydrogenase in the dextran solvent phase.
The protein distribution coefficient is (Harrison et al., 2003)



Kd = (wt frac protein in PEG, x)/(wt frac protein in dextran, y) = 0.12

Solution

A. Define. The two-stage cross-flow process is shown in Figure 13-10A. The single-stage system is
the first stage of this cascade. For the single-stage extractor the fraction of the protein not extracted
is (Rx)out/(Rx)in = x1/xF, and the fraction recovered = 1 − x1/xF. For the two stage system, the
fraction of the protein not extracted is (Rx)out/(Rx)in = x2/xF, and the fraction recovered = 1 − x2/xF.
If we find x1/xF and x2/xF, we have solved the problem.
Figure 13-10. Single-stage and cross-flow extraction for Example 13-2; (A) schematic, (B)

McCabe-Thiele diagram

B. Explore. Although the feed weight fraction is not specified, we can still plot the linear equilibrium
with the abscissa x going from zero to xF and the ordinate y from zero to an appropriate number of
xF units (see Figure 13-10B). This procedure works for linear systems since the slope of the
equilibrium curve, y/x = 1/0.12 = 8.33333 is the same regardless of the value of xF. The operating
lines will also plot correctly regardless of the value of xF.

C. Plan. Plot the equilibrium line, y = 8.33333 x, and plot the operating lines using Eq. (13-20) for
each stage. Then calculate the recoveries.

D. Do it. Part a. Since yin = 0, the operating line for stage 1 is

y = −(R/E1)x + (R/E1)x0

Substituting in R = 20, E1 = 10, and x0 = xF, the operating equation is

y = −2x + 2xF

If we set y = 0 (for pure solvent addition to the stage), we find x = xF. Figure 13-10B shows that the
operating and equilibrium lines intersect at y1 = 1.613 xF, x1 = 0.194 xF. Thus, x1/xF = 0.194 and the
fractional recovery for the single-stage system = 1 − 0.194 = 0.806.
Part b. The operating line for stage 2 of the cross-flow system is

y = −(R/E2)x + (R/E2)x1 = −2x + 2x1

The slope again = −2, and if we set y = 0 we obtain x = x1. Since x1 = 0.194 xF is known, we can
plot this operating line (Figure 13-10B) and obtain y2 = 0.312 xF, x2 = 0.037 xF.



The fraction recovered = 1 − x2/xF = 1 − 0.037 = 0.963.
E. Check. This problem can also be solved analytically. We want to solve the linear equilibrium

equation y = mx simultaneously with the linear operating equation for each stage, y = −(R/Ej)x +
(R/Ej)xj–1+ yj,in. Do this sequentially starting with j = 1. This simultaneous solution is

(13-21)

For example, for stage 1, x1 = [2xF + 0]/[8.3333 + 2] = 0.19355 xF which agrees with the graphical
solution for part a. From the equilibrium expression, y1 = 8.33333x1 = 1.6129 xF. For part b, stage
2 also agrees with the graphical solution.

F. Generalize. Although the problem statement involved a new type of system—aqueous two-phase
extraction of proteins—we could apply the basic principles without difficulty. Since many of the
details are often not necessary to solve the problem, it sometimes simplifies the problem to rewrite
it as solute A being removed from diluent into solvent. Then see if you can solve the simplified
version of the problem.
For linear equilibrium and operating lines an analytical solution is always relatively easy. The
McCabe-Thiele diagram (even if only roughly sketched) is very useful to organize our thoughts and
make sure we don’t make any dumb algebraic errors. If the equilibrium line is curved, the analytical
solution becomes considerably more complicated, but the McCabe-Thiele solution doesn’t.
It is also interesting to compare the cross-flow system to a countercurrent system with 2 stages and
a total flow rate of E = 20 kg/h. The result shows that the countercurrent process has a higher
recovery.

Cross-flow systems have also been explored for stripping (Wnek and Snow, 1972). The analysis
procedure for cross-flow stripping and absorption systems is very similar to the extraction calculations
developed here (see Problem 12.D12).
In countercurrent systems the solvent is reused in each stage while in cross-flow systems it is not.
Because solvent is reused, countercurrent systems can obtain more separation with the same total amount
of solvent and the same number of stages. They can also obtain both high purity (xN+1 small) and high
yield (high recovery of solute). Cross-flow systems can obtain either high purity or concentrated solvent
streams but not both. For extraction they may have an advantage when flooding or slow settling of the two
phases is a problem. For absorption and stripping the pressure drop may be significantly lower in a
cross-flow system. Cascades that combine cross-flow and countercurrent operation have been studied by
Thibodeaux et al. (1977) and by Bogacki and Szymanowski (1990).

13.5 Concentrated Immiscible Extraction
If the extraction system is relatively concentrated but still immiscible (this is almost a contradiction), we
can extend the ratio unit mass balances developed in Chapter 12 for a single solute to extraction.
Assumption 5, Eq. (13-2), no longer needs to be valid. This ratio-unit analysis is easily extended to
cross-flow systems.
When the diluent and solvent are immiscible, weight ratio units are related to weight fractions as

(13-22)



where X is kg solute/kg diluent and Y is kg solute/kg solvent. Note that these equations require that the
phases be immiscible.
The operating equation can be derived with reference to the mass balance envelope shown in Figure 13-3.
In weight ratio units, the steady-state mass balance is

(13-23)

where weight fractions in Figure 13-3 have been replaced with weight ratios. Solving for Yj+1 we obtain
the operating equation,

(13-24)

When plotted on a McCabe-Thiele diagram of Y vs. X, this is a straight line with slope FD/FS and Y
intercept (Y1 − (FD/Fs)X0). Note that since FD and FS are constant, the operating line is straight. For the
usual design problem, FD/FS will be known as will be X0, XN and YN+1. Since XN and YN+1 are the
concentrations of passing streams, they represent the coordinates of a point on the operating line.
For the McCabe-Thiele diagram if flow rates are given as in Eq. (13-2), the equilibrium data must be
expressed as weight or mole ratios. Equation (13-22) can be used to transform the equilibrium data,
which is easy to do in tabular form. Usually equilibrium data are reported in fractions, not the ratio units
given in the second part of Table 13-3.
With the equilibrium data and the operating equation known, the McCabe-Thiele diagram is plotted. First
the point (YN+1, XN) is plotted, and the operating line passes through this point with a slope of FD/FS. Y1
can be found from the operating line at the inlet raffinate concentration Xo. Then the stages are easily
stepped off.
When there is some partial miscibility of diluent and solvent, the McCabe-Thiele analysis can still be
used if the following alternative assumption is valid.
4b. The concentration of solvent in the raffinate and the concentration of diluent in the extract are both

constant.
The flow rates of the diluent and solvent streams are now defined as

(13-25a)

(13-25b)

The ratio units are defined as

(13-26a)



(13-26b)

The calculation procedure now follows Eqs. (13-23) to (13-24).
For all of these situations, as long as FD and FS are constant and the equilibrium in ratio units can be
approximated as a straight line, Y = mratioX + bratio, the Kremser equations [e.g., Eqs. (13-11a) or (13-
11b)] are valid if written in terms of mass or mole ratios with FD replacing R and FS replacing E (Brian,
1972). Extension of the Kremser equation to ratio units extends the region of validity of this solution.
When the phases are partially miscible and assumption 4b is not valid, the methods developed in sections
13.8 to 13.10 should be used.

13.6 Immisicible Batch Extraction
In batch plants batch extraction will usually fit into the production scheme easier than continuous
extraction. This is particularly true in the production of biochemicals (Belter et al., 1988). Batch
extraction is very flexible, and there are a number of ways to do it. The simplest approach is to add
solvent and diluent together in a tank, mix the two immiscible liquids, allow them to settle and then
withdraw the solvent layer. If we define , , Ê, and  as the mass (kg) of the streams, the resulting mass
balance is

(13-27a)

For immiscible phases,  =  and  = Ê. Solving for y, we obtain the operating equation

(13-27b)

Except that this equation uses masses of raffinate and extract instead of flow rates, it is essentially the
same as the continuous operating equation for a single-stage system (Eq. (13-19) with j = 1). Thus, the
solution is identical to the continuous solution and can be obtained either graphically (Figures 13-9 and
13-10) or analytically Eq. (13-21) for linear isotherms with j = 1).
Additional purification can be attained by doing repeated batch extractions in the same tank. If the fresh
feed is contacted with fresh solvent, the extract phase is removed, and then the raffinate is contacted again
with fresh solvent, the operation is essentially identical to continuous cross-flow systems. The use of two-
stage countercurrent contacting is more common (Frank et al., 2008). To start up this operation, the fresh
feed is contacted first with fresh solvent. After removing the extract phase, the raffinate is contacted with
fresh solvent again. The raffinate is removed as raffinate product, and the extract phase is saved in the
tank. This completes the startup for the two-stage countercurrent batch contactor. For the next batch, the
fresh feed is contacted with the saved extract. After settling and removal, the extract phase from this
contacting is the extract product. The raffinate phase remaining in the tank is contacted with fresh solvent,
and the mixture is allowed to settle. The raffinate phase is removed as the raffinate product, and the
extract phase is left in the tank ready for the next batch. The operation can be repeated many times.
Sketching the process will probably be helpful in understanding it (see Problem 13.A13).
If we want to totally remove the solute from the diluent and have it dissolved in a solvent, the continuous
solvent addition batch extraction shown in Figure 13-11 will use less solvent than repeated single-stage
batch extractions. A solvent that is pre-saturated with diluent is added continuously to a mixed tank that
contains the feed. The raffinate and extract phases are separated in a settler with withdrawal of the extract
product and recycle of the diluent.



Figure 13-11. Continuous solvent addition batch extraction

This process is analogous to constant level batch distillation (section 9.3.) and the analysis for
immiscible extraction is very similar to the analysis in that section. If we assume that the level in the
mixed tank is constant, then the overall mass balance becomes in = out, and for d  kg of entering solvent,

(13-28a)

For the component balance, since there is no entering solute, the equation is -out = accumulation,

(13-28b)

where  is the mass of raffinate phase in the tank plus settler and xt is the mass fraction solute in the
raffinate phase. If we assume that the raffinate holdup is much greater than the solvent holdup Êt, then 

, and Eq. (13-29b) simplifies to

(13-28c)

Assuming  is constant, substituting in Eq. (13-28a) and integrating, we obtain

(13-29a)

where y and xt are in equilibrium and  is the total mass of solvent added. In general, this equation can
always be integrated numerically or graphically. If equilibrium is linear, y = Kdx, analytical integration is
straightforward and the result is

(13-29b)

Numerical calculations for this process are in Problem 13.D20.
If the solvent and diluents are partially miscible, the methods in sections 13.7 to 13.13 need to be used.
The development of Eqs. (13-28a) to (13-29b) is only valid after enough solvent has been added to the
feed that two phases form. Since Kd is not usually constant, Eq. (13-29b) cannot be used. Integration of



Eq. (13-29a) usually needs to be done numerically. The resulting amount of solvent added t is the amount
added after addition of enough solvent to form two phases.

13.7 Extraction Equilibrium for Partially Miscible Ternary Systems
All extraction systems are partially miscible to some extent. When partial miscibility is very low, as for
toluene and water, we can treat the system as if it were completely immiscible and use McCabe-Thiele
analysis or the Kremser equation. When partial miscibility becomes appreciable, it can no longer be
ignored, and a calculation procedure that allows for variable flow rates must be used. In this case a
different type of stage-by-stage analysis, which is very convenient for ternary systems, can be used. For
multicomponent systems, computer calculations are required.
Extraction systems are noted for the wide variety of equilibrium behavior that can occur in them. In the
partially miscible range utilized for extraction, two liquid phases will be formed. At equilibrium the
temperatures and pressures of the two phases will be equal and the compositions of the two phases will
be related. The number of independent variables that can be arbitrarily specified (i.e., the degrees of
freedom) for a system at equilibrium can be determined from the Gibbs phase rule F = C − P + 2, which
for a ternary extraction is F = 3 − 2 + 2 = 3 degrees of freedom. In an extraction, temperature and pressure
are almost always constant so only one degree of freedom remains. Thus, if we specify the composition of
one component in either phase, all other compositions will be set at equilibrium.
Extraction equilibrium data are easily shown graphically as either right triangular diagrams or equilateral
triangular diagrams. Figure 13-12 shows the data listed in Table 13-4 for the system water-chloroform-
acetone at 25°C on a right triangular diagram. We have chosen chloroform as solvent, water as diluent,
and acetone as solute. We could also call water the solvent and chloroform the diluent if the feed was an
acetone-chloroform mixture. Curved line AEBRD represents the solubility envelope for this system. Any
point below this line represents a two-phase mixture that will separate at equilibrium into a saturated
extract phase and a saturated raffinate phase. Line AEB is the saturated extract line, while line BRD is the
saturated raffinate line. Point B is called the plait point where extract and raffinate phases are identical.
Remember that the extract phase is the phase with the higher concentration of solvent. Tie line ER
connects extract and raffinate phases that are in equilibrium.

Figure 13-12. Equilibrium for water-chloroform-acetone at 25°C and 1 atm

Table 13-4. Equilibrium data for the system water-chloroform-acetone at 1 atm and 25°C (Alders,
1959; Perry and Green, 1997, p. 2–33)



Point N in Figure 13-12 is a single phase because the ternary system is miscible at these concentrations.
Point M represents a mixture of two phases, since it is in the immiscible range for this ternary system. At
equilibrium the mixture represented by M will separate into a saturated raffinate phase and a saturated
extract phase in equilibrium with each other. Either of the conjugate lines shown in Figure 13-12 can be
used to draw tie lines. Consider tie line ER, which was found by drawing a horizontal line from point E
to the conjugate line (point C) and then a vertical line from point C to the saturated raffinate curve (point
R). Points E and R are in equilibrium, so they are on the ends of a tie line. This construction is shown in
Figure 13-13 for different equilibrium data. This procedure is analogous to the use of an auxiliary line on
an enthalpy-composition diagram as illustrated in Figure 2-5.
To find the raffinate and extract phases that result when mixture M separates into two phases, we need a
tie line through point M. This requires a simple eyeball trial-and-error calculation. Guess the location of
the end point of the tie line on the saturated extract or raffinate curve, construct a tie line through this
point, and check if the line passes through point M. If the first guess does not pass through M, repeat the
process until you find a tie line that does. This is not too difficult because the tie lines that are close to
each other are approximately parallel.
The solubility envelope, tie lines, and conjugate lines shown on the triangular diagrams are derived from
experimental equilibrium data. To obtain these data a mixture can be made up and allowed to separate in
a separatory funnel. Then the concentrations of extract and raffinate phases in equilibrium are measured.
This measurement will give the location of one point on the saturated extract line, one point on the
saturated raffinate line, and the tie line connecting these two points. One point on the conjugate line can be
constructed from this tie line by reversing the procedure used to construct a tie line when the conjugate
line was known (Figure 13-13).

Figure 13-13. Construction of tie line using conjugate line

The equilibrium data represented by Figure 13-12 are often called a type I system, since there is one pair
of immiscible binary compounds. It is also possible to have systems with zero, two, and three immiscible
binary pairs (Alders, 1959; Macedo and Rasmussen, 1987; Sorenson and Arlt, 1979, 1980; Walas, 1985).
It is possible to go from a type I to a type II system as temperature decreases. This is shown in Figure 13-



14 (Fenske et al., 1955) for the methylcyclohexane-toluene-ammonia system. At 10°F this is a type II
system.
Figure 13-14. Effect of temperature on equilibrium of methylcyclohexane-toluene-ammonia system

from Fenske et al., AIChE Journal, 1, 335 (1955), copyright 1955, AIChE

We will use right triangular diagrams exclusively in the remainder of this chapter because they are easy to
read, they don’t require special paper, the scales of the axes can be varied, and portions of the diagram
can be enlarged. Although equilateral diagrams have none of these advantages, they are used extensively
in the literature for reporting extraction data; therefore it is important to be able to read and use this type
of extraction diagram.
Equilibrium data can be correlated and estimated with thermodynamic models that calculate activity
coefficients. Although these calculations are similar to those for vapor-liquid equilibrium (VLE) they are
more complicated and generally less accurate. An extensive compilation of data and UNIQUAC and
NRTL parameters is given by Sorenson and Arlt (1979, 1980) and Macedo and Rasmussen (1987).

13.8 Mixing Calculations and the Lever-Arm Rule
Triangular diagrams can be used for mixing calculations. In Figure 13-15A a simple mixing operation is
shown, where streams F1 and F2 are mixed to form stream M. Streams F1, F2, and M can be either single-
phase or two-phase. Operation of the mixer is assumed to be isothermal. For ternary systems there are
three independent mass balances. With right triangular diagrams it is convenient to use the diluent
balance, the solute balance, and the overall mass balance. The solvent mass balance will be automatically
satisfied if the three independent balances are satisfied. The nomenclature is in fraction units (see Table
13-2).

Figure 13-15. Mixing operation; (A) equipment, (B) triangular diagram



For the mixing operation in Figure 13-15A the flow rates F1 and F2 would be given as well as the
concentration of the two feeds: xA,F1

, xD,F1
, xA,F2

, xD,F2
. The three independent mass balances used to

solve for M, xA,M and xD,M are

(13-30a)

(13-30b)

(13-30c)

The concentrations of the mixed stream M are

(13-31a)

(13-31b)

We will now show that points F1, F2, and M are collinear as shown in Figure 13-15B. We will first use
Eq. (13-30a) to remove the mixed stream flow rate M from Eqs. (13-30b) and (13-30c). Next, we solve
the resulting equations for the ratio F1/F2 and then set these two equations equal to each other. The
manipulations are as follows:

F1xA,F1
 + F2xA,F2

 = (F1 + F2) xA,M

F1xD,F1
 + F2xD,F2

 = (F1 + F2) xD,M

Then

(13-32a)



(13-32b)

Finally, setting these equations equal to each other and rearranging, we have

(13-33)

Equation (13-33), the three-point form of a straight line, states that the three points (xA,M, xD,M) (xA,F2
,

xD,F2
) and (xA,F1

, xD,F1
) lie on a straight line. The manipulations used to derive Eq. (13-33) are very

similar to those used to develop difference points for countercurrent calculations, and we will return to
them shortly.
It will often prove convenient to be able to determine the location of the mixing point on the line between
F1 and F2 without having to solve the mass balances analytically. This can be done using Eqs. (13-32a) or
13-32b), which relate the ratio of the feed rates to differences in the ordinate and abscissa, respectively.
With F1/F2, xA,F1

, xA,F2
 known, Eq. (13-31a) can be used to find xA,M. Equation (13-31b) can be used in a

similar way to find xD,M.

In Figure 13-16 similar triangles F1AM and MBF2 have been drawn. Since the triangles are similar,

(13-34a)

Figure 13-16. Development of lever-arm rule with similar triangles

Rearranging this formulation, we have

(13-34b)

where the bar denotes distance. According to Eq. (13-32b), the right-hand side of this equation is equal to
F1/F2. Thus, we have shown that



(13-35)

Equation (13-35) is the lever-arm rule, which was first introduced in Figure 2-10. It may be helpful to
review that material now. By measuring along the straight line between F1 and F2 we can find point M so
that the lever-arm rule is satisfied. When you use the lever-arm rule, you don’t need the individual values
of the flow rates F1 and F2 to find the location of M.

Using Eq. (13-35), point M might be found by trial-and-error. Since this is a cumbersome procedure, it is
worthwhile to develop the lever-arm rule in a different form. These alternative forms are

(13-36)

In this form the lever-arm rule is useful for finding the location of a stream M that is the sum of the two
streams F1 and F2.

13.9 Partially Miscible Single-Stage and Cross-Flow Systems
Single-stage extraction systems can easily be solved with the tools we have developed. A batch extractor
would consist of a single vessel equipped with a mixer. The two feeds would be charged to the vessel,
mixed, and then allowed to settle into the two product phases. A continuous single-stage system requires a
mixer and a settler as shown in Figure 13-2. Here the feed and solvent are fed continuously to the mixer,
and the raffinate and extract products are continuously withdrawn from the settler. Figure 13-17 shows
this schematically. The calculation procedures for batch and continuous operation are the same, the only
real difference being that in batch operations S, F, M, E, and R are measured as total weight of material,
whereas in continuous operation they are flow rates.

Figure 13-17. Continuous mixer-settler

Usually the solvent and feed streams will be completely specified in addition to temperature and
pressure. Thus, the known variables are S, F, yA,S, yD,S, xA,F, xD,F, T, and p. The values of E, R, yA,E, yD,E,
xA,R, and xD,R are usually desired. If we make the usual assumption that the mixer-settler combination acts
as one equilibrium stage, then streams E and R are in equilibrium with each other.
The calculation method proceeds as follows. 1) Plot the locations of S and F on the triangular equilibrium
diagram. 2) Draw a straight line between S and F, and use the lever-arm rule or Eqs. (13-31) to find the
location of the mixed stream M. Now we know that stream M settles into two phases in equilibrium with
each other. Therefore, 3) construct a tie line through point M to find the compositions of the extract and
raffinate streams. 4) Find the ratio E/R using mass balances. We will follow this method to solve the
following example.

Example 13-3. Single-stage extraction

A solvent stream containing 10% by weight acetone and 90% by weight chloroform is used to extract
acetone from a feed containing 55 wt % acetone and 5 wt % chloroform with the remainder being
water. The feed rate is 250 kg/h, while the solvent rate is 400 kg/h. Operation is at 25 °C and



atmospheric pressure. Find the extract and raffinate compositions and flow rates when one
equilibrium stage is used for the separation.

Solution

A. Define. The equipment sketch is the same as Figure 13-17 with S = 400, yA,S = 0.1, yS,S = 0.9, yD,S
= 0 and F = 250, xA,F = 0.55, xS,F = 0.05, xD,F = 0.40. Find xA,R, xD,R, yA,E, yD,E, R, and E.

B. Explore. Equilibrium data are obviously required. They can be obtained from Table 13-4 and
Figure 13-12.

C. Plan. Plot streams F and S. Find mixing point M from the lever-arm rule or from Eqs. (13-31).
Then a tie line through M gives locations of streams E and R. Flow rates can be found from mass
balances.

D. Do it. The graphical solution is shown in Figure 13-18. After locating streams F and S, M is on the
line SF and can be found from the lever arm rule,

or from Eq. (13-31a),

Figure 13-18. Solution for single-stage extraction, Example 13-3

A tie line through M is then constructed by trial-and-error, and the extract and raffinate locations
are obtained. Concentrations are

The flow rates can be determined from the mass balances M = E + R and MxA,M = EyA,E + RxA,R

Solving for R, we obtain

(13-37)

or 
and E = M − R = 650 −125.36 = 524.64.

The lever arm rule can also be used but tends to be slightly less accurate.
E. Check. We can check the solute or diluent mass balances. For example, the solute mass balance is



SyA,S + FxA,F = EyA,E + RxA,R

which is
(400)(0.1) + (250)(0.55) = (524.64)(0.30) + (125.36)(0.16)

or 177.5 ~ 177.45, which is well within the accuracy of the calculation. The diluent mass balance
also checks.

F. Generalize. This procedure is similar to the one we used for binary flash distillation in Figure 2-9.
Thus, there is an analogy between distillation calculations on enthalpy-composition diagrams
(Ponchon-Savarit diagrams) and extraction calculations on triangular diagrams.

From this example it is evident that a single extraction stage is sufficient to remove a considerable
amount of acetone from water. However, quite a bit of solvent was needed for this operation, the
resulting extract phase is not very concentrated, and the raffinate phase is not as dilute as it could be.
The separation achieved with one equilibrium stage can easily be enhanced with a cross-flow system
as shown in Figure 13-19. Assume that a cross-flow stage is added to the problem given in Example
13-3 and another 400 kg/h of solvent (stream S2 with 10% acetone, 90% chloroform) is used in stage
2. The concentrations of E2 and R2 are easily found by doing a second mixing calculation with
streams S2 and R1. During this mixing calculation, Rj−1 (the feed to stage j) is different for each stage.
A tie line through the new mixing point M2 (Figure 13-19B) gives the location of streams E2 and R2.
Note that xA,R2

 < xA,R1
 as desired.

Figure 13-19. Cross-flow extraction; (A) cascade, (B) solution of triangular diagram

In Section 13.4 we found that cross-flow systems are less efficient than countercurrent systems. In the
next section the calculations for countercurrent cascades will be developed.

13.10 Countercurrent Extraction Cascades for Partially Miscible Systems
13.10.1 External Mass Balances
A countercurrent cascade allows for more complete removal of the solute, and the solvent is reused so
less is needed. A schematic diagram of a countercurrent cascade is shown in Figure 13-20. All
calculations will assume that the column is isothermal and isobaric and is operating at steady state. In the
usual design problem, the column temperature and pressure, the flow rates and compositions of streams F
and S, and the desired composition (or percent removal) of solute in the raffinate product are specified.
The designer is required to determine the number of equilibrium stages needed for the specified
separation and the flow rates and compositions of the outlet raffinate and extract streams. Thus, the known



variables are T, p, RN+1, E0, xA,N+1, yA,0, yD,0, and xA,1, and the unknown quantities are EN, R1, xD,1, yA,N,
yD,N, and N.

Figure 13-20. Countercurrent extraction cascade

For an isothermal ternary extraction problem, the outlet compositions and flow rates can be calculated
from external mass balances used in conjunction with the equilibrium relationship. The mass balances
around the entire cascade are

(13-38a)

(13-38b)

(13-38c)

Since five variables are unknown (actually, there are seven, but xS,1 and yS,N are easily found once xA,1,
xD,1, yA,N, and yD,N are known), a total of five independent equations are needed.

To find two additional relationships, note that streams R1 and EN are both leaving equilibrium stages.
Thus, the compositions of stream R1 must be related in such a way that R1 is on the saturated raffinate
curve. This gives a relationship between xA,1 and xD,1. Similarly, since stream EN must be a saturated
extract, yA,N and yD,N are related. If the saturated extract and saturated raffinate relationships are known
in analytical form, these two equations can be added to the three mass balances, and the resulting five
equations can be solved simultaneously for the five unknowns.
The procedure can also be carried out conveniently on a triangular diagram. Let us represent the cascade
shown in Figure 13-20 as a mixing tank followed by a black box separation scheme that produces the
desired extract and raffinate as shown in Figure 13-21A. In Figure 13-21A, streams EN and R1 are not in
equilibrium as they were in Figure 13-17, but stream EN is a saturated extract and stream R1 is a saturated
raffinate. The external mass balances for Figure 13-21A are

(13-39a)

(13-39b)

(13-39c)

Figure 13-21. External mass-balance calculation; (A) mixer-separation representation, (B) solution
on triangular diagram



The coordinates of point M can be found from Eqs. (13-39):

(13-40a)

(13-40b)

Since Eq. (13-39) are the same type of mass balances as for a mixer, the points representing streams EN,
R1, and M lie on a straight line given by

(13-41)

and the flow rates are related to the length of line segments by the lever-arm rule. We also know that EN
must lie on the saturated extract line and R1 must lie on the saturated raffinate line. Since xA,1 is known,
the location of R1 on the saturated raffinate line can be found. A straight line from R1 extended through M
(found from xA,M and xD,M or from the lever-arm rule) will intersect the saturated extract stream at the
value of EN. This construction is illustrated in Figure 13-21B. Note that this procedure is very similar to
the one used for single equilibrium stages, but the line R1MEN is not a tie line. Mass balances can then be
used to solve for the flow rates EN and R1.

The external mass balance and the equilibrium diagram in Figure 13-21B can be used to determine the
effect of variation in the feed or solvent concentrations, the raffinate concentration, or the ratio F/S on the
resulting separation. For example, if the amount of solvent is increased, the ratio of F/S will decrease.
The mixing point M will move toward point S, and the resulting extract will contain less solute.

13.10.2 Difference Points and Stage-by-Stage Calculations
To determine the number of stages or flow rates and compositions inside the cascade, stage-by-stage
calculations are needed after we use the external mass balances to find concentrations. But first we use
the external mass balances to find concentrations yA,N and yD,N and flow rates EN and R1. Starting at stage
1 (Figure 13-20) we note that streams R1 and E1 both leave equilibrium stage 1. Therefore, these two
streams are in equilibrium and the concentration of stream E1 can be found from an equilibrium tie line.

Streams E1 and R2 pass each other in the diagram and are called passing streams. These streams can be



related to each other by mass balances around stage 1 and the raffinate end of the extraction train. The
unknown variables for these mass balances are concentrations xA,2, xD,2, and xS,2 and flow rates E1 and
R2. Concentration xS,2 can be determined from the stoichiometric relation xS,2 = 1.0 − xA,2 − xD,2. Taking
this equation into account, there are four unknowns (E1, R2, xA,2, and xD,2) but only three independent mass
balances. What is the fourth relation that must be used?
To develop a fourth relation we must realize that stream R2 is a saturated raffinate stream. Thus, it will be
located on the saturated raffinate line, and xA,2 and xD,2 are related by the relationship describing the
saturated raffinate line. With four equations and four unknowns we can now solve for the variables E1,
R2, xA,2, and xD,2.

To continue along the column, we repeat the procedure for stage 2. Since streams E2 and R2 are in
equilibrium, a tie line will give the concentration of stream E2. Streams E2 and R3 are passing streams;
thus, they are related by mass balances. It will prove to be convenient if we write the mass balances
around stages 1 and 2 instead of around stage 2 alone. The fourth required relationship is that stream R3
must be a saturated raffinate stream. The stage-by-stage calculation procedure is then continued for stages
3, 4, etc. When the calculated solute concentration in the extract is greater than or equal to the specified
concentration, that is, yA,jcalc

 ≥ yA,Nspecified
, the problem is finished.

These stage-by-stage calculations can be done analytically and can be programmed for spreadsheet
solution if equations are available for the tie lines and the saturated extract and saturated raffinate curves.
If the equations are not readily available, either the equilibrium data must be fitted to an analytical form
or a data matrix with a suitable interpolation routine must be developed. Graphical techniques can be
employed and have the advantage of giving a visual interpretation of the process.
In a graphical procedure for countercurrrent systems the equilibrium calculations can easily be handled by
constructing tie lines. The relation between xA,j and xD,j is already shown as the saturated raffinate curve.
All that remains is to develop a method for representing the mass balances graphically.
Referring to Figure 13-20, we can do a mass balance around the first stage. After rearrangement, this is

E0 − R1 = E1 − R2

If we now do mass balances around each stage and rearrange each balance as the difference between
passing streams, we obtain

(13-42a)

Thus, the difference in flow rates of passing streams is constant even though both the extract and raffinate
flow rates are varying. The same difference calculation can be repeated for solute A,

(13-42b)

and for diluent D,

(13-42c)

The differences in flow rates (which is the net flow) of solute and diluent are constant.



Equations (13-42) define a difference or Δ (delta) point. The coordinates of this point are easily found
from Eqs. (13-42b) and (13-42c).

(13-43a)

(13-43b)

where Δ is given by Eq. (13-42a). xA,Δ and xD,Δ are the coordinates of the difference point and are not
compositions that occur in the column. Note that xA,Δ and xD,Δ can be negative.

The difference point can be treated as a stream for mixing calculations. Thus, Eqs. (13-42a), (13-42b),
(13-42c) show that the following points are collinear.

Δ(XA,ΔXD,Δ), E0(YA,0, YD,0), R1(XA,1, XD,1)

Δ(XA,ΔXD,Δ), E1(YA,1, YD,1), R2(XA,2, XD,2)

Δ(XA,ΔXD,Δ), Ej(YA,j, YD,j), Rj+1(XA,j+1, XD,j+1)

Δ(XA,ΔXD,Δ), EN(YA,N, YD,N), RN+1(XA,N+1, XD,N+1)

The existence of these straight lines and the applicability of the lever-arm rule can be proved by deriving
Eq. (13-44).

(13-44)

Since all pairs of passing streams lie on a straight line through the Δ point, the Δ point is used to
determine operating lines for the mass balances. A difference point in each section replaces the single
operating line used on a McCabe-Thiele diagram. The procedure for stepping off stages will be
illustrated after we discuss finding the location of the Δ point.
There are three methods for finding the location of Δ:
1. Graphical construction. Since the points Δ, E0, and R1; and Δ, EN, and RN+1 are on straight lines, we

can draw these two straight lines. The point of intersection must be the Δ point. For the typical design
problem (see Figure 13-20), points RN+1, E0, and R1 are easily plotted. EN can be found from the
external balances (Figure 13-21B). Then Δ is found as shown in Figure 13-22.

Figure 13-22. Location of difference point for typical design problem



2. Coordinates. The coordinates of the difference point were found in Eq. (13-43). These coordinates
can be used to find the location of Δ. It may be convenient to draw one of the straight lines in method 1
(such as line ) and use one of the coordinates (such as xD,Δ) to find Δ. This procedure is useful
since accurate graphical determination of Δ can be difficult.

3. Lever-arm rule. The general form of the lever-arm rule for two passing streams is

(13-45)

The lever-arm rule can be used to find the Δ point. For instance, if flow rates R1 and E0 are known, then Δ
can be found on the straight line through points R1 and E0 at a distance that satisfies Eq. (13-45) with j =
0.
Consider again the stage-by-stage calculation routine that was outlined previously. We start with the
known concentration of raffinate product stream R1 and use an equilibrium tie line (stage 1) to find the
location of saturated extract stream E1 (see Figure 13-23). The points representing Δ, E1, and R2 are
collinear, since E1 and R2 are passing streams. If the location of Δ is known, the straight line from Δ to E1
can be drawn and then be extended to the saturated raffinate curve. This has to be the location of stream
R2 (see Figure 13-23). Thus, the difference point allows us to solve the three simultaneous mass balances
by drawing a single straight line—the operating line. The procedure may be continued by constructing a
tie line (representing stage 2) to find the location of stream E2 that is in equilibrium with stream R2. Then
the mass balances are again solved simultaneously by drawing a straight line from Δ through E2 to the
saturated raffinate line, which locates R3. This process of alternating between equilibrium and mass
balances is continued until the desired separation is achieved. The stages are counted along the tie lines,
which represent extract and raffinate streams in equilibrium. To obtain an accurate solution, a large piece
of graph paper is needed and care must be exercised in constructing the diagram.

Figure 13-23. Stage-by-stage solution

Before continuing you should carefully reread the preceding paragraph; it contains the essence of the
stage-by-stage calculation method.



In Figure 13-23 we see that two equilibrium stages do not quite provide sufficient separation, and three
equilibrium stages provide more separation than is needed. In a case like this, an approximate fractional
number of stages can be reported.

This fraction can be measured along the curved saturated extract line. It should be stressed that the
resulting number of stages, 2.2, is only approximate. The fractional number of stages is useful when the
actual stages are not equilibrium stages. Thus, if a sieve-plate column with an overall plate efficiency of
25% were being used, the actual number of plates required would be

If a mixer-settler system were used, where each mixer-settler combination is approximately an
equilibrium stage, then we would have three choices: 1) Use three stages, and obtain more separation than
desired; 2) use two stages, and obtain less separation than desired; or 3) change the feed-to-solvent ratio
to obtain the desired separation with exactly two or exactly three equilibrium stages.
One further important point should be stressed with respect to Figure 13-23. If two equilibrium stages
were used with F/S = 2 as in the original problem statement, the saturated extract would not be located at
the value E2 shown on the graph and saturated raffinate would not be at the value R1 shown. The streams
R1 and E2 do not satisfy the external mass balance for this system. The values R1 and EN do, but R1 and
E2 do not. The exact compositions of the product streams for a two-stage system require a trial-and-error
solution.
What do we do if flow rate E0 is less than R1? The easiest solution is to define Δ so that it is now
positive.

(13-46)

Δ is still equal to the difference between the flow rates of any pair of passing streams, but it is now
raffinate minus extract. The corresponding lever-arm rule for any pair of passing streams is still Eq. (13-
45), but the Δ point will be on the opposite side of the triangular diagram. This situation is shown in
Figure 13-24. The stage-by-stage calculation procedure is unchanged when the location of Δ is on the
right side of the diagram.

Figure 13-24. Location of difference point when R1 > E0

13.10.3 Complete Partially Miscible Extraction Problem
At this point you should be ready to solve a complete extraction problem.



Example 13-4. Countercurrent extraction

A solution of acetic acid (A) in water (D) is to be extracted using isopropyl ether as the solvent (S).
The feed is 1000 kg/h of a solution containing 35 wt % acid and 65 wt % water. The solvent used
comes from a solvent recovery plant and is essentially pure isopropyl ether. Inlet solvent flow rate is
1475 kg/h. The exiting raffinate stream should contain 10 wt % acetic acid. Operation is at 20°C and
1 atm. Find the outlet concentrations and the number of equilibrium stages required for this
separation. The equilibrium data are given by Treybal (1968) and are reproduced in Table 13-5.

Table 13-5. Equilibrium data for water-acetic acid-isopropyl ether at 20°C and 1 atm

Solution

A. Define. The extraction will be a countercurrent system as shown in Figure 13-20. F = 1000, xA,F =
0.35, xD,F = 0.65, S = 1475, yA,S = 0, yD,S = 0, xA,1 = 0.1. Find xD,1, yA,N, yD,N, and N.

B, C. Explore and plan. This looks like a straightforward design problem. Use the method illustrated
in Figures 13-22 and 13-24 to find Δ. Then step off stages as illustrated in Figure 13-23.

D. Do it. The solution is shown in Figure 13-25.
1. Plot equilibrium data and construct conjugate line.
2. Plot locations of streams E0 = S, RN+1 = F, and R1.
3. Find mixing point M on line through points S and F at xA,M value calculated from Eq. (13-40a).

4. Line R1M gives point EN.
5. Find Δ point as intersection of straight lines E0R1 and ENRN+1

6. Step off stages, using the procedure shown in Figure 13-23. To keep the diagram less crowded,
the operating lines, ΔEj Rj+1, are not shown. You can use a straight edge on Figure 13-25 to check
the operating lines. A total of 5.8 stages are required.

E. Check. Small errors in plotting the data or in drawing the operating and tie lines can cause fairly
large errors in the number of stages required. If greater accuracy is required, a much larger scale
and more finely divided graph paper can be used, or a McCabe-Thiele diagram (see the next



section) or computer methods can be used.
Figure 13-25. Solution to Example 13-4

13.11 Relationship between McCabe-Thiele and Triangular Diagrams for Partially
Miscible Systems
Stepping off a lot of stages on a triangular diagram can be difficult and inaccurate. More accurate
calculations can be done with a McCabe-Thiele diagram. Since total flow rates are not constant, the
triangular diagram and the Δ point are used to plot a curved operating line on the McCabe-Thiele
diagram. This construction is illustrated in Figure 13-26 for a single point. For any arbitrary operating
line (which must go through Δ), the values of the extract and raffinate concentrations of passing streams
(yA,op, xA,op) are easily determined. These concentrations must represent a point on the operating line in
the McCabe-Thiele diagram. Thus, the values of yA,op and xA,op are transferred to the diagram. Since the
raffinate value is an x, the y = x line is used to find x. A very similar procedure was used in Figure 2-6B
to relate McCabe-Thiele to enthalpy-composition diagrams.

Figure 13-26. Use of triangular diagram to plot operating line on McCabe-Thiele diagram

When this construction is repeated for a number of arbitrary operating lines, a curved operating line is
generated on the McCabe-Thiele diagram. The equilibrium data, yA vs xA, can also be plotted. Then
stages can be stepped off on the diagram. This is shown in Figure 13-27 for Example 13-4. The
equilibrium data were obtained from Table 13-5. The Δ point on the triangular diagram was used to find
the operating line. The answer is 6 1/6 stages, which is reasonably close to the 5.8 found in Example 13-
4.



Figure 13-27. Use of triangular and McCabe-Thiele diagrams to solve Example 13-4

Note that the operating line is close to straight. Thus, Rj+1/Ej is approximately constant. This occurs when
the change in solubility of the solvent in the raffinate streams is approximately the same as the change in
solubility of the diluent in the extract streams. When the changes in partial miscibility of the extract and
raffinate phases are very unequal, Rj+1/Ej will vary significantly and the operating line will show more
curvature. When the feed is not pre-saturated with solvent and the entering solvent is not presaturated with
diluent, there can be a large change in flow rates on stages 1 and N. This is not evident in Figure 13-27,
since the extract and raffinate phases are close to immiscible for the ranges of concentration shown.
The McCabe-Thiele diagrams are useful for more complicated extraction columns such as those with two
feeds or extract reflux (Wankat, 1982, 1988).



13.12 Minimum Solvent Rate for Partially Miscible Systems
As the solvent rate is increased, the separation should become easier, and the outlet extract stream, EN,
should become more diluted. The effect of increasing S/F is shown in Figure 13-28. As S/F increases, the
mixing point moves toward the solvent and the solute concentration in stream EN decreases. Starting with
a low value of S/F, the difference point starts on the right-hand side of the diagram (Rj+1 > Ej) and moves
away from the diagram as S/F increases. When Rj+1 = Ej, Δ is at infinity. A further increase in S/F puts Δ
on the left-hand side of the diagram (Rj+1 < Ej). It now moves toward the diagram as S/F continues to
increase. Some of these S/F ratios will be too low, and even a column with an infinite number of stages
will not be able to do the desired separation.

Figure 13-28. Effect of increasing S/F; (S/F)4 > (S/F)3 > (S/F)2 > (S/F)1

It is often of interest to calculate the minimum amount of solvent that can be used and still obtain the
desired separation. The minimum solvent rate (or minimum S/F) is the rate at which the desired
separation can be achieved with an infinite number of stages. If less solvent is used, the desired
separation is impossible; while if more solvent is used, the separation can be achieved with a finite
number of stages. The corresponding Δ value, Δmin, thus, represents the dividing point between
impossible cases and possible solutions. This situation is analogous to minimum reflux in distillation.
To determine Δmin and hence (S/F)min, we note that to have an infinite number of stages, tie lines and
operating lines must coincide (be parallel) somewhere on the diagram. This will require an infinite
number of stages. The construction to determine Δmin is shown in Figure 13-29 for Example 13-4, and is
outlined here.
1. Draw and extend line R1S.
2. Draw a series of arbitrary tie lines in the range between points F and R1. Extend these tie lines until

they intersect line R1S.
3. Δmin is located at the point of intersection of a tie line that is closest to the diagram on the left-hand

side or furthest from the diagram if on the right-hand side. Thus, Δmin is at the largest S/F that requires
an infinite number of stages. Often the tie line that when extended goes through the feed point is the
desired tie line. This is not the case in Figure 13-29.

4. Draw the line ΔminF. The intersection of this line with the saturated extract curve is EN,min.
5. Draw the line from EN,min to R1. Intersection of this line with the line from S to F gives Mmin.
6. From the lever-arm rule, . In Figure 13-29, (S/F)min = 1.296 and Smin = 1296 kg/h. The

actual solvent rate for Example 13-4 is 1475 kg/h, so the ratio S/Smin = 1.138. Use of more solvent in



Figures 13-25 or 13-27 would decrease the required number of stages.
Figure 13-29. Determination of minimum solvent rate

On a McCabe-Thiele diagram the behavior will appear simpler. At low S/F the operating line will
intersect the equilibrium curve. As S/F increases, the operating line will eventually just touch the
equilibrium curve (minimum solvent rate). Then as S/F increases further, the operating line will move
away from the equilibrium curve. Unfortunately, since the operating line is curved, it may be difficult to
find an accurate value of S/F from the McCabe-Thiele diagram. An approximate value can easily be
estimated.

13.13 Extraction Computer Simulations
Partially miscible ternary and multi-solute extraction systems can be set up for computer calculations. If
we redraw and renumber the countercurrent extraction column (Figure 13-20) as shown in Figure 13-30
and relate R to L and E to V, the extraction column is analogous to a stripping or absorption column. The
mass balances will be identical to those for absorption and stripping [Eqs. (12-45) to (12-48)] and they
can be arranged into a tridiagonal matrix, Eq. (6-13). The new flow rates Lj (Rj) and Vj (Ej) can be
determined from the summation Eqs. (12-49) and (12-50) using convergence check Eq. (12-51). The
energy balances can again be written as Eq. (12-52) and the multivariate Newtonian solution method
shown in Eqs. (12-53) to (12-58) is again applicable.

Figure 13-30. Extraction column numbered for matrix calculations

The flowsheet for the calculation shown in Figure 12-13 is applicable except that because of the nonideal
behavior of extraction equilibrium a convergence loop for xi,j and yi,j must be added. This loop may cause
convergence problems.
Computer calculations for extraction can also be applied to more complex extraction systems such as
two-feed extractors or extraction with extract reflux. The triangular diagrams for these systems are



considered in detail by Wankat (1982, 1988).
The analogy between stripping and extraction breaks down when one considers equilibrium (also
hydraulics and efficiencies, but they do not affect the computer calculation). Our understanding of VLE is
more advanced than our understanding of LLE and the data banks available in process simulators are
much more complete and accurate for VLE than for LLE. Many of the correlations that work well for VLE
will not work for LLE.
The correlations that are suggested for LLE are UNIQUAC and NRTL (Sorenson and Arlt, 1979, 1980;
Macedo and Rasmussen, 1987; Walas, 1985). To obtain useful fits with experimental data specific
parameters for the liquid-liquid system, not general parameters used for VLE, should be used (see
Appendix B at back of book). If an extraction system will be used for which equilibrium data are
unavailable, simulations can be used to determine if the system is worth investigating experimentally
(Walas, 1985); however, the LLE must be measured experimentally before the system can be designed
with confidence.
Application of Aspen Plus for extraction is delineated in the appendix to this chapter.

13.14 Design of Mixer-Settlers
Extraction systems have design conditions that often compete with each other. First, we would like a high
surface area between the continuous and discontinuous phases (large number of small drops) to give a
high mass transfer rate, and we want vigorous mixing to increase the continuous phase mass transfer
coefficient. On the other hand, we would like a rapid settling (or rising if discontinuous phase is less
dense) velocity for drops so that we can operate at higher flow rates. Since settling velocity is
proportional to the drop diameter squared [shown later in Eq. (13-57)], large drops settle faster. Settling
velocity is also directly proportional to the density difference between the two phases and is inversely
proportional to viscosity. Finally, we do not want stable emulsions to form, which implies larger drops,
lower viscosity, and less vigorous mixing are desired.
The mixer-settler shown in Figure 13-2 is one of the more common types of extraction equipment. The
advantages of mixer-settlers are that they can be designed for any capacity, they can be used for batch or
continuous operation, they have high stage efficiency (typically in the range from 0.8 to 1.0), they are
flexible and have a high turndown ratio (can be operated with very different feed rates), they can be
designed based on simple laboratory experiments, they can be staged for countercurrent (illustrated for
washing in Figure 14-1A—extraction will be similar) or cross-flow operation, they can be designed as
more compact multicompartment units that incorporate the mixer and settler in the same shell, and they
work for a large variety of systems. Their disadvantages are that they have a relatively long residence
time that is a problem for unstable compounds, the mixer may cause emulsion formation and the settler
may be unable to separate the emulsion, they are not as compact as many other designs and require a large
footprint (large floor area), they are relatively expensive for high feed rates, and they are expensive if
many stages are required. In this section detailed design of mixers and settlers is discussed, and design of
another type of extraction unit—Karr columns—is discussed in the next section. Mass transfer
characteristics are discussed in Chapter 16.
The purpose of the mixer (Figure 13-31) is to disperse one of the two phases (raffinate = feed and extract
= solvent) in the other phase to provide a large area for mass transfer. Most of the mass transfer occurs in
the mixer. The settler’s job is to undo the dispersion done in the mixer and produce two clear phases. To
some extent, these two operations have opposite requirements. Mass transfer is more rapid if there are a
large number of small droplets, while settling is much faster with large droplets. Thus, the design is a
compromise that balances the needs of the mixer and the settler. The best way to do the design of both



mixer and settler is to use results from simple miniplant experiments.
Figure 13-31. Schematic of mixer for mixer-settler

13.14.1 Mixer Design
Our goal is to achieve high efficiency with high rates of mass transfer while using drops that are large
enough to settle quickly in the settler. According to Eqs. (1-4) and (1-5), the rate of mass transfer is
increased if the area between the two phases is increased. This area can be increased with reasonably
large drops (~ 300 μm or larger) by increasing the volumetric fraction of the dispersed phase, although
volumetric fractions above 0.6 to 0.7 are usually unstable (Treybal, 1980). The designer has significant
control over which phase is dispersed and over the volumetric fraction of the dispersed phase.
Volumetric fraction ϕphase_A is defined as

(13-47a)

Because of buoyancy or sedimentation forces, the dispersed phase tends to move faster than the
continuous phase. Thus, the volumetric fraction of the dispersed phase ϕd is less than or equal to ϕd,feed,
the volume fraction of dispersed phase in the feed.

(13-47b)

Qd and Qc are the volumetric flow rates of the dispersed and continuous phases in the feed. The value of
ϕd is easy to determine experimentally. The mixer is run continuously until steady state is obtained. The
feed and exit lines are closed, the mixer is turned off, and the phases are allowed to settle. The value of
ϕd can then be determined by measuring the volume of the dispersed phase and the total volume and
substitution of the values into Eq. (13-47a).
In general, the phase that is dispersed will conform to the following rules (Frank et al., 2008),



(13-48)

These rules use the volume fractions in the mixer, not the volume fraction in the feed. In the ambivalent
region, the dispersed phase depends on startup procedures, the rate of mixing and geometry of the mixer,
and the materials of construction. In the ambivalent region, the dispersed phase is usually the phase that
fills the mixer first during startup. In general, since metals are wet by aqueous phases, use of metals in the
mixer promotes the aqueous phase becoming the continuous phase. Polymers tend to be wetted by
organics and promote the organic phase becoming the continuous phase. In the ambivalent region, the
dispersed phase may not be stable and phase inversion can occur. This is more likely if there are changes
in the operation such as changes in the stirrer speed or flow rates. As phase inversion is approached,
entrainment increases (Godfrey, 1994); thus, best practice is to not operate too close to phase inversion.
Since both mass transfer rates (see Chapter 16) and settling depend on which phase is dispersed, it is
important to know which phase is dispersed. Mass transfer tends to be higher if the phase with the
controlling resistance is the continuous phase (this may not be possible). A predictive test that is
somewhat more conclusive than Eq. (13-48) can be developed by defining χ (Frank et al., 2008; Jacobs
and Penney, 1987),

(13-49)

ϕL and ϕH are the volume fractions of light and heavy phases, respectively, in the mixer. Then the test is:

(13-50)

If we have experimental data for ϕL and ϕH, Eqs. (13-49) and (13-50) will give us an idea of how stable
the current arrangement of dispersed and continuous phases is.
To predict the behavior of the system without experimental data, we must first estimate the values of ϕL
and ϕH. An approximate method is to assume ϕL and ϕH are both equal to their volumetric fractions in the
feed. This assumption will assign a value that is too large for ϕd for the dispersed phase and too low for
ϕc for the continuous phase. Thus, if the light phase is dispersed, the χ value calculated from Eq. (13-49)
will be larger than the actual value. If the heavy phase is dispersed, the χ value calculated from Eq. (13-
49) will be smaller than the actual value. As a result, the test in Eq. (13-50) is conservative if feed values
are used. More accurate methods of predicting ϕd are considered later.

Mixer tanks (Figure 13-31) usually have baffles to improve the mixing. If the tank is enclosed and is
operated full of liquid, baffles are not required. If there is a liquid-vapor interface, baffles are required to
prevent vortex formation. Baffles typically have a width in the range 1/12 to 1/10 times the tank diameter



(Treybal, 1980). The usual flow direction in a continuous mixer is to have both liquids enter together near
the bottom of the mixer and exit near the top. The typical residence time in the mixer, Vliq-tank/(Qd + Qc),
where Vliq-tank is the volume of liquid in the tank, is in the range of 1 to 3 minutes, although longer times
may be required for reactive systems (Frank et al., 2008). Static mixers are also used, but the residence
time may be too short for adequate mass transfer.
Many different types of agitators are used in mixers. For flat-blade impellers, the typical ratio of impeller
diameter, di to tank diameter dtank ranges from di/dtank = 0.25 to 0.35, and the typical ratio of impeller
width wi to diameter is wi/di = 1/5 to 1/8 (Treybal, 1980). The use of a pump-mix combination that does
both mixing and pumping will reduce costs and is highly desirable (Godfrey, 1994). Unfortunately, almost
all of the data in the literature are on propellers or flat-blade impellers. This lack of literature data is
easily overcome by studying the mixer in a miniplant equipped with a variable-speed mixer. The power P
(Watts) required to completely disperse the system and operating conditions that provide reasonable stage
efficiencies are determined by experiment. Murphree efficiencies are defined as

(13-51)

where x* is the raffinate mass or mole fraction in equilibrium with the exiting extract mass or mole
fraction. Efficiencies of at least 0.8 and preferably in the range from 0.9 to 0.95 are desirable.
Once appropriate experimental conditions have been found, the power number NPo is calculated,

(13-52)

In this equation, P is the power typically in Watts, ω is the revolutions per time typically in s–1, and ρm is
the mixture density calculated as

(13-53)

where subscript d is for the dispersed phase and c for the continuous phase. The usual scale-up procedure
keeps NPo constant. Since keeping NPo constant often results in a slight increase in efficiency, this scale-
up is a conservative design method (Frank et al., 2008).
Scale-up also assumes that the same entering feed and solvent concentrations and the same solvent-to-feed
ratio, S/F, are used in the miniplant and the large unit. In addition, we need geometric similarity of the
two mixers by keeping the ratios di/dtank, Ht/dtank, and (baffle width)/dtank constant. Finally, the residence
time Vt/(Qd + Qc) must be equal in the two units. Based on equal power numbers and geometric similarity
for the two units,

(13-54)

When a new system is scaled up, the mixer on the large-scale unit should be equipped with a variable-
speed drive so that the rpm can be tuned for optimum operation of both the mixer and the settler. Frank et
al. (2008) briefly outline other scale-up approaches.
For preliminary estimates, the value of the power number for mixing can be estimated from correlations



for propellers and flat-blade turbine impellers (Coulson et al., 1978; Frank et al., 2008; Treybal, 1980).
A commonly used correlation is shown in Figure 13-32 (Treybal, 1980). This correlation was originally
developed for mixing of homogeneous liquids. To use Figure 13-32 for extraction with two immiscible or
partially miscible liquids, replace ρL with ρm from Eq. (13-53) and replace μL with μm from the
following equation.

(13-55)

The viscosity of the two-phase mixture can be greater than the viscosity of both pure phases.
Propellers (curve a in Figure 13-32), which are typically used for liquid blending, not extraction, have
lower power numbers at the same Reynolds numbers than the flat-blade turbines (curves b–g). The power
number values for propellers depend on the geometry of the agitator and the tank. Typical propellers have
di/dtank = 0.2 or less (Treybal, 1980). At a Reynolds number (Remixer = di

2 ρc ω/μc) of 5000, NPo is close
to constant in the range of 0.3 to 0.7 for propellers (Coulson et al., 1978).
Figure 13-32. Power for impellers immersed axially in single-phase liquids. Curves a, b, d, and e are
for vessels with four baffles and with gas-liquid surface. (a) Marine impellers, di/dtank = 1/3; (b) flat-
blade impeller, w = 0.2di,; (d) curved-blade turbines; (e) pitched-blade turbines. Curves c and g have
no baffles. (c) Disk flat-blade turbines with or without a gas-liquid surface, (g) flat-blade turbines in
unbaffled covered vessel with no interface and no vortex. Reprinted with permission from Treybal,
R. E., Mass-Transfer Operations, McGraw-Hill, New York, 1980, p. 152. Copyright 1980 McGraw-

Hill.

If an experimental measurement is not available, an estimate of ϕd is needed (if ϕd is estimated, then ϕc =
1 – ϕd) to use Eqs. (13-53), (13-55) and Figure 13-32. As a first approximation, one can assume ϕd =
ϕd,feed for the calculation. A more accurate value of ϕd for mixers with a vapor-liquid interface and
baffles can be estimated from the following empirical equation (Frank et al., 2008; Treybal, 1980).



(13-56a)

This equation is valid for power/volume > 105 W/m3, where σ is the interfacial tension. The term Δρ = |
ρc - ρD|. Units are selected so that all terms in parenthesis are dimensionless. For unbaffled vessels run
full of liquid with no vapor-liquid interface and no vortex, the following correlation is recommended
(Frank et al., 2008; Treybal, 1980).

(13-56b)

For both correlations, if calculated value of ϕd/ϕd,feed > 1.0, use ϕd = ϕd,feed. Treybal (1980) notes that
water dispersed in hydrocarbons may not follow these correlations.
Unfortunately, an estimate of the power P is needed to determine ϕd from Eq. (13-56a) or (13-56b), and
an estimate of ϕd is needed to determine ρm and μm from Eqs. (13-53) and (13-55) to determine P from
Figure 13-32. Thus, prediction of ϕd and power in the mixer is a classical trial-and-error problem. This
solution is illustrated later in Example 13-5.

13.14.2 Settler (Decanter) Design
Settler design is just as important and just as empirical as mixer design. Although vertical settlers are
used, horizontal settlers are much more common because the settling area is easily increased by making
the settler longer. A schematic of a settler illustrating a number of design features is shown in Figure 13-
33 (Frank, 2008; Jacobs and Penney, 1987). The feed pipe is increased in diameter to reduce the fluid
velocity before entering the settler. Immediately after entering, the feed may be sent sideways with a tee.
The baffles or diffuser (a sieve plate with ~ 1/2-inch holes) help calm the fluid motion. At the outlet end,
the baffles for the light and heavy liquid also help calm the fluid and prevent entrainment. The overflow
loop for the heavy phase is one method for controlling the location of the interface. In a well-designed
settler, the height of the dispersion band ΔH is approximately constant. If a rag layer (a stable emulsion
containing finely divided solids and/or surface active agents) forms, a series of valves is useful to find
and remove the rag (Jacobs and Penney, 1987). If not removed periodically, rag layers tend to grow and
eventually contaminate one of the products. If the liquid feed contains gases, a vent for the gases (not
shown in Figure 13-33) is also required (Frank et al., 2008). In this case, an overflow weir is usually
used for collecting the light liquid.

Figure 13-33. Settler. (A) Schematic. (B) View showing terms to calculate hydraulic diameter



Best design practice is to use experimental data for design of the settler. First, settling of the actual
feed/solvent mixture, not a mixture of pure compounds, is characterized with a simple shaker test, which
can be done with a 1-inch-diameter graduated cylinder (Frank et al., 2008). After shaking the cylinder, it
is placed on a bench and the settling behavior is timed. In type I systems the dispersion band disappears
in less than 5 minutes, resulting in two clear liquids with a clean interface. Systems showing this type of
behavior typically have moderate to high interfacial tensions (> ~ 10 dyne/cm), density difference > 0.1
g/cm3, viscosities of each phase < 5 cP, and negligible fine solids and surfactants. Type I systems are
controlled by the settling rate of drops and can be designed using Stokes law.
In type II systems the dispersion band disappears in less than 20 minutes, resulting in two clear liquids
with a clean interface. Systems showing this type of behavior typically have moderate interfacial tensions
(~ 10 dyne/cm), density difference > 0.1 g/cm3, viscosities of each phase < 20 cP, and negligible fine
solids and surfactants. Type II systems are typically controlled by slow coalescence and are designed
using experimental coalescence data.
Frank et al. (2008) also define systems with solids or surfactants (type III), or high viscosity (type IVa),
or low interfacial tension (IVb), or low density difference (IVc), or formation of a stable emulsion
stabilized by solids/surfactants (IVd). Successful settling of type III systems that have solids or surfactants
present may be possible if solids are removed first by filtration and surfactants by adsorption (see
Chapter 18). After the feed and solvent are pretreated, the shaker test should be repeated. Type IV
systems probably require a different phase separation system, such as coalescers, centrifuges,
hydrocyclones, ultrafiltration or electrotreatment; and pretreatment may also be necessary.
The design of rapid-settling type I systems is usually done with Stokes law or with a modified Stokes
law. For dilute, low Reynolds number (Redrop = ddρc ut/μc< 0.3) systems in a quiescent fluid with no
interaction between drops, the terminal velocity ut of dispersed rigid spherical drops of diameter dd with
gravity being the only body force (e.g., no electrostatic forces) is given by

(13-57)



where g is the acceleration of gravity. When Stokes law is applied outside its range of validity, care must
be taken in using the results. The “settling” will be downwards if ρd > ρc and upwards if ρd < ρc. Use of
Eq. (13-57) requires knowledge of the smallest drops, which, because they have the smallest velocity, are
most difficult to remove. If reliable experimental data on the smallest drop size are available, they can be
used in Eq. (13-57). Although correlations for the largest drop size and the average drop size are
available, reliable correlations for the smallest drop size are not available (Godfrey, 1994; Hartland and
Jeelani, 1994). Thus, the usual empirical design procedure is to use a drop diameter dd = 150 μm, which
is well less than the typical minimum drop diameter of ~300 μm observed in industrial practice (Frank et
al., 2008; Jacobs and Penney, 1987).
However, the assumption that drops do not interact is seldom valid. Frank et al. (2008) recommend the
following empirical expression ignoring coalescence during settling (a conservative assumption) to
calculate the reduction in the terminal settling velocity ut.

(13-58)

If ut,hindered > ut,Stokes, set ut,hindered = ut,Stokes for remaining calculations.

In a settler the continuous phase is assumed to move vertically upwards or downwards from the inlet to
the outlet in a uniform plug flow. At the interface the continuous phase velocity is Qc/Ai, where Ai = L ×
(interface width) is the interface area. The width of the interface depends on its location in the settler. If
droplets settle (or rise) faster than the continuous phase velocity, the droplets will be collected and the
phases will be separated. Thus, design so that

(13-59)

A safety factor of about 0.2 (20%) is often used (Jacobs and Penney, 1987).
However, the fluid in a settler is not really quiescent. If we define Resettler as

(13-60a)

the effect of turbulence is negligible if Resettler = ~5000, and there is limited interference up to Resettler =
~20,000 (Jacobs and Penney, 1987). To estimate Resettler we first estimate the velocity of the continuous
phase in the settler. In a horizontal settler the continuous phase is flowing horizontally, which is
perpendicular to the upward or downward movement of the drops. Thus, the velocity of the continuous
phase is equal to the volumetric flow rate divided by the flow area

(13-61)

where the flow area Af for the continuous phase depends on the location of the dispersion band (Figure
13-33B). The hydraulic diameter dhydraulic for continuous phase flow is

(13-62)

The flow perimeter Perf includes the interface (Figure 13-33B). Combining Eqs. (13-57a) to (13-59), if



(13-60b)

there will be minimal interference from turbulence. The location of the dispersion band needs to be
known at least approximately to do this design check.
Type II slowly coalescing systems may be underdesigned if Stokes law, Eq. (13-57), or the modified
Stokes law, Eq. (13-58), are used. Instead, data obtained with a miniplant coalescer on the steady-state
height ΔH of the dispersion band are preferable. With constant mixture composition and phase ratio, ΔH
can be related to changes in Q/A [A = L × (settler width) is the cross-sectional area of the settler] using
either of the following equations to correlate the data (Frank et al., 2008; Hartland and Jeelani, 1994;
Jacobs and Penney, 1987):

(13-63a)

or

(13-63b)

In these equations k1, k2, and b are empirical constants. The typical range of b is from 2.5 to 7. Jacobs and
Penney (1987) recommend that ΔH < 0.1 dsettler, while Frank et al. (2008) recommend ΔH < 0.15 dsettler.
These heuristics will prevent flooding of the settler if the flow rate increases, which can cause ΔH to
increase drastically. As a rule of thumb, the residence time of the dispersed phase in the dispersion band
should be greater than about 2 to 5 minutes (Jacobs and Penney, 1987). Because the dispersed phase
occupies about half of the dispersion band,

(13-64)

Example 13-5. Mixer-settler design

Design a baffled mixing vessel and a horizontal settler for extraction of benzoic acid from water
(diluent) into toluene (solvent). The tank (Figure 13-31) should have Ht/dtank = 1.0 and there should
be a 1-inch (0.0254 m) head space (vapor space at top). The flow rate of the aqueous feed is 0.006
m3/s, and the volumetric solvent-to-feed ratio = 0.2. A 6-blade flat turbine impeller with impeller
diameter di = 0.25dtank and impeller width wi = di/5 is operated at 1000 rpm. Simple settling
experiments show that this is a type I (rapid settling) system.
A. For a mixture residence time of 1.0 minutes, find the mixer dimensions and estimate φd and the

power P required.
B. If L/dsettler = 4, use Stokes law to size the horizontal settler.

Data (Treybal, 1980):



Interfacial tension, σ = 0.0222 N/m and distribution coefficient = Cextract/Craffinate = 20.8 with Cextract
in kmol benzoic acid/m3 extract and Craffinate in kmol benzoic acid/m3 raffinate.

Solution Part a: Mixer design
Qsolvent = (0.2)(0.006m3/s) = 0.0012 m3/s

and assuming toluene (the light phase) is dispersed,
φd,feed = Qd/(Qd + Qc) = 0.0012/(0.006 + 0.0012) = 0.167

Using the feed volume fractions, we obtain φL = φd,feed = 0.167 and φH = 1 – φL = 0.833. Then, from
Eq. (13-49) at the feed conditions,

The test in Eq. (13-50) confirms our assumption that toluene is dispersed.
For a mixer residence time, tres = Vliq–tank/(Qd + Qc) = 1 minute = 60s, we find Vliq–tank = (60s)(0.006
+ 0.0012m3/s) = 0.432 m3.
The liquid volume in the tank is Vliq–tank = (Ht – 0.0254)πd2

tank/4 = 0.432m3. Since we specified that
Ht = dtank, this is

From Goal Seek, the solution of this equation is dtank = 0.8279m, Ht = 0.8279m, and hliq-t = 0.8025m.

To estimate φd and P, we must simultaneously solve Eqs. (13-53), (13-55), Figure 13-32, and Eq.
(13-56). For use of Figure 13-32, we need the impeller Reynolds number = d2

iNρL/μL. We know N =
1000 RPM = 16.67 RPS, di =0.25 dtank = (0.25)(0.8279) = 0.2070 m. Exact calculation requires
substituting values for ρm and μm. As a first estimate, we use the properties of the liquid in excess
(water). ρw =998 kg/m3 and μw = 0.95×10–3 kg/m3. Then,

This is very high and clearly is in the range where curve b in Figure 13-32 predicts a constant power
number, NPo = 4.0. Since variations in ρm and μm will not affect NPo, we do not need to calculate μm
[it does not appear in Eq. (13-56)]. Since ω = N and in metric units gc = 1.0, the power number
definition, Eq. (13-52), is

(A)



where Eq. (13-53) shows ρm is between ρc = 998 and ρd = 865 and is clearly closer to the density of
the continuous phase.
We can now calculate the terms in Eq. (13-56a). We have ϕd,feed = 0.167, Qd = Qsolvent = 0.0012 m3/s,
Vliq–tank = 0.432 m3, di = 0.2070 m, ρc = ρw = 998 kg/m3, ρd = ρTol = 865 kg/m3, μc = μw = 0.95×10–3

kg/(m.s), gc = 1.0, μd = μTot = 0.59×10–3 kg/(m s), s = 0.022 N/m, and g = 9.807 m/s2. Then the
dimensionless groups are

Then Eq. (13-56a) is

or

(B)

We must solve this expression simultaneously with previous Eq. (A), P = 0.42246 ρm and with ρm =
ϕdρd + (1 – ϕd)ρc = 865 ϕd + 998(1 – ϕd).

Solving these three equations simultaneously in a spreadsheet using Goal Seek, we obtain ϕd = 0.302
and since the ratio > 1, use ϕd = ϕd,feed = 0.167.

Then, from Eqs. (13-53) and (13-52),

Note that we need to use Eq. (13-52) to calculate power, not Eq. (13-56), because Eq. (13-56a) gave
a value of ϕd/ϕd,feed > 1.0.

Solution Part b: Settler design
Stokes law is given by Eq. (13-57).



where here we use an assumed drop size dd = 150mm = 1.5×10–4m, which is an arbitrary size often
chosen because it includes a safety factor (Frank et al., 2008). A more accurate estimate of drop size
can be made using the equations in Section 16.7.3 (see Example 16-6). As a check on the
applicability of Stokes law, we can calculate the particle Reynolds number.

Since Rep < 0.3 Stokes law is valid.

The hindered settling velocity, Eq. (13-58), is

Since ut,hindered > ut, we use the Stokes velocity = 0.00172 m/s.

To calculate the settler size, first assume that the interface is held at the center of the settler. Then the
interface area Ai (with L/Ds = 4) is

Ai =L(width) = LDs = 4D2
s

Then, from Eq. (13-59) (with safety factor = 0.2 and ut,hindered = ut,Stokes),

Solving for the diameter of the settler Ds,

We would probably use the smallest standard size that satisfies this restriction. We should also check
that Eq. (13-60b) is satisfied. With the interface at the center, the flow area Af for the horizontal flow
of the continuous phase is half the area of a circle.

And the flow perimeter Perf for the horizontal flow of the continuous phase is half the perimeter of a
circle plus the diameter (for the interface itself).

Then, Eq. (13-60b) is

There is likely to be some limited interference due to flow. One might want to increase the safety
factor. A better approach would be to use experimental data for settling instead of Stokes law.
In this system, the denser water phase is continuous. Figure 13-33B shows that if the dispersion band
is above the center point, the flow area and flow perimeter for the continuous phase will be larger.
With a larger Perf, Resettler will be decreased and interference from flow is unlikely. On the other



hand, if the dispersion band is below the center point, the flow area and flow perimeter for the
continuous phase will be smaller, Resettler will be increased, and interference from flow is more
likely.
Although mixer-settlers are often designed as equilibrium staged systems with an assumed efficiency
in the range from 80% to 95%, if mass transfer data are available, it should be used to predict the
stage efficiency. This calculation is shown in Section 16.7.

Several methods have been developed to speed up coalescence (Frank et al., 2008; Hartland and Jeelani,
1994; Jacobs and Penney, 1987). Increasing the operating temperature usually increases coalescence
mainly because the viscosity decreases. Coalescence-enhancing structures such as mesh or baffles are
often employed. Coalescence can be further encouraged by using construction materials that are wetted by
the dispersed phase (i.e., metals for aqueous and plastics for organics). Coalescence is also faster if mass
transfer (assuming the mixer does not have an efficiency of 100%) is from the drops to the continuous
phase; thus, one may want the raffinate phase to be dispersed. Settler performance can be improved by
using two diffuser plates with increasing hole area at the settler inlet and by using overflow and
underflow weirs to remove the light and heavy phases, respectively. If ϕd is high, settling will be
hindered. Recycling continuous phase to the settler inlet will decrease ϕd and may increase coalescence.
Recycling needs to be done with care, since Eq. (13-60b) may be violated by the increased velocity of the
continuous phase.
The selection criteria listed in Section 13.1 indicate that mixer-settlers are a good choice if only a few
equilibrium stages are needed; however, if, as is often the case, a few more stages are required, then a
nonagitated (static) column such as a spray, sieve tray, or packed column should be used. These columns
are commonly used for relatively large-scale systems in the chemical and petrochemical industries.
Design methods for static columns are discussed in detail in Perry’s Chemical Engineering Handbook
(Frank et al., 2008). However if, as is often the case, more than five stages are required, then an agitated
column system is often used. The design of one of the more popular types, the Karr column, is described
in the next section.

13.15 Introduction to Design of Reciprocating-Plate (Karr) Columns
Because the desired design conditions conflict (see Section 13-14), a number of different extractor
designs (Figure 13-2 and Table 13-1) have been commercialized that attempt to find a good compromise
between the competing design requirements. A number of column systems with external power applied to
promote mixing have been developed. One generic design that is often a favorable compromise between
the conflicting demands is the reciprocating-plate column (RPC) (Baird et al., 1994; Frank et al., 2008;
Smith et al., 2008). In an RPC the plates move up and down (Figure 13-2) to promote mixing without
forming a stable emulsion. Although first patented by Van Dijck in 1935, the RPC was not
commercialized until 1959 when Karr developed a successful laboratory-scale RPC extractor without
downcomers (Baird et al., 1994; Smith et al., 2008). Flow through the plates is upwards when the plates
move down, and flow is downwards when the plates move up. Karr columns are currently the most
popular design of RPC, and commercial columns are available in diameters greater than 2 meters. They
are commonly used in pharmaceutical manufacturing. This short section focuses on the design of Karr
columns.
The degree of mixing can be adjusted by changing the amplitude and frequency of the up-and-down
reciprocal motion. Typical amplitudes are Ap up to 25 to 50 mm, with 25 mm being most common. The
plates can be made of polymer or metal and typically have large holes from 10 to 16 mm in diameter, with



12.7 mm (0.5 inches) being common, with a plate-free area fraction e in the range from 0.5 to 0.6 for
commercial systems (Baird et al., 1994; Smith et al., 2008). Plates with lower values of e have low
capacities. Because of the large free area, Karr columns have high throughputs, up to 40 m3/(h m2) [1000
gal/(h ft2)] (Frank et al., 2008). Plates are typically spaced between 50 and 150 mm apart. The HETP
values for the “difficult” (high interfacial tension system of o-xylene-acetic acid-water) ranged from 0.2
m to 10 m and depended on the frequency of reciprocation (Baird et al., 1994). Karr columns typically
operate with a fairly low frequency f (0.2 < f < 7 strokes/s). There is normally an optimum frequency f
that minimizes the HETP value for a given system. At the optimum frequencies, the HETP values for this
difficult system varied from 0.2 to 0.6 m for different sized Karr columns. Thus, operating far from the
optimum frequency results in a large increase in the column HETP.
Agitated column extractors are currently designed based on pilot plant tests (Frank et al., 2008). Karr and
Lo (1971; 1976) developed a semi-empirical design procedure for Karr columns. Based on pilot plant
runs, typically with a 25 to 76 mm id column, the system can be scaled up to a different diameter and
frequency. This procedure (Baird et al., 1994; Frank et al., 2008; Smith et al., 2008) is to first optimize
the variable plate spacing in the pilot plant column so that the approach to flooding is the same in all
sections of the column. Additional pilot plant runs are used to determine HETPpilot at different frequencies
of reciprocation fpilot to determine the optimum frequency of operation. The appropriate values for the
large column are given by

(13-65)

(13-66)

The exponents n1 and n2 depend on the chemical system. The original values for the “difficult” (high
interfacial tension) system were n1 = 0.38 and n2 = 0.14. An average value of n1 = 0.25 is often used.
More recent data (Smith et al., 2008) with less difficult systems indicate that the exponent n1 is too large
and overpredicts the column height required. Their experiments showed that HETP and the optimum
frequency are independent of column diameter; thus, they recommend using n1 = n2 = 0, which means the
large-scale system has the same HETP and same frequency as the pilot plant. However, Frank et al.
(2008) recommend use of the original exponents, n1 = 0.38 and n2 = 0.14. With difficult systems, the
original exponents should probably be used, while with lower interfacial tension systems, smaller
exponents are satisfactory. A donut baffle plate is often inserted every 5 regular plates to limit axial
dispersion—this procedure also tends to reduce the values of n1 and n2. The extractor is usually supplied
with a variable-speed motor so that the frequency of reciprocation can be tuned to obtain the best
operation.
Flooding is usually correlated in terms of the sum of the continuous vc and dispersed vd phase superficial
velocities (velocities based on the empty column cross-sectional area). Flooding data for a variety of
systems was correlated in the range of plate fractional free area e = 0.085 to 0.58 by the following
equation (Baird et al., 1994):

(13-67)

where the characteristic velocity is



(13-68)

The fit to the data was good in the range from e = 0.2 to 0.58. In Eq. (13-68), g is the acceleration due to
gravity in m/s2; γ is the interfacial tension in N/m = kg/s2; μc is the continuous phase viscosity Pa·s =
kg/(m·s); ρc and ρΔ are the continuous phase density and the absolute difference in the two phase
densities, both in kg/m3; H = stage height in m; Ap is amplitude of the reciprocation in m; f is the
frequency in 1/s; and e is the fraction plate-free area, which is dimensionless. The resulting value of
vcharacteristic is in m/s. Note that the sum of the continuous and dispersed phase flooding velocities depends
on e1.8/(1 – e2)0.4. Because columns with low plate-free areas (< ~ 0.2) have very low capacities, they
are not used commercially.

13.16 Summary—Objectives
In this chapter, we considered what extraction is used for, developed McCabe-Thiele and Kremser
methods for immiscible extraction, and explored methods for ternary partially miscible extraction
systems. At the end of this chapter, you should be able to satisfy the following objectives:
1. Explain what extraction is and outline the types of equipment used
2. Apply the McCabe-Thiele and Kremser methods to immiscible extraction
3. Plot extraction equilibria on a triangular diagram. Find the saturated extract, saturated raffinate, and

conjugate lines
4. Find the mixing point and solve single-stage and cross-flow extraction problems
5. For countercurrent systems, do the external mass balances, find the difference points, and step off the

equilibrium stages
6. Use the difference points to plot the operating line(s) on a McCabe-Thiele diagram
7. Use a computer simulation program to solve extraction problems
8. Do detailed designs of mixer-settlers or Karr columns
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Homework
A. Discussion Problems

A1. What is the designer trying to do in the extraction equipment shown in Figure 13-2 and listed in
Table 13-1? Why are there so many types of extraction equipment and only two major types of
equipment for vapor-liquid contact?

A2. Write your key relations chart for this chapter.
A3. For Figure 13-23 suppose we desired to obtain the desired raffinate concentration with exactly

two equilibrium stages. This can be accomplished by changing the amount of solvent used. Would
we want to increase or decrease the amount of solvent? Explain the effect this change will have on
M, EN, Δ, and the number of stages required.

A4. All the partially miscible calculations in this chapter use right triangle diagrams. What
differences would result if equilateral triangle diagrams were used to solve the extraction
problem?

A5. If the extract and raffinate phases are totally immiscible, extraction problems can still be solved
using triangular diagrams. Explain how and describe what the equilibrium diagram will look like.

A6. What can be done to increase the concentration of solute in the extract (i.e., increase yA,N)?
A7. What situation in countercurrent extraction is superficially analogous to total reflux in

distillation? How does it differ?
A8. Study Figure 13-28. Explain what happens as S/F increases. What happens to M? What happens

to EN? What happens to Δ? How do you find Δmin if it lies on the left-hand side? How do you find
Δmin if it lies on the right-hand side?

A9. Three analysis procedures were developed for extraction in Chapter 13: McCabe-Thiele,
Kremser, and triangular diagrams. If you have an extraction problem, how do you decide which
method to use? (In other words, explain when each is applicable.)

A10. Compare KdE/R to KV/L used in distillation, absorption, and stripping. Do these quantities have
the same significance?

A11. Which methods will give accurate results for concentrated, partially miscible extraction (circle
all correct answers)?
a. McCabe-Thiele diagram
b. Kremser equation
c. Aspen Plus
d. None of the above.

A12. In fractional extraction what happens to solute C if:

a.  and ?

b.  and ?
c. How would you adjust the extractor so that the conditions in parts a or b would occur?

A13. Sketch the two-stage countercurrent batch extraction process discussed in Section 13.6.

B. Generation of Alternatives
B1. For fractional extraction, list possible problems other than the three in the text. Outline the



solution to these problems.
B2. How would you couple together cross-flow and countercurrent cascades? What might be the

advantages of this arrangement?

C. Derivations
C1. Derive Eq. (13-10) starting with a McCabe-Thiele diagram (follow the procedure used to

develop the Kremser equation in Chapter 12).
C2. Derive Eq. (13-18).
C3. For fractional extraction outline in detail a solution procedure for (a) case 1, (b) case 2, and (c)

case 3.
C4. Develop the solution method for a dilute multicomponent extraction in a cross-flow cascade.

Sketch the McCabe-Thiele diagrams.
C5. Single-stage systems (N = 1) can be designed as countercurrent systems, Figure 13-4, or as cross-

flow systems, Figure 13-9. Develop the methods for both these designs. Which is easier? If the
system is dilute, how can the Kremser equation be used?

C6. Prove that the locations of streams M, EN, and R1 in Figure 13-21A lie on a straight line as shown
in Figure 13-21B. In other words, derive Eq. (13-41).

C7. Define Δ and the coordinates of Δ from Eqs. (13-42) and (13-43). Prove that points Δ, Ej, and
Rj+1 (passing streams) lie on a straight line by developing Eq. (13-44). While doing this, prove
that the lever-arm rule is valid.

D. Problems
*Answers to problems with an asterisk are at the back of the book.

D1. In Example 13-1 we assumed that we were going to use all of the solvent available. There are
other alternatives. Determine if the following alternatives are capable of producing outlet water of
the desired acetic acid concentration.
a. Use only the pure solvent at the bottom of the extractor.
b. Mix all of the pure and all of the impure solvent together and use them at the bottom of the

column.
c. Mix all of the pure and part of the impure solvent together and use them at the bottom of the

column.
D2. Repeat Example 13-2 but use a countercurrent cascade with all of the solvent (E = 20 kg/h)

flowing countercurrent to the feed through the two stages.
D3. Acetic acid (the solute) is being extracted from water (the diluent) into butanol (the solvent). A

single mixer-settler that acts as one equilibrium stage is used. The flow rate of the entering feed
stream is 100 kg/h, and this feed is 0.013 wt frac acetic acid with the remainder being water
saturated with butanol. The entering solvent stream is 0.001 wt frac acetic acid with the remainder
being butanol saturated with water. We want the outlet wt frac acetic acid in the exiting water
stream (the raffinate) to be x = 0.007. Assume that that total flow rates of extract (butanol phase)
and raffinate (water phase) are constant. Note that complete immiscibility is not required as long
as total flow rates are constant, which will occur if there is little change in the amount of water in
the extract phase and little change in the amount of butanol in the raffinate. Since these streams are
presaturated, the assumption of constant flow rates is reasonable. Equilibrium is given in Table
13-3. Find the required solvent flow rate S in kg/h.



D4.* We have a mixture of acetic acid in water and wish to extract this with 3-heptanol at 25°C.
Equilibrium is

The inlet water solution flows at 550 lb/h and is 0.0097 wt frac acetic acid. We desire an outlet
water concentration of 0.00046 wt frac acetic acid. The solvent flow rate is 700 lb/h. The entering
solvent contains 0.0003 wt frac acetic acid. Find the outlet solvent concentration and the number
of equilibrium stages required (use the Kremser equation). Is this an economical way to extract
acetic acid?

D5. The equilibrium for extraction of acetic acid from water into 3-heptanol at 25°C is y = 0.828 x,
where y is wt frac acetic acid in 3-heptanol and x = wt frac acetic acid in water. We have a feed
with F = R = 400 kg/h that is x0 = 0.005 wt frac acetic acid and 0.995 wt frac water. This feed is
contacted in a counter-current extractor with E = 560 kg/h of solvent that is yN+1 = 0.0001 wt frac
acetic acid and 0.9999 wt frac 3-heptanol. We desire an outlet raffinate concentration of xN =
0.0003 wt frac acetic acid and 0.9997 wt frac water. Assume water and 3-heptanol are
immiscible and that R and E are constant.
a. Determine the number of equilibrium stages N required.
b. What is the minimum solvent flow rate, Emin?

D6. The equilibrium for extraction of acetic acid from 3-heptanol into water at 25°C is y = 1.208 x,
where y = wt frac acetic acid in water and x = wt frac acetic acid in 3-heptanol. We have a feed
with F = R = 100 kg/h that is x0 = 0.005 wt frac acetic acid and 0.995 wt frac 3-heptanol. This
feed is contacted in a counter-current extractor with solvent that is yN+1 = 0.0002 wt frac acetic
acid and 0.9998 wt frac water. We desire an outlet raffinate concentration of xN = 0.0005 wt frac
acetic acid and 0.9995 wt frac 3-heptanol. Assume water and 3-heptanol are immiscible and that
R and E are constant. Note that parts a, b, and c can be solved independently of each other, or the
value of y1 from part a can be used in part b.
a. If solvent flow rate E = 140 kg/h, calculate the exiting extract wt frac y1.
b. If solvent flow rate E = 140 kg/h, determine the number of equilibrium stages N required.
c. What are the minimum solvent flow rate, and the maximum exiting extract wt frac (N →

infinity)?
d. Problems 13.D5. and 13.D6. are for the same system, but y = 1.208 x in one problem and y =

0.828 x in the other problem. Explain why.
D7.* We have an extraction column with 30 equilibrium stages. We are extracting acetic acid from

water into 3-heptanol at 25°C. Equilibrium is given in Problem 13.D4. The aqueous feed flows at
a rate of 500 kg/h. The feed is 0.011 wt frac acetic acid, and the exit water should be 0.00037 wt
frac acetic acid. The inlet 3-heptanol contains 0.0002 wt frac acetic acid. What solvent flow rate
is required? Assume that total flow rates are constant.

D8. We are extracting acetic acid from benzene (diluent) into water (solvent) at 25°C and 1.0 atm.
100.0 kg/h of a feed that is 0.00092 wt frac acetic acid and 0.99908 wt frac benzene is fed to a
column. The inlet water (solvent) is pure and flows at 25.0 kg/h. We have an extractor that
operates with 2 equilibrium stages.



a. The outlet wt frac of acetic acid in the benzene, xout.
b. The outlet wt frac of acetic acid in the water, yout.

D9.* We have a mixture of linoleic and oleic acids dissolved in methylcellosolve and 10% water.
Feed is 0.003 wt frac linoleic acid and 0.0025 wt frac oleic acid. Feed flow rate is 1500 kg/h. A
simple countercurrent extractor will be used with 750 kg/h of pure heptane as solvent. We desire
a 99% recovery of the oleic acid in the extract product. Equilibrium data are given in Table 13-3.
Find N and the recovery of linoleic acid in the extract product.

D10. Two feed solutions of dioxane in water are being extracted with benzene in the 4-stage cross-
flow system. The entering benzene solvent to each stage is pure (ydioxane = 0). The solvent flow
rate to each stage is 50 kg/h. Entering feed to stage 1 has a total flow rate of 100 kg/h and is
xdioxane,F1 = 0.015 wt frac dioxane. Entering feed 2 has a total flow rate of 70 kg/h and is xdioxane,F2
= 0.005 wt frac dioxane. Feed 2 is mixed with the raffinate leaving the second stage, and this
mixture is fed to the third stage. Assume that benzene and water are completely immiscible and
that the total flow rates of raffinate and extract entering and leaving each stage are constant.
The equilibrium for dioxane distributing between benzene and water is

ydioxane = 1.02 xdioxane

where ydioxane is the wt frac of dioxane in the extract (benzene phase) and xdioxane is the wt frac of
dioxane in the raffinate (water phase).
Find the following dioxane wt frac: raffinate wt frac leaving stage 2, the raffinate wt frac entering
stage 3, the raffinate wt frac leaving stage 4, and the extract wt frac leaving stage 4.

D11.* The fractional extraction system shown in Figure 13-5 is separating abietic acid from other acids.
Solvent 1, heptane, enters at  = 1000 kg/h and is pure. Solvent 2, methylcellosolve + 10% water,
is pure and has a flow rate of R = 2500 kg/h. Feed is 5 wt % abietic acid in solvent 2 and flows at
1 kg/h. There are only traces of other acids in the feed. We desire to recover 95% of the abietic
acid in the bottom raffinate stream. Feed is on stage 6. Assume that the solvents are completely
immiscible and that the system can be considered to be very dilute. Equilibrium data are given in
Table 13-3. Find N.

D12. We plan to recover acetic acid from water using 1-butanol as the solvent. Operation is at 26.7°C.
The feed flow rate is 10.0 kmol/h of an aqueous solution that contains 0.0046 mole frac acetic
acid. The entering solvent is pure and flows at 5.0 kmol/h. This operation will be done with three
mixer-settlers arranged as a countercurrent cascade. Each mixer-settler can be assumed to be an
equilibrium stage. Equilibrium data are available in Table 13-3. Find the exiting raffinate and
extract mole fractions.

D13. We wish to extract p-xylene and o-xylene from n-hexane diluent using β, β′ – Thiodipropionitrile
as the solvent. The solvent and diluent can be assumed to be immiscible. The feed is 1000.0 kg/h.
The feed contains 0.003 wt frac p-xylene and 0.005 wt frac o-xylene in n-hexane. We desire at
least a 90% recovery of p-xylene and at least 95% recovery of o-xylene. The entering solvent is
pure. Operation is at 25°C and equilibrium data are in Table 13-3. Use a simple countercurrent
cascade.
a. Calculate the value of (R/E)max for both p-xylene and for o-xylene to just meet the recovery

requirements.
b. The smaller (R/E)max value represents the controlling or key solute. Operate at E =

1.5(E)min,controlling. Find the number of stages and solvent inlet flow rate.



c. Determine the outlet raffinate concentration and the percent recovery of the noncontrolling
solute.

D14.* The equilibrium data for the system water-acetic acid-isopropyl ether are given in Table 13-5.
We have a feed that is 30 wt % acetic acid and 70 wt % water. The feed is to be treated with pure
isopropyl ether. A batch extraction done in a mixed tank will process 15 kg of feed.
a. If 10 kg of solvent is used, find the outlet extract and raffinate compositions.
b. If a raffinate composition of xA = 0.1 is desired, how much solvent is needed?

D15.* The system shown in the figure is extracting acetic acid from water using benzene as the solvent.
The temperature shift is used to regenerate the solvent and return the acid to the water phase.

a. Determine y1 and yN+1 (units are wt fracs) for the column at 40°C.
b. Determine R′ and xN′ for the column at 25°C.
c. Is this a practical way to concentrate the acid?
Data are in Table 13-3. Note: A similar scheme is used commercially for citric acid concentration
using a more selective solvent.

D16. Acetic acid is being extracted from water with butanol as the solvent. Operation is at 26.7°C and
equilibrium data are in Table 13-3. The feed is 10.0 kg/min of an aqueous feed that contains 0.01
wt frac acetic acid. The entering solvent stream is butanol with 0.0002 wt frac acetic acid. The
flow rate of the solvent stream is 8.0 kg/min. The column has 6 equilibrium stages. Find the outlet
weight fractions. Assume butanol and water are immiscible.
a. Solve with the Kremser equation.
b. Check your answer with a McCabe-Thiele diagram (done in weight fractions). Note that if used

as a check, the McCabe-Thiele diagram is not trial-and-error even when the number of stages is
known.

D17. The feed in Problem 13.D16 is to be processed in a 6 stage cross-flow extractor. The same
solvent as in Problem 13.D16 is increased to a total flow rate of 12.0 kg/min that is equally
divided among the 6 stages, so that flow rate of solvent to each stage is 2.0 kg/min. Find the outlet
diluent weight fraction.

D18. We contact 100 kg/h of a feed mixture that is 50 wt % methylcyclohexane and 50 wt % n-heptane
with a solvent stream (15 wt % methylcyclohexane and 85 wt % aniline) in a mixer-settler that
acts as a single equilibrium stage. We obtain an extract phase which is 10 wt %
methylcyclohexane and a raffinate phase which is 61 wt % methylcyclohexane. Equilibrium data
are in Table 13-6. What flow rate of the solvent stream was used?

Table 13-6. Equilibrium data for methylcyclohexane, n-heptane-aniline



D19. Many extraction systems are partially miscible at high concentrations of solute, but close to
immiscible at low solute concentrations. At relatively low solute concentrations both the
McCabe-Thiele and trianglar diagram analyses are applicable. This problem explores this. We
wish to use chloroform to extract acetone from water. Equilibrium data are given in Table 13-4.
Find the number of equilibrium stages required for a countercurrent cascade if we have a feed of
1000.0 kg/h of a 10.0 wt % acetone, 90.0 wt % water mixture. The solvent used is chloroform
saturated with water (no acetone). Flow rate of stream E0 = 1371 kg/h. We desire an outlet
raffinate concentration of 0.50 wt % acetone. Assume immiscibility and use a weight ratio units
graphical analysis. Compare results with Problem 13.D43.
Note: Use the lowest acetone wt % in Table 13-4 to estimate the distribution coefficient for
acetone. Then convert this equilibrium to weight ratios.

D20. The aqueous two-phase system in Example 13-2 will be used in a batch extraction. We have 5.0
kg of PEG solution containing protein at mass fraction xF. We will use 4.0 kg of pure dextran
solution to extract the protein from the solution. Equilibrium data are in Example 13-2.
a. Find the fractional recovery of the protein in the dextran phase if the two solutions are mixed

together and then allowed to settle.
b. Find the fractional recovery of the protein in the dextran phase if the continuous solvent

addition batch extraction system shown in Figure 13-11 is used.
D21.* The equilibrium data for extraction of methylcyclohexane (A) from n-heptane (D) into aniline (S)

are given in Table 13-6. We have 100 kg/h of a feed that is 60% methylcyclohexane and 40% n-
heptane and 50 kg/h of a feed that is 20% methylcyclohexane and 80% n-heptane. These two feeds
are mixed with 200 kg/h of pure aniline in a single equilibrium stage.
a. What are the extract and raffinate compositions leaving the stage?
b. What is the flow rate of the extract product?

D22. For the extraction in Example 13-5, the horizontal settler calculation was done for a settler
diameter of Ds = 1.023 m and with the dispersion band assumed to be at the center of the circle.



The conclusion was that there was likely to be a limited amount of interference due to flow.
Repeat the calculation of Resettler and determine if interference is likely if the interface of the
dispersion band is 0.1 m below the center of the circle.

D23. We have 500 kg/h of a feed that is 30 wt % pyridine and 70 wt % water. This will be extracted
with pure chlorobenzene. Operation is at 1 atm and 25°C. Equilibrium data are in Table 13-7.
a. A single mixer-settler is used. Chlorobenzene flow rate is 300 kg/h. Find the outlet extract and

raffinate flow rates and weight fractions.
b. We now want to convert the single-stage system in part a into a two-stage cross flow system.

The raffinate from part a is fed to the second mixer-settler and is contacted with an additional
300 kg/h of pure chlorobenzene. Find the raffinate and extract flow rates and weight fractions
leaving the second stage.

Table 13-7. Equilibrium data for pyridine, water, chlorobenzene at 25°C and 1 atm. (Treybal, 1980)

D24. We plan to remove methylcyclohexane from n-heptane using aniline as the solvent (see Table 13-
6 for equilibrium data). The feed is 200 kg/h total. It is 40 wt % methylcyclohexane and 55 wt %
n-heptane. The solvent is 95 wt % aniline and 5 wt % n-heptane.
a. With a single mixer-settler, set the total entering flow rate of solvent stream as 600 kg/h. Find

the outlet wt fracs and the outlet flow rates.
b. Suppose we decide to use a two stage cross flow system with 300 kg/h of the solvent stream

entering each stage. Find the outlet flow rates and wt fracs.
Note that the answers are very sensitive to how one draws the tie lines. This is typical of type II
systems.

D25.* We wish to remove acetic acid from water using isopropyl ether as solvent. The operation is at
20°C and 1 atm (see Table 13-5). The feed is 0.45 wt frac acetic acid and 0.55 wt frac water.
Feed flow rate is 2000 kg/h. A countercurrent system is used. Pure solvent is used. We desire an
extract stream that is 0.20 wt frac acetic acid and a raffinate that is 0.20 wt frac acetic acid.
a. How much solvent is required?
b. How many equilibrium stages are needed?

D26.* A countercurrent system with three equilibrium stages is to be used for water-acetic acid-
isopropyl ether extraction (see Table 13-5). Feed is 40 wt % acetic acid and 60 wt % water. Feed
flow rate is 2000 kg/h. Solvent added contains 1 wt % acetic acid but no water. We desire a
raffinate that is 5 wt % acetic acid. What solvent flow rate is required? What are the flow rates of



EN and R1?
D27. We have a total feed of 100 kg/h to a countercurrent extraction column. The feed is 40 wt %

acetic acid and 60 wt % water. We plan to extract the acetic acid with isopropyl ether.
Equilibrium data are in Table 13-5. The entering isopropyl ether is pure and has a flow rate of
111.2 kg/h. We desire a raffinate that is 20 wt % acetic acid.
a. Find the acetic acid wt. fraction in the outlet extract stream.
b. Determine the flow rates of the outlet raffinate and extract streams.
c. Find the number of equilibrium contacts.

D28.* We are extracting acetic acid from water with isopropyl ether at 20°C and 1 atm pressure.
Equilibrium data are in Table 13-5. The column has three equilibrium stages. The entering feed
rate is 1000 kg/h. The feed is 40 wt % acetic acid and 60 wt % water. The exiting extract stream
has a flow rate of 2500 kg/h and is 20 wt % acetic acid. The entering extract stream (which is not
pure isopropyl ether) contains no water. Find:
a. The exit raffinate concentration.
b. The required entering extract stream concentration.
c. Flow rates of exiting raffinate and entering extract streams.
Trial and error is not needed.

D29. We are recovering pyridine from water using chlorobenzene as the solvent in a countercurrent
extractor. The feed is 35 wt % pyridine and 65 wt % water. Feed flow rate is 1000 kg/h. The
solvent used is pure. The desired outlet extract is 20 wt % pyridine, and the desired outlet
raffinate is 4 wt % pyridine. Operation is at 25°C and 1 atm. Equilibrium data are in Table 13-7.
a. Find the number of equilibrium stages needed.
b. Determine the solvent flow rate required in kg/h.

D30. Suppose in Example 13-5 that we decide to build the settler with a diameter of 1.0 m and a length
of 4.0 m. What safety factor are we employing?

D31. We have a mixer settler that operates as one equilibrium stage for an extraction separation. The
feed is 1.0 wt. % acetic acid and 99.0 wt % water. Total feed flow rate is 50 kg/h. This feed is
mixed with 100 kg/h of pure solvent (1-butanol). Equilibrium is given in Table 13-3.
Assume that 1-butanol and water are immiscible and that the system is dilute (constant total flow
rates). Find the acetic acid wt. fractions in the extract, y1, and the raffinate, x1, products. Note:
There are multiple solution paths for this problem.

D32. For the toluene-water system in Example 13-5 we found that toluene is the dispersed phase if
Qsolvent/Qfeed = 0.2. Which phase is dispersed if
a. Qsolvent/Qfeed = 0.6
b. Qsolvent/Qfeed = 1.0
c. Qsolvent/Qfeed = 2.0
d. Qsolvent/Qfeed = 5.0

D33. For the extraction in Example 13-5, suppose we decide to have Htank = 2dtank and want a 1.5
minute residence time. Find the tank dimensions.

D34. For the extraction in Example 13-5 with Htank = dtank and a 1.0 minute residence time, a 6-blade



flat turbine impeller with impeller diameter and impeller width di = 0.20dtank and impeller width
wi = di/5 is operated at 500 rpm. Estimate the value of ϕd in the tank and the power P required.

D35. For Example 13-4 set up the tridiagonal matrix for the mass balances assuming there are 6 stages
in the column and the exit raffinate stream concentration is unknown. Develop the values for A, B,
C, and D in only the acetic acid matrix using K values determined from Table 13-5. Do not invert
the matrix.

D36. A 60 vol% tributyl phosphate (TBP) in kerosene solvent is used to extract Zr(NO3)4 from an
aqueous solution of nitric and solution nitrate. The entering solvent is recycled from a solvent
recovery system and contains 0.008 mol Zr(NO3)4/L. The aqueous feed contains 0.10 mol
Zr(NO3)4/L and the outlet aqueous solution should contain 0.008 mol Zr(NO3)4/L. Feed rate of the
aqueous solution is 200 L/h.
a. Find the minimum entering solvent rate Fsolvent,min in L/h.
b. If Fsolvent,min = 1.4 Fsolvent,min, find the number of equilibrium stages required.
c. Calculate the mole fraction and the mass fraction of Zr(NO3)4 in the feed and determine if the

system is dilute. Assume the density of the feed is 1.0 g/ml.
Assume that the aqueous and organic phases are completely immiscible and that the densities of
the two phases are both constant (volumetric flow rates are constant). For zirconium nitrate,
Zr(NO3)4, the equilibrium data are listed below for 60 volume % TBP in kerosene (Benedict and
Pigford, 1957):

D37. Pilot plant data are obtained for a Karr column with 50 mm diameter plates with a plate free area
of e = 0.52. The optimum frequency of operation that produces the lowest HETP value was 1.4 s-1

and the corresponding value of HETP = 0.24 m. We plan to scale up the Karr column to a column
that is 1.1 m in diameter.
a. Calculate the corresponding HETP and frequency if the exponents in Eqs. (13-65) and (13-66)

are those recommended in Perry’s Chemical Engineers’ Handbook (Frank et al., 2008).
b. Calculate the corresponding HETP and frequency if the exponents in Eqs. (13-65) and (13-66)

are those recommended by Smith et al., (2008).
c. Comment on the differences.

D38*. We are extracting benzoic acid from water into toluene in a single equilibrium stage system. The
entering toluene is pure and the entering water contains 0.00023 mole fraction benzoic acid. The
feed flow rate is 1.0 kmol/h and the solvent flow rate is 0.06 kmole/h. Find the outlet mole
fractions of benzoic acid in the exiting raffinate and extract phases. Data are in Example 13-5.
Assume water and toluene are completely immiscible.

D39. Plot the equilibrium data from Table 13A-1 for tri-ethylamine (solvent), carbon tetrachloride
(solute), acetic acid (diluent) on a right triangle diagram with ordinate = mole frac CCl4 and
abscissa = mole frac acetic acid. Solve the single-stage extraction problem for Lab 10, Problem 1
graphically. Find extract and raffinate mole fractions and flow rates.



Table 13-A1. NRTL parameters and experimental tie line data for triethylamine (1), carbon
tetrachloride (2), and acetic acid (3) at 293K and 1 atm (Sorensen and Arlt, 1980); alpha = 0.2, units

are K

D40. Plot the equilibrium data from Table 13A-1 for tri-ethylamine (solvent), carbon tetrachloride
(solute), acetic acid (diluent) on a right triangle diagram with ordinate = mole frac CCl4 and
abscissa = mole frac acetic acid. Solve the following two stage cross-flow problem graphically.
F = 10 kmol/h, and is 10 mol% CCl4 and 90 mol% acetic acid. Entering solvent is pure and 10
kmol/h are added to each stage. Find mole fractions and flow rates of both extract streams and the
raffinate stream.

D41. Using the equilibrium data in Table 13A-1, find the number of stages needed for a countercurrent
extractor if 10 kmol/h feed that is 10 mol% CCl4 and 90 mol% acetic acid is processed at 293K
and 1 atm. The solvent is pure tri-ethylamine with a flowrate of 14.5 kmol/h. We desire an exiting
extract that contains 0.091 mole frac CCl4. Also find flow rates and mole frac of exiting extract
and raffinate streams.

D42. We are recovering pyridine from water using chlorobenzene as the solvent in a countercurrent
extractor. The feed is 41 wt % pyridine and 59 wt % water. The solvent used is pure
chlorobenzene and the solvent flow rate is 1000.0 kg/h. The desired outlet extract is 32 wt %
pyridine, and the desired outlet raffinate is 5 wt % pyridine. Operation is at 25°C and 1.0 atm.
Equilibrium data are in Table 13-7.
a. Find the number of equilibrium stages needed.
b. Determine the feed flow rate required in kg/h.
NEATNESS COUNTS!

D43. We wish to use chloroform to extract acetone from water. Equilibrium data are given in Table
13-4. Find the number of equilibrium stages required for a countercurrent cascade if we have a
feed of 1000.0 kg/h of a 10.0 wt % acetone, 90.0 wt % water mixture. The solvent used is
chloroform saturated with water (no acetone). Flow rate of stream E0 = 1371 kg/h. We desire an
outlet raffinate concentration of 0.50 wt % acetone. Use a triangle diagram for solution and
compare results with Problem 13.D19.

E. More Complex Problems



E1.* We have a liquid feed that is 48 wt % m-xylene and 52 wt % o-xylene, which are to be separated
in a fractional extractor (Figure 13-5) at 25°C and 101.3 kPa. Solvent 1 is β,β′-thiodipropionitrile,
and solvent 2 is n-hexane. Equilibrium data are in Table 13-3. For each kilogram of feed, 200 kg
of solvent 1 and 20 kg of solvent 2 are used. Both solvents are pure when they enter the cascade.
We desire a 92% recovery of o-xylene in solvent 1 and a 94% recovery of m-xylene in n-hexane.
Find outlet composition, N, and Nf. Adjust the recovery of m-xylene if necessary to solve this
problem.

E2. We are extracting meta, ortho and para xylenes from n-hexane using β, β’Thiodipropionitrile as
solvent. Solvent and diluent (n-hexane) are immiscible. Feed flow rate is 1000.0 kg/h. Feed is xm–

xy = 0.005 wt frac m-xylene, xo–xy = 0.006 wt frac o-xylene, and xp–xy = 0.004 wt frac p-xylene in
n-hexane. Solvent flow rate is 20,000 kg/h. The entering solvent is pure. We desire 96% recovery
of p-xylene in the solvent. Operation is at 25°C and 1.0 atm. Equilibrium data are in Table 13-3.
Use a simple countercurrent cascade.
a. Find outlet p-xylene weight fraction, xN,p−xy

b. Find N
c. Find xN,o−xy

d. Find xN,m−xy

e. What is minimum solvent flowrate (N approaches infinity)?
E3. The equilibrium data for extraction of methylcyclohexane (A) from n-heptane (D) into aniline (S)

are given in Table 13-6. We wish to do a batch extraction of 20 kg of a feed that is 40 wt %
methylcyclohexane and 60 wt % n-heptane. The solvent added is first presaturated with the diluent
n-heptane so that according to the data in Table 13-6 it is 93.8 % aniline and 6.2 % n-heptane.
a. We do a normal batch extraction adding 20 kg of the presaturated solvent. Find flow rates and

compositions of the extract and raffinate products.
b. We decide to process the same feed with pre-saturated solvent in a continuous solvent addition

batch extraction. First, presaturated solvent is added with no removal of extract until a two
phase mixture is obtained. How much pre-solvent has to be added to obtain two phases?
Second, the continuous solvent addition batch extraction is conducted until the raffinate has a
methylcyclohexane wt frac of 0.292. How much solvent is added during this step? What is the
final raffinate composition? How much extract is collected, and what is its average
composition? Assume  is constant and Eq. (13-27) is valid.

G. Computer Problems
G1. Do lab 12 in Appendix to chapter 13, but for a two-stage cross-flow system. Operation is at

293K, 1.0 atm, F = 10 kmol/h and is 10 mol% carbon tetrachloride and 90 mol% acetic acid.
Entering solvent is pure triethylamine. Total amount of pure solvent is 20 kmol/h with 10 kmol/h
fed to each stage. Find the flow rates and mole fractions in the three outlet streams. Then calculate
the fraction of entering carbon tetrachloride that is extracted.

G2. Do lab 12 in Appendix to chapter 13, but for three stage systems. Operation is at 293K, 1.0 atm,
F = 10 kmol/h and is 10 mol% carbon tetrachloride and 90 mol% acetic acid. Entering solvent is
pure triethylamine.
a. Do for a 3-stage cross-flow system with total amount of pure solvent is 30 kmol/h with 10.0

kmol/h fed to each stage. Find the total and component flow rates (kmol/h) in the four outlet
streams. Then calculate the fraction of entering carbon tetrachloride that is extracted.



b. Do for a 3-stage countercurrent system using 3 decanters. 10 kmol/h of pure solvent is used.
Find the total and component flow rates (kmol/h) in the two outlet streams. Then calculate the
fraction of entering carbon tetrachloride that is extracted.

c. Repeat the 3-stage countercurrent system with different flow rates of pure solvent until the
fraction of entering carbon tetrachloride extracted is the same as in part a. Which process uses
less solvent?

Chapter 13 Appendix. Computer Simulation of Extraction
Lab 12. The major purpose of this lab assignment is to have you learn how to simulate LLE. It will be
helpful if you become familiar with the information resources available in Aspen Plus. The sources useful
for this lab are: help, the Aspen Plus User Guide, and the Unit Operations document. The latter two are
available as PDF files when you go to Documents instead of the Aspen User Interface. Find the
documents, and read the few pages you need.

We will separate a feed that is 10 mol% carbon tetrachloride (CCl4) and 90 mol% acetic acid
(C2H4O2) using a solvent that is pure triethylamine (C6H15N). Extractor, feed, and solvent are at 293 K
and 1 atm. Data and NRTL parameters are available for this system in the DECHEMA data bank
(Sorensen and Arlt, 1980). The DECHEMA parameters for NRTL are in Table 13-A1. Note: diluent =
acetic acid, solute = carbon tet.

Hints on running Aspen Plus for extraction:
1. In Setup, choose liquid-liquid-vapor as the allowable phases.
2. For a mixer-settler, all you need in the flowsheet is a decanter with the feed and solvent streams input

into the decanter feed port and two product streams. Select triethylamine as the key component for the
second liquid phase, and use the default value for second liquid threshold.

3. For inputting equilibrium data, select NRTL as the property method. Aspen Plus has its own database
for parameters, but the Aspen Plus method of inputting the parameter values is different than the
DECHEMA method. On the input page for NRTL, select one of the columns for a binary pair and click
on the DECHEMA button. Then input the Aij and Aji and alpha values from DECHEMA in Aspen
Plus. Be sure that the button for LLE is clicked, not the button for VLE. This column in the table should
now list “user” for source and units should be K. Repeat this procedure for the other two binary pairs.

4. To look at the predicted equilibrium data, go to Tools→Analysis→Property→Ternary, select Liquid-
Liquid, input the temperature, Enter, and then click on Go. Compare the predicted results (the Table is
probably easier to read than the graph) with Table 13-A1 experimental tie lines. The fit should be
reasonable. If the fit is poor, go back to your NRTL parameters and input the values again, making sure
that the LLE button is pressed for each binary pair.

5. For the countercurrent extractor, select “column” then “extract” in the bottom menu bar. The acetic
acid feed should be input at the top of the column and the pure solvent at the bottom of the column. For
thermal option select “specify temperature profile” and use 293 on the stages. Select acetic acid as the
key component for the first liquid phase and triethylamine as the key component for the second liquid
phase.

Do the following extraction problems using the NRTL parameters in Table 13-A1 and report your
answer.

A. Feed flow rate is 10 kmol/h. The feed is mixed with 10 kmol/h of pure solvent in a decanter. All
streams and the column are at 293 Kd and 1 atm.
a. Determine the K value for carbon tetrachloride and compare to the data.



b. Find the outlet flow rates and mole fracs in the two outlet streams.
c. Try changing the ratio of S/F and the feed mole frac to determine what happens in this single-

stage system. Note that it is possible for one of the phases to disappear.
B. Repeat Problem A, but in a countercurrent extraction column with two equilibrium stages.

a. Determine the Kd value for carbon tetrachloride and compare to the data.
b. Find the outlet flow rates and mole fracs in the two outlet streams.
c. Try changing the ratio of S/F and the feed mole frac to determine what happens in this two-stage

system. Note that it is possible for one of the phases to disappear.
d. Try increasing the number of stages to determine what happens.

C. The countercurrent system can also be simulated with two decanters. Start with a 2-stage cross-
flow system with F = 10, S1 = S2 = 10 and run the simulation. We do this first to give Aspen Plus
initial values for the streams that will enter decanter 1 when extract 2 is fed to decanter 1. Click in
the flowsheet on extract stream from stage 2, then right click and choose Reconnect the Destination
and put the destination at the feed to decanter 1. Run the simulation. Reduce the amount of S1 to 1
and run the simulation. Reduce the amount of S1 to zero and run the simulation. Because Aspen
Plus is programmed to flag zero values of flow rates, you will get a warning that S1 flow rate is
not specified. Ignore this warning. The result is a 2 stage countercurrent system that should match
the previous results. Do this comparison.

D. The LLE correlations in AspenPlus are not always as accurate as possible. If data are available,
AspenPlus will find values of the parameters for any of the LLE correlations by doing a
regression against the data you input. The purpose of this part is to obtain an improved fit for the
NRTL correlation for the ternary system water, chloroform, acetone. Open a new AspenPlus file,
draw an extractor with feed, solvent and two products, in Setup list valid phases as Liquid-
Liquid-Vapor, and input these 3 components. Then use NRTL as LLE correlation and give any
values for the feed and solvent and extractor conditions. Go to Analysis, list ternary and valid
phases as liquid-liquid to obtain the predicted equilibrium results – save these for later
comparison.
The experimental data for this system are in Table 13-4. To have Aspen Plus regress the NRTL
parameters to fit the data, follow the instructions in Appendix B (at the end of the book) as
modified for LLE in the last paragraph. Look at your results (View_Report) and at the ternary
graph from Analysis (list valid phases as liquid-liquid). Compare to the experimental data and to
the predicted equilibrium for the non-regressed parameters.



Chapter 14. Washing, Leaching, and Supercritical Extraction

A number of other separation processes can be analyzed, at least under limiting conditions, using
McCabe-Thiele diagrams or the Kremser equation with an approach very similar to that used for
absorption and stripping. These processes all require addition of a mass-separating agent. If flows are not
constant, the trianglar diagram method developed for extraction can often be extended to these
separations. This method is developed for leaching (or solid-liquid extraction) in Section 14.4.

14.1 Generalized McCabe-Thiele and Kremser Procedures
The McCabe-Thiele procedure has been applied to flash distillation, continuous countercurrent
distillation, batch distillation, absorption, stripping, and extraction. What are the common factors for the
McCabe-Thiele analysis in all these cases?
All the McCabe-Thiele graphs are plots of concentration in one phase vs. concentration in the other
phase. In all cases there is a single equilibrium curve, and there is one operating line for each column
section. It is desirable for this operating line to be straight. In addition, although it isn’t evident on the
graph, we want to satisfy the energy balance and mass balances for all other species.
In order to obtain a single equilibrium curve, we have to specify enough variables that only one degree of
freedom remains. For binary distillation this can be done by specifying constant pressure. For absorption,
stripping, and extraction we specified that pressure and temperature were constant, and if there were
several solutes we assumed that they were independent. In general, we will specify that pressure and/or
temperature are constant, and for multisolute systems we will assume that the solutes are independent.
To have a straight operating line for the more volatile component in distillation we assumed that constant
molal overflow (CMO) was valid, which meant that in each section total flows were constant. For
absorption, stripping, and extraction we could make the assumption that total flows were constant if the
systems were very dilute. For more concentrated systems we assumed that there was one chemical
species in each phase that did not transfer into the other phase; then the flow of this species (carrier gas,
solvent, or diluent) was constant. In general, we have to assume either that total flows are constant or that
flows of nontransferred species are constant.
These assumptions control the concentration units used to plot the McCabe-Thiele diagram. If total flows
are constant, the solute mass balance is written in terms of fractions, and fractions are plotted on the
McCabe-Thiele diagram. If flows of nontransferred species are constant, ratio units must be used, and
ratios are plotted on the McCabe-Thiele diagram.
The McCabe-Thiele operating line satisfies the mass balance for only the more volatile component or the
solute. In binary distillation the CMO assumption forces total vapor and liquid flow rates to be constant
and therefore the overall mass balance will be satisfied. In absorption, when constant carrier and solvent
flows are assumed, the mass balances for these two chemicals are automatically satisfied. In general, if
overall flow rates are assumed constant, we are satisfying the overall mass balance. If the flow rates of
nontransferred species are constant, we are satisfying the balances for these species.
The energy balance is automatically satisfied in distillation when the CMO assumption is valid. In
absorption, stripping, and extraction the energy balances were satisfied by assuming constant temperature
and a negligible heat of absorption, stripping or mixing. In general, we will assume constant temperature
and a negligible heat involved in contacting the two phases.
The Kremser equation was used for absorption, stripping, and extraction. When total flows, pressure, and
temperature are constant and the heat of contacting the phases is negligible, we can use the Kremser



equation if the equilibrium expression is linear. When these assumptions are valid, the Kremser equation
can be used for other separations.
Of course, the assumptions required to use a McCabe-Thiele analysis or the Kremser equation may not be
valid for a given separation. If the assumptions are not valid, the results of the analysis could be garbage.
To determine the validity of the assumptions, the engineer has to examine each specific case in detail. The
more dilute the solute, the more likely it is that the assumptions will be valid.
In the remainder of this chapter these principles will be applied to generalize the McCabe-Thiele
approach and the Kremser equation for a variety of unit operations. A listing of various applications is
given in Table 14-1.

Table 14-1. Applications of McCabe-Thiele and Kremser procedures

14.2 Washing
When solid particles are being processed in liquid slurries, the solids entrain liquid with them. The
removal of any solute contained in this entrained liquid is called washing. To be specific, consider an



operation that mines sand from the ocean. The wet sand contains salt, and this salt can be removed by
washing with pure water. The entrained liquid is called underflow liquid, because the solids are normally
removed from the bottom of a settler as shown in Figure 14-1A. Washing is done by mixing solid (sand)
and wash liquor (water) together in a mixer and sending the mixture to a settler or a thickener (Perry and
Green, 1997, p. 18-64). The solids and entrained underflow liquid exit from the bottom of the settler, and
clear overflow liquid without solids is removed from the top. In washing, the solute (salt) is not held up
or attached to the inert solid (sand). The salt is assumed to be at the same concentration in the underflow
liquid as it is in the overflow liquid. Thus, it can be removed by displacing it with clear water. The
separation can be done in single-stage, cross-flow, and countercurrent cascades. A variety of different
equipment have been developed for washing and leaching, which use essentially the same equipment
(Coulson et al., 1978).

Figure 14-1. Countercurrent washing; (A) two-stage mixer-settler system, (B) general system

The equilibrium condition for a washer is that solute concentration is the same in both the underflow and
overflow liquid streams. This statement does not say anything about the solid, which changes the relative
underflow and overflow flow rates but does not affect concentrations. Thus, the equilibrium equation is

(14-1)

where y = mass fraction solute in the overflow liquid and x = mass fraction solute in the underflow liquid.
For the mass balance envelope on the countercurrent cascade shown in Figure 14-1B, it is easy to write a
steady-state mass balance.

(14-2)

where Oj and Uj are the total overflow and underflow liquid flow rates in kg/h leaving stage j. The units
for Eq. (13-30) are kg solute/h. To develop the operating equation, we solve Eq. (14-2) for yj+1:



(14-3)

In order for this to plot as a straight line, the underflow liquid and overflow liquid flow rates must be
constant.
Often the specifications will give the flow rate of dry solids or the flow rate of wet solids. The underflow
liquid flow rate can be calculated from the volume of liquid entrained with the solids. Let ε be the
porosity (void fraction) of the solids in the underflow. That is,

(14-4a)

and then

(14-4b)

We can now calculate the underflow liquid flow rate, Uj. Suppose we are given the flow rate of dry
solids. Then the volume of solids per hour is

(14-5a)

and the total volume of underflow is

(14-5b)

Then the volume of underflow liquid in m3 liquid per hour is

(14-5c)

and finally the kg/h of underflow liquid

(14-5d)

In these equations ρf is the fluid density in kg/m3 and ρs is the density of dry solids in kg/m3.

If the solids rate, ε, ρf, and ρs are all constant, then from Eq. (14-5d) Uj = U = constant. If U is constant,
then an overall mass balance shows that the overflow rate, Oj, must also be constant. Thus, to have
constant flow rates we assume:
1. No solids in the overflow and solids do not dissolve. This ensures that the solids flow rate will be



constant.
2. ρf and ρs are constant. Constant ρf implies that the solute has little effect on fluid density or that the

solution is dilute.
3. Porosity ε is constant. Thus, the volume of liquid entrained from stage to stage is constant.

When these assumptions are valid, O and U are constant, and the operating equation simplifies to

(14-6)

which obviously represents a straight line on a McCabe-Thiele plot. Note that this equation is similar to
all the other McCabe-Thiele operating equations we have developed. Only the nomenclature has changed.
An alternative way of stating the problem would be to specify the volume of wet solids processed per
hour. Then the underflow volume is

(14-7a)

and

(14-7b)

If densities and ε are constant, volumetric flow rates are constant, and the washing problem can be solved
using volumetric flow rates and concentrations in kg solute/m3.
Note that we could have just assumed that overflow and underflow rates are constant and derived Eq.
(14-6). However, it is much more informative to show the three assumptions required to make overflow
and underflow rates constant. These assumptions show that this analysis for washing is likely to be
invalid if the settlers are not removing all the solid, if for some reason the amount of liquid entrained
changes, or if the fluid density changes markedly. The first two problems will not occur in well-designed
systems. The third is easy to check with density data.
The McCabe-Thiele diagram can now be plotted as shown in Figure 14-2. This McCabe-Thiele diagram
is unique, since temperature and pressure do not affect the equilibrium; however, temperature will affect
the rate of attaining equilibrium and hence the efficiency, because at low temperatures more viscous
solutions will be difficult to wash off the solid.

Figure 14-2. McCabe-Thiele diagram for washing



The analysis for washing can be extended to a variety of modifications. These include simulation
problems, use of efficiencies, calculation of maximum U/O ratios, and calculations for cross-flow
systems. The Kremser equation can also be applied to countercurrent washing with no additional
assumptions. This adaptation is a straightforward translation of nomenclature and is illustrated in
Example 14-1. Brian (1972) discusses application of the Kremser equation to washing in considerable
detail.
Washing is also commonly done by collecting the solids on a filter and then washing the filter cake. This
approach, which is often used for crystals and precipitates that may be too small to settle quickly and is
often a batch operation, is discussed by Mullin (2001) and Harrison et al. (2003).

Example 14-1. Washing

In the production of sodium hydroxide by the lime soda process, a slurry of calcium carbonate
particles in a dilute sodium hydroxide solution results. A four-stage countercurrent washing system is
used. The underflow entrains approximately 3 kg liquid/kg dry calcium carbonate solids. The inlet
water is pure water. If 8 kg wash water/kg dry calcium carbonate solids is used, predict the recovery
of NaOH in the wash liquor.

Solution

A. Define. Recovery is defined as 1 – xout/xin. Thus, recovery can be determined even though xin is
unknown.

B and C. Explore and plan. If we pick a basis of 1 kg dry calcium carbonate/h, then O = 8 kg wash
water/h and U = 3 kg/h. This problem can be solved with the Kremser equation if we translate
variables. To translate: Since y = overflow liquid weight fraction, we set O = V. Then U = L. this
translation keeps y = mx as the equilibrium expression. It is convenient to use the Kremser equation
in terms of x. For instance, Eq. (12-31) becomes

(14-8)

D. Do it. Equilibrium is y = x; thus, m = 1. Since inlet wash water is pure, yN+1 = 0. Then 
, m O/U = (1)(8)/3, and N = 4. Then Eq. (14-8) is



and
Recovery = 1 — xN/x0 = 0.98755

E. Check. This solution can be checked with a McCabe-Thiele diagram. Since the xN value desired is
known, the check can be done without trial and error.

F. Generalize. Recoveries for linear equilibrium can be determined without knowing the inlet
concentrations. This can be useful for the leaching of natural products because the inlet
concentration fluctuates. The translation of variables shown here can be applied to other forms of
the Kremser equation.

The washing analysis presented here is for a steady state, completely mixed system where the wash water
and the water entrained by the solid matrix are in equilibrium. When filter cakes are washed, the
operation is batch, the system is not well mixed because flow is close to plug flow, and the operation is
not at equilibrium since the entrained fluid has to diffuse into the wash liquid. This case is analyzed by
Harrison et al. (2003).

14.3 Leaching with Constant Flow Rates
Leaching, or solid-liquid extraction, is a process in which a soluble solute is removed from a solid matrix
using a solvent to dissolve the solute. The most familiar examples are making coffee from ground coffee
beans and tea from tea leaves. The complex mixture of chemicals that give coffee and tea their odor, taste,
and physiological effects are leached from the solids by the hot water. An espresso machine just does the
leaching faster into a smaller volume of water. Instant coffee and tea can be made by leaching ground
coffee beans or tea leaves with hot water and then drying the liquid to produce a solid. There are many
other commercial applications of leaching such as leaching soybeans to recover soybean oil (a source of
biodiesel), leaching ores to recover a variety of minerals, and leaching plant leaves to extract a variety of
pharmaceuticals (Rickles, 1965; Schwartzberg, 1980, 1987).
The equipment and operation of washing and leaching systems are often very similar. In both cases a solid
and a liquid must be contacted, allowed to equilibrate, and then separated from each other. Thus, the
mixer-settler type of equipment shown in Figure 14-1 is also commonly used for leaching easy-to-handle
solids. A variety of other specialized equipment has been developed to move the solid and liquid
countercurrently during leaching. Coulson et al. (1978), Lydersen (1983), McNulty (2008), Miller (1997),
Prabhudesai (1997), and Schwartzberg (1980, 1987) present good introductions to this leaching
equipment.
In leaching, the solute is initially part of the solid and dissolves into the liquid. In washing, which can be
considered as a special case of leaching, the solute is initially retained in the pores of the solid and the
solid itself does not dissolve. In leaching, the equilibrium equation is usually not y = x, and the total
solids flow rate is usually not constant. Since diffusion rates in a solid are low, mass transfer rates are
low. Thus, equilibrium may take days for large pieces such as pickles, where it is desirable to leach out
excess salt, or even years for in-situ leaching of copper ores (Lydersen, 1983). A rigorous analysis of
leaching requires that the changing solid and liquid flow rates be included. This situation is very similar
to partially miscible extraction and is included in Section 14.4. In this section we will look at simple
cases where a modified McCabe-Thiele or Kremser equation can be used.
A countercurrent cascade for leaching is shown in Figure 14-3A. We will consider the (idealized) case
where entrainment of liquid with the solid underflow can be ignored. The assumptions are:



1. The system is isothermal.
2. The system is isobaric.
3. No solvent dissolves into solid.
4. No solvent entrained with the solid.
5. There is an insoluble solid backbone or matrix.
6. The heat of mixing of solute in solvent is negligible.
7. The stages are equilibrium stages.
8. No solid is carried with the overflow liquid.

Figure 14-3. Countercurrent leaching; (A) cascade, (B) McCabe-Thiele diagram

With these assumptions the energy balance is automatically satisfied. A straight operating line is easily
derived using the mass balance envelope shown in Figure 14-3A. Defining ratios and flow rates

(14-9)

the operating equation is

(14-10)

This represents a straight line as plotted in Figure 14-3B. The equilibrium curve is now the equilibrium of
the solute between the solvent and solid phases. The equilibrium data must be measured experimentally. If
the equilibrium line is straight, the Kremser equation can be applied.
In the previous analysis, assumptions 4 and 7 are often faulty. There is always entrainment of liquid in the
underflow (for the same reason that there is an underflow liquid in washing). Since diffusion in solids is



very slow, equilibrium is seldom attained in real processes. The combined effects of entrainment and
nonequilibrium stages are often included by determining an “effective equilibrium constant.” This
effective equilibrium depends on flow conditions and residence times and is valid only for the conditions
at which it was measured. Thus, the effective equilibrium constant is not a fundamental quantity.
However, it is easy to measure and use. The McCabe-Thiele diagram will look the same as Figure 14-3B.
Further simplification is obtained by assuming that the effective equilibrium is linear, y = mEx.

14.4 Leaching with Variable Flow Rates
Leaching, also known as solid-liquid extraction (SLE), and liquid-liquid extraction (LLE) have very
different hydrodynamic and mass transfer characteristics. However, equilibrium staged analysis is almost
identical for the two processes because it is not affected by these differences. In this section we will
briefly consider the analysis of leaching systems using triangular diagrams (Coulson et al., 1978). In
leaching the flow rates will generally not be constant. The variation in flow rates can be included by
doing the analysis on a triangular diagram. A very similar technique uses ratio units in a Ponchon-Savarit
diagram (Lydersen, 1983; McCabe et al., 2005; McNulty, 2008; Miller, 1997; Prabhudesai, 1997;
Treybal, 1980).
A schematic of a countercurrent leaching system is shown in Figure 14-4 with the appropriate
nomenclature. Since leaching is quite similar to LLE, the same nomenclature is used (see Table 13-2).
Even if flow rates E and R vary, it is easy to show that the differences in total and component flow rates
for passing streams are constant. Thus, we can define the difference point from these differences. This
was done in Eqs. (13-42) and (13-43) for the LLE cascade of Figure 13-20. Since the cascades are the
same (compare Figures 13-20 and 14-4), the results for leaching are the same as for LLE.

Figure 14-4. Countercurrent leaching cascade and nomenclature

The calculation procedure for countercurrent leaching operations is exactly the same as for LLE:
1. Plot the equilibrium data.
2. Plot the locations of known points.
3. Find mixing point M.
4. Locate EN.
5. Find the Δ point.
6. Step off stages.

This procedure is illustrated in Example 14-2.
The equilibrium data for leaching must be obtained experimentally since it will depend on the exact
nature of the solids, which may change from source to source. If there is no entrainment, the overflow
(extract) stream will often contain no inert solids (diluent). However, the raffinate stream will contain
solvent. Test data for the extraction of oil from meal with benzene are given in Table 14-2 (Prabhudesai,
1997). In these data, inert solids are not extracted into the benzene. The data are plotted on a triangular



diagram in Figure 14-5 (see Example 14-2). The conjugate line is constructed in the same way as for
extraction.

Table 14-2. Test data for extraction of oil from meal with benzene

Figure 14-5. Solution to leaching problem, Example 14-2

Example 14-2. Leaching calculations

We wish to treat 1000 kg/h (wet basis) of meal (D) that contains 0.20 wt frac oil (A) and no
benzene(S). The inlet solvent is pure benzene and flows at 662 kg/h. We desire an underflow product
that is 0.04 wt frac oil. Temperature and pressure are constant, and the equilibrium data are given in
Table 14-2. Find the outlet extract concentration and the number of equilibrium stages needed in a
countercurrent leaching system.

Solution

A. Define. The system is similar to that of Figure 14-4 with streams E0 and RN+1 specified. In
addition, weight fraction xA,1 = 0.04 and is a saturated raffinate. We wish to find the composition



of stream EN and the number of equilibrium stages required.
B. Explore. This looks like a straightforward leaching problem, which can be solved like the

corresponding extraction problem.
C. Plan. We will plot the equilibrium diagram on a scale that allows the Δ point to fit on the graph.

Then we will plot points E0, RN+1, and R1. We will use the lever-arm rule to find point M and then
find point EN. Next we find Δ and finally we step off the stages.

D. Do it. The diagram in Figure 14-5 shows the equilibrium data and the points that have been
plotted. Point M was found along the line E0RN+1 from Eq. (13-40a).

Then points EN and Δ were found as shown in Figure 14-5. Finally, stages were stepped off in
exactly the same way as for a triangular diagram for extraction. The exit extract concentration is
0.305 wt frac oil, and 3 stages are more than enough. Two stages are not quite enough.
Approximately 2.1 stages are needed.

E. Check. The outlet extract concentration can be checked with an overall mass balance. The number
of stages could be checked by solving the problem using another method.

F. Generalize. Since the leaching example was quite similar to LLE, we might guess that the other
calculation procedures developed for extraction would also be valid for leaching. Since this is
true, there is little reason to reinvent the wheel and rederive all the methods.

McCabe-Thiele diagrams can also be used for leaching if flow rates are close to constant. If flow rates
are not constant, curved operating lines can be constructed on the McCabe-Thiele diagram with the
triangular diagram.

14.5 Supercritical Fluid Extraction
There has been an increasing amount of interest in the use of supercritical fluids (SCF) for leaching or
extracting compounds from solids or liquids in the food and pharmaceutical industries because of the
nontoxic nature of the primary SCF—carbon dioxide. In this section we will briefly consider the
properties of SCFs that make them interesting for extraction. Then a typical process for SCF extraction
will be explored and several applications will be discussed.
First, what is an SCF? Figure 14-6A shows a typical pressure-temperature diagram for a single
component. Above the critical temperature Tc, it is impossible to liquefy the compound. The critical
pressure pc is the pressure required to liquefy the compound at the critical temperature. The critical
temperatures and pressures for a large number of compounds have been determined (Paulaitis et al., 1983;
Poling et al., 2001). SCFs of interest include primarily carbon dioxide (pc = 72.8 atm, Tc = 31°C, ρ =
0.47 g/mL), but also propane (pc = 41.9 atm, Tc = 97°C, ρ = 0.22 g/mL), and water (pc = 217.7 atm, Tc =
374°C, ρ = 0.32 g/mL). An SCF behaves like a gas in that it will expand to fill the confines of the
container.

Figure 14-6. Thermodynamics of SCF extraction; (A) pressure-temperature diagram for pure
component, (B) solubility of naphthalene in CO2



As can be seen from this very short list, SCFs have densities much greater than those of typical gases and
less than those of liquids by roughly a factor of 2 to 3. The viscosities of SCFs are about one-tenth those
of liquids. This leads to low-pressure drops. The high diffusivities, roughly ten times those of liquids,
plus the lack of a phase boundary leads to very high mass transfer rates and low HETP values in packed
beds. The SCFs can often dissolve almost the same amount of solute as a good liquid solvent. Extraction
can often be carried out at low temperatures, particularly when CO2 is the SCF. This is particularly
advantageous for extraction of foods and pharmaceuticals. Many SCFs are also completely natural or
“green” and thus, are totally acceptable as additives in foods and pharmaceuticals (Allen and Shonnard,
2002). This is a major advantage to the use of supercritical CO2 without additives.

The solubility of a solute in an SCF is a complex function of temperature and pressure. This is commonly
illustrated with the solubility of naphthalene in CO2, which is illustrated in Figure 14-6B (Hoyer, 1985;
Paulaitis et al., 1983). As pressure is increased the solubility first decreases and then increases. At both
high and low pressures the naphthalene is more soluble at high temperatures than at low temperatures.
This is the expected behavior, because the vapor pressure of naphthalene increases with increasing
temperature. Immediately above the critical pressure the solute is more soluble at the lower temperature.
This is a retrograde phenomenon. If naphthalene solubility is plotted vs. CO2 density, the retrograde
behavior does not appear. (Gupta and Johnston, 2008). In addition to having high solubilities, the SCF
should be selective for the desired solutes. Solute-solvent interactions can affect the solubility and the
selectivity of the SCF, and therefore entrainers are often added to the SCF to increase solubility and
selectivity.
Figure 14-6B also shows how the solute can be recovered from the CO2. If the pressure is dropped, the



naphthalene solubility plummets, and naphthalene will drop out as a finely divided solid. A typical
process using pressure reduction is shown in Figure 14-7. Note that this will probably be a batch process
if solids are being processed because of the difficulty in feeding and withdrawing solids at the high
pressures of supercritical extraction. Regeneration can also be achieved by changing the temperature,
distilling the CO2-solute mixture at high pressure or absorbing the solute in water (McHugh and Krukonis,
1994). In many cases one of these processes may be preferable because it will decrease the cost of
compression.
Several current applications have been widely publicized. Kerr-McGee developed its ROSE (Residuum
Oil Supercritical Extraction) process in the 1950s (Gupta and Johnston, 2008; Humphrey and Keller,
1997; Johnston and Lemert, 1997; McHugh and Krukonis, 1994). When oil prices went up, the process
attracted considerable attention, since it has lower operating costs than competing processes. The ROSE
process uses an SCF such as propane to extract useful hydrocarbons from the residue left after
distillation. This process utilizes the high temperatures and pressures expected for residuum treatment to
lead naturally to SCF extraction.
Much of the commercial interest has been in the food and pharmaceutical industries. Here, the major
driving force is the desire to have completely “natural” processes, which cannot contain any residual
hydrocarbon or chlorinated solvents (Humphrey and Keller, 1997). Supercritical carbon dioxide has been
the SCF of choice because it is natural, nontoxic, and cheap, is completely acceptable as a food or
pharmaceutical ingredient, and often has good selectivity and capacity. Currently, supercritical CO2 is
used to extract caffeine from green coffee beans to make decaffeinated coffee. Supercritical CO2 is also
used to extract flavor compounds from hops to make a hop extract that is used in beer production. The
leaching processes that were replaced were adequate in all ways except that they used solvents that were
undesirable in the final product.
A variety of other SCF extraction processes have been explored (Gupta and Johnston, 2008; Hoyer, 1985;
McHugh and Krukonis, 1994; Paulaitis et al., 1983). These include extraction of oils from seeds such as
soybeans, removal of excess oil from potato chips, fruit juice extraction, extraction of oxygenated
organics such as ethanol from water, dry cleaning, removal of lignite from wood, desorption of solutes
from activated carbon, and treatment of hazardous wastes. Not all of these applications were successful,
and many that were technically successful are not economical.
The main problems in applying SCF extraction on a large scale have been scaling up for the high pressure
required. The high-pressure equipment becomes quite heavy and expensive. In addition, methods for
charging and discharging solids continuously have not been well developed for these high-pressure
applications. Another problem has been the lack of design data for supercritical extraction. Supercritical
extraction is not expected to be a cheap process. Thus, the most likely applications are extractions for
which existing separation methods have at least one serious drawback and for which SCF extraction does
not have major processing disadvantages.

14.6 Application to Other Separations
The McCabe-Thiele and Kremser methods can be applied to analyze other separation processes.
Adsorption, chromatography, and ion exchange are occasionally operated in counter current columns. In
some situations crystallization can be analyzed as an equilibrium stage separation. The application of the
McCabe-Thiele procedure in these cases is explored by Wankat (1990).
The McCabe-Thiele and Kremser methods have also been applied to analyze less common separation
methods. A modification of the McCabe-Thiele method has been applied to parametric pumping, which is
a cyclic adsorption or ion exchange process (Grevillot and Tondeur, 1977). A similar modification can



be used to analyze cycling zone adsorption (Wankat, 1986). McCabe-Thiele and Kremser methods can
also be used to analyze three-phase separations (Wankat, 1980).

14.7 Summary—Objectives
In this chapter we looked at the general applicability of the McCabe-Thiele and Kremser analysis
procedures and applied them to washing and leaching. The methods are reviewed in Table 14-1. At the
end of this chapter you should be able to achieve the following objectives:
1. Explain in general terms how the McCabe-Thiele and Kremser analyses can be applied to other

separation schemes and delineate when these procedures are applicable
2. Explain what washing is and apply the McCabe-Thiele and Kremser procedures to washing problems
3. Explain what leaching is and apply both McCabe-Thiele and Kremser methods to leaching problems
4. Apply the triangular diagram analysis to leaching problems with variable flow rates.
5. Explain how supercritical extraction works, and discuss its advantages and disadvantages
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Homework
A. Discussion Problems

A1. Develop your key relations chart for this chapter. Remember that a key relations chart is not a
core dump but is selective.

A2. How do the ideas of a general McCabe-Thiele procedure and the concept of unit operation relate
to each other?

A3. In the unit operation called Washing (select the best answer):
a. the solute is physically held to the solid particles
b. at equilibrium the underflow liquid has the same solute concentration as the overflow liquid
c. the underflow liquid is the liquid entrained with the particles
d. all of the above
e. a and b
f. a and c
g. b and c
h. None of the above.

A4. In leaching the final saturated raffinate often contains a significant amount of solvent. This is the
case for Example 14-3 and for Problems 14.E1 to 14.E3. How do you recover this solvent?

A5. How does the solid enter into washing calculations? Where does solids flow rate implicitly
appear in Figure 14-1?

A6. Referring to Table 14-1, list similarities and differences between absorption, stripping,



extraction, washing, and leaching.
A7. Show how Figure 14-7 could be modified to use a temperature swing instead of a pressure swing.

What might be the advantage and disadvantage of doing this?
Figure 14-7. Batch SCF extraction; regeneration is by pressure swing

A8. What are some of the properties you would look for in a good solvent for extraction, leaching and
supercritical extraction?

A9. Would you expect stage efficiencies to be higher or lower in leaching than in LLE? Explain.

C. Derivations
C1. Chapters 12 to 14 cover separations that use a mass-separating agent. Derive general operating

and equilibrium equations for the separations in these chapters.
C2. Adapt the Kremser equation to leaching.
C3. Derive Eq. (14-10).
C4. Develop the procedures for single-stage and cross-flow systems for leaching using a triangular

diagram.
C5. Batch washing will be similar to batch extraction except in continuous addition batch washing

(Figure 13-11) there is no need to pre-saturate the wash liquid with the solid and a filter is used
instead of a settler. If the terms are translated the same equations can be used for batch washing.
a. Convert Eqs. (13-24b) and (13-21) to the equations for batch washing.
b. Convert Eq. (13-28) to the equation for batch washing with continuous addition of wash liquid.

D. Problems
*Answers to problems with an asterisk are at the back of the book.

D1. We plan to wash dilute sulfuric and hydrochloric acids from crushed rock in a counter current
system. Operation is at 25°C and one atmosphere. 100.0 m3/day of wet rock are to be washed.
After settling, the porosity is constant at 0.40. Thus, the underflow rate is 40.0 m3/day. The initial
concentration of the underflow liquid is 1.0 kg sulfuric acid/m3 and 0.75 kg hydrochloric acid/m3.
We desire an outlet underflow sulfuric acid concentration of 0.09 kg/m3. The wash liquid
(overflow) rate is 50.0 m3/day, and the inlet wash water is pure. For these dilute solutions assume
that the solution densities are constant, and are the same as pure water, 1000.0 kg/m3. Find:
a. The number of equilibrium stages required
b. The outlet concentration (kg/m3) of hydrochloric acid in the underflow liquid

D2.* You are working on a new glass factory near the ocean. The sand is to be mined wet from the
beach. However, the wet sand carries with it seawater entrained between the sand grains. Several



studies have shown that 40% by volume seawater is consistently carried with the sand. The
seawater is 0.035 wt frac salt, which must be removed by a washing process.
Densities: Water, 1.0 g/cm3 (assume constant); Dry sand, 1.8 g/cm3 (including air in voids); Dry
sand without air, 1.8/0.6 = 3.0 g/cm3.
a. We desire a final wet sand product in which the entrained water has 0.002 wt frac salt. For

each 1000 cm3 of wet sand fed we will use 0.5 kg of pure wash water. In a countercurrent
washing process, how many stages are required? What is the outlet concentration of the wash
water?

b. In a cross-flow process we wish to use seven stages with 0.2 kg of pure wash water added to
each stage for each 1000 cm3 of wet sand fed. What is the outlet concentration of the water
entrained with the sand?

D3. Your boss has looked at the results of Example 14-1. He now asks you what if a four-stage cross-
flow system is used instead of the countercurrent system. The pure wash water will be divided
equally between the four stages. Thus, overhead flow is 2 kg wash water/kg calcium carbonate on
each stage. Determine the recovery of NaOH and compare to the result in Example 14-1.

D4.* We wish to wash an alumina solids to remove NaOH from the entrained liquid. The underflow
from the settler tank is 20 vol % solid and 80 vol % liquid. The two solid feeds to the system are
also 20 vol % solids. In one of these feeds, NaOH concentration in the liquid is 5 wt %. This
feed’s solid flow rate (on a dry basis) is 1000 kg/hr. The second feed has a NaOH concentration
in the liquid of 2 wt %, and its solids flow rate (on a dry basis) is 2000 kg/h. We desire the final
NaOH concentration in the underflow liquid to be 0.6 wt % (0.006 wt frac) NaOH. A
countercurrent operation is used. The inlet washing water is pure and flows at 4000 kg/h. Find the
optimum feed location for the intermediate feed and the number of equilibrium stages required.
Data: ρw = 1.0 kg/liter (constant), ρalumina = 2.5 kg/liter (dry crushed)

D5. After reading the solution to Problem 14.D4, your boss thinks it will be just as good to take the
two feeds and combine them rather than keeping the feeds separate. Calculate the number of
equilibrium stages required to achieve the same outlet concentrations with the same flow rates if
the two feeds are combined before being fed to the washing cascade. Compare with the answer to
14.D4.

D6. We are removing barium sulfide BaS from insoluble solids (see Problem 14.D14 for data) in a
batch washing process. We initially have 10.0 kg of wet solids (each kg dry insoluble solids
carries with it 1.5 kg underflow liquid). The initial underflow liquid is an aqueous solution with
0.05 mass fraction BaS. The wet solids are mixed with 10 kg of pure water, the solids are
allowed to settle (each kg dry insoluble solids carries with it 1.5 kg underflow liquid), and the
overflow liquid is removed. This process is then repeated twice using 10 kg of pure wash water
each time. Assume that liquid density is constant and that the underflow liquid held by the solids
has the same concentration of BaS as the overflow liquid.
a. Find mass fractions of BaS in the overflow and the underflow liquids after the first, second, and

third washing steps.
b. If the operation is done continuously with 10.0 kg/h of wet solids feed in a 3 stage cross-flow

system using 10.0 kg/h of pure wash water in each stage, find the mass fractions of BaS in the
overflow and underflow liquids from each of the three stages.

c. If a continuous countercurrent 3 stage process is used with a total of 30 kg/h of wash water and
10.0 kg of wet solids/h, find the outlet underflow and overflow mass fractions of BaS.



D7.* You are working on a new glass factory near the ocean. The sand is to be mined wet from the
beach. However, the wet sand carries with it seawater entrained between the sand grains. Data
are given in Problem 14.D2. The salt must be removed by a washing process. A cross-flow
process will be employed, with 0.2 kg of wash water added to each stage for each 1000 cm3 of
wet sand fed. The wash water outlet from the last stage will be used as the wash water inlet for
stage 3. Wash water outlet from stage N–1 will be used as wash inlet for stage 2, and wash water
outlet from stage N–2 as wash water inlet to stage 1. All other stages have pure wash water inlet
(see figure). We desire an outlet concentration of less than 0.002 wt frac salt in the entrained
liquid. What is the minimum number of stages required to obtain this concentration? (This is not a
minimum wash water flow rate problem. This specification means you don’t have to obtain
exactly 0.002 with an integer number of stages.) Note: This problem is not trial and error.

D8.* In the leaching of sugar from sugar cane, water is used as the solvent. Typically about 11 stages
are used in a countercurrent Rotocel or other leaching system. On a volumetric basis liquid flow
rate/solid flow rate = 0.95. The effective equilibrium constant is mE = 1.18, where mE =
(concentration, g/liter, in liquid)/(concentration, g/liter, in solid) (Schwartzberg, 1980). If pure
water is used as the inlet solvent, predict the recovery of sugar in the solvent.

D9. Experimental data for the leaching of sugar from sugar cane with water shows that a reasonable
value for the effective equilibrium constant y/x = mE is 1.18 where y and x are the solute
concentration in g/(L liquid) and g/(L solid), respectively (Schwartzberg, 1980). Batch leaching
will be similar to batch extraction, and if the terms are translated the same equations can be used.
We are doing a single stage batch leaching of sugar cane with water to recover sugar. The feed to
the washing process is 1.0 kg of solids (on a dry basis). In this feed the cane contains 5.5 wt %
sugar. The inlet solvent is pure water. Assume overflow and underflow amounts are constant.
a. If 3.0 kg of wash liquid are used in a normal batch leaching operation, what are the outlet

overflow liquid weight fraction sugar (value y) and the weight fraction sugar in the solid (value
x)?

b. If we want the outlet overflow liquid to be 0.4 wt % sugar, how many kg of wash water are
required in a normal batch leaching operation?

D10.* The use of slurry adsorbents has received some industrial attention because it allows for
countercurrent movement of the solid phase. Your manager wants you to design a slurry adsorbent
system for removing methane from a hydrogen gas stream. The actual separation process is a
complex combination of adsorption and absorption, but the total equilibrium can be represented
by a simple equation. At 5°C, equilibrium can be represented as

Weight fraction CH4 in gas = 1.2 × (weight fraction CH4 in slurry)
At 5°C, no hydrogen could be detected in the slurry and the heat of sorption was negligible. We
wish to separate a gas feed at 5°C that contains 100 lb/h of hydrogen and 30 lb/h of methane. An
outlet gas concentration of 0.05 wt frac methane is desired. The entering slurry will contain no
methane and flows at a rate of 120 lb/h. Find the number of equilibrium stages required for this
separation and the mass fraction methane leaving with the slurry.



D11. A washing operation is processing 10,000 kg/h of wet solids. The liquid is essentially water with
a density of 1000.0 kg/m3, the dry solids have a density of 1500.0 kg/m3, and the porosity (also
known as the volume fraction of void space) is measured as ε = 0.40. What is the flow rate of the
underflow liquid in kg/h?

D12.* A countercurrent leaching system is recovering oil from soybeans. The system has five stages. On
a volumetric basis, liquid flow rate/solids flow rate = 1.36. 97.5% of the oil entering with the
nonsoluble solids is recovered with the solvent. Solvent used is pure. Determine the effective
equlibrium constant, mE, where mE is (kg/m3 of solute in solvent)/(kg/m3 of solute in solid) and is
given by the equation y = mEx.

D13. Batch leaching will be similar to a batch extraction, and the equations developed in Section 13.6
can be adapted when the solution is dilute or there is an insoluble solid matrix. We have 12.5
liters of pure water that we will use to leach 10.0 liter of wet sugar cane solids. Equilibrium data
are in Problem 14.D8.
a. Find the fractional recovery of the sugar in the water if the water and wet sugar cane solids are

mixed together and after settling, the water layer is removed.
b. Find the fractional recovery of the sugar in the water if a continuous solvent addition batch

leaching system analogous to Figure 13-11 is used.
D14. Barium sulfide is produced by reacting barium sulfate ore with coal. The result is barium black

ash, which is BaS plus insoluble solids. Since BaS is soluble in water, it can be leached out with
water. In thickeners the insoluble solids in the underflow typically carry with them 1.5 kg liquid
per kg insoluble solids. At equilibrium the overflow and underflow liquids have the same BaS
concentrations (Treybal, 1980). We want to process 350 kg/h of insoluble solids plus its
associated underflow liquid containing 0.20 mass fraction BaS. Use a countercurrent system with
2075 kg/h of water as solvent. The entering water is pure. We desire the outlet underflow liquid to
be 0.00001 mass fraction BaS. Find:
a. The BaS mass fraction in the exiting overflow liquid.
b. The number of equilibrium stages required.

D15. We are removing barium sulfide BaS from insoluble solids (see Problem 14.D14 for data). We
are processing 1000 kg/h of dry insoluble solids plus the underflow liquid carried with the solids.
The entering underflow liquid is 15 wt % BaS. A 99% recovery of the BaS is desired. The
entering solvent (water) is pure. Use a countercurrent process.
a. Find the minimum overflow rate (minimum entering water rate) (Ov)min.
b. If Ov = 1.2 (Ov)min, find the number of steps required for the separation.
c. If the separation actually requires 15 stages at Ov = 2000 kg/h, find the overall stage efficiency

and alternatively, the effective equilibrium constant mE. (mE includes both equilibrium and
efficiency. It represents the value of the equilibrium constant that will result in stages having
100% efficiency.)

D16. Batch washing will be similar to batch extraction, and if the terms are translated the same
equations can be used. We are doing a single stage batch washing of alumina solids to remove
NaOH from the entrained liquid. The feed to the washing process is 1.0 kg of solids (on a dry
basis). Each kg of dry solids entrains 2.0 kg of underflow liquid. In this feed the entrained liquid
contains 6 wt % NaOH. The inlet washing liquid is pure water. Assume overflow and underflow
amounts are constant.



a. If 2.0 kg of wash liquid are used in a normal batch washing operation, what is the outlet
underflow liquid weight fraction NaOH?

b. If we want the outlet underflow liquid to be 0.5 wt % NaOH, how many kg of wash water are
required in a normal batch washing operation?

D17. Continuous water addition batch washing will be similar to continuous solvent addition batch
extraction, and if the terms are translated the same equations can be used (see Problem 14.C5b).
We are doing a single stage, continuous water addition batch washing of alumina solids to remove
NaOH from the entrained liquid. The feed to the washing process is 1.0 kg of solids (on a dry
basis). Each kg of dry solids entrains 2.0 kg of underflow liquid. In this feed the entrained liquid
contains 6 wt % NaOH. The inlet washing liquid is pure water. Assume overflow and underflow
amounts are constant.
a. If 2.0 kg of wash liquid are used in a continuous water addition batch washing operation, what

is the outlet underflow liquid weight fraction NaOH?
b. If we want the outlet underflow liquid to be 0.5 wt % NaOH, how many kg of wash water are

required in a continuous water addition batch washing operation?
c. Compare results to results of Problem 14.D16.

D18.* Repeat Example 14-2 except for a single-stage system and unknown underflow product
concentration.

D19.* Repeat Example 14-2 except for a three-stage countercurrrent system and unknown underflow
product concentration.

D20.* Repeat Example 14-2 except for a three-stage cross-flow system, with pure solvent at the rate of
421 kg/h added to each stage and unknown underflow product concentration.

D21. A slurry of pure NaCl crystals, NaCl in solution, NaOH in solution and water is sent to a system
of thickener(s) at a rate of 100 kg/min. The feed slurry is 45 wt % crystals. The mass fractions of
the entire feed (including crystals and solution) are: xNaCl = 0.5193, xNaOH = 0.099, and xwater =
0.3187. We desire to remove the NaOH by washing with a saturated NaCl solution. The
thickener(s) are operated so that the underflow is 80% solids (crystals) and 20% liquid. There are
no solids in the overflow. Solubility of NaCl in caustic solutions is listed in the table (the y
values) (Brown et al., 1950). The first two rows of x values (wt frac in underflow including both
crystals and solution) have been calculated so that you can check your calculation procedure. The
x values are specific for this operation where the underflow is 80% solids and the crystals are
pure NaCl. [xNaCl = 0.8(1.0) + 0.2 yNaCl, xNaOH =0.8(0) + 0.2 yNaOH]

a. Complete the table and plot the saturated extract (y) and saturated raffinate (x) curves and
construct a conjugate line.

b. If the feed is mixed with 20.0 kg/min of a saturated NaCl solution (yNaCl = 0.27, yNaOH = 0.0) in
a single thickener, find the flow rates of the underflow and overflow, the compositions of these



streams, and the weight of crystals in the underflow.
c. If a countercurrent cascade of thickeners is used with S = 20 kg/min of a saturated NaCl

solution (yNaCl = 0.27, yNaOH = 0.0) and we desire a raffinate product that has xNaOH = 0.01,
determine the flow rates of R1 and EN, and the number of stages required.

Note: Although this is a washing problem, there is not a constant flow rate of solids. Thus, it
needs to be solved like the leaching problems in this chapter.

E. More Complex Problems
E1. You are processing halibut livers that contain approximately 25.2 wt % fish oil and 74.8 wt %

insoluble solids. The following data for leaching fish oil from halibut livers using diethyl ether
solvent is given by Brown and Associates (1950):

where yoil is the mass fraction oil in the overflow, which was found to contain no insoluble solids,
and Z is the pounds of solution per pound of oil free solids in the underflow.
a. Convert the data to mass fraction oil and solvent in the overflow and to mass fraction oil,

solvent and solids in the underflow. Plot the data as a saturated extract curve and a saturated
raffinate curve with appropriate tie lines on a graph with yoil or xoil as the ordinate and ysolids or
xsolids as the abscissa. Develop the conjugate line.

b. We have a total of 1000 lb of fish (oil + solids). We mix the fish with 500 lb of pure diethyl
ether, let the mixture settle and draw off the solvent layer. Calculate the weight fraction of oil in
the extract and raffinate layers, and the amounts of the extract and the raffinate.

c. The raffinate from step b is now mixed with 500 lb of pure diethyl ether. After settling,
calculate the weight fraction of oil in the extract and raffinate layers, and the amounts of the
extract and the raffinate.

d. We have a total of 1000 lb of fish (oil + solids)/hr. We continuously mix the fish with 500 lb of
pure diethyl ether/hr in a thickener and draw off the solvent layer. Calculate the weight fraction
of oil in the extract and raffinate layers, and the flow rates of the extract and the raffinate.

e. The raffinate from step d is now mixed with 500 lb/h of pure diethyl ether in a second
thickener. Calculate the weight fraction of oil in the extract and raffinate layers, and the flow
rates of the extract and the raffinate.

f. We have a total of 1,000.0 pounds of fish (oil + solids)/h, which we are going to continuously
process in a countercurrent cascade of thickeners. Use 500 lb/h of pure diethyl ether. We want
the outlet raffinate to contain 0.02 weight fraction fish oil. Find the number of stages required.

E2. Your company continues to have the stinky job of processing the halibut livers detailed in
Problem 14.E1. Since the halibut arrive in batches on the fishing boats, you decide to evaluate a
continuous solvent addition batch operation. The basic system will be similar to the extraction
system shown in Figure 13-11 except a filter is used instead of a settler. The derivation in Eqs.
(13-28a) through (13-29a) is valid, but since the equilibrium is not linear, Eq. (13-29b) is not
valid. The feed is the same 25.2 wt % fish oil, 74.8 wt % insoluble solids feed as in Problem
14.E1. 1000 kg of this feed are to be processed using pure diethyl ether as the solvent. Operation
proceeds by first adding enough solvent so that the mixture is in the two phase region. Then pure
oil is skimmed off at the same rate as the solvent is added.
a. How much solvent must be added so that the mixture is in the two phase region? The two-phase



region starts when the mixing line crosses the saturated curve. Note that since there can be no
removal of extract until this amount of solvent is added, Eq. (13-29a) is not valid until this
amount of solvent is added.

b. The continuous solvent addition batch operation continues adding solvent until the weight
fraction of oil in the raffinate remaining in the tank is 0.02. Determine the total kg of solvent
required, the weight of raffinate remaining in the tank, and the concentration of this raffinate.
Also find the weight of extract collected and the average weight fraction of the oil and solvent
in the extract. Note: Since Eq. (13-29a) assumes that  is constant, approximate constant  by
using the average value of  in Eq. (13-29a) over the period when extract is removed.

E3. Solve Problem 14.E2, part b, but do not assume that  is constant. This requires deriving an
alternative for Eq. (13-29a) for nonconstant , but with a constant amount of insoluble solids.



Chapter 15. Introduction to Diffusion and Mass Transfer

Except for the short introductory Section 1.3, to this point the entire analysis of separation processes has
been equilibrium based. Effects of nonequilibrium operation have been lumped into either a stage
efficiency (Sections 4.11, 10.2, 12.5, and 13.5) or to the height equivalent of a theoretical plate (HETP;
Sections 10.9 and 10.11). We must move beyond an equilibrium analysis if we want to be able to predict
values of the stage efficiency and the HETP (Chapter 16), to study membrane separators (Chapter 17), or
to study sorption separations (Chapter 18). For all of these situations, we must look at the mass transfer
occurring in the separator. This chapter presents the fundamentals of diffusion and mass transfer in
sufficient detail so that the analysis in the remaining chapters is understandable. Additional information on
mass transfer is presented as needed in Chapters 16 to 18. If you have already studied mass transfer and
diffusion, most, but probably not all, of this chapter will be a review, and you will not have to spend
much time studying the material.
Mass transfer is the movement of mass caused by species concentration differences in a mixture.
Diffusion is the mass transfer caused by molecular movement, while convection is the mass transfer
caused by bulk movement of mass. Large diffusion rates often cause convection. Because mass transfer
can become intricate, at least five different analysis techniques have been developed to analyze it. Since
they all look at the same phenomena, their ultimate predictions of the mass-transfer rates and the
concentration profiles should be similar. However, each of the five has its place: they are useful in
different situations and for different purposes. We start in Section 15.1 with a nonmathematical molecular
picture of mass transfer (the first model) that is useful to understand the basic concepts, and a more
detailed model based on the kinetic theory of gases is presented in Section 15.7.1. For robust correlation
of mass-transfer rates with different materials, we need a parameter, the diffusivity that is a fundamental
measure of the ability of solutes to transfer in different fluids or solids. To define and measure this
parameter, we need a model for mass transfer. In Section 15.2, we discuss the second model, the Fickian
model, which is the most common diffusion model. This is the diffusivity model usually discussed in
chemical engineering courses. Typical values and correlations for the Fickian diffusivity are discussed in
Section 15.3. Fickian diffusivity is convenient for binary mass transfer but has limitations for nonideal
systems and for multicomponent mass transfer.
In Section 15.4, the engineering approach to mass transfer, the linear driving-force model introduced in
Eq. (1-4), is explored in more detail, particularly for mass transfer between two phases. This third
approach is applicable to any situation because correlations for the mass-transfer coefficients can be
developed on the basis of dimensional analysis, and the constants in the correlations can be fit to
experimental mass transfer data. In Section 15.5, a few correlations for the mass-transfer coefficient
based on Fickian diffusivity are presented. Additional correlations are presented when needed in
Chapters 16 to 18. If you have had a chemical engineering mass-transfer course, Sections 15.1 to 15.5
will contain familiar material. If you have not had a mass-transfer course, Sections 15.1 to 15.5 are the
minimum material required to proceed to Chapter 16.
Section 15.6 describes the deficiencies in the Fickian model and points out why an alternative model (the
fourth) is needed for some situations. The alternative Maxwell-Stefan model of mass transfer and
diffusivity is explored in Section 15.7. The Maxwell-Stefan model has advantages for nonideal systems
and multicomponent mass transfer but is more difficult to couple to the mass balances when designing
separators. The fifth model of mass transfer, the irreversible thermodynamics model (de Groot and
Mazur, 1984; Ghorayeb and Firoozabadi, 2000; Haase, 1990), is useful in regions where phases are
unstable and can split into two phases, but it is beyond the scope of this introductory treatment. The



advantages, disadvantages, and relationships among the models are delineated in Section 15.8.
Applications of the mass-transfer theories to separations are covered in Chapters 16 to 18.

15.1 Molecular Movement Leads to Mass Transfer
On a molecular level, all molecules move and collide because of thermal energy. These molecular
collisions result in mass transfer by diffusion. At every temperature above absolute zero, molecules are
always moving. When they bump into another molecule, the kinetic energy of the two molecules is
redistributed and the molecules move away at different angles. With a large number of molecules, the
motion of each molecule is random and the molecules tend to distribute throughout the volume available.
At equilibrium there is an equal number density of molecules throughout the container.
The number of molecules present in a volume (e.g., 1.0 ml) can easily be estimated by remembering that a
gram mole consists of Avogadro’s number (6.023 × 1023) of molecules. If we have liquid water at 20°C
(molecular mass = 18.016 and density = 0.998 g/ml), there are 3.35 × 1022 molecules/ml—truly a large
number! For an ideal gas (say, nitrogen with molecular weight = 28.0), a mole occupies 22.4 L at STP
(0°C and 1.0 atm). In this case there are 2.69 × 1019 molecules/ml—fewer, but still a huge number.
Molecules also bump into the walls of the container, but under normal pressures, so many molecules are
present that the collisions with other molecules are much more likely than with the wall (an exception is
Knudsen diffusion, discussed in Section 18.6.1). With an enormous number of molecules, the change in
number density of molecules caused by the huge number of collisions appears to be continuous instead of
discontinuous. This apparently continuous behavior allows us to use our normal continuous (differential)
mathematics.
If we introduce a different type of molecule at one place in the container (e.g., a bit of helium in the
nitrogen), both the helium and nitrogen molecules move randomly because of thermal energy. As a result,
a huge number of collisions of molecules occurs, and both helium and nitrogen spread randomly
throughout the container. At equilibrium there is not only an equal density of total molecules everywhere
in the container but also an equal density of helium molecules everywhere. The net result of this random
movement is that the helium molecules on average move from the location of high concentration to a
location of low concentration. This process of movement of molecules from a region of high concentration
to a region of low concentration is called molecular diffusion.
This picture is oversimplified, but it gives a reasonable starting point for studying binary diffusion. Since
the velocity of molecules increases with higher thermal energy, we would expect that diffusion rates
(however defined and measured) will increase as the temperature increases. Since gases have fewer
molecules per volume than liquids, the random movement of the molecules will be less impeded in a gas.
Thus, we would expect higher diffusion rates in gases than in liquids.
If we consider a slightly more complex arrangement, we could continually flow a stream relatively
concentrated in ethanol on one side of the space and flow a stream relatively less concentrated in ethanol
on the other side of the space, which is essentially what we do in many separation processes. If we flow
fairly rapidly, we will prevent the entire space from ever reaching equilibrium (same ethanol
concentration everywhere). However, there will be a net movement of ethanol from the concentrated
region to the dilute region. You have experienced a somewhat analogous situation when you want to move
through a crowd of people and have to bob and weave and sometimes step backwards to do so. The
difference between the situations is that people have a purpose to their movement, while molecules do
not have a purpose and the motions are random. Thus, in describing our models we must try to avoid
assigning a purpose to the molecular diffusion.
Even though this picture is quite simple, it is relatively easy to consider complicating factors and



qualitatively predict their effect on molecular diffusion. For example, if the system is quite concentrated,
diffusion of a large number of molecules occurs. This diffusion leads to convection (movement by flow).
This coupling of diffusion and convection complicates the analysis and is considered in Section 15.2.3.
Although diffusion always causes convection, in dilute systems the convection is small enough that it can
be ignored (Sections 15.2.1 and 15.2.2).
Consider another complication by analogy. Suppose you want to move through a crowd, but you have to
take your little sister with you. You take her firmly by the hand, and the two of you zigzag through the
crowd. Since the two of you together require a larger space to squeeze between people, your motion will
be slower than if you were alone. A similar effect occurs if molecules agglomerate or stick together (but
remember that the molecules do not have a purpose for their movement). The larger group of molecules
moves more slowly, so the measured diffusivity is lower. This situation is discussed in Section 15.3.
Another situation we can explore by analogy occurs when you want to go in one direction, but a number of
people are headed in another direction. The contact or “friction” with these other bodies will tend to
carry you in the direction they are going, and if there are sufficient numbers of them, you may be swept
along with them. The molecular equivalent can occur in a flow situation. Assume we have a water stream
with a modest amount of methanol and a small amount of ethanol on the left, and another water stream
with a small amount of methanol and a fairly large amount of ethanol on the right. If we allowed the
system to come to equilibrium, we would have equal methanol concentrations everywhere. In the
nonequilibrium flow situation, we can continually transfer ethanol from the right to the left. We (the
people—not the molecules, which just move randomly) would expect random fluctuations to move
methanol from the left to the right, but if there is sufficient ethanol movement, we may observe the reverse
transfer direction of methanol. This case is discussed in Section 15.7.
The word pictures painted in this section have been quantified for gases in the kinetic theory of gases. An
introduction to this theory is presented in Section 15.7.1.
In Chapter 1 of this book we presented Eqs. (1-5a and b) that relate the rate of mass transfer/volume to a
mass-transfer coefficient, the area/volume, and a driving force. This mathematical model is an attempt to
quantify a complicated situation. Although useful, this model and the other models presented later in this
chapter can also be misleading. The term driving force implies purpose or desire to transfer, and as
noted, there is no purpose—the molecules are just moving randomly. With this caveat, let’s look at the
various models used to analyze mass transfer, starting with the Fickian diffusion model.

15.2 Fickian Model of Diffusivity
15.2.1 Fick’s Law and the Definition of Diffusivity
In 1855 and 1856, physician Adolph Fick built on the previous work of Thomas Graham to develop a
theory for the transfer of dilute solutes in physiological fluids. Since Fick was familiar with Fourier’s
analysis of thermal conduction and since his experimental apparatus was analogous to Fourier’s
apparatus, Fick modeled his theory on the analogous thermal conduction theory (Cussler, 2009). With
constant density and heat capacity, Fourier had shown that for one-dimensional heat conduction with no
convection and no thermal radiation,

(15-1a)

Defining the proportionality constant as the thermal conductivity kconduction, the definition becomes



(15-1b)

If Qz is the heat-transfer rate by conduction, J/s, in the z direction for a material with an area for heat
transfer of A m2, over a distance measured in m, and a thermal gradient with units °C/m, then kconduction
has units J/(sm °C). It was later realized that a slightly more general form of this equation is

(15-1c)

where thermal diffusivity αthermal = kconduction /(ρCp) and (ρCpT) is the thermal energy of the system. For
the same units and with density ρ in kg/m3 and heat capacity Cp in J/(kg °C), the thermal diffusivity αthermal
has units of m2/s. For additional information on heat transfer, see Hottel et al. (2008) and Incropera et al.
(2011).
Fick showed that for molecular diffusion of a dilute solution of solute A in solvent B (a binary mixture)
with no convection in the z direction,

(15-2a)

Defining the proportionality constant as the molecular diffusivity DAB, the definition for DAB becomes

(15-2b)

If JA,Z is the molecular flux by diffusion, (mole A)/(s m2), in the z direction over a distance measured in m
and a concentration gradient with units (mole A)/m3, then DAB has units of m2/s. Then the total amount
transferred is

(15-2c)

To calculate the total transferred, we also need to know the area for mass transfer measured in m2. For a
given dilute binary system, the Fickian diffusivity DAB depends, as expected, on temperature but is
approximately independent of concentration. Typical values of DAB for gas systems at atmospheric
pressure are 10–5 m2/s and for liquids are 10–9 m2/s. Typical experimental values and correlations for
predicting DAB are presented in Section 15.3.

Note that the thermal diffusivity and the molecular diffusivity have identical units. In addition, if we
consider that 1/αthermal is the resistance to transferring energy and 1/DAB is the resistance to transferring
mass, then Eqs. (15-1c) and (15-2b) can both be written in the form

(15-3)

For mass transfer, the flux of moles of solute A is JA,Z and the “driving force” is (dCA/ dz).

The usual form for writing Fick’s law in one dimension, and with no convection, in the z direction is



(15-4a)

This form or the equivalent Eq. (15-2b) is normally used to analyze experimental data to determine values
of the Fickian diffusivity DAB. However, Sherwood et al. (1975) and Bird et al. (2002) point out that the
following form is fundamentally more correct.

(15-4b)

In this equation yA is the mole fraction of A, and Cm is the mixture concentration (mol total mixture)/m3.
The equations are identical for dilute, isobaric, isothermal gases because CA = yACm and Cm is constant.
However, in nonisothermal situations, Eq. (15-4b) is the correct form (see Problem 15.A1).
Since Fick cast his equation in a familiar form and since Eqs. (15-2b) and (15-4a) fit data for isothermal
dilute binary systems very well, this equation rapidly became enshrined as Fick’s law (sometimes known
as Fick’s first law). However, problems arose when other researchers extended Fick’s work to more
concentrated systems. In Section 15.2.3 we will see that when there is significant convection in the
diffusion direction, the diffusion flux J needs to be related to the flux N with respect to a fixed coordinate
system (N is the flux needed to design equipment). This complicates the picture but does not invalidate
Fick’s law. As we shall see later, when extended to concentrated, nonideal systems or to multicomponent
systems, Fick’s law often requires very large adjustments of the molecular diffusivity—sometimes with
negative values—as a function of concentration to predict behavior. Said in clearer terms, Fick’s law no
longer applies. We should not blame Fick for this lack of agreement. His “law” works fine for the
conditions that he developed it for.

15.2.2 Steady-State Binary Fickian Diffusion and Mass Balances without Convection
For it to be useful, we need to couple Fick’s law with mass balances. The first case considered is steady-
state diffusion with no convection in the direction of diffusion. This is an important practical case for
measuring diffusion coefficients, studying steady-state evaporation and steady-state permeation of gases
and liquids in membranes, and in design of distillation and some other separation processes. The second
case we consider is unsteady diffusion with no convection in the direction of diffusion, which is of
practical significance in controlled-release drug delivery and in some batch reactors and separation
processes.
The classic steady-state diffusion problem is diffusion across a thin film at constant pressure and
temperature and with no convection in the direction of diffusion (z direction), as shown in Figure 15-1. At
steady state, there is no accumulation in the film and the concentration profile does not change with time.
Over a segment of the film of thickness Δz, the mass balance is input = output, which can be written in this
case as JA,z = JA,z+Δz, and leads to

(15-5a)

Rearranging Eq. (15-5a) and dividing by Δz, we obtain



(15-5b)

Assuming that the limit as Δz → 0 exists (and it does if there are no discontinuities) and taking this limit,
we obtain

(15-6a)

If the diffusion coefficient does not depend on concentration, this simplifies to

(15-6b)

Figure 15-1. Steady-state diffusion across a thin layer of film

Referring to Figure 15-1, the boundary conditions are

(15-7)

Integrating Eq. (15-6b) twice, we obtain
dCA / dz = Constant 1, and CA = (Constant 1)z + Constant 2

From the first boundary condition in Eq. (15-7), Constant 2 = C0. Then, from the second boundary
condition, Constant 1 = (CL – C0) / L, and the equation for the concentration profile is

(15-8)

Why did the diffusivity disappear? With the problem defined in this way (C0, CL, and L defined), the
concentration profile does not depend on the diffusivity. However, the flux does depend on the diffusivity.
The flux is given by Eq. (15-4a) with dCA / dz = Constant 1 = (CL – C0) / L; thus,

(15-9)

Obviously, the problem could be defined in a way that forces the concentration profile to depend on the
diffusivity (see Problem 15.D1). Equations very similar to Eqs. (15-8) and (15-9) occur in a number of
problems, such as steady-state evaporation and steady-state permeation of gases and liquids in
membranes.

Example 15-1. Steady-state diffusion without convection: Low-temperature evaporation



Pure ethanol is contained at the bottom of a long vertical tube (cross-sectional area of 0.9 cm2) shown
in Figure 15-2. Above the liquid is a quiescent layer of air. The liquid at the bottom of the tube is
carefully adjusted so that the distance from the air-liquid interface to the open top of the tube is
constant at 15.0 cm. No liquid is withdrawn from the tube. At the open end of the tube, air is blown
perpendicular to the vertical tube so that the concentration of ethanol at the top of the tube is
essentially zero. The entire apparatus is kept at 0°C, and ptot = 0.98 atm. The tube is carefully
arranged so that there is no convection in the tube. Over the course of several days, we find that the
average evaporation rate is 0.9190 × 10–3 cm3/h. What is the value of the diffusion coefficient of
ethanol in air at 0°C?

Figure 15-2. Tube and reservoir for Examples 15-1 and 15-2

Solution

Liquid ethanol is evaporating at the bottom of the tube. If we assume equilibrium for the gas
immediately above the liquid (z = 0), then

(15-10a)

For an ideal gas C = yCm, where the total molar concentration of the gas is

(15-10b)

Combining this result with Eq. (15-10a) for equilibrium evaporation, we obtain

(15-10c)

The vapor pressure of ethanol can be accurately estimated by Antoine’s equation,

(15-10d)

With VP in mm Hg, T in °C, A = 8.32109, B = 1718.10, and CAntoine = 237.52 over the range from –2
to 100°C (Dean, 1985). Note: Although mm Hg is an obsolete unit for pressure, because a large
amount of data is still in these units, engineers must be comfortable converting or using this unit.
The molecular diffusion coefficient can be determined from Eq. (15-9),



(15-11a)

CL ≈ 0, C0 is given by Eq. (15-10c), and JA,Z can be determined from the liquid feed rate,

(15-11b)

Because the evaporation rate is given in volumetric terms, we need a density. The molar density of
liquid ethanol is 17040 mol/m3. Once the ethanol flux is known, we can determine DAB.

Do it. Putting in the numbers: At 0°C, VP = 12.098 mm Hg. Since the gas constant R = 8.20567 × 10–5

(atm m3)/(mol K),

For the liquid evaporation rate,

The flux of ethanol in the gas is

Then, from Eq. (15-11) we obtain,

Comments
1. This result agrees with Table 15-1.
2. There is significant horizontal convection in this problem, or we would not be able to keep CL ≈

0. However, the convection is not in the direction of the diffusion, and since the system is dilute,
the convection induced in the z direction is quite small; thus, Eqs. (15-6b) and (15-7) are valid.
We are also assuming that air does not enter the tube or cause turbulent flow.

3. The most accurate method of measuring the amount of liquid that evaporates is to weigh the tube
and reservoir. Note that operation with a reservoir and no liquid addition is not at a true steady
state. However, if a large reservoir is attached to the bottom of the tube so that ΔL/L is small,
operation is almost at steady state (called pseudo-steady state) and the steady-state diffusion
equations can be used. See Problem 15.B1 to brainstorm alternative operating procedures.

4. The assumption that convection can be ignored will be checked in Example 15-2.

15.2.3 Unsteady Binary Fickian Diffusion with No Convection (Optional)
We can also study unsteady diffusion in dilute systems. The classic unsteady-state diffusion problem is
diffusion with no convection in the direction of diffusion in an infinitely thick slab. The entire slab is
initially at concentration Cinitial, and at t = 0, the z = 0 face of the slab is set to C = C0 At the far end of the
slab, z → ∞, the concentration is CA,∞ = Cinitial for all times; thus, the slab is so thick that the far end is



unaffected by the diffusion into the slab. We will see shortly that with ordinary liquid diffusion
coefficients, the slab really does not need to be too thick to keep the far end at the initial concentration.
For a segment of thickness Δz, the mass balance per unit area is Accumulation = Input – Output. The
amount of material in the segment of thickness Δz at any time t is CA(t)Δz. Since accumulation is the
change in this amount of material, the mass balance becomes

(15-12a)

Dividing by Δz and taking the limit as Δz → 0 (again, we need to assume this limit exists), we obtain

(15-12b)

Since terms are now functions of both t and z, partial derivatives are required. Assuming constant
diffusivity and substituting in Fick’s law, Eq. (15-4a), we obtain

(15-12c)

This equation is often known as Fick’s second law. As expected, a very similar equation can be derived
for unsteady-state heat conduction in an infinite slab (Incropera et al., 2011).
The boundary conditions for an infinitely thick slab are

(15-13)

Defining the dimensionless distance 

(15-14a)

the solution for Eq. (15-12c) is

(15-14b)

where erf is the error function. The definition and properties of the error function are discussed in Section
18.7.1 in conjunction with the solution for the unsteady dispersion equation for an adsorption column.
Since the error function is supported by Excel, calculations with a spreadsheet are straightforward. If CA,0
> CA,L > CA,initial, a convenient form of Eq. (15-14b) for plotting the results is

(15-14c)

This equation was used to plot Figure 15-3 for diffusion of sucrose in liquid water. If CA,0 > CA,L, a
convenient form of Eq. (15-14b) for plotting the results is



(15-14d)

Figure 15-3. Unsteady diffusion of sucrose in an infinitely thick slab of water. Conditions are
delineated in Problem 15.D19. Curves are plotted for t = 1000s, 10,000s, and 100,000s.

For different geometries, it can be useful to write Fick’s second law in cylindrical coordinates for
transfer in only the radial direction,

(15-12d)

and for spherical coordinates for transfer in the radial direction only,

(15-12e)

Except for this section and Section 18.7, the solutions of the unsteady diffusion equation in one to three
dimensions are beyond the scope of this book. Solutions to Eqs. (15-12c, d, e), the corresponding two-
and three-dimension equations, and the equivalent heat conduction equations have been extensively
studied for a variety of boundary conditions (e.g., Crank, 1975; Cussler, 2009; Incropera et al., 2011).
Readers interested in unsteady-state diffusion problems should refer to these or other sources on
diffusion.

15.2.4 Steady-State Binary Fickian Diffusion and Mass Balances with Convection
To simplify the previous analyses, we assumed that there was no convection in the z direction. But in
practical separation and other mass-transfer systems, this is obviously a special case. How do we analyze
diffusion when there is also convection in the z direction?
A useful analogy is to consider a molecule (for example, sugar) moving in a person’s body at the same
time she walks across the room. The overall movement of the sugar will be dominated by her movement
in the room (the room serves as a fixed frame of reference, and the flux measured in this frame is N). To
study the movement of the sugar, we first look at the flux in her body, using the body as the reference
frame (this means the sugar movement is measured with respect to the body, not the room). Once we know
the flux J with respect to the moving reference frame, then we must find a way to add the flux J to the



movement of her body to find N.
Since both convection and diffusion occur, we need to separate the terms in some fashion. The usual
assumption in the Fickian model for binary systems is that the effects are additive,

(15-15a)

(15-15b)

This step certainly makes sense in the analogy with a person’s body. Fick’s law is applied in a reference
frame (her body) with no convection, which allows use of the procedures of Section 15.2.3. Since we are
doing a steady-state analysis the total fluxes, NA and NB [mol/(m2s)] are constant (e.g., not functions of z);
however, the diffusive and convective fluxes do depend on z. To use this separation of terms, choose a
reference velocity vref(z) so that there is no convection in the reference frame. This is always possible in
a steady-state system. The convective flux is defined in terms of the reference or basis velocity vref,

(15-15c)

(15-15d)

where CA and CB are in mol/m3 and vref is in m/s. Since vref, CA, and CB can depend on z, the convective
fluxes can depend on z.
The total flux (due to both diffusion and convection) can be defined in terms of currently unknown
component transfer velocities vA(z) and vB(z),

(15-15e,f)

The diffusive flux of A is given by Eq. (15-4a), since it is calculated in a reference frame with no
convection, and there is a similar equation for B. The diffusive flux of A can also be determined from
Eqs. (15-15a), (15-15c), and (15-15e) because JA is the difference between the total flux and the
convective flux (in the analogy, this step allows us to look at only what is happening within her body).
Comparing the results from Eqs. (15-15) with Eq. (15-4a), we obtain

(15-16a)

In a similar fashion, we obtain

(15-16b)

Solving for the component velocities,

(15-16c)



(15-16d)

Combining these results with Eqs. (15-15e, f), we obtain the total fluxes,

(15-16e)

(15-16f)

To find the total fluxes, we have to decide on an appropriate reference or basis velocity. Because the
reference velocity is defined as a velocity for which there is no convection, in the reference coordinate
system the net flux of A plus B must be zero; otherwise there would be convection. Thus, in the reference
coordinate system moving at reference velocity vref, by definition,

(15-17a)

The reference velocity is calculated on the basis of the component velocities,

(15-17b)

which can be written in terms of volume, mole, or mass fractions as

(15-17b1)

(15-17b2)

or

(15-17b3)

Here xA,ref and xB,ref are shown to be respectively the volume, molar, or mass fractions of the
components. Remember that fractions are defined so that

(15-17c)

Note that the reference velocity vref,vol, vref,mol, and vref,mass can be identical or different depending on
whether volume, mole, or mass fractions are the same. For example, volume and mole fractions are
identical in an ideal gas, and vref,vol = vref,mol, and if the molecular weights are different, ≠ vref,mass.
However, we have not yet answered the question of which fractions and hence which velocity vref should
be used for a reference velocity. Use the reference velocity that makes the problem as simple as possible!
This is often a reference velocity that will be zero; however, in the analogy with a person the reference
velocity was not zero, but the solution was not difficult. Cussler (2009) states that the volumetric average



velocity vref,vol is the reference velocity that will often result in the simplest diffusion problem. In
separations it is common to use vref,mol for distillation and absorption, vref,mass for extraction, and vref,vol
for gas permeation through membranes. In fluid dynamics the mass average velocity is usually chosen as
the reference velocity. The choice of reference velocity and the solution of Fickian diffusion problems are
best illustrated with examples.
In the analogy with a person’s body, we would probably use mass fractions, with A as the sugar and B as
everything else, to calculate vref,mass. Since there is a lot more mass of her body than mass of the sugar,
xB,ref = xBody,wt frac >> xA,ref and xA,ref = xsugar,wt frac, xB,ref = 1, and vref,mass = vBody,mass. So to find the
total flux of sugar, we add the velocity that she walks across the room to the diffusive flux of sugar within
her body. We could use vref,vol in this analogy with her body, but mass is more familiar.

For a second example, assume that we have two fixed, equal-volume chambers (Figure 15-4) that contain
different ideal gases but are at the same pressure and temperature. With ideal gases at constant pressure
and temperature, there is no volume change on mixing. Since JA = –JB, there will be equal and opposite
volumetric flows of gases A and B, and the volumetric reference velocity vref,vol = 0. This case is an
example of equimolar counterdiffusion and obviously simplifies Eq. (15-17b1). In this case use of a
molar average reference velocity will also result in vref,vol = 0, but if the molecular weights are different,
a mass average reference velocity will not be zero. Even if the gas is not ideal, use of a volumetric
reference velocity will often make an approximate solution easier.
Most liquids have no or very little volume change on mixing—one of the ways to estimate the density of a
liquid mixture is to assume volumes are additive. Even liquid systems with large volume changes on
mixing rarely have more than a 10% change. Molar and mass densities are usually significantly less
constant. Again, this points to use of the volumetric reference velocity vref,vol as the simplest reference
velocity to use.
On the other hand, calculation of diffusion in distillation columns tends to be easier if the molar average
reference velocity vref,mol is used. In distillation, constant molal overflow is often valid or close to valid
(Section 4.2). The resulting equimolar counterdiffusion results in NA = –NB, and there is no convection in
the reference frame with vref,mol = 0. If we choose the reference velocity as the molar average velocity,
then Eq. (15-16e) becomes

(15-18)

A similar simplification occurs for the mass-transfer analysis in Section 15.4 and for the analysis of
distillation in Section 16.1. If the molecular weights are not equal, then vref,mass ≠ vref,mol and solution of
the diffusion equations for distillation will be more difficult if we use mass fractions (see Problem
15.C7).
Although this additive approach appears logical and works for calculating the total fluxes of A and B, this
is certainly not the only way one could tackle the problem (see Problem 15.B2). For binary systems this
approach has the advantages of forcing DAB = DBA (see Problem 15.C1), and DAB is the same for any
choice of vref (see Problem 15.C2).

Diffusion problems are almost always solved as special cases. These solutions are tabulated in
significant detail in Crank (1975), in Cussler (2009), and in Incropera et al. (2011). Example 15-2
presents the special case of steady-state diffusion of component A through a stagnant layer of B. This case



is important for absorption and stripping.
Figure 15-4. Counterdiffusion of ideal gases. Chambers have equal volumes, pressures, and

temperatures.

Example 15-2. Steady-state diffusion with convection: High-temperature evaporation

Repeat Example 15-1 (Figure 15-2), but operate at a temperature of 39.84°C = 313 K, use the
diffusivity value from Table 15-1, and calculate both the diffusion flux JEthanol at z = L and at z = 0
and the total flux NEthanol.

Solution

With a higher temperature, the vapor pressure will be significantly higher and the concentration C0
given by Eq. (15-10b) will be higher. Thus, convection effects are much more likely to be significant.
Since operation is at steady state, NA is constant and is not a function of either time or distance in the
tube. Because the air (component B) is stagnant, NB = 0 and vB = 0. The volume average reference
velocity, Eq. (15-17b1), is

(15-19a)

Since vB = 0, this becomes vref,vol = yA,volvA. We will see shortly that vref,vol is constant but not zero.
In a reference frame moving at this velocity, the convective flux is zero.
For an ideal gas, volumetric and molar fractions are equal. Thus,

(15-19b)

The gas constant R = 8.20567 × 10–5 (atm m3)/(mol K). Note that NA = CAvA = (ptot/RT)yA,volvA =
constant. Since pressure and temperature are constant, yA,vol is inversely proportional to vA, which
makes vref,vol constant.

The boundary condition at z = L is CA = CA,L ≈ 0, which is

(15-19c)

and at z = 0, CA = CA,0 or

(15-19d)

Equation (15-16e) becomes



NA = –DABdCA / dz + CA vref,vol = –DABdCA/dz + CA + yA, yA,vol VA = –DABdCA/dz + NA yA,vol

We used NA = CAvA for the last equals sign. Solving for NA, and substituting in CA = CmyA, where
the overall molar concentration is constant for an ideal gas at constant temperature and pressure, we
obtain

(15-20a)

The solution to Eq. (15-20a) for the constant total flux NA is (Cussler, 2009)

(15-20b)

For the boundary conditions of our example, the constant flux NA is

(15-20c)

The concentration decreases from z = 0 to z = L.

(15-20d)

Note that this equation satisfies the boundary conditions. The total flux is constant, but since the
concentration profile is not linear, the diffusion flux depends on distance z.

(15-20e)

Since by definition JA = –JB in the moving reference frame, we have

(15-20f)

but in the stationary reference frame, NB = 0.

Do it. Putting in the numbers: From Antoine’s equation (Example 15-1), VPEthanol = 133.85 mm Hg.
Concentration of the ethanol in the gas next to the liquid surface is Csurface = 6.857 mol/m3. We can
also find yEthanol,0 = VP/ptotal = 0.1797, and yEthanol,L = 0. DEthanol-air = 0.145 × 10–4 m2/s. The total
concentration Cm is



Note that, as expected, at z = 0, Csurface = yethanol,0Cm. From Eq. (15-20e) at z = L = 0.15m and at z =
0,

The total flux rate

At z = L, where yA = 0, Eq. (15-20a) requires the diffusion flux and the total flux to become equal.
The numerical values satisfy this constraint.
Check on Example 15-1. Since the convective flux in Example 15-2 was largest at z = 0, we check if
the convective flux is significant in Example 15-1 at z = 0. The convective flux is

Convective flux (z = 0) = NE – JE(z = 0)

Using the values from Example 15-1, we have
Cm,Ex 15-1 = ptot /(RT) = 0.98/[(8.20567 × 10-5)(273)] = 43.747mol/m3

yE,Ex 15-1(z = 0) = CE(z = 0)/Cm = 0.7106/43.747 = 0.01624

At z = 0, Eq. (15-20e) becomes,

Finally, the convective flux in Example 15-1 is
Convective flux (z = 0) = NE – JE(z = 0) = 0.08 × 10–5 mol/(m2s).

Thus, even at z = 0 where the convective flux is highest, it is only 1.6% of the total flux. When the
convective flux is neglected, NE = JE, which was calculated as 4.83 × 10–5. This is an error of 0.8%
in the total flux. Thus, neglecting the convective flux in Example 15-1 is valid.
Neglecting flux in Example 15-2. Suppose we had neglected the flux in the second example. Then the
solution for JE,z would be obtained from Eq. (15-9). With the ethanol concentration at z = 0 and
ethanol diffusivity of Example 15-2, this is

Since we are neglecting convection, we would set total flux NE = JE. Since the actual total flux was



7.31 × 10–4, the error was 10%, and neglecting the convective flux in Example 15-2 is obviously
not valid. If the temperature had been higher, the error would have been larger.
No choice of reference velocity simplifies concentrated absorbers and strippers; thus, we will use
molar units in Section 16.4, since equilibrium data are often available in these units.

Students can find the development in this section separating the diffusive and convective fluxes confusing
and even distressing. The choice of the reference velocity based on volume, mole, or mass is arbitrary
and may result in different values for the convective flux. This in turn will result in different values for the
diffusive flux. Even though the total fluxes of A and B will be the same, how can this be correct? The
method works because the diffusive flux is defined with respect to a reference frame in which the
convective flux is zero. If we change vref, we change the convective and diffusive fluxes by the exact
amounts required to keep the total fluxes unchanged. If we report the diffusive flux and the convective
flux, we need to be clear whether a volume, mole, or mass basis was used. Another way to think about
this calculation is the total fluxes of A and B are state functions—they do not depend on the calculation
path chosen. On the other hand, the diffusive and convective fluxes are path functions and depend on how
the calculations are done.

15.3 Values and Correlations for Fickian Binary Diffusivities
As noted earlier, determination of the diffusivity requires that a model be defined so that the concentration
data collected in the experiment can be analyzed. Almost all of the diffusivity data tabulated in the
literature (e.g., Cussler, 2009; Demirel, 2007; Marrero and Mason, 1972; Poling et al., 2008; Reid et al.,
1987; Sherwood et al., 1975) were analyzed with the Fickian model.

15.3.1 Fickian Binary Gas Diffusivities
Based on the molecular argument in Section 15.1, we expect that diffusivities will increase with
increasing temperature. This is indeed the case. Fortunately, in most cases the temperature dependence
can be quite accurately predicted. Ideally, the diffusivity would not depend on concentration. For gases
this is approximately true. Typical diffusivity data for gases are given in Table 15-1. At pressures below
about 70 atm and at constant temperature, the product [ptot DAB] is constant for each gas pair, and DAB is
independent of concentration.
Please do not consider the tables as an opportunity for a reading break. Instead of skipping Table 15-1,
study the numbers and try to find patterns. Obviously, DAB increases as temperature increases. By
comparing the data for different alcohols in air at 298 K, we see that for the homologous series of
alcohols, DAB values are larger for molecules with lower molecular weights. This is generally true even
for very different molecules if there is a big difference in molecular weights.
Diffusivities for gas pairs can be fairly accurately predicted from kinetic theories. A simple kinetic theory
for hard spheres predicts (Cussler, 2009)
Table 15-1. Binary Fickian diffusivities for gases at 1.0 atm. For example, the diffusivity of air and

ammonia at 273 K is 0.198 × 10–4 m2/s = 0.198 cm2/s. For each gas pair at low pressures and a given
temperature, ptot DAB = constant. (Cussler, 2009; Demirel, 2007; Geankoplis, 2003; Poling et al.,

2008; Reid et al., 1987; Sherwood et al., 1975; Treybal, 1980).



 

(15-21)

T is the absolute temperature in kelvin,  is an average molecular weight, ptot is the total absolute
pressure in atmospheres, and σ is average diameter of the spherical molecules in Å. The more detailed
and accurate Chapman-Enskog kinetic theory is valid for nonpolar molecules to about 70 atm. This
equation with DAB in m2/s (Cussler, 2009; Geankoplis, 2003; Wankat and Knaebel, 2008) is



(15-22a)

The collision diameter σAB is determined from the Lennard-Jones potential parameters for the two
molecules

(15-22b)

and the dimensionless ΩD is a collision integral that is a function of kBT/εAB, where kB is Boltzmann’s
constant (1.38066 × 10–23 J/K) and εAB is the Lennard-Jones energy of interaction, which can be
calculated from the values for the two molecules.

(15-22c)

Table 15-2 is a brief list of Lennard-Jones parameters for a few molecules and includes a brief list of
values of ΩD. Detailed tables are available for a variety of compounds to calculate these parameters
(e.g., Cussler, 2009; Hirshfelder et al., 1954). An empirical fit for ΩD is given by Wankat and Knaebel
(2008). Because of the temperature dependence of the collision integral, the gas diffusivities are
proportional to T2 at low temperatures and to T1.66 at high temperatures. Wankat and Knaebel (2008)
summarize other methods to predict gas diffusivities.
Table 15-2. Lennard-Jones potential parameters and values of the collision integral for ideal Fickian
gas diffusivity calculation with Chapman-Enskog equation (15-22) (Cussler, 2009; Hirshfelder et al.,

1954).

Although prediction methods are available, it is always better to have an experimental value for DAB and
then adjust for pressure or temperature differences. Both Eqs. (15-21) and (15-22) predict the same
inverse dependence of diffusivity on pressure and a slightly different dependence on temperature. If a
single experimental value is available, the value of DAB can be accurately predicted at any temperature or
pressure. This is illustrated in Example 15-3.

Example 15-3. Estimation of temperature effect on Fickian gas diffusivity



Estimate the diffusivity of carbon dioxide in air at 317.3 K and 1.0 atm.

Solution

From Table 15-1, Dair–CO2 = 0.136 × 10–4 m2/s at 273 K. From Eq. (15-21), we have

From Eq. (15-22), at low temperatures the exponent on temperature is approximately 2.0, and we
obtain

From Eq. (15-22), at high temperatures the exponent on temperature is approximately 1.66, and we
obtain

This compares to the experimental value of 0.177 × 10–4 m2/s. The predicted value with an exponent
of 3/2 is 4.0% low, the predicted value with an exponent of 2.0 is 4.0% high, and the predicted value
with an exponent of 1.66 is 1.1% low.

15.3.2 Fickian Binary Liquid Diffusivities
Experimental binary diffusivity data for liquid systems are presented in Table 15-3. The data for proteins
in Table 15-3 show that, as expected, the diffusivities are significantly lower than for low molecular
weight compounds, and the diffusivity decreases as the molecular weight of the protein increases.
Diffusivities (shown for sucrose) decrease in aqueous gels as more solid is added and the gel becomes
more viscous. As temperature increases (compare the chlorobenzene-bromobenzene data at the same
concentrations or the infinite dilution ethanol-water data), the diffusivity increases. Pressure is not
expected to affect liquid diffusivities. Most of the tabulations of liquid diffusivity data in the literature
give values at the infinite dilution limits or for just a few concentrations. Compare the infinite dilution
value for ethanol in water to the value for water in ethanol. In general,  (see Problem 15.A3).

Table 15-3. Binary Fickian diffusivities for liquids. For example, the diffusivity of air in water at
298.16 K is 2.00 × 10–9 m2/s = 2.00 × 10–5 cm2/s (Cussler, 2009; Demirel, 2007; Geankoplis, 2003;

Poling et al., 2008; Sherwood et al., 1975; Treybal, 1980). x is mole fraction of solute A.



There are a number of theories for predicting the diffusivity at infinite dilution (Cussler, 2009; Kirwan,
1987; Sherwood et al., 1975; Wankat and Knaebel, 2008). Many of these theories use the Stokes-Einstein
equation as a starting point (Bird, et al., 1960; Cussler, 2009; Wankat and Knaebel, 2008).

(15-23a)

In this equation μB is the viscosity of the solvent and  is the radius of the solute, which is assumed
to be a rigid sphere with gravity as the only body force. The Stokes-Einstein equation works best for
unhydrated molecules with a molecular weight > 1000, and even there it is not very accurate. The most
popular theory for the diffusivity of liquids is the Wilke-Chang theory (Cussler, 2009; Geankoplis, 2003;
Sherwood et al., 1975; Wankat and Knaebel, 2008), which uses the Stokes-Einstein equation as a starting
point and predicts the infinite dilution diffusivity of solute A in solvent B, .



(15-23b)

In this equation VA is the molar volume of solute in m3/kmol at its normal boiling point, T is in kelvin, the
solvent viscosity μB is in Pa·s [kg/(m s)], ϕB is a solvent interaction parameter, and D°AB is in m2/s.
There is some disagreement in the literature on the appropriate values of ϕB, particularly for water. The
following values are recommended for different solvents (Wankat and Knaebel, 2008): water, ϕB = 2.26
[other authors such as Geankoplis (2003) recommend ϕB = 2.6]; methanol, ϕB = 1.9; ethanol, ϕB = 1.5;
propanol, ϕB = 1.2; other solvents, ϕB = 1.0.

Although not obvious from the form of the equation, because of the variation of viscosity with
temperature, the Wilke-Chang equation predicts an Arrhenius dependence on temperature (Kirwan, 1987).

(15-23c)

Typical values for the activation energy Eo are approximately 10,000 J/mol and R = 8.314 J/(mol K).
This equation can also be used at constant mole fractions instead of infinite dilution if data are available
(see Problem 15.D5). Alternatively, if the effect of temperature on solvent viscosity is known, Eq. (15-
23b) can be used directly to determine the temperature dependence of .
Unfortunately, except in quite dilute mixtures, liquid diffusivity is rarely constant, and very large changes
in DAB are often observed going from a trace of A in almost pure B (the infinite dilution limit) to a trace
of B in almost pure A (the other infinite dilution limit). For example, compare the change in values of
DAB in Table 15-3 for the relatively ideal chlorobenzene–bromobenzene system at 283.3 K to the change
in values of DAB for the nonideal ethanol–water system at 298.15 K. The former values increase
modestly, while the latter values go through a minimum as the water mole fraction increases. If the
diffusivity is not constant, we would at least hope that there is a relatively simple relationship that allows
calculation of DAB at any concentration based on the two infinite dilution limits,  and . The Vignes
correlation based on the activity coefficient γA is reasonably accurate (Kirwan, 1987; Sherwood et al.,
1975; Treybal, 1980) for moderately nonideal systems.

(15-23d)

The last term is a thermodynamic correction factor for nonideal solutions. Equation (15-23d) predicts that
DAB is not constant even for ideal systems [term in brackets in Eq. (15-23d) has a value of 1.0]. Equation
(15-23d) can also predict a negative diffusion coefficient, which is an indication of the formation of two
liquid phases and is very important for liquid-liquid extraction.
Again, the most accurate results are obtained not by predicting the diffusivity but by obtaining
experimental values at two, preferably more, temperatures and then adjusting for temperature differences.
Activity coefficient data is required to adjust for concentration changes in nonideal systems.



15.4 Linear Driving-Force Model of Mass Transfer for Binary Systems
Unfortunately, because of the complexity of the flow fields in most separators, reactors, and other devices
where interfacial mass transfer occurs, solution of the Fickian diffusion equations for binary systems is
not usually feasible. In these cases we typically use the empirical linear driving-force model for mass
transfer that was briefly introduced in Section 1.3. This equation [a modification of Eq. (1-4)] is

(15-24a)

As noted in Section 15.1, the use of driving force can be misleading, since the molecules have no brain or
intention to transfer, and in molecular diffusion processes, transfer occurs because of random collisions.
However, since driving force is embedded in the jargon of chemical engineering, we use the term here.
The strength of Eq. (15-24a) is that it is very broad and flexible and can be applied to a wide variety of
situations. The weakness of this equation is that it is empirical, and the theoretical background is weak. In
some practical situations a few experiments will suffice to provide the mass-transfer coefficient in the
range of interest. If temperature, pressure, and concentrations vary significantly in the separator,
successful application of the equation requires a correlation for the mass-transfer coefficient based on
extensive experimental data.
Equation (15-24a) can be written in terms of concentrations as

(15-24b)

If the flux is desired in (kmol A)/(s m2), the area across which the mass transfer occurs is measured in m2,
and concentration is in (kmol A)/m3, then the mass-transfer coefficient kc has units of velocity, m/s. In
single-phase systems the concentrations CA,2 and CA,1 are the (kmol A)/m3 at locations 1 and 2, which are
usually the system boundaries. For mass transfer from one phase to another, one of the concentrations
would be the concentration at the interface. Typical values for the mass-transfer coefficient are 0.1 m/s
for gases and 10–4 m/s for liquids (Wesselingh and Krishna, 2000).
We can also write the mass-transfer equation in terms of liquid mole fractions:

(15-24c)

In terms of vapor mole fractions, the equation is

(15-24d)

In these cases the mass-transfer coefficients kx and ky have units of (kmol A)/[m2 s (mole fraction A)] or
equivalently (kmol fluid mixture)/(m2 s). Occasionally, the flux is written in terms of a partial pressure
driving force, pA = yAptot,

(15-24e)

In this case the mass-transfer coefficient kp = ky / ptot has units (kmol fluid mixture)/(m2 s bar).

In Section 15.2.1 the analogy between heat and mass transfer was discussed. This analogy also extends to



linear driving-force models as long as heat transfer by radiation can be neglected. The heat-transfer
equation analogous to Eq. (15-24a) is

(15-25a)

The heat-transfer equation analogous to Eqs. (15-24b) to (15-24e) is

(15-25b)

Here Qz is the heat flux in J/(m2s), hheat transfer is the heat-transfer coefficient in J/(m2s·K) and T2 and T1
are the temperatures at the two system boundaries, K. The analogy between heat and mass transfer will
prove useful in determining correlations for the mass- and heat-transfer coefficients in Section 15.5.4.

15.4.1 Film Theory for Dilute and Equimolar Transfer Systems
Figure 15-1 showed diffusion across a thin layer or film. Later in this chapter Figure 15-5 will show mass
transfer to an interface through thin films of gas and liquid. After that, Figure 15-6 will show mass
transfer in absorption when the liquid mass-transfer rate is very rapid, and Figure 15-7 will show mass
transfer to a falling liquid film. The reason for this interest in mass transfer through films is that the most
commonly used model for mass transfer in separators is a film model. The film model assumes that mass
transfer to a surface or interface from the bulk fluid occurs across a stagnant film of unknown thickness δ.
The mass-transfer rate in this film occurs by molecular diffusion alone and can be modeled with Fick’s
law and with one of the forms of Eq. (15-24). In Section 15.2 we saw that the flux JA is the flux in a
reference coordinate system moving at a reference velocity vref that made JA = –JB, so that the net flux in
the reference coordinate system was zero. However, we really want the flux NA calculated with respect
to the fixed coordinates of the equipment. In this section we develop the film theory for dilute systems and
systems with equimolar countertransfer both of which have NA = JA. These systems are important for
dilute absorbers and extractors and for distillation, which is usually very close to equimolar
countertransfer.
Since the film theory postulates that mass transfer occurs across a stagnant film, we can use the diffusion
solution from Eq. (15-9) for diffusion across a thin layer of fluid. If this thin layer is a gas film of
unknown thickness δ and we convert from concentrations to mole fractions, we obtain

(15-26a)

For systems that are dilute or have equimolar countertransfer NA,z = JA,z. Since the film thickness δgas is
unknown, we can define (Cm,gasDAB,gas / δgas) as the mass-transfer coefficient ky and (DAB,gas / δgas) as
the mass-transfer coefficient kc,gas. Then the equation for mass transfer for dilute or equimolar
countertransfer is

(15-26b)

or in terms of concentration,



(15-26c)

For equilibrium staged and sorption separations, we are interested in mass transfer from one phase to
another. This is illustrated schematically in Figure 15-5 for the transfer of component A from the liquid to
a vapor phase. xI and yI are the interfacial mole fractions. For dilute absorbers and strippers and for
distillation where there is equimolar countertransfer of the more volatile and less volatile components,
the mass-transfer Eq. (15-26b) can be written for each stage in the following different forms:

(15-27a)

(15-27b)

or

(15-27c)

(15-27d)

where ky and kx are the individual mass-transfer coefficients with mole-fraction driving forces for the
vapor and liquid phases, respectively, and kc,gas and kc,liq are the individual mass-transfer coefficients
with concentration driving forces for the vapor and liquid phases, respectively. At steady state, the rates
of mass transfer in the gas and liquid phases have to be equal, and NA,z,gas = NA,z,liq. Additionally, the
assumption is usually made that the gas and liquid at the interface are in equilibrium. If there is a
resistance to obtaining equilibrium at the interface (for example, if a surface-active agent is present), then
an equation for this resistance must be included.

Figure 15-5. Mass transfer at interface. Note: yI  xr

Unfortunately, there are two major problems with these equations when they are applied to vapor-liquid
and liquid-liquid contactors. First, the interfacial area AI between the two phases is very difficult to
measure. This problem is usually avoided by writing Eqs. (15-27) as

(15-28a)



(15-28b)

or

(15-28c)

(15-28d)

where a is the interfacial area per unit volume of the column (m2/m3). Since a is no easier to measure than
AI, we often measure and correlate the products kya, kxa, kc,vapa, and kc,liqa. Typical units for kya and kxa
are kmol/(s-m3) or lbmol/(h-ft3), and for kca, typical units are [(m/s)(m2/m3)] = s–1.

The second problem is that the interfacial mole fractions are also very difficult to measure. To avoid this
problem, mass-transfer calculations often use a driving force defined in terms of hypothetical equilibrium
mole fractions.

(15-29a)

(15-29b)

These equations [which are a repeat of Eqs. (1-5)] define the overall mass-transfer coefficients Ky and
Kx. Typical units for Kya and Kxa are kmol/(s-m3) or lbmol/(h-ft3).  is the vapor mole fraction, which
would be in equilibrium with the bulk liquid of mole fraction xA, and  is the liquid mole fraction that
would be in equilibrium with the bulk vapor of mole fraction yA.

To obtain the relationship between the overall and individual coefficients, we begin by assuming there is
no resistance to mass transfer at the interface. This assumption implies that xI and yI must be in
equilibrium. The mole fraction difference in Eq. (15-29a) can be written as

(15-30a)

where m is the average slope of the equilibrium curve (yA versus xA) at xA and xAI.

(15-30b)

Combining Eq. (15-30a) with Eqs. (15-28) and (15-29a), we obtain

(15-31a)



which leads to the result

(15-31b)

Similar manipulations starting with Eq. (15-29b) lead to

(15-31c)

If there is a resistance at the interface, then this resistance must be added to Eqs. (15-31). This sum-of-
resistances model shows that the overall coefficients will not be constant even if kx and ky are constant if
the equilibrium is curved and m varies. In binary distillation m is the tangent to the equilibrium curve at
xA,avg = (xA,I + xA)/2, and since the equilibrium curve is never straight, m has to vary. For example, if we
have a constant relative volatility system with equilibrium given by Eq. (2-22b), m from Eq. (15-30b) is

(15-30c)

As an example of the variation in m, if the relative volatility α = 2.5, at xA,avg = 0.01, m = 2.43; at xA,avg =
0.5, m = 0.82; and at xA,avg = 0.99, m = 0.40. At the very least, average values of m need to be determined
separately for the stripping and enriching sections.
Equations (15-31) also show the effect of equilibrium on the controlling resistance. If m is small, then
from Eq. (15-31b) Ky ~ ky and the gas-phase resistance controls. If m is large, then Eq. (15-31c) gives Kx
~ kx and the liquid-phase resistance controls. Absorption of sparingly soluble gases that can have very
large Henry’s law constants (Section 12.1) are an example of a liquid-phase resistance-controlled
separation, while absorption of very soluble gases (e.g., HCl in water) often have gas-phase resistance
controlling. In distillation, m is often close to 1.0 and both resistances are important.

15.4.2 Transfer through Stagnant Films: Absorbers and Strippers
For absorbers and strippers (Section 16.4), the film model is often used. We again postulate a film of
thickness δ, which has mass transfer by diffusion only. This is shown in Figure 15-6 for absorption with
mass transfer of solute A in the gas-phase controlling. In absorption the carrier gas B often does not
absorb; thus, there is a stagnant layer of B, NB = 0. Then, from Eq. (15-19),

(15-32a)

Figure 15-6. Film model for absorption with gas-phase mass-transfer controlling



The solution obtained in Example 15.2, Eq. (15-20a) can be written for transfer between phases as

(15-32b)

In this equation yA,I is the mole fraction of A at the interface (see Figure 15-6), and yA,bulk is the mole
fraction of A in the bulk of the gas. Equation (15-32b) can also be written as

(15-32c)

The log mean differences (1 – yA)lm and (yB)lm are defined as

(15-32d)

Note that as yA → 0 (very dilute systems), (1 – yA)lm → 1, and Eq. (15-32c) simplifies to (15-26a).

The reason for doing this rather convoluted algebra is that for concentrated systems with NB = 0, if we
define the concentrated mass-transfer coefficient as

(15-32e)

then the flux becomes

(15-32f)



which mimics the flux for dilute systems, Eq. (15-26b). This analysis can also be done based on partial
pressure differences and a log mean partial pressure difference (see Problem 15.C3). The concentrated
system analysis is used in Section 16.4.

15.5 Correlations for Mass-Transfer Coefficients
Intuitively, we would expect that as temperature increases, molecules will move faster (higher
diffusivity), and k will increase. In addition, if fluid flow is involved, we would expect that a higher
velocity or more mixing will increase the mass-transfer rate. Both of these intuitive statements turn out to
be valid.
In Section 15.5.2 we will see that for simple physical situations such as steady-state mass transfer across
a stagnant film, the mass-transfer coefficient can be determined analytically by solving the appropriate
diffusion equations. Because the actual process often does not match the assumptions of the theory, the
resulting theoretical correlation is often not as accurate as we desire. However, with a modest amount of
data, the coefficient can be adjusted to provide a significantly more accurate semi-empirical correlation.
For the very common and practical complex situations that do not allow an analytical solution of the
diffusion equation, empirical correlations for k or for ka are often developed on the basis of dimensional
analysis and experimental data. Dimensional analysis can be used to predict probable forms for
correlations, and the experimental data allow one to determine the exponents on the dimensionless groups
in addition to the value of the coefficient. A few mass-transfer correlations are presented in this section,
and a large number are summarized by Incropera et al. (2011) and in Section 5B of Perry’s Handbook of
Chemical Engineering (Wankat and Knaebel, 2008).
In simple geometries, determination of the area A in Eq. (15-1b), (15-1c), (15-2a), or (15-2b) is
straightforward and is illustrated in this section. Membrane separators (Chapter 17) have the advantage
that the area A and the area per volume a can be determined from straightforward geometric calculations.
For more complex systems with interfacial mass transfer, the value of the interfacial area per volume a in
Eqs. (15-3) and (15-4) and in the HTU terms in Table 16-1 is more difficult to determine. Although a can
be determined separately, it is more common to determine the product (ka). Correlations for (ka) in
packed beds for distillation and absorption are discussed in Section 16.3. Correlations to calculate k and
a separately in extraction mixers are discussed in Section 16.7. Correlations to estimate k in membrane
separators are given in Section 17.4.3. Correlations for (ka) in adsorption, chromatography, and ion
exchange are discussed in Section 18.6.3.

15.5.1 Dimensionless Groups
Correlations for mass transfer are often arranged into equations where all terms occur as dimensionless
groups. One advantage of doing this is that any set of units can be used as long as the group remains
dimensionless. A second advantage is that if the form of the correlation is not suggested by theory,
dimensional analysis can be used to determine appropriate forms for the dimensionless groups.
Mass-transfer correlations are often reported as the Sherwood number Sh, which is defined as

(15-33a)

The Sherwood number is the ratio of the actual rate of mass transfer to the mass transfer due to diffusion
alone. The appropriate length to use is often a film thickness, a diameter, or a plate length. The mass-
transfer coefficient can be either a local coefficient (e.g., at a given distance) or an average coefficient



over the entire distance. This is discussed further in the next section. The dimensionless group defined in
the first equation of Eq. (15-33a) is defined in terms of kc, which uses rate Eq. (15-24b). For the second
and third equations of Eq. (15-33a) that use kx or ky from rate Eqs. (15-24c) and (15-24d), the total molar
concentration term Cm is needed in the definition of the Sherwood number to make it dimensionless.

The mass-transfer coefficient often depends upon the velocity. This is conveniently represented as a
Reynolds number Re.

(15-33b)

The Reynolds number is the ratio of inertial forces to viscous forces. In pipes the Reynolds number has
the familiar form Re = Dvbρ/μ, but in other configurations, such as the flow of a liquid film down a flat
plate, the definition can look superficially very different [see Eq. (15-43a)].
In correlations of gas or liquid data in separators, we often use the Peclet number Pe, the ratio of flow
velocity to the diffusion velocity.

(15-33c)

Forms of the Peclet number are shown with both column length L and particle diameter dp because both
forms are used. It is obviously important to know whether L or dp is being employed in the definition of
Pe. Sometimes a dimensionless group called the Stanton number St, the ratio of mass-transfer velocity to
flow velocity, is used.

(15-33d)

The effect of the properties of the gas or liquid on mass transfer are taken into account in correlations by
the Schmidt number Sc, which can be considered as the ratio of momentum diffusivity to mass diffusivity.

(15-33e)

In Section 15.5.4 we consider the analogy between heat and mass transfer. The dimensionless group for
heat transfer analogous to Sc is the Prandtl number Pr, which is the ratio of momentum diffusivity to
thermal diffusivity.



(15-33f)

The dimensionless group for heat transfer analogous to Sh is the Nusselt number Nu, which is the ratio of
actual rate of heat transfer to the heat transfer due to thermal diffusion alone.

(15-33g)

Since all of these dimensionless groups contain terms that depend on temperature and concentration, the
dimensionless groups depend on both temperature and concentration. In dilute systems the concentration
dependence is often negligible and the (temperature dependent) properties of the solvent can be used.

15.5.2 Theoretically Derived Mass-Transfer Correlations
If the physical situation closely matches the assumptions made in the development of theoretically derived
mass-transfer correlations, these correlations can be quite accurate. If the physical situation is somewhat
different than the assumptions, the correlation may still be useful by using a small amount of experimental
data to tune the coefficient. Practicing engineers would seldom do the derivations, but since they
commonly use the results, it is important to know both the assumptions and the limits of validity of the
correlation. The best way to understand these is to closely follow the derivation.
As a simple first example, consider the case of diffusion in a stagnant film (NB = 0) that was solved in
Example 15-2. The general solution for the constant total flux through the film was given in modified form
by Eq. (15-32c). This total flux has to be equal to the flux calculated from the linear driving-force model,
Eqs. (15-32f) and (15-32g). Setting these results equal for a film of known thickness δ = L, we obtain

(15-34a)

Solving for ky, we obtain the simple result that

(15-34b)

For the stagnant film, the appropriate length for the Sherwood number Eq. (15-33a) is the film thickness
L, and the correlation is

(15-34d)

Use of the linear driving-force model for this single-phase system would be unusual, but it could certainly
be done. For a concentrated system Eq. (15-32f) would be employed. For a dilute system this simplifies
to Eq. (15-26b). Note that this development has been for a gas film, but we could easily repeat it for a
liquid film with liquid mole fractions and the liquid-phase mass-transfer coefficient kx.

Generally, the linear driving-force model is used when there is transfer between phases. We consider the
case of mass transfer from a gas to a falling laminar liquid film as shown in Figure 15-7. This is a classic
problem that practically every mass-transfer book includes. First, the problem has practical significance,
since falling films can occur in absorption, distillation, and stripping. Second, the basic problem can be
solved exactly with a series solution, and simple solutions are available for short residence times. Third,



the mass transfer becomes more complicated, requiring a semi-empirical correlation, as the fluid velocity
increases and ripples or waves form on the liquid surface. Finally, at even higher velocities, when the
film becomes turbulent, empirical correlations are required. The theoretical model is considered in this
section, and the semi-empirical and empirical models in Section 15.5.3.
The diffusion equation for the system in Figure 15-7 can be solved theoretically for the following rather
restrictive set of conditions that can apply to absorption or stripping:
1. Flow of the liquid is fully developed and laminar (will be relaxed in Section 15.5.3).
2. The surface of the film is flat (will be relaxed in Section 15.5.3).
3. The entering liquid has a constant, uniform concentration CA,init.
4. The gas-phase mass-transfer rate is much greater than the liquid-phase mass-transfer rate. Thus, the

surface concentration (at z = 0) is constant at CA,surf (will be relaxed in Section 15.5.3).
Figure 15-7. Mass transfer into a falling liquid film

5. The rate of diffusion in the liquid in the horizontal z direction is small, and convection in the z
direction can be neglected.

6. In the vertical y direction, the rate of convection due to the liquid flow is much greater than diffusion,
and diffusion in the y direction can be neglected.

7. The plate is wide enough that side-end effects can be ignored, and neither velocity nor concentration
depend on the horizontal direction.

8. The diffusion coefficient DAB is constant.
9. The system is very dilute (this assumption is not necessary but simplifies the problem).

The solution for the fluid velocity is a well-known result (Geankoplis, 2003; Treybal, 1980).

(15-35a,b)



The average velocity and film thickness δ are

(15-35c, d)

where q is the volumetric flow rate divided by the width of the plate [(m3/s)/m = m2/s]. The average
residence time of fluid on the plate, in seconds is

(15-35e)

The steady-state mass balance states that (In – Out) of solute due to convection (in the y direction) equals
(In – Out) due to diffusion (in the z direction). With constant diffusivity, this is

(15-36a)

Taking the limits as Δy → 0 and Δx → 0 (assuming they exist), this equation becomes

(15-36b)

This problem has a number of interesting characteristics. First, it has been solved for two different sets of
boundary conditions. For relatively slow diffusion rates or short residence times (short length), the solute
from the liquid surface never penetrates to the wall. The boundary conditions are

(15-37)

These boundary conditions are the same as in Eq. (15-13) for unsteady diffusion. The answer is similar to
Eq. (15-14) and to Eq. (18-69) for adsorption. This result (modified from Geankoplis, 2003; and Cussler,
2009) is

(15-38a)

The definition of the error function is given in Eq. (18-70), and values are tabulated in Table 18-7. For
our purposes here, note that

(15-38b)

With these values, Eq. (15-38a) satisfies the boundary conditions in Eq. (15-37). For a dilute system, the



flux can be calculated from Fick’s law, Eq. (15-4a). From Fick’s law and Eqs. (15-38a) and (15-38b),
one obtains at z = 0,

(15-39a)

In general, for a system with NB,z = 0, the relationship between NA and JA is given by Eq. (15-32a). In
dilute systems this simplifies to NA = JA, and Eq. (15-29a) becomes

(15-39b)

For dilute systems the linear driving-force equation simplifies to

(15-39c)

Setting Eqs. (15-39b) and (15-39c) equal, we obtain for dilute systems at z = 0,

(15-39d)

or in terms of the Sherwood number with the length chosen as the film thickness δ, at z = 0 this is

(15-39e)

The local mass-transfer coefficient depends on the value of y and is undefined at y = 0. For dilute systems
JA = NA. Making this substitution in Eq. (15-39a) and integrating over the range from y = 0 to y = L (the
plate length), we obtain the total amount of solute transferred into the liquid at the surface of the liquid (z
= 0).

(15-40a)

For dilute systems the linear driving-force model for the average mass-transfer rate is analogous to Eq.
(15-39c),

(15-40b)

We can calculate the total transfer rate as NA,avg × (Lw). Setting this value equal to Eq. (15-40a) and



solving for the average mass-transfer coefficient and the average Sherwood number, we obtain

(15-40c)

The alternative solution (Treybal, 1980; Sherwood et al., 1975) to Eq. (15-36) does not assume that
contact time is short and uses the boundary conditions

(15-41)

The last boundary condition at the solid wall implies there is no diffusion through the solid wall. Equation
(15-36) is more difficult to solve with this set of boundary conditions. The solution is an infinite series
for the average concentration leaving the film at y = L, CA,avg,L.

(15-42a)

(15-42b)

The total amount absorbed for a plate of width w is the amount of solute exiting in the liquid minus the
amount entering,

(15-42c)

This result can be related to NA,avg × (Lw) where the average flux for dilute systems is determined from
Eq. (15-40b). Since CA,avg,L is given by an infinite series, this calculation is complicated. However, we
can find limiting solutions for short contact time (large Reynolds number) and long contact times (small
Reynolds number), where the Reynolds number for the falling liquid film is

(15-43a)

For large values of Re, the result is Eq. (15-40c). Thus, both analyses agree for short contact times. For
long contact times (Re < 100 and large L) the average mass-transfer coefficient and Sherwood number for
a system with no surface ripples are

(15-43b)



Remembering that both δ and the Reynolds number increase as q increases, this result predicts that kc,liq,avg
decreases as the Reynolds number increases. This is the opposite of what normally occurs, which is
kc,liq,avg increases as Reynolds number increases as shown, for example, by Eq. (15-45). Thus, in laminar
flow, increasing velocity may not increase mass-transfer coefficients or rates.
If the ripples are suppressed with a surfactant, these results are valid at least to Re = 250. Treybal (1980)
reports that Eq. (15-43b) is valid to Re = 1200 if ripples are suppressed, while Sherwood et al. (1975)
report that transition to turbulence occurs before a Reynolds number of 1200. This type of disagreement
between sources is not unusual in mass-transfer studies. Note that Eq. (15-40c) shows that at short contact

times, the average mass-transfer coefficient is proportional to , while Eq. (15-43b) shows that at
long contact times kc,liq,avg is proportional to DAB.

15.5.3. Semi-Empirical and Empirical Mass-Transfer Coefficient Correlations
The results in Eqs. (15-40c) and (15-43b) assume that the flow is laminar and the gas-liquid surface is
flat. At Reynolds numbers less than 250, the flow is laminar (Sherwood et al., 1975). However, even if
the fluid flow remains laminar, ripples can appear on the surface. Ripples cause local mixing, which
increases the liquid-side mass-transfer coefficient markedly. On the other hand, the area for mass transfer
increases only slightly. If even small quantities of surfactant (e.g., soap or proteins) are added, the ripples
are eliminated and the previously derived correlations for kc,liq,avg remain valid.

For long contact times (large L), Eq. (15-43b) will be valid if a surfactant is added or if Re < 20 (Wankat
and Knaebel, 2008). For 20 < Re < 100 with no surfactant, the effect of ripples can be approximated by
increasing kc,liq,avg by 40% to 100%. Then the coefficient in Eq. (15-43b) ranges from 4.77 to 6.82. With
no other information, the average value can be used.

(15-44a)

For short contact times (small L), Eq. (15-40c) can be used with ripples by multiplying kc,liq,avg by an
average value of 1.7.

(15-44b)

Obviously, there is a significant error possible (±18%) for both Eq. (15-44a) and (15-44b) from just the
multiplier for ripple formation. This type of error is not unusual for semi-empirical and empirical mass-
transfer correlations. These equations are semi-empirical because the basic form is from theoretical
analysis, but the coefficient is from experimental data.
Sherwood et al. (1975) report that transition from laminar to turbulent occurs in the Reynolds number
range from 250 to 500. Although they do not report any correlations for the liquid mass-transfer
coefficient in turbulent flow, Treybal (1980) reports the following correlation for a liquid film with
constant surface concentration at a somewhat higher range of Reynolds numbers,

(15-45)



The Reynolds number Reliquid film for a liquid film is defined by Eq. (15-43a), and the Schmidt number that
adjusts the mass-transfer coefficient for changes in the liquid properties is defined in Eq. (15-33e). In
dilute systems, the properties of the solvent can be used to calculate the Schmidt number.
If the concentration of the liquid surface is not constant, there will be mass transfer and a mass-transfer
resistance on the gas side also. In separation processes, the gas-phase resistance often controls (the
gas-phase mass-transfer coefficient is often significantly smaller than the liquid-phase mass-transfer
coefficient). For turbulent flow of the gas in a wetted wall tube, the following correlation was originally
reported by Gilliland (see Sherwood et al., 1975; or Wankat and Knaebel, 2008).

(15-46a)

Reevaluation of the data showed a better fit with (Wankat and Knaebel, 2008),

(15-46b)

Both of these equations use a log mean gas mole-fraction driving force, Eq. (15-32d). For mass transfer
with a rippled surface, the gas-phase mass-transfer correlation (Sherwood et al., 1975; Wankat and
Knaebel, 2008) is,

(15-46c)

This equation agrees with Eq. (15-46a) when Reliq = 1000.

One additional common use of wetted wall columns has been to study the distillation of binary mixtures
(Sherwood et al., 1975; Wankat and Knaebel, 2008). Johnstone and Pigford (1975) studied systems in
which the gas mass-transfer coefficient controlled. If partial pressure is used as the driving force, their
correlation is

(15-47a)

The modified Reynolds number is defined on the basis of the gas velocity relative to the surface of the
liquid film. For countercurrent flow of gas and liquid, this is

(15-47b)

The term vliq,,y,max is defined in Eq. (15-35b). This correlation was used as the basis for mass transfer in
each flow element of a structured packing to develop the Bravo-Rocha-Fair correlation for mass transfer
in structured packings (Wankat and Knaebel, 2008).



The purpose of showing these correlations is to show the types of forms that result, the need to know the
range of validity, the need to know what difference or driving force is required, and the need to be very
careful about the definition of terms. Obviously, if liquid terms are used where gas terms are supposed to
be, the results are garbage. A very large number of correlations are available in the sources referenced in
this and later chapters.

Example 15-4. Estimation of mass-transfer coefficients

Water at 25°C is flowing down a 2.0 m long vertical plate at a volumetric flow rate per meter of plate
width of q = 0.000045 m2/s (Figure 15-7). The entering (y = 0) water contains 0.9 g chlorine/kg
water. The water is in contact with a gas phase of chlorine that is saturated with water vapor at 25°C
(no water is evaporating). Chlorine (Cl2) is transferring into the water. At the water-gas surface (z =
0), the water and chlorine are in equilibrium at the solubility limit of chlorine at CC12,surf. The Fickian
infinite dilution diffusivity is given in Table 15-3. At 25°C the solubility of chlorine in water is 6.5
g/kg water, the density of water is 997 kg/m3, and the viscosity of water is 0.9 × 10–3 kg/(m s).
a. Determine the film thickness δ, the average vertical velocity of the film, and the Reynolds number.

Determine the average mass-transfer coefficient when surfactant is present. Per meter of plate
width, at what rate (kg/s) is chlorine transferred into the water over the length of the plate?

b. Repeat for q = 0.0018 m2/s.

Solution part a
From Eqs. (15-35c and d), we obtain

The average residence time of the liquid on the plate is
tres,avg = L/vy,avg = 2.0m/(0.1943m/s)=10.29s

From Eq. (15-43a), the Reynolds number is

Since surfactant is added ripples are suppressed, residence time is fairly long and Re < 250; (Eq.15-
43b) is applicable.

The values of CC12 in kg/m3 can be found from the specified mass ratios of chlorine to water.

A similar calculation gives CC12,surface = 6.4805 kg/m3.

NA,avg = kc,liq,avg (CC12,surf – C12, int)

Chlorine absorbed/m width = NA,avg × L = (2.99 × 10-5m/s)(6.4805–0.8973kg/m3)(2.0m) =
0.0003337kg/(m·s).



Solution part b
Repeating the calculations but with q = 0.0018 m2/s, we obtain
δ = 0.000792m, vy,avg = 2.2729m/s, tres,avg = 0.8799s, Re = 7976.

This Reynolds number indicates turbulent flow. Equation (15-45) is appropriate to determine the
mass-transfer coefficient. For this equation we need the value of the Schmidt number.

Then the Sherwood number is

And kc,liq,avg = 0.0007087 m/s. Then the Cl2 absorbed per m of width = 0.007913 kg/m·s.

Comments
1. With turbulent flow. the mass-transfer coefficient is significantly higher and more chlorine is

absorbed despite the thicker layer of liquid and lower residence time.
2. Obviously, one needs physical property values. The viscosity, density, gas solubility, and the

acceleration due to gravity g were all obtained from http://www.engineeringtoolbox.com.
3. Carrying the dimensions through the calculations is good practice and helps to catch errors.

15.5.4. Correlations Based on Analogies
In Section 15.2.1 we noted that Fick derived his model for mass transfer partly by analogy to Fourier’s
law of heat transfer and that one reason Fick’s model was rapidly accepted was this close analogy to
Fourier’s law. Shortly after Fick’s developments, Osborne Reynolds (yes, the Reynolds number is named
after him) stated that heat or mass transfer in a moving fluid should be the result of both normal diffusion
processes and eddies caused by the fluid motion. At the time, he had not yet discovered the difference
between laminar motion (only normal diffusion operates) and turbulent motion (both molecular and eddy
diffusion occur). We now know that Reynolds was correct only for turbulent flow. Since eddies depend
on fluid velocity, the easiest functional form is to assume that eddy diffusion is linearly dependent on
velocity. Then the equation for mass transfer becomes

(15-48a)

And in a similar fashion, the equation for heat transfer is

(15-48b)

For fluid flow, we balance momentum to find shear stress τ,

(15-48c)

In highly turbulent flow, the a terms (molecular diffusion) are much less than the b terms (eddy diffusion)

http://www.engineeringtoolbox.com


and can be neglected. Cussler (2009) notes that Reynolds now took an amazing intuitive leap and
concluded that

(15-49a)

This step says that the transfer of mass, heat, and momentum by eddies is the same. By inspection of Eqs.
(15-48), we see that Eq. (15-49a) requires

(15-49b)

Quite logically, this is known as the Reynolds analogy. The advantage of the analogy is if we know either
the heat-transfer coefficient h or the friction factor f, we can estimate the mass-transfer coefficient k. For
gases, the Reynolds analogy is reasonably accurate, but for liquids it often fails. This development of the
Reynolds analogy follows Cussler’s (2009) development.
Chilton and Colburn were able to empirically modify the Reynolds analogy into a much more robust
analogy that works for gases and most liquids. Realizing that heat transfer would depend on the properties
of the fluid through the Prandtl number, Eq. (15-33f), and that mass transfer would depend on the
properties of the fluid through the Schmidt number, Eq. (15-33e), they included powers of the Prandtl and
Schmidt numbers in the first two terms of Eq. (15-49b). Fitting the resulting equation to experimental data
showed that a power of 2/3 was appropriate and easy to use in calculations (very important in slide rule
days). The result is

(15-50a)

This equation is also written as

(15-50b)

The definition of jD (the mass-transfer term) is jD = (kc/v)(Sc)2/3, and the heat-transfer term jH is defined

as . Even when the analogy is not being used, literature sources often give
mass-transfer correlations in terms of jD. If the definitions of the dimensionless groups from Eqs. (15-33a,
e, f, and g) are substituted in, the analogy can also be written as

(15-50c)

Equations (15-50) apply to fully turbulent flow (although the equations also fit data for some laminar
systems such as flow past a flat plate) with a range of Schmidt number from 0.6 ≤ Sc ≤ 3000. Although
not derived theoretically, there is some theoretical justification for these equations (Sherwood et al.,
1975).
Because it is often easier to measure heat transfer than mass transfer, there are larger compilations of
heat-transfer correlations (usually in the form of Nusselt numbers) than of mass-transfer correlations (e.g.,
Incropera et al., 2011). Thus, a major application of the analogy between heat and mass transfer in



separations is to determine mass-transfer coefficients or Sherwood numbers from existing heat-transfer
correlations. In distillation the situation is reversed (mass transfer is more studied than heat transfer) and
the Chilton-Colburn analogy is used to estimate heat-transfer coefficients for the rate-based model of
distillation (Section 16.8).
Although very useful, the Chilton-Colburn analogy, like all analogies, breaks down when the phenomena
of heat transfer, mass transfer, and momentum transfer become different. For example, if radiation
becomes important and is not separated from the heat-transfer term, then jD ≠ jH. If both skin friction and
form drag (due to flow past blunt objects) occurs, then jD ≠ f/2 and jH ≠ f/2.

15.6 Difficulties with Fickian Diffusion Model
One difficulty with the Fickian diffusion model should be obvious from the discussion in Section 15.2.3.
One has to select a somewhat arbitrary basis velocity or plane of reference to calculate the convective
and diffusive fluxes. The values and indeed the meaning of the convective and diffusive fluxes may change
when the basis velocity is changed. Although irritating, this difficulty is not considered to be major
because the total fluxes of A and B, which is the purpose of the calculation, do not change.
There is an additional irritating problem. First, for liquid binary systems, DAB usually depends on
concentration, and although Eq. (15-23) is often reasonably accurate, the activity coefficient data may not
be readily available. Even if activity coefficients are known, accurate prediction of the infinite dilution
diffusivities is difficult with current models (e.g., Sherwood et al., 1975; Wankat and Knaebel, 2008).
Thus, a significant amount of data may be required to accurately determine the concentration dependence
of binary diffusion coefficients in nonideal systems. Although this difficulty is significant, it can be
overcome by dedicated laboratory analysis.
Then, there is the very serious difficulty that empirical extension of Fick’s law to systems with more than
two components leads to logical inconsistencies and major calculation difficulties (Taylor and Krishna,
1993; Wesselingh and Krishna, 2000). For example, in ternary systems, the Fickian diffusion coefficient
is not symmetrical, Di,j ≠ Dj,i, which means that additional constants are required. In addition, the values of
Di,j depend on the value chosen for v*. Even worse, in some ternary systems, such as acetone-benzene-
methanol, a component can diffuse into a more concentrated instead of a less concentrated region (Taylor
and Krishna, 1993). Accurately fitting this experimental data requires that some of the Di,j values be
negative.
The conclusion is that use of the Fickian model for binary diffusivities is reasonable, although it may be
awkward for nonideal liquid systems. For systems with more than two components, the Fickian model is
not the best choice.

15.7 Maxwell-Stefan Model of Diffusion and Mass Transfer
In 1868, 12 years after Fick’s definitive publication of his theory, James Clerk Maxwell published a
paper on a different approach to studying the diffusivity of gases. In 1871 Josef Stefan extended
Maxwell’s theory and anticipated multicomponent effects (Cussler, 2009). Although the Maxwell-Stefan
theory has had many strong adherents in the more than 140 years since its development, it always seems to
be playing catch-up to the earlier Fickian theory. Three perceived difficulties have prevented wider
acceptance of the Maxwell-Stefan theory. First, the Fickian model is well-entrenched in textbooks and
diffusivity data collections, and it works well for many binary systems. Second, the Maxwell-Stefan
theory gives one fewer flux Ni than is needed to completely solve the problem. However, this is really no
different than choosing a reference velocity for Fick’s law, and, as will be shown later, for most



situations obtaining the additional flux equation is straightforward. Third, before digital computers made
numerical solutions relatively simple (Taylor and Krishna, 1993), the differential form of the Maxwell-
Stefan equations were considerably more difficult to solve than the Fickian equations. The development
of difference forms of the Maxwell-Stefan equations (Wesslingh and Krishna, 1990, 2000) has also
helped to minimize this difficulty. Thus, in reality, only the well-entrenched nature of the Fickian model
has prevented acceptance of the Maxwell-Stefan model.
The proponents of Maxwell-Stefan theory claim it is a better model than Fickian theory. What makes one
model better than another model? First, it is nice to have a model tied to the basic physics or chemistry. A
simple explanation based on the physics or chemistry should explain the basic behavior. This is
illustrated in Section 15.7.1. Second, the model should not conflict with well-accepted laws such as the
first or second law of thermodynamics. The Maxwell-Stefan model incorporates thermodynamics for the
analysis of nonideal systems. Third, we want a model that can explain and/or predict data and that can be
extrapolated. Except for ideal gas behavior, diffusion models invariably have to use measured constants
(diffusivity values). A good model will minimize the number of constants required and minimize the
variation of these “constants.” If the constants vary (say with concentration), the variation should be
monotonic and preferably be close to linear. The constants for multicomponent systems should be
predictable from binary pairs, and no impossible or improbable values (e.g., negative values) of the
constants should be required to predict the data. Based on these criteria, the Maxwell-Stefan theory is a
better theory than the Fickian model.
My advice is to learn to use the Maxwell-Stefan theory because its extra power allows relatively simple
solutions of problems that are very difficult to solve with the Fickian model (e.g., very nonideal binary
systems and multicomponent systems).

15.7.1 Introductory Development of the Maxwell-Stefan Theory of Diffusion
The Maxwell-Stefan theory can be derived from continuum mechanics (Datta and Vilekar, 2010),
irreversible thermodynamics (Bird et al., 2002), or the kinetic theory of gases (Hirschfelder et al., 1954).
Although the continuum mechanics approach is probably most powerful, for an introductory development,
a simplified kinetic theory is easier to follow. The presentations of Taylor and Krishna (1993) and
Wesselingh and Krishna (2000) are paraphrased in a somewhat loose manner here.
Consider an ideal gas at constant pressure and temperature consisting of gases A and B. The entire system
can be moving at some average molar velocity vz,ref,mol. The coordinate system and control volume shown
in Figure 15-8 are being translated at vz,ref,mol so that there is no net flow. As noted in Section 15.1, at
normal pressures there are a huge number of molecules, and collisions between molecules occur
repeatedly. If the two gases are moving through each other in the z direction, we can do a force balance
for the control volume of thickness Δz shown in Figure 15-8. There will be forces on molecule A due to
the partial pressure of A (pA × Area) at z, and at z + Δz

(15-51a)

Figure 15-8. Coordinate system and control volume for Maxwell-Stefan derivation. The entire
coordinate system is translating at vz,ref,mol.



and there will be a frictional force caused by molecules of B flowing past molecules of A. Forces other
than pressure and friction will be assumed to be negligible but are easily included in the continuum
mechanics treatment (Datta and Vilekar, 2010). We know that the friction force is proportional to the
difference in velocities of the two gases and the amounts of each gas per volume of the segment. For an
ideal gas, the molar densities (amounts per volume) are

(15-51b)

Then the friction force is

(15-51c)

Setting the pressure force equal to the friction force and taking the limit as Δz → 0, we obtain

(15-51d)

Noting that pA = yAptot and pB = yBptot, and for constant total pressure and constant temperature
incorporating the term ptot/(RT)2 in a constant of proportionality fA,B this becomes

(15-51e)

The term fA,B is a friction coefficient between molecules A and B. The inverse of the friction coefficient, 
, is the Maxwell-Stefan diffusivity. Since the system pressure is constant, the left-hand side

becomes –dyA/dz, and we obtain

(15-52a)



The left-hand side of Eq. (15-52a) is the “driving force” for diffusion. The equation for component B is

(15-52b)

If we substitute in the molar fluxes,

(15-52c)

we obtain

(15-52d)

(15-52e)

It can be shown that these equations are equivalent to

(15-52f)

Since the control volume in Figure 15-8 was set to move at the average molar velocity vz,ref,mol, there is
no net flow, JB,z = –JA,z and

(15-53a)

This equation requires

(15-53b)

Thus, the binary ideal gas Maxwell-Stefan diffusivity is symmetric.
Equations (15-52) are different forms of the one-dimensional Maxwell-Stefan equations for a binary ideal
gas at constant pressure and temperature. For ideal binary systems, Section 15.7.5 shows that 
and the use of the Maxwell-Stefan equations is identical to the use of the Fickian diffusion equations. The
equation can be written in three dimensions by using a gradient for the derivatives and vectors for the
velocities.

15.7.2 Maxwell-Stefan Equations for Binary Nonideal Systems
For nonideal systems the generalized form of the driving forces in Eqs. (15-52) are based on the
derivative of the chemical potential μi (Datta and Vilekar, 2010; Krishna and Wesselingh, 1997; Taylor
and Krishna, 1993; Wesselingh and Krishna, 2000). Since nonidealities are most common in liquids, we
will write the equations in terms of liquid mole fractions.



(15-54a)

(15-54b)

For ideal gases, the driving force on the left side of these equations reduces to (1/P)dpi/dz, which for
constant pressure systems is equivalent to dyi/dz, and Eqs. (15-54) simplify to Eqs. (15-52a,b). For
nonideal systems, the chemical potential can be written in terms of the activity coefficients γA and γB for
liquids or the fugacity coefficients for gases. The results for component A for liquids are

(15-55a)

or the alternate form,

(15-55b)

If we note that vA = NA,z/(xAρm) and vB = NB,z/(xBρm) where ρm is the molar density, Eq. (15-55b)
becomes

(15-56a)

The corresponding equation for component B is

(15-56b)

These forms are often useful in solving mass-transfer problems. Obviously, detailed activity coefficient
data or accurate correlations are required (Jakobsen, 2008).

15.7.3 Determining the Independent Fluxes Ni,z

Since the control volume in Figure 15-8 was set to move at the average molar velocity vz,ref,mol, the sum of
Ji,z is equal to zero for any system. Thus, for a binary system, only one Ji,z is independent. However, there
are two independent fluxes Ni,z. In order to use the Stefan-Maxwell formulation in practical problems, we
need another relationship (called a bootstrap equation) that allows us to determine the additional
independent flux Ni,z In other words, we need to tie the moving Ji,z to the stationary Ni,z . The form of this
additional equation depends on the situation. In general, Ni,z = Civi = Cmyivi, and if one of the vi is known,
we can calculate the required unknown flux Ni,z.



Situation 1. Equimolar counterdiffusion. In this case, the total flux Ntot,z = 0, vz,ref,mol = 0, and Ni,z = Ji,z.
For a binary system NB,z = –NA,z and Eq. (15-56a) becomes

(15-57a)

Situation 2. Distillation. If constant molar flow (CMO) is valid, then Ntot,z = 0, vz,ref,mol = 0, and Ni,z = Ji,z.
For a binary system with CMO, Eq. (15-57a) is valid. If CMO is not valid, a reasonable approximation is
∑Ni,zλi = 0, which for a binary is

(15-57b)

Multicomponent distillation is treated in detail by Taylor and Krishna (1993).
Situation 3. Flow in a stagnant fluid. This situation can occur for condensation or evaporation when there
is a noncondensing gas and for absorption or stripping. For a binary system, NB,z = 0 is the additional
relationship needed. This relationship leads to NA = JA/xB, which is the same result as for Fickian
diffusion. For a ternary system, see Example 15-6.
Situation 4. Trace component is stagnant. This happens for dilute membrane permeation with
concentration polarization. The result is NA,z = 0 and vz,ref,mol = 0.

Situation 5. Flux ratios are specified. If NA,z = (fracA)Ntot,z, then for a binary system, Eq. (15-56a)
becomes

(15-57c)

Situation 6. Chemical reaction. Reaction stoichiometry determines the relationship. This is outside the
scope of this text. See Taylor and Krishna (1993) or Wesselingh and Krishna (1990, 2000).

15.7.4 Difference Equation Formulations
Wesselingh and Krishna (1990, 2000) note that difference equations instead of differential equations are
much easier to solve and, in most cases, result in answers that are of acceptable accuracy. For example,
the difference equation equivalent of Eq. (15-56b) is

(15-58a)

Rearranging the equation, this becomes

(15-58b)

The bars over terms mean they should be evaluated at the average conditions. If this is applied to mass



transfer across a film, Δz = δ where δ is the film thickness, we can define the average mass-transfer
coefficient in Maxwell-Stefan terms as  Two additional useful forms can be obtained by
substituting vA = NA/(xAρm) and vB = NB/(xBρm) (where ρm is the molar density) into Eq. (15-58a),

(15-58c,d)

(15-58e,f)

If the system is ideal, γA = 1 and the equations become

(15-58g,h)

These forms in terms of the fluxes can be convenient in solving mass-transfer problems.
The difference formula approximation can be made more accurate by doing several steps; however, since
we need to know the concentrations for the ends and center of each step, the usual method of dividing Δz
into equal segments is very awkward. The calculation is easier if the segments are selected to give known
mole fractions of A, and the size of each step is an unknown. This is illustrated in Problem 15.D18.

15.7.5 Relationship between Maxwell-Stefan and Fickian Diffusivities
Since most of the diffusivity data collected in the literature are based on the Fickian diffusivity DAB and
the Fickian mass-transfer coefficient k = DAB/δ, if we want to solve problems using the Maxwell-Stefan
model, we must relate the Maxwell-Stefan diffusivity  or mass-transfer coefficient  to the Fickian
diffusivity DAB or mass-transfer coefficient k. The relationship is relatively simple, although it requires
activity coefficient information to calculate  and  in nonideal systems.
For binary systems, the relationships are

(15-59a,b)

Since in the limit of infinite dilution γA = 1, Eqs. (15-59) require that the infinite dilution limits of the
Maxwell-Stefan and the Fickian diffusivities and mass-transfer coefficients are equal.

(15-59c)

In nonideal systems over the range from xA = 0 to xA = 1.0, the binary Maxwell-Stefan diffusivity is much
closer to linear between  (pure B) and  (pure A) than the binary Fickian diffusivity is between 
(pure B) and  (pure A). Fewer data points are required to accurately fit an almost linear function than
a more nonlinear one. The Maxwell-Stefan diffusivities for many binary nonlinear systems follow or



approximately follow the empirical Vignes relationship (Krishna and Wesselingh, 1997; Reid et al.,
1987; Taylor and Krishna, 1993; Wesselingh and Krishna, 1990).

(15-60a)

Wesselingh and Krishna (1990) state that Eq. (15-60a) is valid for approximately three-fourths of binary
systems. Comparison of this equation with the corresponding equation for Fickian diffusivity, Eq. (15-
23d), shows that the equation for Maxwell-Stefan diffusivity is simpler and, for nonlinear systems where
γ ≠ 1, Eq. (15-60a) will be closer to linear, which makes interpolation easier.
In ideal systems γA = 1 and

(15-60b,c)

Ideality is most likely in low pressure gas systems.

Example 15-5. Maxwell-Stefan nonideal binary diffusion

A system of ethanol (E) and water (W) is undergoing equimolar counterdiffusion across a thin liquid
layer (δ = 0.00068 m) at 40°C and 1.0 atm. The boundary conditions are at z = 0, xE (mole fraction) =
0.2 and at z = δ, xE = 0.4. Estimate the flux of ethanol, NE.

Data: Tyn and Calus (1975) measured the Fickian diffusivity of the system ethanol-water at 40°C (all
diffusivities × 10–9 m2/s). The mole fraction of ethanol is xE.

The activity coefficients for this system can be fitted to the Van Laar equation:

(15-61a,b)

with A = 1.4599 and B = 0.9609 (Wesselingh and Krishna, 1990).
At 40°C the mass densities are approximately 922 kg/m3 (x1 = 0.2), 892 kg/m3 (x1 = 0.3) and 867
kg/m3 (x1 = 0.4).

Solution

For equimolar counterdiffusion, NE,z = –NW,z, Eq. (15-58d) becomes,

(15-61c)

The Maxwell-Stefan diffusivities can be estimated from Eq. (15-59a),



For the van Laar equation, the derivative is (see Problem 15.C6)

(15-61d)

An example calculation gives

Similar calculations give  and .
The average MW is calculated from MWavg = xEMWE + xWMWW. The values are 23.6, 26.4, and
29.2 for ethanol mole fractions of 0.2, 0.3, and 0.4, respectively. The molar densities can be
determined from ρm = ρ/MWavg. The values are 922/23.6 = 39.07 kmol/m3 for xE = 0.2, 

 for xE = 0.3, and 29.69 kmol/m3 for xE = 0.4.

The ethanol activity coefficients can be determined from the van Laar equation. For example,

Similar calculations give  and γE = γE(xE = 0.4) = 1.43.

From Eq. (15-61c),

Comments
1. The minus sign indicates that the direction of ethanol transfer is opposite to the direction of the z

axis (from z = 0 towards z = δ).
2. This is obviously an approximate solution, since we have estimated the derivative with a single

finite step. If we divided the interval from z = 0 to z = Δ into more parts, a more accurate answer
would be generated. With two parts (see Problem 15.D18), the result is  kmol/s
and with three parts, the result is  kmol/s As the number of parts increases, the
difference between the answers decreases, which means that the answer is converging fairly
rapidly.

15.7.6 Ideal Ternary Systems
The Maxwell-Stefan equations can be extended in a straightforward fashion to ternary and
multicomponent systems. For an ideal ternary system, the basic equations are



(15-62a)

(15-62b)

(15-62c)

Substituting in

(15-63)

we obtain,

(15-64a)

(15-64b)

(15-64c)

In difference notation, Eqs. (15-64a) and (15-64b) become

(15-65a)

(15-65b)

The bars over the terms means that the average values should be used. In the film model for mass transfer,
the mass-transfer coefficient is . Dividing the denominators of Eq. (15-65a) by Δz, we obtain

(15-65c)

A similar equation can be obtained for component B.
Unlike the Fickian diffusivities for ternary systems, the Maxwell-Stefan diffusivity is symmetric and is



greater than or equal to zero for both ideal and nonideal systems. In ideal ternary systems, the Stefan-
Maxwell diffusivities have the same values as the binary pairs, and as we already saw, the binary pairs
have the same values as the Fickian binary pairs.

(15-66)

Unfortunately, the same condition does not hold for the Fickian diffusivities. In an ideal ternary system,
the values for the Fickian diffusivities are not equal to the values of the Fickian binary pairs.

(15-67a)

For the limiting case of an ideal ternary that is quite dilute in one component (arbitrarily called
component A), an effective Fickian diffusion coefficient for the dilute component can be calculated.

(15-67b)

Substitution of this equation to replace DAB in Eq. (15-4a) allows calculation of the diffusion of the dilute
component A. Note that the effective diffusion coefficient depends on the concentrations of the other
species. Although the diffusion of the dilute component can be calculated accurately, the diffusion of the
concentrated components B and C probably will not be accurate (see Problem 15.H3b). Even for this
special limiting case (ideal ternary with dilute component A), the use of the Maxwell-Stefan equations is
certainly preferable and not any more difficult than the Fickian method.

Example 15-6. Maxwell-Stefan ideal ternary system

A ternary mixture of water (A), ammonia (B), and air (C) is being condensed in a heat exchanger. The
bulk gas is 0.6 mole fraction water, 0.1 mole fraction ammonia, and 0.3 mole fraction air. The surface
of the heat exchanger is at 42°C, and for simplicity in evaluating properties, the entire operation is
assumed to be at 42°C and 1.0 atm. The condensed and dissolved water and ammonia in the liquid are
assumed to have a high mass-transfer coefficient so that gas-phase mass-transfer controls. The
diffusion is across a stagnant gas film (Figure 15-1) that is δ = 0.01m thick. Determine the fluxes (N
values) of the three components.

Solution preliminaries
First, the air will not condense, and its solubility in the liquid is so low that it can be ignored. Thus,
Nair,z = NC,z = vc = 0

At 42°C the vapor pressure of water is 0.1098 atm and yw,surface = VPw/ptot = 0.1098.

This temperature is too hot for condensation of ammonia, but ammonia is very soluble in water. At
42°C the solubility of ammonia is 300 g NH3/1000 g water. Thus, xNH3,saturation = 300/(1000 + 300) =
0.231. This value would be at yNH3,surface = 1. We can use this to estimate the Henry’s law coefficient
at 42°C. HNH3 = yNH3ptot/xNH3 = (1.0)(1.0)/(0.231) = 4.329 atm. Then yw,surface = HNH3xNH3/ptot, but
neither yNH3,surface nor xNH3 are known. However, since all of the liquid on the heat exchanger comes
from the transfer of water and ammonia to the liquid,



(15-68)

The problem is trial and error. We guess a value for xNH3, calculate yNH3,surface, complete the
problem (conveniently formulated on a spread sheet shown in the appendix to Chapter 15), and use
Eq. (15-68) to determine xNH3. If this value matches our guess, we cheer. Otherwise, continue the
loop, but this is easily done automatically with either Goal Seek or Solver in Excel.

Solution of Maxwell-Stefan equations
We will assume the gas is ideal and solve the difference Eqs. (15-65a and b). The parameters we
need are ρm, DW-NH3, DW-Air, and DNH3-Air. The molar density for an ideal gas is ρm = ptot/(RT) =
1/(0.820575)(315) = 0.03869 kmol/m3.
The diffusivity DW-Air is available at 315 K and = 0.288 × 10–4 m2/s.

At 273 K, DNH3-Air = 0.198 × 10–4 m2/s. This was adjusted to 315 K by multiplying by (315/273)1.66

with the result DNH3-Air = 0.251 × 10-4 m2/s.

DW-NH3 was estimated as 0.212 × 10–4 m2/s from the Chapman-Enskog equation (see spreadsheet in
appendix to Chapter 15).
For an ideal system, the Maxwell-Stefan binary-pair diffusivities are equal to the Fickian binary-pair
diffusivities.
For the left-hand side of Eq. (15-65a),
Δyw/Δz = (yw,surface – yw,bulk)/(0.01m) = (0.1098 – 0.6)/.01 = –49.02

For NH3 in Eq. (15-65b),

ΔyNH3/Δz = (yNH3,surface – yNH3,bulk)/(0.01m) = ((HNH3 XNH3 / Ptot) – 0.1)/0.1

will depend on the current value used for xNH3.

On the right-hand sides of these equations,

 and will change for each trial as the surface mole fraction varies.
At the surface the air mole fraction is yair,surface = 1 – (yw,surface + yNH3,surface), which varies for each
trial. The average  also varies for each trial.
For the final trial with xNH3 = 0.04988 (calculated value was 0.04987), yNH3,surface = 0.21593 and
yair,surface = 0.67409. The average value for NH3 = 0.15797 and for air = 0.48704.

Δywater = 0.10998 – 0.6 = –0.49002 and ΔyNH3 = 0.21593 – 0.10 = 0.11593.

The two equations to be solved with NC = 0 are



We now have two equations with the two unknowns  and . Solution of these two equations
with the spreadsheet shown in the appendix to Chapter 15 gives  and 
kmol/(m2s). From Eq. (15-68) these values predict xNH3 = 0.04988, which matches the value used for
the trial.

Comments
1. The actual solution of the difference form of the Maxwell-Stefan equations required less than a

quarter of the total effort to solve this problem. Most of the difficulty arose because the need to
know the surface concentration of ammonia in the vapor resulted in a trial-and-error problem.

2. A spreadsheet was used. Without it, the trial-and-error problem would have been laborious.
3. Some care must be made in choosing the trial values of xNH3. If this value is too large, NNH3 will

be negative, which does not fit the problem analysis or Eq. (15-68).
4. The water behaves as expected in that its flux is in the downhill direction to a lower water mole

fraction. Air has a concentration gradient (caused by the changes in water and ammonia) even
though there is no flux of air at steady state. The ammonia behaves counterintuitively (in a Fickian
sense), since its flux direction is toward the higher mole fraction.

5. Since it is not dilute, this problem is quite difficult to solve using the Fickian model.
6. Because the difference form of the equations was used, the answer is approximate. A more

accurate answer can be obtained by a more accurate numerical solution of the differential
equations (Taylor and Krishna, 1993).

7. Changing the thickness of the gas layer is equivalent to changing the mass-transfer coefficient 
 and will obviously affect the solution.

15.7.7 Nonideal Ternary Systems
In nonideal systems an effective Fickian diffusivity cannot be calculated, and some values of the Fickian
ternary diffusivities can be negative. The extension of the Maxwell-Stefan equations to nonideal ternary
systems is straightforward. Equations (15-54) were the most general form of the Maxwell-Stefan
equations for binary systems. For ternary systems these equations become

(15-69a)



(15-69b)

Expanding the chemical potential μ in terms of activity coefficients, these equations become

(15-70a)

(15-70b)

If we note that vA = NA/(xAρm) and vB = NB/(xBρm) where ρm is the molar density, we obtain

(15-71a)

The corresponding equation for component B is

(15-71b)

Expanding the Maxwell-Stefan equations to systems with more components is straightforward. Matrix
solution methods for these multicomponent systems were originally developed by Krishna and Standart
(1976). The generalized form for diffusion in a film of thickness δ is,

(15-72a)

where the Maxwell-Stefan mass-transfer coefficient for the binary pairs is

(15-72b)

Substituting in Eq. (15-59b), we obtain

(15-72c)

Solutions to Eq. (15-72) are considered in detail by Krishna and Wesselingh (1997), Taylor and Krishna
(1993), and Wesselingh and Krishna (1990, 2000). The Maxwell-Stefan matrix approach to
multicomponent mass transfer is used in the Aspen Plus simulator to solve distillation problems. Use of
the simulator to obtain rate-based solutions of distillation problems is considered in Section 16.8 and in
the appendix of Chapter 16.



15.8 Advantages and Disadvantages of Different Diffusion and Mass-Transfer
Models
In this section we briefly summarize the advantages and disadvantages of each of the mass-transfer
models.
Molecular model. A molecular model has the advantage of explaining physically what is happening
during diffusion, but the detailed theory is complex. The results [e.g., Eqs. (15-22)] are useful for
predicting the diffusivity of gases. In its current state of development, this model needs to be used in
conjunction with another model for complicated mass-transfer calculations. Use this model for physical
understanding.
Fickian model. The Fickian model is a widely accepted model for diffusion, which means no one will
laugh if you use it. It works well for ideal and close to ideal binary systems and can be used for nonideal
binary systems if data are available. Most diffusivity data and correlations for mass-transfer coefficients
are based on the Fickian model. This model is very difficult to use for nonideal ternary systems and can
require negative diffusion coefficients to predict data. This model works well for dilute binary systems.
Linear driving-force mass-transfer model. This model is a widely accepted (by chemical engineers)
empirical formulation that can be extended to very difficult mass-transfer problems if empirical
correlations for the mass-transfer coefficient are available. Since it is usually based on the Fickian
formulation, can fail where the Fickian model fails. This is the model most commonly used for separation
problems. Use of the Maxwell-Stefan formulation for this model is advised for ternary systems.
Maxwell-Stefan model. The Maxwell-Stefan model is generally agreed to be a better model than the
Fickian model for nonideal binary and all ternary systems. However, it is not as widely understood by
chemical engineers, data collected in terms of Fickian diffusivities need to be converted to Maxwell-
Stefan values, and the model can be more difficult to use. Use this model, coupled with a mass-transfer
model, when the Fickian model fails or requires an excessive amount of data.
Irreversible thermodynamics model. This model is useful in regions where phases are unstable and can
split into two phases (de Groot and Mazur, 1984; Ghorayeb and Firoozabadi, 2000; Haase, 1990).
However, this model is beyond the scope of this introductory treatment.

15.9 Summary-Objectives
After completing this chapter, you should be able to satisfy the following objectives:
1. Explain qualitatively how molecular motion leads to diffusion
2. Describe Fick’s model of diffusion in words and equations, and use the model to solve steady-state

binary diffusion problems without convection
3. Choose an appropriate reference velocity vref and solve Fick’s model for steady-state binary diffusion

with convection
4. Estimate the diffusivity of gases and liquids in binary systems
5. Explain and use the linear driving-force model for mass transfer
6. Estimate mass-transfer coefficients
7. Explain the deficiencies in the Fickian model of diffusion
8. Describe how the Maxwell-Stefan model differs from the Fickian model and use the Maxwell-Stefan

model for ideal and nonideal binary and ideal ternary diffusion problems
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Homework
A. Discussion Problems

A1. Suppose we have a volume of nitrogen plus a small amount of water vapor at 1.0 atm. The walls
of the container are at 25°C, and there is a hot pipe at 105°C running through the volume. Explain
the behavior predicted by Eq. (15-4a), the behavior predicted by Eq. (15-10b), and the reasons
that Eq. (15-4b) more closely predicts reality.

A2. When is JA = NA, and when are they not equal?
A3. Explain why the infinite dilution Fickian diffusivities for a binary liquid system are not equal, 

.
A4. The constant in Eq. (5-23b) is 1.173 × 10–16, which agrees with Geankoplis (2003). However,

Cussler (2009) and Wankat and Knaebel (2008) use a constant of 7.4 × 10–8. Both are correct.
Explain.

A5. What is a controlling resistance? How do you determine which resistance, if either, is
controlling?

B. Generation of Alternatives
B1. In Example 15-1 operation is at a pseudo-steady state. Brainstorm alternative designs for this

diffusion measurement.
B2. Instead of treating diffusion and convection terms as additive Eq. (15-16a), what other

approaches could be used to analyze simultaneous convection and diffusion?

C. Derivations
C1. For binary diffusion with convection, use Eqs. (15-16a, b, c) and the equivalent equations for

component B to show that DAB = DBA.
C2. For binary diffusion, show that DAB does not depend on the choice of vref.
C3. Derive the equation that is equivalent to Eqs. (15-32d) to (15-32e) in terms of a partial pressure

driving force and a log mean partial pressure difference,

C4. For a laminar falling film of liquid, relate the film thickness δ to the Reynolds number Re.
C5. For binary Maxwell-Stefan diffusion through a stagnant layer of B, show that JA = NA/yB.
C6. Starting with Eqs. (15-61a) and (15-61b), derive Eq. (15-61d). Note: Because xW = 1 – xE, xW is

not a constant.
C7. For binary distillation with constant molar overflow (CMO),vref,mol = 0. If CMO is valid, show

that vref,mass ≠ 0 if MWA ≠ MWBA, and calculate the functional form for vref,mass that will make
convection zero in this reference frame. Do this for diffusion in the vapor assuming an ideal gas.

D. Problems
D1. We have steady-state diffusion of 1-propanol across a liquid water film that is 0.10 mm thick. On

one side of the film the 1-propanol concentration is 1.2kg/m3. We desire a 1-propanol flux rate of
0.2 × 10–5kg/(m2s). The apparatus is at 25°C.
a. * What is the concentration at the other side of the film? Depending on the direction of transfer,



there are two answers.
b. What are the equations for the concentration profiles?
Diffusivity value is given in Table 15-3.

D2. For the same system as in Problem 15.D1, we want the high concentration CA,0 = 1.2 kg/m3 and
the same value of CA,L ( = 0.9701) as in Problem 15.D1, but we want a flux rate = 0.35 × 10–

5kg/(m2s). The apparatus temperature can be adjusted. The Fickian infinite dilution diffusivity at
any temperature T can be estimated by adjusting the value from Table 15-3 for the temperature
difference by assuming that Eo = 3000 cal/mol in Eq. (15-23c). What temperature is required?

D3.
a. Estimate the Fickian diffusivity of a binary mixture of ammonia and air at 273 K and 1.0 atm pressure

using the Chapman-Enskog theory and Table 15-2.
b. Compare your result with the experimental value in Table 15-3.
c. Estimate the Fickian diffusivity at 273K and 2.5 atm.
d. Estimate the Maxwell-Stefan diffusivity of a binary mixture of ammonia and air at 273 K and 1.0 atm.

D4.
a. Estimate the Fickian diffusivity of a binary mixture of benzene and air at 298.2 K and 1.0 atm

pressure using the Chapman-Enskog theory and Table 15-2.
b. Compare your result with the experimental value in Table 15-3.
c. Estimate the Fickian diffusivity at 273 K and 0.5 atm.
d. Estimate the Maxwell-Stefan diffusivity of a binary mixture of benzene and air at 298.2 K and

1.0 atm.
D5. What is the Fickian diffusivity of chlorobenzene in liquid bromobenzene at 300 K when the mole

fraction of chlorobenzene is 0.0332? Assume that the diffusivity follows an Arrhenius form and
use the data in Table 15-3 to determine Eo. Also report the value of Eo in J/mol.

D6. Estimate the Fickian diffusivity of sucrose in liquid water at infinite dilution at 320 K. Assume
that the diffusivity follows an Arrhenius form and use the data in Table 15-3. Also report the value
of Eo in J/mol.

D7. Assuming that the mixture is ideal, estimate the infinite dilution Fickian diffusivities at 283.3 K
for chlorobenzene in liquid bromobenzene and for bromobenzene in liquid chlorobenzene from the
data in Table 15-3.

D8. Use the Wilke-Chang theory to estimate the infinite dilution Fickian diffusivity of methanol in
liquid water at 293.16 K. Data are available at http://www.engineeringtoolbox.com/ and
http://www.cheric.org/research/kdb/ (click on Korean Physical Properties Data Bank).
a. Use a value of ϕB= 2.26.
b. Use a value of ϕB = 2.6.

D9. Determine the modified Sherwood number  for the gas-side-
controlled mass transfer for distillation in a wetted wall column. The tube diameter is 10.0 cm,
and the distillation is ethanol and water. The measurement is made at very low ethanol
concentrations where the flowing liquid can be assumed to be pure water. The total pressure is
1.0 bar. Liquid water at its boiling temperature is flowing down a vertical tube at a volumetric

http://www.engineeringtoolbox.com/
http://www.cheric.org/research/kdb/


flow rate per meter of circumference of q = 0.0000075 m2/s. Ethanol is diffusing through the
vapor phase (almost pure water) at 1.0 bar and its boiling temperature. The upward flowing vapor
velocity is 0.81 m/s. The densities and viscosities of pure water liquid and pure water vapor are
available in Perry’s Handbook of Chemical Engineering. Use the parameters in Table 15-2 to
estimate the diffusivity of ethanol and water in the vapor.

D10. We have steady-state diffusion of ammonia in air across a film that is 0.15 mm thick. On one side
of the film, the ammonia concentration is 0.00023 kmol/m3. We desire an ammonia flux rate of
0.25 × 10–5 kmol/(m2s). The apparatus is at 45°C and 1.2 atm.
a. Use the Chapman-Enskog theory to estimate the diffusivity.
b. What is the concentration at the other side of the film? Depending on the direction of transfer,

there are two answers.
D11. We have steady-state diffusion of ammonia in air across a film that is 0.033 mm thick. On one

side of the film, the ammonia concentration is 0.000180 and on the other side it is 0.000257
kmol/m3. We desire an ammonia flux rate of 9.60 × 10–5 kmol/(m2s). The apparatus is at 0.90 atm.
Use the Chapman-Enskog theory to estimate the diffusivity. Find the required operating
temperature.

D12. *Water at 20°C is flowing down a 3.0 m long vertical plate at a volumetric flow rate per meter of
plate width of q = 0.000005 m2/s. The entering (y = 0) water is pure. The water is in contact with
a gas phase of carbon dioxide that is saturated with water vapor at 20°C (no water is
evaporating). Carbon dioxide is transferring into the water. At the water-gas surface (z = 0), the
water and carbon dioxide are in equilibrium at the solubility limit of carbon dioxide at CCO2,surf.
The Fickian infinite dilution diffusivity can be estimated by adjusting the value from Table 15-3
for the temperature difference by assuming that Eo = 2000 cal/mol in Eq. (15-23c). At 20°C the
solubility of carbon dioxide in water is 1.7 g/kg water.
a. Determine the film thickness δ, the average vertical velocity of the film, and the Reynolds

number.
b. Is the flow laminar? If no surfactant is added, do you expect ripples on the surface? If surfactant

is added, do you expect ripples on the surface?
c. With no surfactant, determine the average mass-transfer coefficient and the average Sherwood

number.
d. Per meter of plate width, at what rate (kg/s) is carbon dioxide transferred into the water over

the length of the plate?
D13. Repeat all parts of Problem 15.D12, but with a water rate of q = 0.000015 m2/s.
D14. Repeat Problem 15.D12, but for q = 0.0015 m2/s.

a. Determine the film thickness δ, the average vertical velocity of the film, and the Reynolds
number.

b. Determine the average mass-transfer coefficient and the average Sherwood number.
c. Per meter of plate width, at what rate (kg/s) is carbon dioxide transferred into the water over

the length of the plate?
D15. Repeat Problem 15.D12 with q = 0.000005 m2/s, but with a 0.01 m long vertical plate. Note that

the theory assumes fully developed laminar flow that is unlikely with a very short plate. Thus, the
results will be suspect.



D16. Repeat Problem 15.D13 (q = .000015 m2/s, length = 3.0 m), but add a surfactant. Do the
following:
a. Determine the film thickness δ, the average vertical velocity of the film, and the Reynolds

number.
b. Determine the average mass-transfer coefficient and the average Sherwood number.
c. Per meter of plate width, at what rate (kg/s) is carbon dioxide transferred into the water over

the length of the plate?
d. Compare your result to the answers for Problem 15.D13.

D17. Repeat Example 15-6, but with a mass-transfer coefficient that is 10 times larger (use δ = 0.001
m). Report xNH3, yNH3,surface, Nwater, and NNH3.

D18*.
a. Repeat Example 15-5, but divide the film into two parts (from 0 to Δz and from Δz to δ =

0.00068m). Δz is unknown but is selected so that xE = 0.30 (the previous average point) at the
end of the interval. Now the average points for the first interval is xE = 0.25 and for the second
interval xE = 0.35. Since operation is at steady state, NE has to be the same in both intervals.
Write Eq. (15-61c) for each interval (with thickness Δz for the first and δ – Δz for the second)
and solve the resulting two equations for the two unknowns Δz and NE.

b. Divide the film into three parts (0 to Δz1, Δz1 to Δz2, and Δz2 to δ). Δz1 is unknown but is
selected so that the value at the end of the interval is xE = 0.25 (the previous average point). Δz2
is also unknown but is selected so that the value at the end of the interval is xE = 0.30 (the
average point in example 15-5). The last interval is the same as in part a. Since operation is at
steady state, NE has to be the same in all three intervals. Write Eq. (15-61c) for each interval
(with thickness Δz1 for the first, Δz2 for the second, and δ – Δz1 – Δz2 for the third) and solve
the resulting three equations for the unknowns Δz1, Δz2, and NE.

Data: At 40°C the density for 22.5 mol% ethanol is 914kg/m3, 25 mol% ethanol is 907kg/m3, 27.5
mol% ethanol is 899kg/m3, and for 35 mol% the density is 879 kg/m3.

D19. (Optional). Plot Figure 15-3 for the following unsteady diffusion problem. A thick layer of pure
water (Cinitial =C∞= 0) at 25°C has a constant concentration of sucrose of C0 = 0.002 mol/L placed
on one surface at time t = 0. Assume the diffusivity (Table 15-3) is constant at the average
concentration of 0.001 mol/L.
a. * Check the plot C/C0 versus z (in cm) for t = 10,000 s. Selected values are in the answers at

the back of the book.
b. If the threshold of a zero concentration is 1.0 × 10–6 mol/L, what is the minimum thickness the

layer must have to appear infinite at t = 100,000s?
c. If the threshold of a zero concentration is 1.0 × 10–6 mol/L, what is the maximum exposure time

the layer can have to appear infinite if the layer thickness is 0.1 cm?

H. Spreadsheet Problems
H1. Two identical large glass bulbs are filled with gases and connected by a capillary tube that is Δ =

0.0100 m long. Bulb 1 at z = 0 contains the following mole fractions: yair = 0.520, yH2 = 0.480,
and yNH3 = 0.000. Bulb 2 at z = Δ contains yair = 0.540, yH2 = 0.000, and yNH3 = 0.460. Since the



bulbs are quite large, operation is at pseudo- (or quasi-) steady state. [In other words, assume the
mole fractions at the boundaries are constant (e.g., yair = 0.520 at z = 0 and yair = 0.540 at z = Δ so
that Δyair = 0.02) and the total flux of air + hydrogen + ammonia is zero.] The pressure is uniform
at 2.00 atm, and the temperature is uniform at 273 K. Diffusivity values can be determined from
Table 15-1. Assume the gases are ideal. Estimate the fluxes of the three components using the
difference equation formulation of the Maxwell-Stefan method.

H2. Repeat Example 15-6 but for a bulk gas that is 40% air, 15% NH3, and 45% water. Report xNH3,
yNH3,surface, Nwater, and NNH3.

H3.
a. Repeat Problem 15.H1 (use the Maxwell-Stefan equations), but bulb 1 at z = 0 contains the

following mole fractions: yair = 0.500, yH2 = 0.500, and yNH3 = 0.000. Bulb 2 at z = δ contains
yair = 0.499, yH2 = 0.499, and yNH3 = 0.002.

b. Solve this problem using the effective Fickian diffusion coefficient for NH3, Eq. (15-67b), and
the usual Fickian equations for a very dilute system with no convection. Although there is not a
simple approach for the two concentrated components, one is tempted to treat these as a binary
with the Fickian binary diffusion coefficient for air and hydrogen. Try this, and then compare to
the solution of part a.

H4. Repeat Problem 15.H1, but bulb 1 at z = 0 contains the following mole fractions: yair = 0.520, yH2
= 0.480, and yNH3 = 0.000. Bulb 2 at z = δ contains yair = 0.520, yH2 = 0.000, and yNH3 = 0.480.

Chapter 15 Appendix. Spreadsheet for Example 15-6
The spreadsheet below solves Example 15-6. The spreadsheet is shown first with the formulas.
To estimate DW-NH3 from the Chapman-Enskog equation, kBT/εAB was calculated on the
spreadsheet, and then the value of the collision integral ΩD was determined by a hand calculation
doing a linear interpolation on Table 15-2. After the value of the collision integral was inserted
into the spreadsheet, the spreadsheet was run again. The spreadsheet could be totally automated by
inputting the values for collision integrals from Table 15-2 and doing the linear interpolation on
the spreadsheet.

Chapter 15 Appendix. Spreadsheet for Example 15-6



The resulting values in the spreadsheet are shown below.



Chapter 16. Mass Transfer Analysis for Distillation, Absorption,
Stripping, and Extraction

Up to now we have used an equilibrium stage analysis procedure even in packed columns where there are
no stages. A major advantage of this procedure is that it does not require determination of the mass
transfer rate.
In packed columns, it is conceptually incorrect to use the staged model even though it works if the correct
height equivalent to a theoretical plate (HETP) is used. In this chapter we will develop a physically more
realistic model for packed columns that is based on mass transfer between the phases. After developing
the model for distillation, we will discuss mass transfer correlations that allow us to predict the required
coefficients for common packings. Next, we will repeat the analysis for both dilute and concentrated
absorbers and strippers and analyze cocurrent absorbers. A simple model for mass transfer on a stage
will be developed for distillation, and the estimation of stage efficiency will be considered. After a mass
transfer analysis of mixer-settler extractors, Section 16.8 and the appendix to Chapter 16 will develop the
rate model for distillation.
It is assumed that readers have some knowledge of basic mass transfer concepts either from Chapter 15 or
from other sources (e.g., Cussler, 1997; Geankoplis, 2003; McCabe et al., 2005; Taylor and Krishna,
1993).

16.1 HTU-NTU Analysis of Packed Distillation Columns
Consider the packed distillation tower shown in Figure 16-1. Only binary distillation with constant molal
overflow (CMO) will be considered. Let A be the more volatile component and B the less volatile
component. In addition to making L/V constant and satisfying the energy balances, CMO automatically
requires equimolal counterdiffusion, NA = −NB. Thus, CMO simplifies the mass balances, eliminates the
need to solve the energy balances, and simplifies the mass transfer equations. We will also assume
perfect plug flow of the liquid and vapor. This means that there is no eddy mixing to reduce the
separation.

Figure 16-1. Packed distillation column



The mass transfer can be written in terms of the individual coefficients Eqs. (15-27) or overall
coefficients Eqs. (15-28). For the differential height dz in the rectifying section, the mass transfer rate in
terms of the individual coefficients is

(16-1)

where NA is the flux of A in kmol/m2-h or lbmol/ft2-h and Ac is the column cross-sectional area in m2 or
ft2. This equation has units of kmol/h or lbmol/h. The mass transfer rate must also be equal to the changes
in the amount of the more volatile component in the liquid and vapor phases.

(16-2)

where L and V are constant molal flow rates. Combining Eqs. (16-1) and (16-2), we obtain

(16-3)

Integrating this from z = 0 to z = h, where h is the total height of packing in a section, we obtain

(16-4)

We have assumed that the term V/(kyaAc) is constant. The limits of integration for yA in each section are
shown in Figure 16-1. Equation (16-4) is often written as

(16-5)

where the height of a gas-phase transfer unit HG is

(16-6)

and the number of gas-phase transfer units nG is

(16-7)

The height of transfer unit terms are commonly known as HTUs and the number of transfer units as NTUs.
Thus, the model is often called the HTU-NTU model.
If we substitute Eq. (16-6) into (16-5) and solve for nG, we obtain

(16-8)



Since hAc is the volume of this section of the column, (hAc)/Q and (hAc)/V are measures of the residence
time of the vapor. Thus, the number of transfer units is proportional to (ka) × (residence time). This is true
of all definitions of number of transfer units in Table 16-1 with appropriate changes in ka and residence
times.

Table 16-1. Definitions of mass transfer coefficients and HTUs.

An exactly similar analysis can be done in the liquid phase by starting with Eq. (15-28). The result for
each section is

(16-9)

which is usually written as

(16-10)

where

(16-11)

(16-12)

In Section 15.4 we noted that although the basic Eq. (15-25a) is the same, several different combinations
of mass transfer coefficient and driving force can be employed to analyze complicated mass transfer
systems. If the driving force and mass transfer coefficient are changed, then the definition of HTU will



also change. Table 16-1 lists the most commonly used definitions for driving force, mass transfer
coefficient, and HTU.
In order to do the integrations to calculate nG and nL we must relate the interfacial mole fracs yAI and xAI
to the bulk mole fracs yA and xA. To do this we start by setting Eqs. (15-27a) and (15-27b) equal to each
other. After simple rearrangement, this is

(16-13)

where the last equality on the right comes from the definitions of HG and HL. The left-hand side of this
equation can be identified as the slope of a line from the point representing the interfacial mole fracs (yAI,
xAI) to the point representing the bulk mole fracs (yA, xA). Since there is no interfacial resistance, the
interfacial mole fracs are in equilibrium and must be on the equilibrium curve (Figure 16-2A). The bulk
mole fracs are easily related by a mass balance through segment dz around either the top or the bottom of
the column. This operating line in the rectifying section is

(16-14)

In the stripping section the operating line that relates yA to xA is

(16-15)

Since these operating equations are exactly the same as the operating equations for staged systems
(Chapter 4), they intersect at the feed line.
We can now use a modified McCabe-Thiele diagram to determine xAI and yAI. From any point (yA, xA) on
the operating line, draw a line slope −kxa/kya. The intersection of this line with the equilibrium curve
gives the interfacial mole fracs that correspond to yA and xA (see Figure 16-2A). After this calculation is
done for a series of points, we can plot 1/(yAI − yA) vs yA as shown in Figure 16-2B. The area under the
curve is nG. nL is determined by plotting 1/(xA − xAI) versus xA. The areas can be determined from
graphical integration or numerical integration such as Simpson’s rule [see Eq. (9-12) and Example 16-1].

Figure 16-2. Analysis of number of transfer units; (A) determination of equilibrium or interfacial
values, (B) graphical integration of Eq. (16-7) shown for stripping section of Example 16-1



It will be most accurate to do the calculations for the stripping and enriching sections separately. For
example, in the stripping section,

(16-16)

(16-17)

In the determination of nG for the stripping section, yA,in,S is the vapor mole frac leaving the reboiler. This
is illustrated in Figure 16-1 for a partial reboiler. Mole frac yA,out,S is the mole frac leaving the stripping
section. This mole frac can be estimated at the intersection of the operating lines. This is shown in Figure
16-2A. Note that this estimate makes yA,out,S = yA,in,E.

Calculating the interfacial mole fracs adds an extra step to the calculation. Since it is often desirable to
avoid this step, the overall mass transfer coefficients in Eq. (15-29) are often used. In terms of the overall
driving force the mass transfer rate corresponding to Eq. (16-1) is

(16-18)

In this equation y*
A is the mole fraction A at value xA (see Figure 16-2A). Setting this equation equal to

Eq. (16-2), we obtain

(16-19)

Integration of this equation over a section of the column gives

(16-20)



This equation is usually written as

(16-21)

where the height of an overall gas-phase transfer unit is

(16-22)

and the number of overall gas-phase transfer units is

(16-23)

Exactly the same steps can be done in terms of the liquid mole fracs. The result is

(16-24)

where

(16-25)

(16-26)

The advantage of this formulation is that  is easily found from vertical lines shown in Figure 16-
2A. The value  can be found from horizontal lines as shown in the figure. The number of transfer
units, nOG or nOL, is then easily determined. Calculation of nOG is similar to the calculation of nG
illustrated in Figure 16-2B. The disadvantage of using the overall coefficients is that the height of an
overall transfer unit, HOG or HOL, is much less likely to be constant than HG or HL. This is easy to
illustrate, since we can calculate the overall HTU from the individual HTUs. For example, substituting
Eq. (15-31b) into Eq. (16-22) and rearranging, we obtain

(16-27a)

HOL can be found by substituting Eq. (15-31c) into Eq. (16-25)

(16-27b)

Obviously, HOG and HOL are related:



(16-27c)

If HG and HL are constant, HOG and HOL cannot be exactly constant, since m, the slope of the equilibrium
curve, varies in the column. The various NTU values must be related, since h in Eqs. (16-5), (16-10),
(16-21), and (16-24) is obviously the same, but the HTU values vary. These relationships are derived in
Problem 16.C1.
This approach can easily be extended to the more complex continuous columns discussed in Chapters 4
and 8 and to the batch columns discussed in Chapter 9. Any of these situations can be analyzed by plotting
the appropriate operating lines and then proceeding with the HTU-NTU analysis. An alternative
procedure is described in Problem 16.G1.

Example 16-1. Distillation in a packed column

We wish to repeat Example 4-3 (distillation of ethanol and water) except that a column packed with
2-inch metal Pall rings will be used. F = 1000 kgmol/h, z = 0.2, TF = 80°F, xD = 0.8, xB = 0.02, L/D =
5/3, and p = 1 atm. Use a vapor flow rate that is nominally 75% of flooding. In the enriching section
HG = 0.4054 m and HL = 0.253 m, and in the stripping section HG = 0.2835 m and HL = 0.1067 m
(see Example 16-2).

Solution

A. Define. Determine the height of packing in the stripping and enriching sections.
B and C. Explore and plan. The solution obtained in Example 4-3 can be used to plot the operating

lines and the feed line. These are exactly the same as in Figure 4-13. Since the ethanol-water
equilibrium is very nonlinear, the design will be more accurate if an individual mass transfer
coefficient is used. Thus, use Eqs. (16-5) and (16-7) for the enriching and stripping sections
separately. The term (yAI − yA) can be determined as illustrated schematically in Figure 16-2A and
for this example in Figure 16-3A. nG can be found for each section as shown in Figures 16-2B and
16-3B.

Figure 16-3. Solution to Example 16-1; (A) determination of yAI = yEI, (B) graphical integration
for enriching section

D. Do it. The equilibrium and operating lines from Example 4-3 are plotted in Figure 16-3A. In the



stripping section, Eq. (16-13) gives a slope of

where  from Example 4-3 or from mass balances. Lines with a slope = −5.37 are drawn
in Figure 16-3A from arbitrary points on the stripping section operating line to the equilibrium
curve. Values of yA are on the operating line, while yAI values are on the equilibrium line. The
following table was generated.

From this table 1/(yAI − yA) vs. yA is easily plotted, as shown in Figure 16-2B. nG is the area under
this curve from yA,in,S = 0.17 to yA,out,S = 0.442. yA,in,S is the vapor mole frac leaving the partial
reboiler. Determination of yA,in,S is shown in Figure 16-3A. yA,out,S is the vapor mole frac at the
intersection of the operating lines. The area in Figure 16-2B can be estimated from Simpson’s rule
(although the area will be overestimated since the minimum in the curve is not included) or other
numerical integration schemes.

(16-28a)

where

(16-28b)

Note that Simpson’s rule uses the end and middle points. For the stripping section, this is

And the height of packing in the stripping section is
hS = HG,S nG,S = (0.2835)(1.79) = 0.507 m

In the enriching section the slope is

Arbitrary lines of this slope are shown on Figure 16-3A. The following table was generated.



The plot of 1/(yAI − yA) vs. yA is shown in Figure 16-3B. An approximate area can be found using
Simpson’s rule, Eqs. (16-28a) and (16-28b), by splitting the total area into areas A1 and A2 in
Figure 16-3B. For area A1 the initial point is selected as the maximum point, and the middle point
yA = 0.7625 with f = 107 was calculated.

nG,E is the total area = 19.6. Then the height in the enriching section is

hE = HG,E nG,E = (0.4054)(19.6) = 7.95 m (26.1 ft)
E. Check. The operating and equilibrium curves were checked in Example 4-3. The areas can be

checked by counting squares in Figures 16-2B and 16-3B. More accuracy could be obtained by
dividing Figure 16-2B into two parts. The HTU values will be estimated and checked in Example
16-2.
The largest error in the calculation is usually caused by errors in the mass transfer coefficients. The
values of kya have an average error of 24.4% (Wankat and Knaebel, 2008). The error in kxa is
probably similar. It is also not uncommon to have errors in the equilibrium data, although in this
example the equilibrium data are known quite accurately. Finally, since the calculation of NTU in
the enriching section involves determining the inverse of a small difference, rather large calculation
errors can creep into the value of the integral (see Problem 16.D16). Usually, the most significant
uncertainty results from the error in the mass transfer coefficients. A safety factor can be estimated
by calculating the packing height needed with lower mass transfer coefficients. Bolles and Fair
(1982) recommend multiplying the height by 1.70 in extreme cases. See also the discussion in part
E of Example 16-2 and Problem 16.D17.
A check of the heights of the columns using Aspen Plus and a different integration of Eq. (16-19)
agreed with the stripping section height, but not with the enriching section height (see Problem
16.G1). In addition, a staged analysis using HETP to determine packing heights (see Chapter 10)
also showed a significantly smaller enriching section height. These differences may well be due to
differences between the VLE correlation used in the simulation and the experimental data used in
this example. Other calculation methods should always be used to check calculations whenever
possible.

F. Generalize. The method illustrated here can obviously be used in other distillation systems. Since
the curve for nG can be very nonlinear, it is a good idea to plot the curve as shown in Figures 16-
2B and 16-3B before doing the numerical integration.



16.2 Relationship of HETP and HTU
In simple cases the HTU-NTU approach and the HETP approach discussed in Chapter 10 can be related
with a derivation similar to that used for the Kremser equation (section 12.4). If the operating and
equilibrium curves are straight and parallel, mV/L = 1, we have the situation shown in Figure 16-4A. The
equilibrium equation is

(16-29a)

while a general equation for the straight operating line is

(16-29b)

Figure 16-4. Calculation of y* – y with linear equilibrium and operating lines; (A) mV/L = 1, (B)
mV/L ≠ 1

Now the integral in the definition of nOG can easily be evaluated analytically. The difference between the
equilibrium and operating lines, y* – y, is

(16-30)

when m = L/V, this becomes

Then Eq. (16-23b) becomes

which is easily integrated.

(16-31)



Since h = HOGnOG = N × (HETP), we can solve for HETP.

(16-32)

N can be obtained from Eq. (12-12). Comparison of Eqs. (16-31) and (12-12) shows that N = nOG when
mV/L = 1. Thus,

(16-33)

If the operating and equilibrium lines are straight but not parallel, then we have the situation shown in
Figure 16-4B. The difference between equilibrium and operating lines is still given by Eq. (16-30), but
the terms with x do not cancel out. By substituting in x from the operating equation, y* – y in Eq. (16-23)
can be determined as a linear function of y. After integration and considerable algebraic manipulation,
nOG is found to be

(16-34a)

where

(16-35a)

The value of HETP can be determined from Eq. (16-32), where N is found from the Kremser Eq. (16-22)
and nOG from Eq. (16-34a). This result is

(16-36a)

The use of this result is illustrated in Example 16-2.
This analysis can also be done in terms of liquid mole fracs. The result is

(16-34b)

where

(16-35b)

(16-36b)

Equations (16-34a) and (16-34b) are known as the Colburn equations.



Although it was derived for a straight operating line and straight equilibrium lines, Eqs. (16-36) will be
approximately valid for curved equilibrium or operating lines. HETP should be determined separately for
each section of the column, since mV/L is not usually the same in the enriching and stripping sections. If
HOG is approximately constant, then HETP must vary since mV/L varies. For maximum accuracy the
HETP can be calculated for each stage in the column (Sherwood et al., 1975).

16.3 Mass Transfer Correlations for Packed Towers
In order to use the HTU-NTU analysis procedure we must be able to predict the mass transfer coefficients
or the HTU values. There has been considerable effort expended in correlating these terms (see Wang et
al., 2005, for an extensive review). Care must be exercised in using these correlations since HTU values
in the literature may be defined differently. The definitions given here are based on using mole fracs in the
basic transfer equations (see Table 16-1). If concentrations or partial pressures are used, the mass
transfer coefficients will have different units, which will lead to different definitions for HTU although
the HTU will still have units of height. In working with these correlations, terms must be expressed in
appropriate units.

16.3.1 Detailed Correlations for Random Packings
We will use the correlation of Bolles and Fair (1982), for which HTUs are defined in the same way as
here. The Bolles-Fair correlation is based on the previous correlation of Cornell et al., (1960a, b) and a
data bank of 545 observations and includes distillation, absorption, and stripping. This model and
variations on it remain in common use (Wang et al., 2005).
The correlation for HG is

(16-37)

where ψ is a packing parameter that is given in Figure 16-5 (Bolles and Fair, 1982) for common
packings, and other special terms are defined in Table 16-2. Viscosity, density, surface tension, and
diffusivities should be defined in consistent units so that the Schmidt number and the ratios of liquid to
water properties are dimensionless. The packing height hp is the height of each packed bed; thus, the
stripping and enriching sections should be considered separately.

Figure 16-5. Packing parameter ψ for HG calculation (Bolles and Fair, 1982) excerpted by special
permission from Chemical Engineering, 89 (14), 109 (July 12, 1982), copyright 1982, McGraw-Hill,

Inc., New York, NY 10020



Table 16-2. Terms for Eqs. (16-37) and (16-38)

The correlation for HL is

(16-38)

In this equation φ is a packing parameter shown in Figure 16-6, and CfL is a vapor load coefficient shown



in Figure 16-7 (Bolles and Fair, 1982). The value of uflood in Figure 16-7 is from the packed bed flooding
correlation in Figure 10-27.

Figure 16-6. Packing parameter φ for HL calculation (Bolles and Fair, 1982) excerpted by special
permission from Chemical Engineering, 89 (14), 109 (July 12, 1982), copyright 1982, McGraw-Hill,

Inc., New York, NY 10020

Figure 16-7. Vapor load coefficient CfL for HL calculation (Bolles and Fair, 1982) excerpted by
special permission from Chemical Engineering, 89 (14), 109 (July 12, 1982), copyright 1982,

McGraw-Hill, Inc., New York, NY 10020



The calculated HG and HL values can vary from location to location in each section. When this occurs, an
integrated mean value should be used. The overall HTU values can be obtained from Eqs. (16-27). Even
if HG and HL are constant, HOG and HOL will vary owing to the curvature of the equilibrium curve.

Bolles and Fair (1982) show that there is considerable scatter in modeled HETP data vs. experimental
HETP data. HETP was calculated from Eq. (16-36). For 95% confidence in the results, Bolles and Fair
suggest a safety factor of 1.70 in the determination of HETP. They note that this large a safety factor is
usually not used, since there are often a number of hidden safety factors such as not including end effects
and using nonoptimum operating conditions. However, if a tight design is used, then the 1.70 safety factor
is required. This large a safety factor emphasizes that design of distillation systems is an art not a science.

Example 16-2. Estimation of HG and HL

Estimate the values of HG and HL for the distillation in Examples 4-3 and 16-1 using 2-inch metal pall
rings.

Solution

A. Define. We want to find HG and HL in both the stripping and enriching sections. This will be done
as if we had completed Example 4-3 but not Example 16-1. Thus, we know the number of
equilibrium stages required but we have not estimated packing heights.

B and C. Explore and Plan. We will use the Bolles and Fair (1982) correlation shown in Eqs. (16-
37) and (16-38) and Figures 16-5 to 16-7. Obviously, we need to estimate the physical properties
required in this correlation. We will do this for the striping and enriching sections separately. This
estimation is easiest if a computer physical properties package is available. We will illustrate the
estimation using values in the literature. The packing height, hp, must be estimated for each section.
These heights will be estimated from the number of stages in each section multiplied by an
estimated HETP. Flow rates will be found from mass balances and then will be converted to
weight units. A diameter calculation will be done to determine the actual percent flooding.

D. Do it. We will do calculations at the top of the column and assume that these values are reasonably
accurate throughout the enriching section. Estimation of properties at the bottom of the column will
be used for the stripping section. External balances give D = 230.8 kmol/h, B = 769.2 kmol/h. We
will do the calculation in English units because the figures to determine parameters are in these
units. The final answers will be converted to metric units.
Flooding at top.



From the ideal gas law,

where T = 78.4°C = 351.6 K from Figure 4-14.
Liquid density. 80 mol% ethanol is 91.1 wt %. From Perry and Green (1984), ρL = 0.7976 g/mL at
40°C and ρL = 0.82386 at 0°C. By linear interpolation, ρL = 0.772 g/mL at 78.4°C. At 78.4°C, ρw
= 0.973 g/mL.
For the flooding curve in Figure 10-27 the abscissa is

Ordinate (flooding) = 0.197. Then

The (62.4)2 converts ρL and ρG to lb/ft3. μL is estimated as 0.52. Then,

The molar vapor flow rate is
V = (L/D + 1)D = 615.4 kmol/h

which allows us to find the column cross-sectional area.

Round this off to 5 feet (1.525 m), Area = 19.6 ft2. This roundoff reduces the % flooding.
Actual fraction flooding = 0.75 (17.2/19.6) = 0.66
A repeat of the calculation at the bottom of the column shows that the column will flood first at the
top since the molecular weight is much higher.
Estimation at top.
Liquid diffusivities. From Table 15-3, for very dilute systems  cm2/S and 

 at 25°C. The effect of temperature can be estimated since the ratio DL μL/T ~
constant. At the top we want DL at 78.4°C = 351.6 K.

Estimating viscosities from Perry and Green (1984) using 95% ethanol:

The liquid surface tension can be estimated from data in the Handbook of Chemistry and Physics.



σL(78.4) = 18.2 dynes/cm
σW(78.4) = 62.9 dynes/cm
For vapors the Schmidt number can be estimated from kinetic theory (Sherwood et al., 1975, pp.
17-24). The equation is

(16-39)

where the collision integrals ΩD, Ωv and the Lennard-Jones force constants σAB and σB are
discussed in Section 15.3.1. At the top of the column the result is Scv = 0.355.
The liquid flow rate at the top is

L = (L/D)D = 384.6 kmol/h.
The liquid flux WL is

In Eq. (16-37) D′col = 2, ψ = 141 from Figure 16-5 at 66% flood, b1 = 1.24 and b2 = 0.6. We can
estimate hp as (No. stages) × (HETP), where an average HETP is about 2 feet. Then

hp = (11)(2) = 22 feet (6.7056 m)
Equation (16-37) is then

For HL we calculate WL as 1724 lb/h-ft2 and φ = 0.07 from Figure 16-6. Cfl = 0.81 from Figure
16-7. Then from Eq. (16-38),

Note that μL in ScL is in poise (0.01 P = 1 cP).
These calculations can be repeated for the bottom of the column. The results are: HG,S = 0.93 feet
(0.2835 m) and HL,S = 0.35 feet (0.1067 m).

E. Check. One check can be made by estimating HETP using Eq. (16-36a). At the top of the column
the slope of the equilibrium curve is m ~ 0.63. This will vary throughout the column. Then from Eq.
(16-27a), at the top

Note that HOG will vary in the enriching section since m varies. From Eq. (16-36a),

This is close to our estimated HETP, so our results are reasonable. The packing heights calculated
in Example 16-1, hS = 0.507 m and hE = 7.95 m, differ from our initial estimates. A second
iteration can be done to correct HG and HL. For example, from Eq. (16-37),



which is a 6% correction. Changing HG and HL will change the slopes of the lines used to calculate
yAI; thus, nG will also change.
The largest likely error in the estimation of HG, HL, HOG, and HETP is in the lack of accuracy of
the mass transfer coefficients. Repeating the trial-and-error procedure to make more accurate
predictions of these values does not help if the mass transfer coefficients are inaccurate. Since
even careful predictions of kya in randomly packed columns show average errors of ± 24.4%, a
safety factor needs to be applied. Problem 16.D17 explores determination of this safety factor.

F. Generalize. This calculation is long and involved because of the need to estimate physical
properties. This part of the problem is greatly simplified if a physical properties package is
available on the computer. In this example m is close to one. Thus, both terms in Eqs. (15-31b, c)
are significant and neither resistance controls. Thus, HG and HL are the same order of magnitude.
Models for structured packings are reviewed by Wang et al. (2005).

16.3.2 Simple Correlations for the Random Packings
The detailed correlation is fairly complex to use if a physical properties package is not available.
Simplified correlations are available but will not be as accurate (Bennett and Myers, 1982; Greenkorn
and Kessler, 1972; Perry and Green, 1984; Sherwood et al., 1975; Treybal, 1955): For HG (in ft) the
following empirical form has been used (Bennett and Myers, 1982; Greenkorn and Kessler, 1972;
Treybal, 1955):

(16-40a)

where WG and WL are the fluxes in lb/h-ft2, and Scv is the Schmidt number for the gas phase. The
constants are given in Table 16-3. The expression for HL (in ft) developed by Sherwood and Holloway
(1940) is

(16-40b)

where ScL is the Schmidt number for the liquid. The constants are given in Table 16-3.
Table 16-3. Constants for determining HG and HL from Eqs. (16-40a) and (16-40b); range of WL in

Eq. (16-40b) is 400 to 15,000



The correlations are obviously easier to use than Eqs. (16-37) and (16-38) since only the Schmidt number
and the viscosity need to be estimated. However, Eqs. (16-40a) and (16-40b) will not be as accurate;
thus, they should only be used for preliminary designs. These correlations were developed from
absorption data and will be less accurate for distillation.
Water is frequently the solvent in absorption systems. The approximate values for HOG for water as
solvent are listed in Table 16-4 for random packings.
Table 16-4. Approximate HOG values for absorption in water (Reynolds, et al., 2002); the HOG for

ceramic packing is approximately twice the HOG for plastic packing.

16.4 HTU-NTU Analysis of Absorbers and Strippers
The HTU-NTU analysis for concentrated absorbers and strippers with one solute is somewhat more
complex than for distillation because total flow rates are not constant and solute A is diffusing through a
stagnant film with no counterdiffusion, NB = 0. We will assume that the system is isothermal. For stagnant
films with NB = 0, Eqs. (15-32a–f) are the appropriate mass transfer equations. The flux equation is
(repeat of Eqs. 15-32),

(16-41)

where JA is the flux with respect to an axis moving at the molar average velocity of the fluid. As shown in
Section 15.4.2 this leads to a transfer rate equation that is superficially similar to the previous equations
(see Eq. (15-32g).

(16-42)

Now the mass transfer coefficient times area/volume is defined as



(16-43)

where the logarithmic mean mole frac is defined in the same manner as Eq. (15-32d).

(16-44)

For very dilute systems, (1 − yA)lm = 1 and k′ya = kya.

We will now repeat the analysis of a packed section using Eq. (16-41) and including the nonconstant total
flow rates. Figure 16-8A is a schematic diagram of an absorber. The absorber is assumed to be
isothermal, and plug flow is assumed. The rate of mass transfer in a segment of the column dz is given by

(16-45)

Figure 16-8. Absorber calculation: (A) schematic of column, (B) calculation of interfacial mole
fracs; slope, s = −k′x/k′y

Comparison of this equation with Eq. (16-1) shows that the sign on the mole fraction difference has been
switched, since the direction of solute transfer in absorbers is opposite to that of transfer of the more
volatile component in distillation. In addition, the modified mass transfer coefficient k′y is used. The
solute mass transfer can also be related to the change in solute flow rates in the gas or liquid streams.

(16-46)

This equation differs from Eq. (16-2) derived for distillation since neither V nor L is constant.
The variations in V can be related to the constant flow rate of carrier gas, G.

(16-47)

which is the same as Eq. (12-41). Combining Eqs. (16-45) to (16-47), we obtain



(16-48a)

After taking the derivative, substituting in Eq. (16-47), and cleaning up the algebra, we obtain

(16-48b)

Integrating this equation we obtain

(16-49)

Substituting in Eq. (16-43), we obtain

(16-50)

The term V/(kyaAc) is the height of a gas-phase transfer unit HG defined in Eq. (16-6).

The variation in HG can be determined from Eq. (16-37) and Figure 16-5, which are valid for both
absorbers and distillation. The term that varies the most in Eq. (16-37) is the weight mass flux of liquid,
WL. HG depends on WL to the −0.5 to −0.6 power. In a single section of an absorber, a 20% change in
liquid flow rate would be quite large. This will cause at most a 10% change in HG. kya is independent of
concentration, since the concentration effect was included in k′y in Eq. (16-42). Since the variation in HG
over the column section is relatively small, we will treat HG as a constant. Then Eq. (16-50) becomes

(16-51)

which is usually written as

(16-52)

Note that nG for concentrated absorption is defined differently from nG for distillation, Eq. (16-7b). The
difference in the limits of integration in the two definitions for nG occurs because the direction of transfer
of component A in distillation is the opposite of the direction in absorption. There are additional terms
inside the integral sign in absorption because the mass transfer takes place through a stagnant film and is



not equimolar countertransfer as in distillation.
The method for finding the interfacial compositions is similar to that used to develop Eq. (16-13) and
Figure 16-2 except that Eq. (16-42) and the corresponding equation in terms of liquid mole fracs are used
as the starting point. The procedure is illustrated in Figure 16-8B. Use of this procedure lets us calculate
the integrand in Eq. (15-52) at a series of points. The integral in Eq. (16-52) can be found either
numerically or graphically.
Often, the integral in Eq. (16-52) can be simplified. The first simplification often employed is to replace
the logarithmic mean with an arithmetic average.

(16-53)

When Eq. (16-53) is substituted into Eq. (16-52), nG can be simplified.

(16-54)

This equation shows that nG for absorption is essentially the nG for distillation plus a correction factor.
The interfacial mole frac yAI can be determined as shown in Figure 16-8B. The integral in Eq. (16-54)
can then be determined graphically or numerically. For very dilute systems 1 − yA is approximately 1
everywhere in the column. Then the correction factor in Eq. (16-54) will be approximately zero. Thus, nG
for dilute absorbers reduces to the same formula as for distillation.
For dilute absorbers and strippers, (1 − yA)lm = 1. Then k′ya = kya in Eq. (16-41). In this case we can use
the overall gas-phase mass transfer coefficient. Following a development that parallels the analysis
presented earlier for distillation, Eqs. (15-29a) and (16-18) to (16-23), we obtain for dilute absorbers

(16-55)

where HOG was defined in Eq. (16-22) and

(16-56)

This nOG is essentially the same as for distillation in Eq. (16-23).

If the operating and equilibrium lines are straight, nOG can be integrated analytically. The result is the
Colburn equation given in Eqs. (16-31) and (16-34a). An alternative integration gives an equivalent
equation.

(16-57)

The development done here in terms of gas mole fracs can obviously be done in terms of liquid mole



fracs. The development is exactly analogous to that presented here. The result for liquids is

(16-58)

where HL was defined in Eq. (16-11) and

(16-59)

Equation (16-59) can often be simplified to

(16-60)

For dilute systems the correction factor in Eq. (16-60) becomes negligible. For dilute systems the analysis
can also be done in terms of the overall transfer coefficient.

(16-61)

where HOL is defined in Eq. (16-25) and

(16-62)

If the operating and equilibrium lines are both straight, nOL can be integrated analytically. The result is the
Colburn Eq. (16-34b), or the equivalent expression,

(16-63)

The development of the equations for concentrated systems presented here is not the same as those in
Cussler (1997) and Sherwood et al. (1975). Since the assumptions have been different, the results are
slightly different. However, the differences in these equations will usually not be important, since the
inaccuracies caused by assuming an isothermal system with plug flow are greater than those induced by
changes in the mass transfer equations. For dilute systems all the developments reduce to the same
equations.

Example 16-3. Absorption of SO2

We are absorbing SO2 from air with water at 20°C in a pilot-plant column packed with 0.5-in. metal
Raschig rings. The packed section is 10-feet tall. The total pressure is 741 mm Hg. The inlet water is
pure. The outlet water contains 0.001 mole frac SO2, and the inlet gas concentration is yin = 0.03082
mole frac. L/V = 15. The water flux WL = 1000 lb/h-ft2. The Henry’s law constant is H = 22,500 mm



Hg/mole frac SO2 in liquid. Estimate HOL for a 3.048 m high large-scale column operating at the
same WL and same fraction flooding if 2-inch metal Pall rings are used.

Solution

A. Define. Calculate HOL for a large-scale absorber with 2-inch metal Pall rings.
B. Explore. We can easily determine nOL for the pilot plant. Then HOL = h/nOL for the pilot plant.

Since the Henry’s law constant H is large, m is probably large. This will make the liquid
resistance control, and HL ~ HOL. Then Eq. (16-38) can be used to estimate HL = HOL for the
large-scale column. Only φ varies, and it can be estimated from Figure 16-6.

C. Plan. First calculate m = H/Ptot = 22,500/741 = 30.36. This is fairly large, and from Eq. (15-31c)
the liquid resistance controls. For the pilot plant we can calculate nOL from the Colburn Eq. (16-
34b) since m is constant and L/V is approximately constant. Then HL = HOL = h/nOL. The variation
in φ with the change in packing can be determined from Figure 16-6, and HOL ~ HL in the large
column can be estimated from Eq. (16-38).

D. Do it. From Eq. (16-35b), x*
out = (yin − b)/m, so

(L/V)m = 15/30.36 = 0.4941. From Eq. (16-34b) with xin = 0 and xout = 0.001,

Then HL ~ HOL = 3.048 m/7.012 = 0.485 m. From Figure 16-6 at WL = 1000, φ (0.5-in Raschig
rings) = 0.32, while φ (2-inch Pall rings) = 0.62. Then taking the ratio of Eq. (16-38) for 2-inch Pall
rings divided by Eq. (16-38) for .5-inch rings, HL(2-inch) = HL(0.5-inch) φ(2-inch)/φ(0.5-inch)

since all other terms in Eq. (16-38) are constant.
E. Check. These results are the correct order of magnitude. A check of nOL can be made by

graphically integrating nOL.
F. Generalization. This method of correlating HL or HG when packing size or type is changed can be

used for scale-up. The large value of m in this problem allowed the assumption of liquid-phase
control. This assumption simplifies the problem since HOL ~ HL. If liquid-phase control is not
valid, this problem becomes significantly harder.

If there are multiple solutes transferring the analysis is significantly more complicated than the analysis
shown here (Taylor and Krishna, 1993). These complications are beyond the scope of this chapter but can
be solved with the Maxwell-Stefan approach.

16.5 HTU-NTU Analysis of Co-Current Absorbers
In Section 12.9 we noted that co-current operation of absorbers was often employed when a single
equilibrium stage was sufficient. Co-current operation has the advantage that flooding cannot occur. This
means that high vapor and liquid flow rates can be used, which automatically leads to small-diameter
columns.
A schematic of a co-current absorber is shown in Figure 16-9A. The analysis will be done for dilute



systems using overall mass transfer coefficients. The system is assumed to be isothermal. The liquid and
vapor are assumed to be in plug flow, and total flow rates are constant. The rate of mass transfer in
segment dz is

(16-64)

which can be related to the changes in solute flow rates

(16-65)

Figure 16-9. Co-current absorber; (A) schematic of column, (B) calculation of y − y*

Combining these equations we obtain

(16-66)

If V/(kyaAc) is constant, Eq. (16-66) can be integrated to give

(16-67)

where HOG is given in Eq. (16-22) and

(16-68)

This development follows the development for countercurrent systems. The analyses differ when we look
at the method for calculating yA − y*

A. The operating equation is [see Eq. (12-63)]

(16-69)



This operating line and the calculation of yA − y*
A are shown in Figure 16-9B. When the operating and

equilibrium lines are both straight, nOG can be obtained analytically. The result corresponding to the
Colburn equation is (King, 1980)

(16-70)

where

(16-71)

If a completely irreversible reaction occurs in the liquid phase, y*
A = 0 everywhere in the column. Thus,

the equilibrium line is the x axis, and the integration of Eq. (16-68) is straightforward.

(16-72)

Exactly the same result is obtained for co-current and countercurrent columns with irreversible reactions,
but co-current columns can have higher liquid and vapor flow rates.
HOG is related to the individual coefficients by Eq. (16-27a). Unfortunately, it is dangerous to use Eqs.
(16-37) and (16-38) to determine the values for HL and HG for co-current columns because the
correlations are based on data in countercurrent columns at lower gas rates than those used in co-current
columns. Reiss (1967) reviews co-current contactor data and notes that the mass transfer coefficients can
be considerably higher than in countercurrent systems. Gianetto et al. (1973) operated with a 15-fold
velocity increase and observed a 40-fold increase in kL when liquid-phase resistance controlled. They
recommended co-current operation for absorption with chemical reaction. Harmen and Perona (1972) did
an economic comparison of co-current and countercurrent columns. For the absorption of CO2 in
carbonate solutions where the reaction is slow they concluded that countercurrent operation is more
economical. For CO2 absorption in monoethanolamine (MEA), where the reaction is fast, they concluded
that countercurrent is better at low liquid fluxes whereas co-current was preferable at high liquid fluxes.

16.6 Prediction of Distillation Tray Efficiency
How does mass transfer affect the efficiency of a tray column? This is a question of considerable interest
in the design of staged columns. We will develop a very simple model following the presentations of
Cussler (1997), King (1980), Lewis (1936), and Lockett (1986).
A schematic diagram of a tray is shown in Figure 16-10. The column is operating at steady state. A mass
balance will be done for the mass balance envelope indicated by the dashed outline. The vapor above the
trays is assumed to be well mixed; thus, the inlet vapor mole frac  does not depend on the position
along the tray, . The vapor leaving the balance envelope has not yet had a chance to be mixed and its
composition is a function of position . The rising vapor bubbles are assumed to perfectly mix the liquid
vertically. Thus, x does not depend upon the vertical position z, but the vapor fraction y does depend on z.
The liquid mole frac can be a function of the distance  along the tray measured from the start of the active



region,  = 0, to the end of the active region,  = a. At steady state a solute or more volatile component
mass balance for the vapor phase is

(16-73a)

Figure 16-10. Schematic of tray

If we use the overall gas-phase mass transfer coefficient Ky, this equation is

(16-73b)

where  is the vapor mole frac in equilibrium with the liquid of mole frac x . Aactive is the active area for
vapor-liquid contact on the tray. Both Aactive and V are assumed to be constant. Dividing Eq. (16-73b) by
Δz and taking the limit as Δz goes to zero, we obtain

(16-74)

This equation can now be integrated from z = 0 to z = h. The boundary conditions are

(16-75a)

(16-75b)

After algebraic manipulation, the solution to Eqs. (16-74) and (16-75) is

(16-76a)

The point efficiency Ept was defined in Eq. (10-5). Comparing this equation to Eqs. (16-21) and (16-22),
we obtain two alternative representations.

(16-76b)



(16-76c)

We would like to relate the point efficiency to the Murphree vapor efficiency given by Eq. (10-2). This
relationship depends upon the liquid flow conditions on the tray. There are two limiting flow conditions
that allow us to simply relate Ept to EMV. The first of these is a tray where the liquid is completely mixed.
This means that x  is a constant and is equal to xout, so that  and y  = yout. Therefore EMV = Ept, and

(16-77)

for a completely mixed stage.
The second limiting flow condition is plug flow of liquid with no mixing along the tray. By assuming that
each packet of liquid has the same residence time, one can derive the relationship between EMV and Ept
(Lewis, 1936; King, 1980; Lockett, 1986):

(16-78)

where m is the local slope of the equilibrium curve, Eq. (15-30b). Since plug flow is often closer to
reality than a completely mixed tray, Eq. (16-78) is more commonly used than Eq. (16-77).
Real plates often have mixing somewhere in between these two limiting cases. These situations are
discussed elsewhere (AIChE, 1958; King, 1980; Lockett, 1986).

Example 16-4. Estimation of stage efficiency

A small distillation column separating benzene and toluene gives a Murphree vapor efficiency of 0.65
in the rectifying section where L/V = 0.8 and xbenz = 0.7. The tray is perfectly mixed and has a liquid
head of 2 inches. The vapor flux is 25 lbmol/h-ft2. (a) Calculate Kya. (b) Estimate EMV for a large-
scale column where the trays are plug flow and the liquid head h becomes 2.5 inches. Other
parameters are constant.

Solution

A. From Eq. (16-77) assuming that the active area of the tray equals the area available for flow,
Aactive = Aflow (this may be off by a few percent), we obtain,

(16-79)

since V/Ac = 25, h = 2/12 ft, and from Eq. (10-20c) Aactive ~ Ac (2η −1) = 0.8Ac with η = 0.9 this is

B. In the large-diameter system Ept is given by Eq. (16-76a). Since h = 2.5/12 and V/Aactive = 25,

Increasing the liquid pool height increases the efficiency since the residence time is increased.
The Murphree vapor efficiency for plug flow is found from Eq. (16-78). The slope of the equilibrium



curve, m, can be estimated. Since the equilibrium is

the slope is

With α = 2.5 and x = 0.7, we obtain m = 0.595. Then Eq. (16-78) is

The plug flow system has a significantly higher Murphree plate efficiency than a well-mixed plate
where EMV = Ept = 0.73. Note that Kya is likely to vary throughout the column since m varies (see
Problem 16.D15). EMV is also dependent upon m and will change from stage to stage. The effect of
concentration changes can be determined by calculating Ky from Eq. (15-31b).

16.7 Mass-Transfer Analysis of Extraction
One would expect that mass-transfer analysis of extraction would be very similar to the analysis of
absorption and stripping (Section 16.4). However, there are significant differences, such as the frequent
use of ratio units (Section 13.5), because they extend the region of validity of the analysis. Although an
analysis similar to absorption with individual mass-transfer coefficients and concentrated analysis can be
used, in practice the overall mass-transfer coefficient KO-ED and the simplest form for NTU are used
(Frank et al., 2008; Treybal, 1980). The analysis is kept simple because of large uncertainties in the
mass-transfer data (discussed later). After developing the HTU-NTU analysis in Section 16.7.1, methods
for determining the stage efficiency in mixers are developed in Section 16.7.2. Then, Section 16.7.3
discusses prediction of the area per volume and the drop diameter in mixers. Finally, methods to estimate
the mass-transfer coefficients in mixers are discussed.

16.7.1 Mass-Transfer Equations and HTU-NTU Analysis

The transfer rate/volume in (kg A)/(s m3) [or (kmol A)/(s m3)] to or from the dispersed phase is

(16-80a)

In these equations xD is the weight or mole fraction of the solute A in the dispersed phase, and x*
D is the

weight or mole fraction that would be in equilibrium with the continuous-phase fraction of A, xC. Note
that xD may refer to either raffinate or extract, which is different than the notation in Table 13-2.
Determination of “a,” the area/volume (m2 dispersed phase/m3 total volume of mixer) for mass transfer, is
discussed in Section 16.7.3. The units of KO-ED are (kg solute A in dispersed phase)/[s (m2 dispersed
phase)(mass fraction solute in dispersed phase)] or the equivalent in molar units. Because mass fraction
A in dispersed phase = (kg solute A in dispersed phase)/(total kg of dispersed phase), the units of KO-ED
can also be written as (total kg dispersed phase)/[s (m2 dispersed phase)].
The overall mass-transfer coefficient is related to the individual coefficients for the continuous and
dispersed phases with a sum of resistances model similar to that developed in Eq. (16-31c).



(16-80b)

where the term mCD is the average slope of the equilibrium curve

(16-80c)

If the equilibrium is linear, then mCD is constant and is equal to the distribution coefficient, y/x, if the
extract phase is continuous. If the raffinate is continuous, then mCD is the inverse of the distribution
coefficient. Remembering to use the proper value of mCD can be a challenge.

The height of the extractor will be determined from h = (NTU)(HTU). Simplified equations for the
number of extraction transfer units for the dispersed phase, nOE-D, and continuous phase, nOE-C, defined in
the same way as nOL in Eq. (16-26), are

(16-81a)

For packed columns and the countercurrent column systems shown in Figure 13-2, Eq. (16-81a) can be
integrated by the methods developed in sections 16.1 and 16.4. Very convenient analytical solutions are
obtained when the equilibrium and operating equations are both linear. Since the dispersed phase can be
either the extract or the raffinate, we write these equations as nO–Ex for the raffinate phase and nO–Ey for
the extract phase. If the solvent is the dispersed phase, then nO–ED = nO–Ey. These results, known as the
Colburn equation, are

(16-81b)

(16-81c)

(16-81d)

(16-81e)

These four equations are valid if F/(mS) ≠ 1. The grouping (mS)/F is the extraction factor that was
introduced in Chapter 13. To understand some of the differences between a staged analysis and a mass-
transfer analysis, these results should be compared with the Kremser Eqs. (13-11a,b) (see Problem
16.A1.)
The height of the transfer unit is defined in a similar way as in Eq. (16-22), which is



(16-82a)

Although the exact form used depends on the equipment and whether KOveralla is in mass or molar units, a
typical definition in columns for HO–raf in molar units is

(16-82b)

The term (Qraf/Ac) is the superficial velocity of the raffinate phase in the column, and (ρraf/MWraf) is a
conversion factor because (KO–rafa) is in molar units.

16.7.2 Calculation of Stage Efficiency in Extraction Mixers
For mixers it is customary to work in terms of the dispersed phase values for NTU and HTU. For linear
systems the continuous-phase equations will give identical final results. Following Eq. (16-82), the
definition of HO–ED in an extraction mixer is

(16-83a)

It is also often very useful to note that because nO–ED = h/HO–ED, we can write nO–ED as

(16-83b)

QD is the volumetric flow rate (m3/s) of the dispersed phase, and Vmixer is the total volume of the mixer
(m3). The term Vmixer/QD is the residence time of the dispersed phase based on the superficial velocity of
the dispersed phase. Since the value of nO-ED can often be determined from integration of Eq. (16-81a),
Eq. (16-83a) can provide a method for determining (KO-EDa) from experimental data.

It would probably make more sense to define
HO-ED = (QD / ϕd Amixer)(ρD / MWD)/(KO-EDa)

and
nO-ED = Vmixer ϕd(KO-EDa)/[KO-EDa)/[QD(ρD/MWD)]

Vmixerϕd/QD is now the residence time of the dispersed phase and jd is the volumetric fraction of the
dispersed phase in the mixer (see Section 13.4.1). However, we will follow the standard approach so
that the values of (KO-EDa) from the literature agree with our formulation.

Because extraction mixer-settlers typically operate at stage efficiencies above 80% and often in the range
from 95% to 100%, the equilibrium stage analysis in Section 13.14 is often used with an assumed value
for the stage efficiency. However, a more accurate design will result if a mass-transfer analysis is used to
estimate the stage efficiency. The purpose of the analysis will be to estimate the value of the dispersed-
phase Murphree stage efficiency, EMD.

(16-84)



As usual, xD,out* is the mole fraction of solute in the dispersed phase that is in equilibrium with the actual
mole fraction of solute in the continuous phase, xC,out.

There are two different analyses for mass transfer in a mixer-settler extractor available in the literature.
The simpler analysis (Seader and Henley, 2006; Treybal, 1980); assumes that the mixer is perfectly
mixed. This means that the continuous phase is well mixed and the dispersed phase is well mixed. Thus,
xD, xC, and xD* are all constant and equal to the values at the mixer outlet. Then Eq. (16-81a) simplifies
to

(16-85)

We can manipulate Eq. (16-84) for the Murphree dispersed-phase stage efficiency so that it can be
written in terms of nOE-D. First,

(16-86a)

which can be written as

(16-86b)

Once we determine the mass-transfer coefficient from appropriate correlations, nO-ED can be determined
from Eq. (16-83b) and EMD from Eq. (16-86b). Alternatively, if the concentrations are measured, then
EMD and/or nOE-D can be determined from Eq. (16-86b) and KO-EDa from Eq. (16-83b). Note that the key
assumption in this development is that all of the concentrations are constant. This requires not only that the
droplets of dispersed phase are well mixed but also that the dispersed phase has the same average
residence time everywhere in the mixer.
The second analysis procedure in the literature uses a differential equation approach (Frank et al, 2008;
Laddha and Degaleesan, 1978) that parallels the analysis in Section 16.6. The continuous phase takes the
role of the liquid phase in Figure 16-10, and the dispersed phase takes the part of the vapor in this figure.
The continuous and dispersed phases exit together instead of separately as in Figure 16-10, but this does
not change the analysis. For the dispersed phase, the steady-state mass balance is

(16-87)

In the notation used for extraction with the same geometry as in Figure 16-10, this is



(16-88)

QD/Amixer is the superficial linear velocity of the dispersed phase in the mixer. Dividing this equation by
Δz and taking the limit as Δz goes to zero,

(16-99)

We can integrate from z = 0 to z = h with the boundary conditions,

(16-90a)

(16-90b)

The result is the point efficiency,

(16-91)

For a mixer with a well-mixed continuous phase (but the dispersed phase is not well mixed),  =
constant = , since it is in equilibrium with the continuous phase, which is the same everywhere. In
addition, if the dispersed phase has the same average residence time everywhere in the mixer, the same
amount of solute is transferred in or out of the dispersed phase and xD,l = constant = xD,out. Thus, the
Murphree efficiency equals the point efficiency, EMD = Ept. Substituting in Vmixer = hAmixer, the Murphree
efficiency is

(16-92)

Equation (16-92) is equivalent to Eq. (16-77) derived for a distillation tray. This derivation follows the
change in concentration of a packet of the dispersed phase from z = 0 to z = h, but then requires mixing at
z = h. This requires the assumption that the continuous phase, but not the dispersed phase, is well mixed.
Equation (16-92) can be used either to estimate the value of EMD if KO-EDa is known or to estimate the
value of KO-EDa if concentrations are measured and EMD is determined from Eq. (16-84). Frank et al.
(2008) replace QD in Eq. (16-92) with (QD + QC)φd. If ϕd = ϕd,feed, then (QD + QC)φd = QD, and the
results are identical.
Equations (16-86b) and (16-92) are not identical because they are based on different models. Both
models assume that the continuous phase is well mixed, but their assumptions about the dispersed phase
are different. These differences emphasize the comments in Chapter 15 that analysis of mass transfer
remains a topic for research and discussion. With identical values of KO-EDa, Eq. (16-92) always
predicts a higher value for EMD than does Eq. (16-86b). This is illustrated in Example 16.5. Another way
of looking at this is that with the same EMD, a larger KO-EDa value will be back-calculated from Eq. (16-



86b) than from (16-92). Both equations predict that nO-ED will be large and EMD approach 1.0 if (KO-

EDa) (residence time) is large. Residence time is large if the mixer volume is large compared to the total
liquid flow rate.
Chemical engineers always want to know which equation is correct. The answer is that the model that
most closely models the physical situation is more correct, but it may not be the best model to use. If the
continuous phase is not well mixed, then neither model is appropriate. If the mixer has good mixing of the
continuous phase, then the appropriate model to use depends on mixing within the dispersed phase. In
very clean systems there is often considerable internal circulation, and the drops tend to be well mixed.
The well-mixed model is appropriate, and most of the data in the literature were analyzed with this
model. In dirty systems with dust, crud, or surfactants (e.g., soap or proteins) present, the drop surface can
be rigid and internal circulation is suppressed—then the differential model is more appropriate. Of
course, we wish and hope that the choice of model should not depend on how the value of KO-EDa was
determined. Unfortunately, this is not true. The same raw data (concentrations) will result in different KO-

EDa values for the two models. The accuracy of these values to a large extent depends on the internal
circulation of the dispersed phase. Mass-transfer coefficients obtained with clean systems do not apply to
dirty systems, and vice versa. Using one model to determine KO-EDa, then using a different model with
these KO-EDa values, will not give correct answers. This is illustrated in Example 16.5. Thus, use the
same model that was used to determine KO-EDa.

Example 16.5. Conversion of mass-transfer coefficients and estimation of stage efficiency in
mixer

Treybal (1980) estimated the overall mass-transfer coefficient and the stage efficiency for a mixer
(0.5 m high and 0.5 m diameter, Amixer = 0.1963 m2, Vmixer = 0.09817 m3) extracting benzoic acid
from water into solvent pure toluene. The water plus benzoic acid flow rate was QF = 0.003 m3/s, and
the toluene flow rate was QD = 0.0003 m3/s. The tank was well mixed. Toluene was the dispersed
phase, ϕD was estimated as 0.0824. The estimated dispersed-phase surface to dispersed-phase
volume ratio aD = 1940 m2 dispersed phase/m3 dispersed phase. The estimated overall dispersed-
phase mass-transfer coefficient KLD = 2.01 × 10–5 kmol benzoic/[m2s(kmol benzoic/m3)]. Additional
data: ρtoluene = 865 kg/m3, MWtoluene = 92.14 kg/kmol. Equilibrium is Cextract = 20.8 Craffinate (Cextract
is kmol benzoic/m3 extract); since the solvent is the dispersed phase, mCD = 1/20.8 = 0.0481 [see Eq.
(16-70c analog)].
a. Convert the mass-transfer coefficient to the units used in this section.
b. Calculate the stage efficiency using the completely mixed model.
c. Calculate the stage efficiency using the differential equation approach.
d. Calculate the exiting raffinate and extract mole fractions for a completely stirred mixer if the

entering solvent contains no benzoic acid and the entering feed is 0.0003 mole fraction benzoic
acid in water.

Solution

A. Since there is no standardized set of mass-transfer equations and units, converting terms in
different units is a common task. The first thing to do is to look for the defining equation used for
mass transfer or at the form of the mass-transfer coefficient correlation. Treybal (1980) developed



the following equations:

(16-80a analog)

(16-81a analog)

(16-83a analog)

(16-80b analog)

(16-80c analog)

In these equations CD is the concentration of benzoic acid in the dispersed phase, (kmol benzoic
acid)/(m3 dispersed phase),  is the dispersed-phase concentration in equilibrium with the
continuous phase, vD is the superficial linear velocity of the dispersed phase in the mixer m/s, kLD
and kLC are the individual mass-transfer coefficients, and KLD is the overall dispersed-phase
mass-transfer coefficient, all in kmol benzoic/[m2s(kmol benzoic/m3)]. This set is an equally valid
set of mass-transfer equations, but the units are different than used in this chapter.
One approach to convert units is to set the HTU values from the two approaches equal, HO-ED =
HtOD. Solving for (KO-EDa), we obtain

(16-93a)

The numerical value is

Solving for KO-ED,

(16-93b)

KO-ED = 0.3661/1940 = 0.0001887 (kmol/[s m2(mol frac dispersed)])
B. Note: Since Treybal used a completely mixed model to analyze his data, that is the appropriate

model to use. Stage efficiency for the completely mixed model is given by Eq. (16-86) and nO-ED
from Eq. (16-83b),



Then, .
The values of nO-ED and EMD agree with Treybal (1980).

C. If we inappropriately apply Treybal’s value of KO-EDa and the resulting value for nO-ED to the
differential equation model, from Eq. (16-92) we obtain
EMD = 1 –exp(–nO-ED) = 1 – exp(–12.76) = 0.999997
Clearly, the differential model predicts significantly higher stage efficiency with the same value of
KO-EDa than the completely mixed model because additional separation occurs along the path the
fluid takes from inlet to outlet.

D. The mixed model is appropriate for a completely stirred mixer, and our mass-transfer coefficients
were obtained with this model.

With xD,in = 0 and , this becomes

Equilibrium is . Value of m is unknown in mole fraction units, but in units
of mol/m3, Cextract = mconc unitsCraffinate, which gives

(16-94)

Since the system is dilute, extract properties are essentially the same as pure solvent (toluene) and
raffinate properties are essentially the same as pure diluent (water).
mmole fraction units = (20.8)(92.14/865)(1000/18) = 123.1
We need a second equation in addition to the efficiency equation. The mass balance around the
mixer can be used.

(16-95)

The values of S and F can be calculated assuming that the solution properties are the same as pure
toluene and pure water.

S = FD = (0.0003m3/s)(865kg/m3)/(92.14kg/kmol) = 0.002816kmol/s

F = FC = (0.003m3/s)(1000kg/m3)/(18kg/kmol) = 0.16652kmol/s
Then, S/F = 0.016911, and since xD,in = 0,

xC,out = xfeed –(S/F)xD,out = 0.0003 – 0.016911xD,out



Substituting this result into the equation for EMD, we obtain

Solving this equation we obtain
xD,out = 0.01685 which from the definition of EMD gives

xC,out = xD,out/mEMD =0.01685/[(123.1)(0.927)] = 1.477×10–4.
It is useful to draw some conclusions from this example.
1. Units are important.
2. Value of the equilibrium parameter depends on whether extract phase is in the numerator or

denominator.
3. Value of the equilibrium parameter depends on the units.
4. The model used to determine efficiency makes a difference.

16.7.3 Area per Volume a and Average Drop Diameter in Mixers
To use these equations, we need to know the value of KO-EDa. Although the best approach is to determine
KO-EDa from experiments, it is less expensive and more convenient to estimate this value. To do this,
values of a and the mass-transfer coefficients are often estimated separately. For spherical drops in a
liquid,

(16-96a)

and the surface area per volume of the mixer is

(16-96b)

Since the volume of n drops = nπ(average drop diameter)3/6, the volume fraction dispersed phase is

(16-96c)

Solving for volume of vessel and substituting into Eq. (16-96b), the surface area per volume is

(16-96d)

Methods for estimating φD in mixers are discussed in Section 13.14.1. The surface area per volume a of
mixers can be estimated once the average diameter of the drops is known.
Several correlations for the average drop diameter in mixers have been published. Treybal (1980)
recommends the following equation for baffled vessels:

(16-97a)



The term Δρ is the absolute value of (ρC – ρD), and  is obtained from

(16-97b)

Treybal notes that the terms in parentheses are dimensionless. For vessels that are operated full with no
vapor-liquid interface and no baffles, Treybal recommends

(16-98)

Godfrey (1994) recommends alternative forms.

16.7.4 Mixer Mass-Transfer Coefficients
Determination of mass-transfer coefficients in liquid-liquid extraction is fraught with more than the usual
amount of uncertainty. Equation (16-80b) shows that the individual coefficients for both dispersed and
continuous phases are required. Any uncertainties in the estimation of diffusivities will propagate error in
the mass-transfer coefficients. For the typical +20% error in liquid diffusivity, the result is a +10% to
15% error in the mass-transfer coefficient (Slater, 1994). Also, because effects of coalescence, drop
breakage, and time dependence are not well understood, they are usually ignored, which increases the
potential error. The concentration of surface active agents and of small solids at the interface will affect
coalescence and drop breakage and the internal circulation of drops. A few results for individual drops
are presented in optional Section 16.7.4.1. For practical applications of mixers, the drops are in swarms,
and the correlations in Section 16.7.4.2 must be used. A summary of a conservative (safe) design
procedure for mixers is outlined in Section 16.7.4.3.
All of the dimensionless equations that follow give mass-transfer coefficients in units of m/s if D is in
m2/s (or cm/s if D is in cm2/s). For these units, the typical driving force is a concentration difference (e.g.,
kmol/m3). To use the mass-transfer coefficients with mole or mass fraction driving forces, the units of the
mass-transfer coefficients eventually must be adjusted using Eq. (16-93a). The correlations in this section
assume that there is no diluent in the continuous phase and mass transfer is binary. Because in most cases
there is significant partial miscibility of diluents and solvent, and mass transfer is in a ternary system
(Taylor and Krishna, 1993), these methods are often approximate when applied in practice.
16.7.4.1 Mixer Mass-Transfer Coefficients for Individual Drops (Optional)

Unfortunately, even for individual drops, there is a relatively small amount of data and the number of
correlations for the dispersed phase are particularly limited. Additional correlations are presented by
Slater (1994) and Wankat and Knaebel (2008).
For clean systems, the mass-transfer coefficient in the continuous phase can be determined at low
velocities for single drops (Slater, 1994). For stagnant conditions (velocity → 0), the theoretical result
from solving the diffusion equation is

(16-99a)

The dimensionless term ShC is the Sherwood number for the continuous phase, and DAC is the diffusivity



of solute A in the continuous phase. With drop diameter d in meters and DAC in m2/s, the units on the
mass-transfer coefficient kc are m/s.

For creeping flow in clean systems, the Sherwood number can be approximated as

(16-99b)

The drop Reynolds number Redrop = (ρCdut/μC) assumes the drop is at its terminal velocity ut, which can
often be estimated from Stokes’s law, Eq. (13-57). The continuous-phase Schmidt number ScC = [μC
/(ρCDAC)] includes the effect of molecular diffusivity. Equation (16-99b) simplifies to Eq. (16-99a) as ut
and Redrop → 0. At higher Reynolds numbers (10 < Redrop < 1200, 190 < ScC < 241000, and 1000 < PeC
< 106) Steiner’s empirical results (Slater, 1994) for circulating drops are

(16-100a)

where the continuous-phase Peclet number PeC = (d ut/DAC). For rigid drops, Steiner obtained

(16-100b)

The 0.0103 Redrop term is a correction for the effect of wakes and is usually quite small. For conditions in
between fully circulating and rigid, Steiner recommended the following equation (Slater, 1994):

(16-100c)

For clean systems, Eq. (16-100c) is preferred, while for dirty systems where the drops are often rigid,
Eq. (16-100b), which predicts lower values of the mass-transfer coefficient, is more accurate.
Dispersed-phase coefficients are complicated, since mass transfer for individual drops is time dependent.
If the drop life is fairly long, then a pseudo-steady state is reached and there is an asymptotic value of kD.
However, the exact state of the interface and the drop size have significant effects on the flow or lack of
flow inside the drops. If the interfacial tension is low and the drop fairly large, there will be significant
internal circulation and the rate of mass transfer is much larger than that predicted by molecular diffusion
alone. This results in a significant increase in the dispersed-phase mass-transfer coefficient kD. A rough
criterion for the critical drop diameter at which internal circulation starts in clean systems (Slater, 1994)
is

(16-101)

A third complicating factor is that mass transfer of solute usually lowers the interfacial tension σ and
reduces dcritical circulation; however, the presence of small amounts of surfactants or dirt that collects at the
interface will reduce internal circulation markedly and may introduce a resistance to mass transfer at the
interface that is not included in Eq. (16-80b). Because industrial plants are usually not scrupulously clean,
dispersed-phase mass-transfer coefficients in plant operations will often be significantly lower than the
values obtained in scrupulously clean laboratories.



For large drops with toroidal internal circulation, Handlos and Baron solved the flow and mass-transfer
equations. A simplified form of their result is in reasonable agreement with experimental results obtained
under clean conditions for large drops (Slater, 1994),

(16-102a)

Note that with internal circulation (typical of large drops in clean systems), there is no dependence on the
molecular diffusivity. For rigid drops (typically small drops or dirty interfaces) with no circulation, a
limiting solution at long times (Slater, 1994) is

(16-102b)

As expected, the molecular diffusivity of solute in dispersed phase DAD is important when there is no
internal circulation. Equation (16-102b) is conservative (predicted kD is low).

16.7.4.2 Mass-Transfer Coefficients for Drop Swarms in Mixers

In practical extractors, drops do not occur individually but are in swarms of interacting drops. The results
for individual drops are useful for predicting parameter effects, but correlations that include the effects of
interacting drops are required for extractor design. In mixers, drops are not moving vertically at uniform
velocities, and coalescence and drop breakage are important particularly in the vicinity of the impeller.
Coalescence and drop breakage appear to enhance mass transfer and rates ~50% larger than those for
rigid drops (Slater, 1994).
In extractions where the feed is the continuous phase and the distribution coefficient for transfer into the
raffinate is large (mCD in Eq. (16-80c) is small), the overall mass-transfer resistance is dominated by the
continuous phase. In this case, the correlation of Skelland and Moeti can be used for mixer design (Frank
et al., 2008; Slater, 1994; Wankat and Knaebel, 2008).

(16-103)

where di is the impeller diameter in meters and ω is the impeller speed in 1/s. This equation is restricted
to low dispersed-phase holdup, φd < 0.06. For rigid drops, correlations developed for solid particles can
be used to provide conservative values (Treybal, 1980) for the continuous phase coefficient.

(16-104)

There are few studies of dispersed-phase mass-transfer coefficients in mixers. Frank et al. (2008)
recommend the correlation of Skelland and Xien for transfer from the dispersed phase to the continuous
phase. Skelland and Xien (1990) studied batch extraction in a baffled mixer with six-flat-blade turbines.
Their correlation is



(16-105)

Inthis eqquation, ρm is defined in Eq. (13-53), mm is defined in Eq. (13-55), N is the impeller speed in
rps, to is the initial time (s) that the dispersed phase is injected, and tF,95 is the time (s) at which 95% of
mass transfer has occurred. In a continuous mixer (tF,95 – to) can be considered the residence time of the
dispersed phase in the mixer, which will result in 95% extraction of the solute. Additional correlations
for mass-transfer coefficients are available (Treybal, 1980; Wankat and Knaebel, 2008).
16.7.4.3 Conservative Estimation of Mass-Transfer Coefficients for Extraction

Prediction of mass-transfer coefficients for extraction seems to follow Murphy’s law (If anything can go
wrong, it will) and O’Toole’s corollary to Murphy’s law (Murphy was an optimist). The best approach is
to not predict the mass-transfer coefficients, but to measure the stage efficiency using the exact solvent
and feed from the plant. Note that the use of clean solutions made up with high purity reagents will
probably result in mass-transfer coefficients and stage efficiencies that are higher than observed in the
plant.
However, obtaining data on the exact solutions to be used in the plant is often not possible, and a
prediction of stage efficiency must be made. The following approach will result in a conservative
estimate (stage efficiency will be low) because every equation is considered to be conservative and the
additional mass transfer that occurs in the settler is neglected.
1. Assume that in the plant the extractor will contain particulates and surface active agents; thus, the

drops are rigid. Estimate fraction dispersed phase φDand power P as in Example 13-5.
2. Use Eq. (16-97a and b) or (16-98) to estimate the drop diameter dp.
3. Use Eq. (16-104) to estimate kC.
4. Use Eq. (16-105) to estimate kD.
5. Use Eq. (16-96d) to estimate a.
6. Use Eq. (16-80b analog) to estimate the overall mass-transfer coefficient kLD in m/s.
7. Use Eq. (16-93a) to estimate KO-ED.
8. Use Eq. (16-93b) to estimate nO-ED.
9. Use the stirred tank model Eq. (16-86b) to determine the stage efficiency EMD.

10. Check the results for any assumptions made during the calculation and repeat the calculation with a
better assumption if necessary.

This approach is illustrated in Example 16-6.

Example 16-6. Conservative estimation of mixer mass-transfer coefficients

Estimate the mass-transfer coefficients and the mixer stage efficiency for the extraction of benzoic
acid from water into toluene for the problem detailed in Example 13-5.

Solution

1. Follow the listed steps, and first assume drops are rigid. From Example 13-5, ϕd = 0.167 and



power P = 412.2 W.
2. For a baffled vessel, we can use Eqs. (16-97a) and (16-97b) to find the drop diameter dp. The

terms for Eq. (16-97b) can now be determined:

Then Eq. (16-97b) is

For Eq. (16-97a), 1.18 φd = 1.18(0.167) = 0.19706,

Eq. (16-97a) becomes

3. For Eq. (16-104), Dbenzoic-water = 2.2 × 10–9m2/s,

From Eq. (16-104), we obtain

4. For Eq (16-105), from Example 13-5,



From Eq. (13-55),

The time tF,95 – t0 is the residence time that results in EMD = 0.95. Example 16-5 resulted in EMD =
0.927 for a 0.5 m tall by 0.5 m diameter mixer (VMixer = 0.09817 m3) at total flow rate of 0.0033
m3/s. Thus, residence time was = Vmixer/Qtotal = 29.755. For the current example, tres = 60s. We
will assume 60s gives EMD = 0.95 and then check our answer. (tF,95 – t0) = 69s. Then Eq. (16-105)
becomes

5. 

6. 
where mCD = CC/CD = 1/20.8. Thus, 1/KLD = 524.9 + 369581 = 370106.

7. Eq. (16-93a) 

8. 

9. 
The contribution of dispersed-phase resistance to total resistance is (524.9/370,106) × 100 =
0.142%, which is very small. If we ignore dispersed-phase resistance, KLD = kCMCD = 2.706 ×
10–6, which is very close to calculated KLD.

10. This value of EMD is low compared to the assumed value of 0.95 in step 4. However, since mCD
is quite low, the continuous-phase mass transfer controls (KLD ≈ kCMCD). Thus, the estimate for



kD is relatively unimportant, and the incorrect value for residence time in the estimation of kD
does not affect the final result.

Obviously, estimation of mass-transfer coefficients is challenging, and care must be taken to use a
consistent set of units. As is usual with this sort of calculation, determination of the physical
properties is often the most challenging part.

16.8 Rate-Based Analysis of Distillation
For binary distillation, the equilibrium stage analysis of distillation can be made to agree quite well with
experimental results by predicting a Murphree efficiency for each stage in the column (Section 16.6).
Commercial simulators will include efficiency calculations. Unfortunately, for multicomponent
distillation, the Murphree efficiencies are, in general, not equal. To fit experimental results, it is
sometimes necessary to use negative values for the Murphree efficiency. This is not satisfactory and is a
sign that the assumption of equilibrium stages is not appropriate for this particular multicomponent
distillation. A more fundamental analysis based on mass- and heat-transfer rates on each stage is required.
We saw in Section 15.6 that a Fickian mass-transfer analysis can lead to logical inconsistencies when
extended to three or more components. Thus, a fundamental rate analysis of multicomponent distillation
must be based on the Maxwell-Stefan mass-transfer model extended to nonideal multicomponent systems
(Section 15.7.7). Since the significant detail required for these calculations is beyond the scope of an
introductory textbook, the methods are summarized in enough detail to explain what the commercial
simulator does (Lab 13 in appendix to Chapter 16) but not in enough detail to write a program of your
own. Readers interested in the complete details are referred to Taylor and Krishna (1993) and Aspen
Plus (2010).
The detailed rate model of distillation starts with material and energy balances for the vapor and liquid
on each stage. If there are no reactions, the bulk vapor and liquid-phase component material balances are
(Taylor and Krishna, 1993; Aspen Plus, 2010)

(16-106a)

(16-106b)

The transfer to the vapor from the liquid  is arbitrarily considered to be positive. The transfer terms
across the film are determined from the generalized matrix form of the Maxwell-Stefan equations
(Krishna and Standart, 1976), Eq. (15-72a), with the mass-transfer coefficient given by Eq. (15-72c).
Energy balances are required for both the bulk vapor and bulk liquid phases. For the bulk vapor phase,
this equation is

(16-106c)

where  is the external heat load to the vapor and  is the energy transfer rate from the bulk liquid.
There is a similar equation for the bulk liquid phase. The rate of energy transfer to the vapor from the
liquid across the film is given by the following rate equation:



(16-106d)

In this equation,  is the interfacial area for heat transfer,  is the vapor-phase heat-transfer coefficient, 
 is the temperature bulk vapor phase,  is the temperature of the interface, and  is the partial molar

enthalpy of component i, all on stage j. There is a similar equation for energy transfer from the vapor to
the liquid. The film is assumed to have no accumulation of mass or energy. The film interface is assumed
to be at equilibrium,

(16-106e)

These equations are written in matrix form.
The mass-transfer coefficients and interfacial area per volume a are obtained from correlations based on
experimental data. Heat transfer coefficients are obtained from the Chilton-Colburn analogy, Eq. (15-
50a), using the experimentally determined mass-transfer correlations. The most common correlation for
interfacial area per volume a is the Zuiderweg (1982) correlation. The correlation depends on the regime
of operation of the sieve plates. In the spray regime, the correlation is

(16-107a)

where Aactive is the active area of the tray and Ahole is the total hole area of a tray in m2, QL and QV are
the volumetric flow rates of liquid and vapor in m3/s, σ is the surface tension in N/m, FP is the flow
parameter defined in Eq. (10-9), lw is the weir length in m, and hL is the calculated clear-liquid height in
m on the tray. In the froth regime, the correlation is

(16-107b)

The clear liquid height hL for these correlations is calculated from

(16-107c)

where p is the pitch of the sieve plate holes in m. Zuiderweg notes that these should be considered as
apparent interfacial areas because they are based on the mass-transfer coefficients back-calculated from
the operation of relatively large diameter Fractionation Research Institute distillation columns based on
the somewhat improbable assumption that the mass-transfer coefficients are independent of flow regime
or velocity. Thus, the effects of flow regime and velocity have been lumped into the calculation of a.
Despite this difficulty, Eqs. (16-107a and b) are widely used.



Zuiderweg (1982) also determined correlations for the liquid and vapor mass-transfer coefficients (both
in m/s):

(16-108a)

In this equation, DL is in m2/s.

(16-108b)

The equation for the vapor-phase mass-transfer coefficient is unique in that it does not depend on the
diffusivity of the vapor and is the same for all components. Zuiderweg’s correlation essentially assumes
that liquid-phase resistances control; thus, it should not be extrapolated to cases where the vapor-phase
and liquid-phase resistances are the same order of magnitude or the vapor-phase resistance controls.
Chan and Fair (1984) used the AIChE (1958) correlation for vapor mass transfer to determine kL,ia. This
correlation with kL,ia in (m/s)(m2/m3) is

(16-109a)

The liquid diffusivity DL,i is in cm2/s, Ua = superficial vapor velocity in the active area of the tray, m/s,
and ρV is the vapor density in kg/m3. The correlation they developed for VV,i a with VV,i in m/s and a in
m2/m3 is

(16-109b)

The vapor diffusivity DV,i is in cm2/s, f is the fractional approach to flooding, and hL is the liquid holdup
on the plate in cm. The liquid holdup is calculated from the correlation of Bennett et al. (1983),

(16-109c)

In this equation, hw is the weir height in cm, L is the molar liquid flow rate in kmol/s,  is the molar
liquid density in kmol/m3, lwier is the weir length in m, and φe is the effective relative froth density given
by

(16-109d)

Note that different correlations use parameters in different units. It is obviously important to have the units



correct when a particular correlation is used.
A more recent mass-transfer correlation was developed by Chen and Chuang (1993). They recommended
using the clear liquid height calculated from Eq. (16-107c). Their correlations for mass-transfer
coefficients are

(16-110a)

(16-110b)

In these equations, σ is the interfacial surface tension, N/m; tV = (froth height)/UA and tL ≈ ρLtV/ρV are the
average residence time per pass for the vapor and liquid, s. They recommend a correlation of Stichlmair
for the interfacial area per volume a, but Aspen Plus (2010) recommends using the Zuiderweg (1982)
correlations in conjunction with the Chen and Chuang mass-transfer correlation.
Which mass-transfer correlation should be used? One can simulate the distillation with each of these three
correlations plus the other mass-transfer correlations supported by the simulator. If any of the correlations
predict results that are clearly outliers, they probably should not be used. If a conservative design is
desired, then use the correlation that predicts the least separation. If the column is operating outside the
range of validity of a correlation, the correlation should be used with great caution. If a company has had
good results using a particular correlation, they will probably keep using it. Obviously, all of the
correlations for mass-transfer coefficients and for interfacial area per volume depend on the geometry of
the plates, downcomers, and columns. Thus, the design requires the specification of these variables. It is
highly recommended that the column be designed with equilibrium stages first (Chapter 6) and then the
internals should be designed either by hand calculation (Chapter 10) or preferably with a tray-rating
simulation (Lab 10). With the equilibrium staged design as a starting point, the rate-based design is more
likely to converge.
All of the correlations provide mass-transfer coefficients at a point on the plate. To determine the overall
amount transferred, a flow model for the stage is required—this is similar to the analysis in Section 16.6.
Chan and Fair (1984) recommend calculating the Peclet number to determine which flow model is
appropriate,

(16-111a)

The distance traveled zl in m is from the exit of the downcomer to the overflow weir. The eddy diffusivity
is determined from the Barker and Self correlation,

(16-111b)

The liquid holdup hL in cm can be estimated from Eq. (16-109c), although if the only use of the



calculation is to estimate the Peclet number, the weir height can be substituted for hL. Uactive is the vapor
velocity in the active area of the plate, m/s. The residence time  can be estimated from

(16-111c)

In this equation, aactive is the active area of the plate in m2, QL is the volumetric flow rate of the liquid in
m3/s, and the 100 is required because the liquid holdup hL is in cm. If Pe is low, then the completely
mixed model is appropriate. This is the simplest flow model, and the mass-transfer coefficients are the
same everywhere on the plate. Small diameter columns usually have low values of Pe. Thus, the
completely mixed model is appropriate. Large columns with a large value of zl often have a large value of
Pe, and a plug flow model is more appropriate. With a plug flow model, the rate-based model can predict
better separation than the equilibrium staged model (see Section 10.2). If a conservative result is desired,
use the mixed model. The mixed model should always have results that show less separation than the
equilibrium model.

16.9 Summary—Objectives
At the end of this chapter you should be able to satisfy the following objectives:
1. Derive and use the mass transfer analysis (HTU-NTU) approach for distillation columns
2. Use HTU-NTU analysis for dilute and concentrated absorbers and strippers
3. Use the mass transfer correlations to determine the HTU
4. Derive and use HTU-NTU analysis for co-current flow
5. Use mass transfer analysis to determine tray efficiency of binary systems
6. Use mass transfer analysis for extraction mixer-settler design
7. Use rate-based simulators to design distillation columns
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Homework
A. Discussion Problems

A1. Compare Colburn Eq. (16-81d) to the equivalent Kremser Eq. (13-11b) and compare Eq. (16-
81e) to (13-11a). If we relate nO-Ey to N and set S = E, F = R, yN+1 = yin, y1 = yout, and y1* = yout*
what terms are similar and what terms are different? [Note that the LHS of Eq. (13-11a) is
inverted compared to Eq. 16-81e).]

A2. The mass transfer models include transfer in only the packed region. Mass transfer also occurs in
the ends of the column where liquid and vapor are separated. Discuss how these “end effects”
will affect a design. How could one experimentally measure the end effects?

A3. Is a stage with a well-mixed liquid less or more efficient than a stage with plug flow of liquid
across the stage (assume KGa is the same)? Explain your result with a physical argument.

A4.
a. The Bolles and Fair (1982) correlation indicates that HG is more dependent on liquid flux than

on gas flux. Explain this on the basis of a simple physical model.
b. Why do HG and HL depend on the packing depth?
c. Does HG increase or decrease as μG increases? Does HG increase or decrease as μL increases?

A5. Why is the mass transfer analysis for concentrated absorbers considerably more complex than the
analysis for binary distillation or for dilute absorbers?

A6. Construct your key relations chart for this chapter.
A7. Suppose you are designing a mixer-settler extraction system and you obtain a mass transfer

correlation from a book. Unfortunately, the book does not explain which model was used to obtain
the values of the mass transfer coefficient. Which model would you use to determine the stage
efficiency? Why?

A8. You are designing a mixer-settler extraction system and you obtain a mass transfer coefficient
from the Internet, but the site does not give the units of the mass transfer coefficient. What should
you do?

A9. Why are mass transfer coefficients from clean drops higher than mass transfer coefficients in dirty
systems? What is the practical significance of this?

B. Generation of Alternatives
B1. Develop contactor designs that combine the advantages of co-current, cross-flow, and

countercurrent cascades.

C. Deriviations



C1. Derive the relationships among the different NTU terms for binary distillation.
C2. Derive Eq. (16-94).
C3. Derive the following equation to determine nOG for distillation at total reflux for systems with

constant relative volatility:

C4. If a mixer-settler is used for an extraction, we can often estimate the stage efficiency of the mixer
EMD and of the settler ESD separately (see Example 16-5 and Problem 16.D21) where,

Of course, we are really most interested in the overall stage efficiency of the mixer-settler
combination Etotal,D. For a dilute extraction with linear equilibrium, y = mx, completely
immiscible solvent and diluent, the extract as the dispersed phase, and an entering pure solvent yin
= 0, the definition of Etotal,D is

Derive the following equation relating Etotal,D to mS/F, EMD, and ESD.

C5. If the mixer in Problem 16.C4 is at equilibrium, then Etotal,D = EMD = 1.0. Show that the result in
Problem 16.C4 satisfies this condition and determine the value of ESD.

D. Problems
*Answers to problems with an asterisk are at the back of the book.

D1.* For Examples 16-1 and 16-2, estimate an average HOG in the enriching section. Then calculate
nOG and hE = HOG,avg nOG.

D2.* If 1-in metal Pall rings are used instead of 2-inch rings in Example 16-2:
a. Recalculate the flooding velocity and the required diameter.
b. Recalculate HG and HL in the enriching section.

D3. In part E of Example 16-2 a HETP value of 2.15 feet is calculated for the top of the enriching
section. Since the average error in the individual mass transfer coefficients ky and kx can be
±24.4% (Wankat and Knaebel, 2008), calculate the range of HETP values at the top of the column
(m = 0.63) and for a geometric average of m over the enriching section (m = 0.577). Determine the
safety factor that should be used compared to the 2.15 feet originally calculated.

D4.* A distillation column is separating a feed that is 40 mol% methanol and 60 mol% water. The
two-phase feed is 60% liquid. Distillate product should be 92 mol% methanol, and bottoms 4
mol% methanol. A total reboiler and a total condenser are used. Reflux is a saturated liquid.
Operation is at 101.3 kPa. Assume CMO, and use L/D = 0.9. Under these conditions HG = 1.3 feet
and HL = 0.8 feet in both the enriching and stripping sections. Determine the required heights of



both the enriching and stripping sections. Equilibrium data are given in Table 2-7.
D5. We have a column that has a 6-foot section of packing. The column can be operated as a stripper

with liquid feed, as an enricher with a vapor feed or at total reflux. We are separating methanol
from isopropanol at 101.3 kPa. The equilibrium can be represented by a constant relative
volatility, α = 2.26.
a. At total reflux we measure the vapor mole frac methanol entering the column, yin = 0.650 and

the vapor mole frac methanol leaving, yout = 0.956. Determine nOG, the average value of HOG,
and the value of HETP.

b. We operate the system as an enricher with L/D = 2. The vapor mole frac methanol entering the
column, yin = 0.783 (this is the feed) and the vapor mole frac methanol leaving, yout = 0.940.
Determine nOG, the average value of HOG, and the value of HETP.

c. This problem was generated with a constant HETP. Why do the estimates in parts a and b
differ?

D6.* A distillation column operating at total reflux is separating methanol from ethanol. The average
relative volatility is 1.69. Operation is at 101.3 kPa. We obtain methanol mole fracs of yout =
0.972 and yin = 0.016.
a. If there is 7.47 m of packing, determine the average HOG using the result of Problem 16.C3.
b. Check your results for part a, using a McCabe-Thiele diagram.

D7. A distillation column operating at total reflux is separating acetone and ethanol at 1 atm. There is
2.0 m of packing in the column. The column has a partial reboiler and a total condenser. We
measure the bottoms composition in the partial reboiler as x = 0.10 and the liquid composition in
the total condenser as x = 0.9. Equilibrium data are in Problem 4.D7. Estimate the average value
of HOG.

D8.* We wish to strip SO2 from water using air at 20°C. The inlet air is pure. The outlet water
contains 0.0001 mole frac SO2, while the inlet water contains 0.0011 mole frac SO2. Operation is
at 855 mm Hg, and L/V = 0.9 (L/V)max. Assume HOL = 0.84 m and that the Henry’s law constant is
22,500 mm Hg/mole frac SO2. Calculate the packing height required.

D9. Calculate the stage efficiency for the mixer in an extraction system for values of nO–ED varying
from 0.1 to 100 for both the completely mixed staged model and the differential equation model.
Compare the results..

D10.* A packed tower is used to absorb ammonia from air using aqueous sulfuric acid. The gas enters
the tower at 31 lbmol/(h-ft2) and is 1 mol% ammonia. Aqueous 10 mol% sulfuric acid is fed at a
rate of 24 lbmol/(h-ft2). The equilibrium partial pressure of ammonia above a solution of sulfuric
acid is zero. We desire an outlet ammonia composition of 0.01 mol% in the gas stream.
a. Calculate nOG for a countercurrent column.
b. Calculate nOG for a co-current column.
c. What is the importance of the gas and liquid flow rates?

D11. An air stream containing 50 ppm (mole) of H2S is to be absorbed with a dilute NaOH solution.
The base reacts irreversibly with the acid gas H2S so that at equilibrium there is no H2S in the air.
An outlet gas that contains 0.01 ppm (mole) of H2S is desired. L/V = 0.32.



a. Calculate nOG for a co-current system.
b. Calculate nOG for a countercurrent system.

D12.* We wish to absorb ammonia into water at 20°C. At this temperature H = 2.7 atm/mole frac.
Pressure is 1.1 atm. Inlet gas is 0.013 mole frac NH3, and inlet water is pure water.
a. In a countercurrent system we wish to operate at L/G = 15 (L/G)min. A yout = 0.00004 is

desired. If HOG = 0.75 ft at V/Ac = 5.7 lbmol air/(h-ft2), determine the height of packing
required.

b. For a co-current system a significantly higher V/Ac can be used. At V/Ac = 22.8, HOG = 0.36 ft.
If the same L/G is used as in part a, what is the lowest yout that can be obtained? If yout =
0.00085, determine the packing height required.

D13. Repeat Example 16-3 to determine nOG except use a co-current absorber.
a. Same conditions as Example 16-3. If specifications can be met, find yout and nOG. If

specifications cannot be met, explain why not.
b. Same conditions as Example 16-3 except xout = 0.002. If specifications can be met, find yout and

nOG. If specifications cannot be met, explain why not.
c. Same conditions as Example 16-3 except xout = 0.0003 and L/V = 40. If specifications can be

met, find yout and nOG. If specifications cannot be met, explain why not.
D14.* We are operating a staged distillation column at total reflux to determine the Murphree

efficiency. Pressure is 101.3 kPa. We are separating methanol and water. The column has a 2-inch
head of liquid on each well-mixed stage. The molar vapor flux is 30 lbmol air/(h-ft2). Near the top
of the column, when x = 0.8 we measure EMV = 0.77. Near the bottom, when x = 0.16, EMV =
0.69. Equilibrium data are given in Table 2-7.
a. Calculate kxa and kya.
b. Estimate EMV when x = 0.01.

D15. The large-scale column in Example 16-4 has a feed that is a saturated liquid with a feed mole
frac z = 0.5, and separation is essentially complete (xdist ~ 1 and xbot ~ 0). The Murphree vapor
efficiency is often approximately constant in columns. Assume the value calculated in Example
16-4, EMV = 0.97, is constant in the large-scale column (plug flow trays). Calculate Ept and Kya in
the stripping section at x = 0.10 and x = 0.30, and in the enriching section at x = 0.9. Repeat the
enriching section calculation at x = 0.7 (shown in Example 16-4) as a check on your procedure.

D16. Although the largest errors in the calculation of the height of a packed column are 1) errors in the
mass transfer coefficients and 2) errors in the VLE data, calculation errors can also be significant
because the calculation of nG and of nOG both require subtracting y values that are close to each
other and then taking the inverse of this difference. Suppose that all of the values of yAI – yA in the
table in Example 16-1 are too low by 0.001 (thus, for yA = 0.8 the value of yAI − yA should be
0.013). Recalculate the area for nG,enriching and the required height of packing in the enriching
section.

D17. Errors in the mass transfer coefficients obviously affect the value of HG and hence the height of
the packed section. These errors also affect the calculation of yAI and thus the calculation of nG



and the height of the packed section. Return to the calculation in Example 16-1. We want to
calculate the change in yAI − yA and in 1/(yAI − yA). We will do this calculation for a value of yA
= 0.8. Assume that the equilibrium values given in Table 2-1 follow a straight line between x =
0.7472 and x = 0.8943 and determine the equation for this straight line.
a. Calculate the range of values of 1/(yAI − yA) for a value of yAI = 0.8 if HG varies by ±24.4%

compared to the 0.4054 m used in Example 16-1 but HL does not vary from the 0.253 m value.
Then, assuming that the % error in 1/(yAI − yA) is constant throughout the enriching section,
estimate the range in values of nG and in the height of packing (remember that HG varies).

b. Calculate the range of values of 1/(yAI − yA) for a value of yA = 0.8 if both HG and HL vary by
±24.2% compared to the 0.4054 m and 0.253 m used in Example 16-1 for HG and HL,
respectively. Then, assuming that the % error in 1/(yAI − yA) is constant throughout the enriching
section, estimate the range in values of nG and in the height of packing (remember that HG
varies).

D18. For extraction of benzoic acid from water into toluene with toluene as the dispersed phase, we
measure the following mole fractions of benzoic acid: xD,in = 0, xD,out = 0.00023, and xC,out = 1.99
× 10−6. The mixer is 0.75 m tall and 0.75 m diameter. Flow rate of the dispersed phase is QD =
0.0012 m3/s and QC = 0.097 m3/s. Data for density, equilibrium, and molecular weight are in
Example 16-5.
a. Determine the stage efficiency EMD,mole_frac. Note: The unit conversion in Eq. (16-94) is

required to calculate m for equilibrium, y = mx, in mole fractions.
b. Calculate the value of kO–EDa using the completely mixed staged model.
c. Calculate the value of kO–EDa using the differential equation model.
d. If by accident the value of kO–EDa calculated using the completely mixed staged model is used

to predict the stage efficiency using the differential equation model, what value (incorrect) of
EMD,mole_frac is obtained?

D19. For extraction of benzoic acid from water into toluene with toluene as the dispersed phase, we
measure the following concentrations of benzoic acid: CD,in = 0, CD,out = 0.00023, and CC,out =
0.00536 with concentrations in mol/m3. The mixer is 0.75 m tall and 0.75 m diameter. Flow rate
of the dispersed phase is QD = 0.0012 m3/s and QC = 0.097 m3/s. ϕd = 0.09. Data for density,
equilibrium, and molecular weight are in Example 16-5.
a. Determine the stage efficiency EMD,Conc.
b. Calculate the value of kO–EDa in concentration units using the completely mixed staged model.
c. Calculate the value of kO–EDa in concentration units using the differential equation model.
d. If by accident the value of kO–EDa calculated using the completely mixed staged model is used

to predict the stage efficiency using the differential equation model, what value (incorrect) of
EMD,Conc is obtained?

This problem is the mirror of 16.D18, but with a different value for continuous-phase
concentration and in different units.

D20.



a. Revisit Example 16-6 and predict EMD if the system is assumed to have low dispersed phase
holdup so that Eq. (16-103) can be used.

b. Determine the % contribution of kD to the sum of resistances (1/KLD) for this problem and
compare to the % contribution to the sum of resistances in Example 16-6.

c. What is value of KLD if kD is ignored?
d. Would you recommend doing a design based on the answer for EMD from Example 16-6 or

from this problem? Why?
D21. Mass transfer continues in settlers. Estimate the overall dispersed phase mass transfer coefficient

for the settler in Example 13-5. Use the drop diameter calculated for the mixer in Example 16-6 as
the drop diameter in the settler instead of the 150 μm assumed in Example 13-5. Recalculate the
Stokes velocity, estimate an average φd in the settler, estimate the value of a in the settler, estimate
kC and KLD, then determine KO–settler–Dasettler. Since the settler is not well mixed, use the
equivalent of Eq. (16-82) to estimate a Murphree efficiency for the settler, ESD. When the extract
is the dispersed phase, ESD is defined as,

Note that the answer for ESD will depend on the approach used to estimate φd in the settler. An
answer for ESD based on one estimate of φd is given in Problem 16.D22.

D22. For the problem in Examples 13-5 and 16-6 with EMD = 0.794, use an estimate for ESD = 0.82.
a. If the entering solvent is pure and the mole fraction of benzoic acid in the aqueous feed is

0.00026, calculate yout,settler from the mixer-settler mass balance, equilibrium, and these values
of EMD and ESD. Then calculate the stage efficiency of the overall mixer-settler combination,
Etotal,D which for the case where the extract is the dispersed phase and the entering solvent is
pure is defined as

b. Compare your answer with the answer obtained from the equation derived in Problem 16.C4.
Note: This problem does not require solving Problem 16.D21.

G. Computer-Simulation Problems
G1. Aspen Plus is not programmed to use a mass transfer approach (HTU-NTU) for binary packed

bed distillation. However, it is easy to obtain accurate values of (y*-y) and m for distillation of
binary mixtures from Aspen Plus. Then, Eq. (16-19) can be integrated without assuming that HOG
= V/(KyaAc) is constant. If we assume that HL and HG in Eq. (16-27a) are constant in each section
of the column and we expand Eq. (16-19) before integrating, we obtain after integration the height
of the section,

(16-21a)

The integrals can be determined numerically external to Aspen Plus once the appropriate values



have been determined. Note that vapor and liquid leaving a stage in Aspen Plus results are in
equilibrium (thus, the y3 value is y3* in equilibrium with x3). Vapor stream y4 is a passing stream
with liquid stream x3 (they are on the operating line). For example, if we pick y4 on Aspen’s tray
compositions in the results, x3 is on the operating line with y4, and y3 is the y* value needed to
calculate y*-y in Eq. (16-21a) above [in other words, (y*-y) for this example = the Aspen values
for (y3-y4)]. The appropriate value of m is the slope of the equilibrium curve at y (= y4 from
Aspen). Probably the easiest method to find m is to run Analysis in Aspen with 101 points. Then
numerically determine the
slope = (yn+1 – yn)/(xn+1 – xn) if y is near the center of (yn+1 – yn) or as
slope = (yn+1 – yn–1)/(xn+1 – xn–1) if y is near to the value of yn.
Then m is the average of the slopes at x (corresponds to yA*) and x1 (corresponds to yA.1);
however, x1 is unknown, although it has to be between yA and yA*. To simplify the calculations,
we will calculate m at the average value, yA,avg = (yA+yA*)/2
a. Why is the use of 101 points in Analysis convenient? Try It!
b. Use Aspen Plus with NRTL for VLE to simulate the distillation problem in Example 16-1.

First, find the optimum feed plate and the total number of stages that give xD = 0.80 ± 0.0012
and xB = 0.02 ± 0.0004. Then, use Eq. (16-21a) and the values obtained from Aspen Plus to
determine the height of the stripping section. Compare to Example 16-1.

G2. Continue the calculation in Problem 16.G1, but determine the height of the enriching section.
G3. [Fairly involved problem.] We wish to distill 80.0 mol/s of a saturated vapor feed at 15.0 atm.

The feed is 0.100 mole fraction ethane, 0.300 mole fraction propane, 0.500 mole fraction n-
butane, and 0.100 mole fraction n-pentane. The column operates at 15.0 atm, has a partial
condenser, and produces a vapor distillate. A kettle type reboiler is used. Our goal is to design a
column using mass transfer rate analysis that will have a maximum n-butane mole fraction in the
vapor distillate of yD,C4,max = 0.00875 and a maximum mole fraction of propane in the liquid
bottoms of xBot, C3,max = 0.005833.
a. Since this feed is the same as in Lab 13 except that the feed is a saturated vapor, start with N

(Aspen notation) = 35 and the feed on stage 16. Increase reflux ratio to L/D = 5.0, and Distillate
flow rate = 32.0 mol/s. Do an equilibrium run with Tray Sizing with one section to see if one
section works.

b. Then, find (L/D)min with equilibrium runs and operate at L/D = 1.2(L/D)min. Find the optimum
feed stage, the number of stages needed, and the column diameter at 75% flooding calculated
with Jim Fair’s method for an equilibrium-staged model.

c. Convert to a rate model at 75% flood. Use default values for tray and downcomer design
parameters. With Aspen Plus use the Chen and Chuang mass transfer rate correlations, the
Chilton-Colburn analogy for heat transfer, the Zuiderweg interfacial area correlation, and
VPLUG flow model. Have the design mode in tray rating-design calculate the column diameter.
Check that the DC backup/Tray spacing, and weir loading are okay. Find the optimum feed stage
with the rate-based model and the number of stages that just gives the desired purities.

d. Do a rate model again at 75% flood. Use default values for tray and downcomer design
parameters. With Aspen Plus use the Chen and Chuang mass transfer rate correlations, the
Chilton-Colburn analogy for heat transfer, the Zuiderweg interfacial area correlation, and Mixed



flow model. Have the design mode in tray rating-design calculate the column diameter. Check
that the DC backup/Tray spacing, and weir loading are okay. Find the optimum feed stage with
the rate-based model and the number of stages that just gives the desired purities.

e. Compare and explain results in parts b, c, and d.

H. Spreadsheet Problems
H1. Use a spreadsheet program with a sixth-order polynomial fit (see Appendix 2B [at the end of

Chapter 2]) for the ethanol-water VLE to determine nOG, HOG, and the height of the enriching
section for Problem 16.D1.

H2. Use a spreadsheet program with a sixth-order polynomial fit (see Appendix 2B [at the end of
Chapter 2]) for the ethanol-water VLE to determine nOG, HOG, and the height of the stripping
section for Examples 16-1 and 16-2.

Chapter 16 Appendix. Computer Rate-Based Simulation of Distillation
This appendix shows how the Aspen Plus simulator can be used to do detailed rate-based analysis of
distillation using the Maxwell-Stefan approach outlined in Sections 15.7 and 16.8. Lab 10 should be done
before this lab. NOTE: If you have convergence problems, reinitialize and try running again.
Lab 13. Aspen Plus uses RADFRAC with the Tray Rating option to do detailed heat- and mass transfer
design calculations and tray and downcomer design. Start by setting up the problem below with
RADFRAC.
1. We wish to distill 80.0 mol/s of a feed at 25°C and 15.0 atm. The feed is 0.100 mole fraction ethane,

0.300 mole fraction propane, 0.500 mole fraction n-butane, and 0.100 mole fraction n-pentane. The
column operates at 15.0 atm, has a partial condenser, and produces a vapor distillate. A kettle type
reboiler is used. Our goal is to design a column using mass transfer rate analysis that will have a
maximum n-butane mole fraction in the vapor distillate of yD,C4,max = 0.00875 and a maximum mole
fraction of propane in the liquid bottoms of xBot, C3,max = 0.005833.*

Preliminary analysis with an equilibrium model using the Peng-Robinson VLE was done in Lab 10.
Because the flow rate in Lab 10 was significantly higher, the diameter was scaled to the reduced feed
rate by using the ratio

After doing this scaling, Lab 10 shows that the following variables are a reasonable starting point: N
(Aspen notation) = 35 and the feed on stage 16. Reflux ratio is L/D = 2.5, and Distillate flow rate =
32.0 mol/s. The column has two sections, section 1 is stages 2 to 15 and section 2 is stages 16 to 34.
Each section has one pass. For initial diameters use Dia1 = 1.36 m and Dia2 = 1.745 m. In both sections
use sieve plates with the Fair flooding calculation method with flooding at 70%. Choose tray spacing =
0.60 m, weir height = 0.0508 m, hole diameter = 0.0127 m, fraction sieve hole area to active area =
0.12, and downcomer clearance = 0.0381 m. Leave other variables in Tray Rating blank, which uses
the default numbers for the variables in both sections.

2. If we had not already done Lab 10, we would do a number of equilibrium runs to find reasonable
operating conditions and diameters for the column sections. Since we have reasonable starting
conditions, this step can be skipped.

3. Draw the column using RADFRAC. The Setup, Components, Properties, and Streams are input in



exactly the same way as for other Aspen Plus simulations. In the Block→Setup→Configuration
Tab→Calculation Type menu, select Rate-Based. Complete the other items in the Configuration and
other tabs as normal.

4. Now click on Tray Rating. In the Object Manager, click on New and call this section 1. In the Specs
tab, input the stages for this section (2 to 15), pick Sieve from the Tray Type menu, and input the other
variables as listed in item 1. In the Design/Pdrop tab, pick the “Fair” flooding calculation method and
do NOT check Update section pressure drop. In the Layout tab, the tray type is sieve, and use the
defaults for the other items. At this point do not put any numbers into the Downcomers tab (this means
default values will be used).

5. In the menu on the left side, you will see Tray Rating, Section 1, and below Setup there will be Rate-
Based. Click on this. In the Rate-Based tab, click on the box labeled “Rate-based calculations”
(Aspen Plus allows you to have sections with equilibrium calculations as long as at least one section
is done rate-based). Clicking on this box activates the menus below. Use the default values for
Calculation Parameters. The Mixed flow model (called “Mixed-Mixed” in the report) assumes that
vapor and liquid are well mixed so that the bulk properties are the same as the exit properties. This
model is appropriate for trays (not packing) and was used in Section 16.6 to derive Eq. (16-77) for
binary distillation. The effect of flow model will be looked at in item 10. Select film for both Liquid
and Vapor in the Film Resistance section, and select No for both nonideality corrections.

6. In the Correlations tab are three menus. Unfortunately, there is no single best choice for the mass
transfer correlation to use. We will first use the Chen and Chuang (1993) correlation and try others
later. For the Heat transfer coefficient method, the Chilton and Colburn correlation is standard, and for
the Interfacial area method, the Zuiderweg (1982) correlation is most commonly used.

7. In the Design tab, click on the box labeled “Design mode to calculate column diameter.” This means a
different diameter than you specified will be used. The “Base Stage” is usually selected as the stage
that floods first—from the equilibrium runs, this is stage 4. “Base Flood” is 0.7, since we are
designing at 70% of flooding.

8. Repeat steps 4 to 7, but for section 2. Return to and click on Tray Rating→Object Manager→New,
and call it section 2. In the tabs, section 2 is from stages 16 to 34 and has a different diameter than
section 1. Other values are the same as in section 1. Items 5 and 6 are the same as for section 1. In item
7 the Base Stage for section 2 is stage 34.

9. Click Next, run the simulation, and look at the Report (View→Report→check block). Check the
distillate (y values for stage 1) and bottoms (x values for stage 35) mole fractions to be sure the
specifications are met. Note that the report now contains a Tray Rating section, and that under the
heading “Rating Results” different diameters have been calculated for each section. Look at the
Downcomer (DC) backup for both sections. Both sections should be OK (DC backup/Tray spacing <
1/2). Next check the weir loading. It should be < 70 m2/h = 0.01944 m2/s (Torzewski, 2009). Both of
the sections should be OK. Also look at the velocity in the downcomers. With a minimal foaming
system it should be less than 0.21 m/s in both sections.

10. We will now look at the effect of changing the flow model. Go to Tray Rating, click on the + by
section 1, and click on Rate-Based. Then in the Rate-Based tab under Calculation parameters in the
menu for Flow Model, select VPLUG (called “Mixed-Plug” in the report). Repeat these steps for
section 2. In the VPLUG model the vapor is assumed to be in plug flow on the tray while the liquid is
mixed. The vapor concentration is calculated as an average of the plug flow concentrations. VPLUG
can be used with either trays or packing. Click Next and run the simulation. Compare results (yD,C4,
xBot,C3, DC backup/Tray spacing, and weir loading) with the results from item 9. You should see very



little difference in DC backup/Tray spacing and weir loading, and a better separation with the VPLUG
model. Unless we have data on the trays (either direct observation data of flow patterns or
comparison of results with models) that indicates which model is more appropriate, the Peclet number
can be estimated from Eq. (16-111) and used to determine if a mixed or plug flow model is more
appropriate. The conservative approach is to select the Mixed model.

11. We will now look at other mass transfer correlations. Use the Mixed model for both sections.
a. In both sections select the Chan and Fair (1984) mass transfer correlation. Click on Next and run the

simulation. Compare yD,C4, xBot,C3, DC backup/Tray spacing and weir loading with the run from item
9.

b. In both sections select the Zuiderweg (1982) mass transfer correlation. Click on Next and run the
simulation. Compare yD,C4, xBot,C3, DC backup/Tray spacing and weir loading with the runs from
items 9 and 11a.

The DC backup/Tray spacing and weir loading should be acceptable for all three runs. For a
conservative design, select the worst separation (highest values of yD,C4, xBot,C3). Check if this
separation meets the specifications.

12. The column is a workable design but is not optimized. Choose the Mixed model and the mass transfer
correlation with the worst separation (this will be most conservative and hence a safe design) and
partially optimize. Find the optimum feed stage based on lowest values of yD,C4, xBot,C3, and then find
the minimum number of stages that will just give the desired separation or slightly better. Report your
partially optimized design (N, NF, yD,C4, xBot,C3, Qc, QR, and for both sections the diameters, values of
DC backup/Tray spacing, and weir loadings). NOTE: As the feed stage and total number of stages are
changed, the starting and ending stages for the sections in Tray Rating have to be adjusted accordingly.
When changing the total number of stages, it is usually necessary to reinitialize to obtain convergence.



Chapter 17. Introduction to Membrane Separation Processes

Membrane separation processes such as gas permeation, pervaporation, reverse osmosis (RO), and
ultrafiltration (UF) are not operated as equilibrium-staged processes. Instead, these separations are based
on the rate at which solutes transfer though a semipermeable membrane. The key to understanding these
membrane processes is the rate of mass transfer not equilibrium. Yet, despite this difference we will see
many similarities in the solution methods for different flow patterns with the solution methods developed
for equilibrium-staged separations. Because the analyses of these processes are often analogous to the
methods used for equilibrium processes, we can use our understanding of equilibrium processes to help
understand membrane separators. These membrane processes are usually either complementary or
competitive with distillation, absorption, and extraction.
This chapter presents an introduction to the four membrane separation methods most commonly used in
industry: gas permeation, RO, UF, and pervaporation. At the level of this introduction the mathematical
sophistication needed to understand the membrane processes is approximately the same as that needed for
the equilibrium-staged processes. A background in mass transfer (Chapter 15) will be helpful but is not
essential. Detailed descriptions of these membrane separation processes are found in Baker et al. (1990),
Eykamp (1997), Geankoplis (2003), Kucera (2010). Noble and Stern (1985), Mohr et al. (1988), Mulder
(1996), Osada and Nakagawa (1992), Hagg (1998), Ho and Sirkar (1992), and Wankat (1990).
Some knowledge of the membrane separations will prove to be very helpful even if the engineer will
usually design equilibrium-based processes. In gas permeation components selectively transfer through
the membrane. Gas permeation competes with cryogenic distillation as a method to produce nitrogen gas.
Absorption and gas permeation are competitive methods for removing carbon dioxide from natural gas
streams (Baker, 2002). In RO a tight membrane that rejects essentially all dissolved components is used.
The water dissolves in the membrane and passes through under a pressure difference up to 6000 kPa (800
psi) (Li and Kulkarni, 1997). RO has in many cases displaced distillation as a method for desalinating
seawater and is extensively used to make waste water potable (Reisch, 2007). UF membranes are
fabricated to pass low molecular weight molecules and to retain high molecular weight molecules and
particulates. The pressure difference, 70 to 1400 kPa (10–100 psi) is more modest than in RO. UF is a
useful method for separating proteins and other large molecules that essentially have no vapor pressure
and thus, cannot be distilled. UF competes with extraction as a separation method for biochemicals. In
pervaporation the feed is a liquid while the permeate product is removed as a vapor. Pervaporation is
used as a method to break azeotropes and is often coupled with distillation columns. Since the membrane
separations are based on different physicochemical properties than the equilibrium-staged separations,
the membrane methods can often perform separations such as separation of azeotropic mixtures or
separation of nonvolatile components, which cannot be done by distillation or other equilibrium-based
separations.
Note: A nomenclature list for this chapter is included in the front matter of this book.
There are several other membrane processes that are in commercial use but are not covered in this
chapter. In dialysis, small molecules in a liquid diffuse through a membrane because of a concentration
driving force (Wankat, 1990). The major application is hemodialysis or the artifical kidney developed by
Kolff and Beck in 1944 for treatment of people whose kidneys do not function properly (Lonsdale, 1982).
Electrodialysis (ED) uses an electrical field to force cations through cation exchange membranes and
anions through anion exchange membranes (Wankat, 1990; Lonsdale, 1982). The membranes are
alternated in a stack, and every alternate region becomes concentrated or diluted. ED is used for
desalination of brackish water and in the food industry. Vapor permeation is similar to gas permeation



except vapors that are easily condensed are processed (Huang, 1991). This process has not met its
potential partly because of difficulties with condensation of liquid. Liquid membranes use a layer of
liquid instead of a solid polymer to achieve the separation (Wankat, 1990). Liquid membrane systems can
be operated as countercurrent processes, and, to some extent, compete with extraction. Microfiltration is
similar to UF but is used for particles between the sizes processed by UF and normal filtration (Noble
and Terry, 2004). Nanofiltration removes particles between those removed by RO and UF and is
essentially a loose RO membrane (Wankat, 1990). The design procedures developed for RO and UF can
be applied to microfiltration and nanofiltration. The entire spectrum of membrane separations is
summarized in Table 17-1. Nanofiltration is not listed separately but is the same as RO except that Δp is
from 0.3 to 3 MPa and the approximate size retained is 8-50Å.

Table 17-1. Properties of membrane separation systems (Drioli and Romano, 2001; Noble and
Terry, 2004; Wankat, 1990)

17.1 Membrane Separation Equipment
A membrane is a physical barrier between two fluids (feed side and product side) that selectively allows
certain components of the feed fluid to pass. The fluid that passes through the membrane is called
permeate and the fluid retained on the feed side is called retentate. The equipment needed for the
separation is deceptively simple. It consists of the membrane plus the container to hold the two fluids.
The simplest arrangement is to use a stirred tank that is separated into two volumes via a membrane.
Stirred-tank systems are used in laboratories but not commonly in large-scale separations.
The common commercial geometries are shown in Figure 17-1 (Leeper et al., 1984). More extensive
construction details are shown by Baker et al. (1990) and Eykamp (1997). The plate-and-frame system
(Figure 17-1A) is similar to a parallel plate heat exchanger or a plate-and-frame filter press, except that
the filter cloth is replaced by flat sheets of membranes. This design is used for food processing
applications where rigorous cleaning by disassembly may be required, for electrodialysis (which
involves passing a current through the membrane), and for membrane materials that are difficult to form
into more complicated shapes.
Figure 17-1. Schematic diagrams of common industrial membrane modules; (A) plate-and-frame, (B)

tube-in-shell, (C) spiral-wound, (D) details of hollow-fiber module.

Reprinted from Leeper et al. (1984), pp. 36–37



The tube-in-shell system (Figure 17-1B) is occasionally used. This configuration is very similar to a
shell-and-tube heat exchanger. The membrane would be coated on a porous support. The main advantage
of these systems is that they can be cleaned by passing sponge balls through the separators. The surface
area per unit volume is more than for plate-and-frame but less than for spiral-wound.
The spiral-wound configuration (Figure 17-1C) is more complicated but has a significantly higher surface
area per unit volume. With proper design of the channels there will be significant turbulence at the
membrane surface that promotes mass transfer. These systems have been used for carbon dioxide
recovery, UF of relatively clean solutions and RO.
The hollow-fiber configuration (Figure 17-1D) looks schematically very similar to the tube-in-shell
system, except the tubes are replaced by a very large number of hollow fibers made from the membrane.
This configuration has the largest area-to-volume ratio. The hollow fibers can be optimized for a
particular separation. For RO the inner diameter is about 42 microns while the outer diameter is about 85
microns. The separation is done by a 0.1 to 1.0 micron skin on the outer surface. The remainder of the
membrane is a structural support. For gas permeation the requirement of a small pressure drop inside the
tubes dictates a larger inner fiber diameter. For UF, where the feed can be dirty, the membranes are 500
to 1100 microns inside diameter. Typically the feed is inside the tubes, and the thin membrane skin is on
the inside of the fibers. Care must be taken that particulates do not clog the fibers. Hollow-fiber
membranes are technologically the most difficult to make, and the typical user buys complete modules
from the manufacturer.



The most common systems are spiral-wound and hollow-fiber. Systems are usually purchased as off-the
shelf modules in a limited number of sizes. Since a standard size is unlikely to provide the required
separation and flow rate required for a given problem, a series of modules is cascaded to obtain the
desired separation (see Figure 17-2). The parallel configuration (Figure 17-2A) allows one to increase
the feed flow rate and is used with all of the membrane separations. Parallel operation is roughly
analogous to increasing the diameter of a distillation or absorption column.
Figure 17-2. Membrane cascades; (A) parallel, (B) retentate-in-series, (C) parallel and series, (D)

permeate-in-series, (E) retentate recycle or feed-and-bleed

The retentate-in-series system (Figure 17-2B) will increase the purity of the more strongly retained
components and simultaneously increase the recovery of the more permeable species. Unfortunately, the
purity of permeate and the recovery of retained components both decrease. This configuration is used for
production of less-permeable nitrogen from air. This process produces a product nitrogen gas at
relatively high pressure since the nitrogen has not permeated through the membrane. The system is roughly
analogous to a cross-flow extractor or stripper. Parallel and retentate-in-series systems are often
combined (Figure 17-2C).
The permeate-in-series system (Figure 17-2D) is used when the permeate product is not of high enough
purity. One or more additional stages of separation are required (Baker, 2002). Designers try to avoid
this configuration if possible. The major cost of operating most membrane separators is the pressure
difference required to force permeate through the membrane. This configuration will require an additional
compressor or pump to repressurize permeate for the next membrane separator. One of the major
disadvantages of the membrane separators is that additional stages for permeate do not reuse the energy
(pressure) separating agent. The equilibrium-staged separations have the advantage that the energy (heat



and cooling) separating agents can easily be reused. Membrane separators are often used because a
membrane can be developed which produces permeate of desired purity in one stage.
A final common membrane cascade is the retentate-recycle or feed-and-bleed mode (Figure 17-2E). The
recycle allows for a very high flow rate in the membrane module to increase mass transfer rates and
minimize fouling. The same high flow rates can be obtained without the recycle but a very long membrane
system would be required to have a sufficiently long residence time. Recycle is used extensively with
continous and batch UF systems. Note that the recycle in Figure 17-2E is similar to the recycle in Figure
17-2D since the high-pressure retentate is recycled in both cases. Thus, the compressor or pump only
needs to boost the pressure (e.g., because of friction losses for flow inside a hollow-fiber membrane), not
overcome the large pressure difference that results when fluid permeates through the membrane.
The flow patterns on the retentate (feed) and permeate sides of the membrane have major effects on the
mass balances and the separation. These flow patterns can be perfectly mixed on both sides, plug flow on
one side and perfectly mixed on the other side, plug flow in the same direction on both sides (co-current),
plug flow in opposite directions on the two sides (countercurrent), mixed on one side and cross-flow on
the other, and somewhere in-between these ideal regimes. For example, if we consider the hollow-fiber
module shown in Figure 17-1D, the flow inside the hollow fibers is very close to plug flow. Depending
on the shell side design, the flow on the shell side could be approximately well-mixed, co-current plug
flow or countercurrent plug flow. Countercurrent plug flow usually gives the most separation.
In most of this chapter we will make the assumption that both sides of the membrane are perfectly mixed.
This assumption greatly simplifies the mathematics. The resulting design will be conservative in that the
actual apparatus will result in the same or better separation than predicted. The effect of other flow
patterns will be explored in section 17.7.

17.2 Membrane Concepts
Clearly the key to the membrane separators is the membrane. The membrane needs to have a high
permeability for permeate and a low permeability for retentate. It helps if the membrane has high
temperature and chemical resistances, is mechanically strong, resists fouling, can be formed into the
desired module shapes, and is relatively inexpensive. Commercial membranes are made from polymers,
ceramics, and metals (e.g., palladium for helium purification), but polymer membranes are by far the most
common. Membrane development is done by a few large chemical companies and by several specialty
firms. Most chemical engineers will use membrane separators, but they will never be involved in
membrane development. However, some understanding of the polymer membrane will be useful when
specifying and operating membrane separators.
A large number of polymers have been used to make membranes for membrane separators. Cellulose,
ethyl cellulose, and cellulose acetate [actually a polymer blend of cellulose, cellulose acetate, and
cellulose triacetate (Kesting and Fritzsche, 1993)] were the first commercially successful membranes and
are still used. These materials have relatively poor chemical resistance, but their low cost makes them
attractive when they can be used. The most common commercial membrane is polysulfone, which has
excellent chemical and thermal resistance. Various polyamide polymers are also commonly used in RO.
Silicone rubber, which has very high fluxes but low selectivity, is often used in pervaporation to
preferentially permeate organics and as a coating on composite membranes for gas permeation. A large
variety of grafted polymers, specialty polymers, and composite membranes has been developed to
optimize flux and selectivity particularly for pervaporation (Huang, 1991) but also other membrane
separations. Kesting and Fritzsche (1993) is an excellent source for information on the relationship
between polymer structure and membrane properties for the polymers used for gas separation. The
repeating units for several polymers used to form membranes are shown in Figure 17-3.



Figure 17-3. Monomers for polymers used to form membranes; (A) cellulose (GP, RO, UF), (B)
polysulfone (GP, RO, UF), (C) silcone rubber from dimethyl siloxane (GP, pervaporation), (D)
example of polyamide (RO, UF), (E) polystyrene (matrix for composite resins, pervaporation)

(Kesting and Fritzsche, 1993; Wankat, 1990).

The basic equation for flux of permeate through the membrane is

(17-1a)

Although this equation is derived from experiments and is not a fundamental law, it is so basic and
powerful that you need to memorize it and explore its implications in as many ways as possible. The
exact form of the equation depends upon the type of flux and the type of separation.
The flux can be written as a volumetric flux,

(17-1b)

or as a mass flux,

(17-1c)

or as a molar flux,

(17-1d)

These fluxes are obviously related to each other,

(17-1e,f)

where  and ρ are the molar and mass densities, respectively. Once the flux is known, it is used in
conjunction with the feed rate and the feed concentration to determine the membrane area required.
Equation (17-1a) can be used to determine the flux once the appropriate terms on the right hand side of the
equation are known. The permeability P is a transport coefficient that can be determined directly from
experiment. In some cases the permeability can be estimated from more fundamental variables such as
solubility and diffusivity. This is briefly discussed in the next section. The membrane separation
thickness tms is the thickness of the portion of the membrane that is actually doing the separation. This is
often a thin skin with a thickness less than 1 micron and, in polymer hollow-fiber gas permentation



membranes, can be as low as 0.1 micron. Since tms can be difficult to measure, the ratio (P/tms), the
permeance, is often reported from experimental data. The units of P and (P/tms) depend upon the flux and
driving force employed.
The driving force depends upon the type of membrane separation. For gas permeation the driving force is
the difference in partial pressure of the transferring species across the membrane. For RO the driving
force is the pressure difference minus the osmotic pressure difference across the membrane. For UF the
driving force is the same as for RO, but this usually simplifies to the pressure difference across the
membrane since osmotic pressures are small. These driving force effects are specific to each membrane
separation and are discussed in more detail in the later sections.
Since flux is flow rate per membrane area, increasing the flux (while maintaining the desired separation)
will decrease the membrane area. The result will be a more compact, less expensive device. Equation
(17-1a) shows that flux can be increased by increasing permeability or driving force, or by decreasing the
separation thickness. Permeability of the membrane depends upon interactions between the molecular
structure of the polymers and the solutes. These effects will be briefly discussed in the sections on each
membrane separation. More details on molecular structure-permeability effects are in the books by
Kesting and Fritzsche (1993), Ho and Sirkar (1992), Mulder (1996), Noble and Stern (1995), and Osada
and Nakagawa (1992).
For many years attempts were made to make very thin membranes, but there was always difficulty in
making the membranes mechanically strong enough. Sidney Loeb and Srinivasa Sourirajan (Loeb and
Sourirajan, 1960, 1963) made the breakthrough discovery. They found that anisotropic (asymmetric)
membranes with a very thin skin (0.1 to 1.0 μm) on a much thicker porous support had the necessary
mechanical strength while having a very small separation thickness. Schematics of isotropic and
anisotropic membranes are shown in Figure 17-4. Another method for producing an asymmetric
membrane is to cast a thin layer of one polymer onto a porous supporting layer of another polymer to form
a composite membrane. Although not all membrane separators use asymmetric membranes, they are the
most common.
Figure 17-4. Schematics of (A) isotropic and (B) anisotropic membranes, reprinted from Leeper et

al. (1984)



17.3 Gas Permeation
We will consider gas permeation first, since, in addition to being commercially important, in many ways
these systems are closest to being ideal. Once the ideal operation is understood, we can look at deviations
from ideality for other membrane separations. Gas permeation membrane systems are used commercially
for separation of permanent gases. Some common applications are purification of helium, hydrogen, and
carbon dioxide, production of high purity nitrogen from air, and production of air enriched in oxygen (low
purity oxygen).
Gas permeation systems typically use hollow-fiber or spiral-wound membranes, although hollow-fiber
systems are more common (Baker, 2004). Cellulose acetate membranes are used for carbon dioxide
recovery, polysulfone coated with silicone rubber is used for hydrogen purification, and composite
membranes are used for air separation. The feed gas is forced into the membrane module under pressure.
Retentate, which does not go through the membrane, will become concentrated in the less permeable gas.
Retentate exits at a pressure that will be close to the input pressure. The more permeable species will be
concentrated in permeate. Permeate, which has passed through the membrane, exits at low pressure. The
operating cost for a gas permeator is the cost of compression of the feed gas and the irreversible pressure
difference that occurs for the gas that permeates the membrane. A typical hollow-fiber unit will contain
5000 m2 membrane area per m3 at a cost of approximately $200/m2.
For gas permeation the steady-state general flux Eq. (17-1a) for gas A becomes

(17-2a)



where JA is the volumetric flux of gas A,  is the molar transfer rate of gas which permeates through the
membrane, yt,A is the mole frac A in the gas that transfers (or permeates) through the membrane,  is the
molar density of the solute in the gas transferring through the membrane, A is the membrane area available
for mass transfer, PA is the permeability of species A in the membrane, the driving force for the
separation ΔpA is the difference in the partial pressure of A across the portion of the membrane which
does the separation, and tms is the thickness of the membrane skin which actually does the separation. The
ratio PA/tms is known as the permanence, and is often the variable that is measured experimentally. Since
partial pressure = (mole frac)(total pressure) or pA = yA p, Eq. (17-2a) can be expanded to

(17-2b,c)

where pr is the total pressure on the retentate (high pressure) side, yr,w,A is the mole frac A on the retentate
side at the membrane wall, and pp and yp,w,A are the pressure and mole frac at the wall on the permeate
(low pressure) side. The flux equation for other components will look exactly the same as for component
A except the subscript A will be changed to B, C, ... as appropriate. The relationship between the mole
frac transferring through the membrane yt,A and the permeate mole frac at the wall yp,w,A depends upon the
flow patterns in the permeate.

17.3.1 Gas Permeation of Binary Mixtures
Commercial separation of binary mixtures by gas permeation is common. In binary mixtures we can use
the substitution

(17-3a)

where y without the subscript A or B is understood to refer to the mole frac of the faster permeating
species A. In a binary system, the flux of the slower moving component B becomes

(17-3b)

Since pressure and mole fracs can vary along the membrane, Eqs. (17-2a), (17-2c), and (17-3b) are
applied point by point along the membrane. In almost all systems there is no concentration gradient on the
permeate side perpendicular to the membrane; thus, we replaced yp,w,A with yp,A, which can vary along
the membrane. In addition, if mass transfer on the retentate side is not rapid, the mole fracs and partial
pressures at the surface of the membrane will not be the same as in the bulk gas or in the feed gas (see
concentration polarization in Section 17.4). Usually mass transfer rates in gas systems are high enough
that the mole frac at the membrane surface is almost equal to the mole frac in the bulk gas.
Most gas permeation membranes work by a solution-diffusion mechanism. On the high-pressure side of
the membrane the gas first dissolves into the membrane. It then diffuses through the thin skin of the
membrane to the low-pressure side where permeate reenters the gas phase. For this type of membrane the
permeability is the product of the gas solubility HA in the membrane times the diffusivity Dm in the
membrane



(17-4a)

The solubility parameter HA is very similar to a Henry’s law coefficient. Representative permeabilities
for several polymer membranes are shown in Figure 17-5 and in Table 17-2. Small molecules such as
helium have high diffusivities but low solubilities while large gas molecules such as carbon dioxide have
high solubilities but low diffusivities. The resulting product, the permeability P is relatively large for both
small and large molecules, but has a minimum for molecules around the size of nitrogen.

Figure 17-5. Permeation of gases in polymer membranes (Baker and Blume, 1986), reprinted with
permission from Chem. Tech., 232 (1986), copyright 1986, American Chemical Society.

Table 17-2. Permeabilities of gases in various membranes; cm3(STP)cm/[cm2.s.cm Hg] × 1010;
Reference Code: N = Nakagawa, 1992; DR = Drioli and Romano, 2001; G = Geankoplis, 2003



If the driving forces are equal, gases with higher permeabilities transfer through the membrane at higher
rates. It is useful to define a selectivity αAB

(17-4b)

as a short-hand method of comparing the ease of separation of gases. The selectivity of two solutes can be
estimated from Figure 17-5 and Table 17-2. For example, from Figure 17-5, αCO2 − N2

 = PCO2
/PN2

 =
24/0.3 = 80. The selectivity is a function of concentration, pressure and temperature since the individual
permeabilities depend on concentration, pressure, and temperature. However, αAB tends to be less
dependent on these factors than the individual permeabilities. Note that αAB is analogous to the relative
volatility defined in Chapter 2. Since we prefer to operate gas permeation as a one-stage system, αAB
values of 20 and higher are preferred instead of the much more modest values commonly employed in
distillation.
In the early 1990s Robeson (1993) found an upper limit to the performance of polymer membranes in the
commercially important separation of oxygen and nitrogen from air. On a log-log plot of selectivity versus
oxygen permeability (a Robeson plot), the upper bound plots as a straight line (see Problem 17.D17 for
more details). Although theoretical reasons for this limit have not been found, very few new membranes
have been developed that are able to perform better than Robeson’s limit. Membrane research has
focused on ways to do better than Robeson’s upper limit.



17.3.2 Binary Permeation in Perfectly Mixed Systems
The mass balances for a gas permeation membrane module that is completely mixed on both sides of the
membrane will have the simplest form since the mole fracs and pressures on each side of the membrane
are constant. Equations (17-2) and (17-3b) can then be used in algebraic mass balances with yp = yt and
integration is not required to find the average retentate and permeate mole fracs.
We can obtain a rate transfer (RT) equation for a perfectly mixed permeator by writing the equation for
transfer through the membrane, Eq. (17-2) for both the more permeable and the less permeable species.
The perfectly mixed assumption makes yp = yt. We will also assume that the module has a high rate of
mass transfer from the bulk fluid to the membrane surface. This assumption makes yr = yr,w (the mole frac
of A at the membrane wall). These two consequences of the perfectly mixed assumption greatly simplify
the analysis. The second assumption is reasonable for many gas permeators since diffusivities and mass
transfer rates are high. From Eq. (17-2c), the transfer equation for the more permeable component A is

(17-5a)

while from Eq. (17-3b) for the less permeable component B in a binary separation,

(17-5b)

Because permeate is typically at relatively low pressures where gas molecules are far apart, we will
assume that transfer of A is independent of transfer of B and vice-versa. Thus, PA and PB are constant. We
now solve these two equations for , and set them equal to each other.

(17-5c)

This equation can be solved for either yr or for yp. Since solving for the former is easier, we will solve
for yr. After some algebra, the result is

(17-6a)

Equation (17-6a), which we will call the rate transfer or RT curve, relates the mole fracs on both sides of
the membrane based on the RT parameters and the driving force. In deriving Eq. (17-6a) we invoked the
assumption that the membrane separator is perfectly mixed when we replaced yt with yp. However, this
equation is applicable to other flow configurations if written in terms of yt and applied point-by-point on
the membrane. Equation (17-6a) is not an equilibrium expression since it was derived based on transfer
rates, but as we will see, it can take the place of an equilibrium expression for binary systems.



The average outlet concentration of the permeate can be found by dividing the permeation rate of
component A integrated over the entire membrane by the total permeation rate. For a perfectly mixed
separator values are constant, and yr,out = yr,average = yr; yp,out = yp,average = yp and Fr = Fout.

We can now do external balances for the completely mixed system shown in Figure 17-6. Note that this
system is the rate equivalent of flash distillation (Hoffman, 2003). A single feed goes into a well-mixed
chamber and two products are withdrawn. The more permeable species concentrates in the permeate
product which is analogous to the more volatile component concentrating in the vapor. However, the two
products are not in equilibrium but are related by the RT expression. Because of the geometric similarity,
we can use an analysis procedure analogous to that used for binary flash distillation.

Figure 17-6. Completely mixed membrane module; (A) general case, (B) sketch for Example 17-1

The overall mole balance is

(17-7a)

and the mole balance on the more permeable component is

(17-7b)

Equations (17-7) can be combined and solved for either yout or for yp. Since solving for yp keeps the
analogy with flash distillation intact, we will solve for yp. In molar units,

(17-8)

Equation (17-8) is the operating equation for the well-mixed gas permeator. The ratio θ = , known
as the “cut,” is an important operating parameter. The RT Eq. (17-6a) and the operating Eq. (17-8) are the
two equations needed to solve problems with perfectly mixed, binary gas permeators. This is illustrated
in Example 17-1 when yp is known and in Example 17-2 when θ is specified.

Gas permeators often operate at temperatures and pressures where the gases are very close to ideal. Ideal
gas behavior simplifies the calculations. At constant pressure and temperature the molar densities of all
ideal gases are equal,  and the densities cancel in Eq. (17-6a). In addition the volumetric flow rate
units of the permeabilities in Table 17-2 are cm3 (STP)/s. For ideal gases this is equivalent to a molar
flow rate since 1.0 mol occupies 22400 cm3 at Standard Temperature and Pressure (STP). These
simplifications are illustrated in Example 17-1.



Example 17-1. Well-mixed gas permeation—sequential, analytical solution

A perfectly mixed gas permeation module is separating carbon dioxide from nitrogen using a poly
(2,6 − dimethylphenylene oxide) membrane. The feed is 20.0 mol% carbon dioxide and is at 25 °C.
The module has 50.0 m2 of membrane. The module is operated with a retentate pressure of 5.5 atm
and a permeate pressure of 1.01 atm. We desire a permeate that is 40.0 mol% carbon dioxide. The
membrane thickness is tms = 1.0 × 10−4 cm. Find yr,CO2 = yout, CO2,  (in mol/min), cut θ and  (in
mol/min).

Solution

A. Define. This is basically a simulation problem. We want to find how much gas can be processed
by a well-mixed module with a known membrane area at specified operating conditions.

B and C. Explore and plan. The permeabilities of carbon dioxide and nitrogen for this membrane are
listed in Table 17-2. The selectivity, α, is the ratio of these permeabilities. The value of yr,CO2 can
be found from the RT Eq. (17-6a). The CO2 flux and Fp can be calculated from Eq. (17-2). The cut
and Fin can then be determined from mass balances, Eqs. (17-7).

D. Do it. From Table 17-2,
PCO2 = 75 and PN2 = 4.43 both cm3 (STP)cm/[cm2s cmHg] × 10−10.

Then αCO2−N2 = 75 × 10−10/4.43 × 10−10 = 16.9.
The pressure ratio pr/pp = 5.5/1.01 = 5.446. For ideal gases, which is a reasonable assumption, 

 and .
For an ideal gas the RT Eq. (17-6a) simplifies to

(17-6b)

Substituting in values for the parameters with yP = 0.4, we obtain

The CO2 flux can be determined from Eq. (17-2) for a perfectly mixed module.

Note that  is the molar density of an ideal gas at STP.
The mass balances can now be solved several different ways. For example, by solving Eqs. (17-
7a) and (17-7b), simultaneously we obtain,



(17-7c)

Then θ = (0.20 − 0.1044)/(0.40 − 0.1044) = 0.3234, and  = 3.248/0.3234 = 10.044 mol/min.
E. Check. Recalculating all the numbers gave the same result.
F. Generalize. Notes:
1. Because one of the outlet mole fracs was known, we could calculate the other from the RT

equation; thus, simultaneous solution of Eqs. (17-6b) and (17-8) was not required. If neither outlet
mole frac is known, then simultaneous solution is required (see Example 17-2).

2. Units are obviously very important and should be carried throughout the solution.
3. Using the conversion 1 mol = 22.4 L (STP), is equivalent to using the ideal gas law.

A graphical solution to perfectly mixed gas permeators is also straightforward. On a graph of yp vs. yout,
Eq. (17-8) plots as a straight line with a slope of – (1 − θ)/θ. Note that the cut θ is analogous to f = V/F in
a flash distillation system. The intersection with the yp = yout line occurs at yp = yout = yin which is
analogous to y = x = z in a flash system. The intersections with the axes can also be determined (see
Example 17-2 and Figure 17-7). The simultaneous solution is obtained at the point of intersection of the
straight line representing Eq. (17-8) and the curve representing Eq. (17-6a). This method is illustrated in
Figure 17-7 for a number of values of θ. Figure 17-7 is plotted for the separation of carbon dioxide and
methane in a cellulose acetate membrane (see Example 17-2).

Figure 17-7. Solution for well-mixed gas permeation system for Example 17-2



Example 17-2. Well-mixed gas permeation—simultaneous analytical and graphical solutions

Chern et al. (1985) measured the permeability of carbon dioxide and methane as PCO2 = 15.0 × 10−10

and PCH4 = 0.48 × 10−10 [cc(STP) cm]/[cm2 s cm Hg] in a cellulose acetate membrane at 35° C and pr
= 20 atm. We wish to separate a feed gas that is 50 mol% carbon dioxide and 50.0 mol% methane at
35°C. The high pressure is 20.0 atm and the permeate pressure is pp = 1.1 atm. The completely mixed
membrane module shown in Figure 17-6 will be used.
a. Determine the values of yp and yout for cut values of 0, 0.25, 0.5, 0.75 and 1.0 using both analytical

(θ = 0.25 only) and graphical solutions.
b. If the effective membrane thickness is tms = 1.0 × 10−6 m, determine the fluxes for θ = 0.25.

c. For θ = 0.25 determine the membrane area needed for a feed gas flow rate of .

Solution

A. Define. The module is sketched in Figure 17-6B. We need to solve the equations analytically and
plot a graph that allows us to find yp and yout for different values of θ, and when θ = 0.25 find the
fluxes of carbon dioxide and methane and the membrane area.

B and C. Explore and plan. The selectivity αAB = PA/PB. We will assume the gases are ideal.
Analytical solution: We need to solve Eqs. (17-6a) and (17-8a) simultaneously.
Graphical solution: If we pick values of yp, Eq. (17-8b) can be used to calculate the corresponding
values of yr for the RT curve. For a well-mixed permeator this RT curve and the operating line, Eq.
(17-8), can then be plotted on a yp vs. yr graph for different values of θ. Since the system is well
mixed, the points of intersection give the solutions for yp and yr = yout. The fluxes can then be
calculated from Eq. (17-4).

D. Do it. Preliminary calculations: For an ideal gas the molar densities are equal, and their ratio
equals 1.0. The selectivity is
αCO2−CH4 = PCO2/PCH4 = (15.0 × 10−10)/(0.48 × 10−10) = 31.25
pp/pr = 1.1/20 = 0.055 (Note that any set of consistent units can be used for this ratio.)
Analytical Solution: Solving Eq. (17-7a) and (17-7b) for yr,

(17-9)

After substituting Eq. (17-9) in (17-6b) (in Example 17-1) and doing considerable algebra, we
obtain the quadratic equation,

(17-10a)

where



(17-10b)

(17-10c)

(17-10d)

This quadratic equation can be solved numerically or analytically. An analytical solution is
obtained if we use the quadratic formula

(17-10e)

Substituting in values θ = 0.25, α = 31.25, yin = 0.5, and pp/pr = 0.055, we obtain a = 11.747, b =
−33.247, c = 20.833, and yp = 0.9365 or 1.894. The second value for yp can be eliminated since the
mole frac cannot be greater than 1.0. The value of yr can be found from Eq. (17-9), yr = 0.3545.
Solutions obtained with a spreadsheet using Solver will be identical.
Graphical Solution: The RT curve, Eq. (17-6b), that relates yr and yp becomes
yr = {[(31.25 − 1)(0.055) (1 − yp) + 1] yp}/[31.25 − 30.25 yp]
The following table for the RT curve is generated by selecting arbitrary values of yp.

These values were plotted in Figure 17-7 for the RT curve.
a. For operating Eq. (17-8) the intersection with yp = yr line occurs at yr = yin = 0.5 and the slope =

−[1 − θ]/θ. For example, when θ = 0.25, the slope = −0.75/0.25 = −3.
The solutions can be obtained at the intersections of the operating lines and the RT curve. For θ =
0.25, Figure 17-7 shows that yp = 0.93 and yr = yout = 0.35.
b. When θ = 0.25, the flux can be determined from Eq. (17-4), using the yp and yr values from part a,



For CH4 : yp, CH4 = 1 − yp = 0.07, yout,CH4 = 1. − 0.35 = 0.65

Note that care must be taken with the units.

c. θ = 0.25 and  = 1 mol/s,  = 0.25 mol/s. Since  or , we can find the area once the
molar flux  is known.

The volumetric flux is,
Taking care to properly calculate units, the membrane area is,

E. Check. The analytical and graphical solutions for θ = 0.25 gave identical results.
F. Generalize.
1. The RT curve contains the variables that affect mass transfer rates across the membrane (αAB,

pp/pr). If either of these variables vary (for example, if the temperature changes αAB will change) a
new RT curve must be generated. The operating equation depends on the cut and the feed mole
frac. If either of these variables is changed, then a new operating line needs to be drawn. One
advantage of this graphical approach is it separates the rate and operating terms; thus, making it
easier to determine the effect of varying the conditions.

2. Units are important.
3. Although this is not an equilibrium process it looks very similar to a flash distillation with a large

relative volatility (Hoffman, 2003). Membrane separators are useful because they are a practical
way of generating favorable RT curves.

4. A commercial gas permeator would probably be close to cross-flow or countercurrent flow (see
section 17.7). This would result in more separation than is predicted for the perfectly mixed
system.

5. Although the permeate product is fairly pure (93 % carbon dioxide) the retentate product is
impure (65% methane). Unlike distillation systems, simple membrane separators cannot produce
two pure products simultaneously. More complicated membrane cascades can do this, but
repressurization is required (e.g., see Wankat, 1990, Chapter 12).

6. The driving force for methane transfer is significantly higher than for carbon dioxide (check the
flux calculations). Yet, because of the high selectivity the carbon dioxide transfer rate is
considerably greater. The carbon dioxide is being transferred “uphill” to a higher carbon dioxide
mole frac but “downhill” to a lower partial pressure of carbon dioxide. The increased pressure
forces this to happen.

7. At low values of yin the methane flux can be greater than the carbon dioxide flux even though the



system is concentrating carbon dioxide. At these low feed concentrations and with a relatively
high cut the retentate product can be almost pure methane, but permeate will be impure. (Try doing
some of these calculations. Since the RT curve is not changed, only the operating line needs to be
changed. Because the analytical solution is easily set up in a spreadsheet, a large number of
examples can easily be run.)

8. Greater accuracy can be obtained by expanding the scales for the portion of the diagram needed
for the calculation; however, this is seldom necessary since the graphs are probably at least as
accurate as the experimental values of the permeabilities.

9. Once yp and yout have been calculated, determination of the fluxes and the membrane area are
straightforward. Note that the RT curve and hence yp and yr depend upon the ratio pr/pp. The fluxes
and the area depend upon the difference (pr yr − pp yp). Higher pressures at the same pressure ratio
will produce the same products but require less membrane area.

10. If the membrane area is specified instead of the cut, the problem is a simulation, not a design
problem. Although the analytical solution shown in Example 17-1 is simpler, a graphical solution
can be used.  is related to the membrane area and the flux through Eq. (17-4); however,
calculation of JA requires knowing yp and yr = yout, and we need to know θ to calculate the mole
fracs. This is a classical trial-and-error situation. It can be solved as follows: Generate the RT
curve. Guess yp and find yout from the RT curve. Calculate JA and  from Eq. (17-4). Calculate Fp

from the mass balance Eq. (17-7c). If the values of  calculated from the flux and from the mass
transfer expressions are not equal, continue the calculation.

Membrane separations are often most effective at low concentrations. This is exactly where distillation is
most expensive. Thus, hybrid systems where a membrane separator is combined with distillation are
often used commercially.
There is one other significant difference between membrane separators and the equilibrium-staged
separations we have studied. Companies are much more likely to buy “off-the-shelf” or “turnkey”
membrane units. Off-the-shelf systems are modules in standard sizes that are connected together to more-
or-less perform the desired separation. The engineer needs to determine the performance of these units
since they will not be exactly the same as the design desired. With a turnkey unit the company buys from a
manufacturer who guarantees a given performance level. This situation arose because only a limited
number of companies have the technical expertise necessary to make membrane separators. A large
number of companies are capable of making distillation and absorption systems. If your company decides
to buy a turnkey unit, knowledge of membrane separations will enable you to include all pertinent items in
the contract and to negotiate a contract that is more favorable for your company. After delivery, you will
be able to perform the appropriate tests to determine if the membrane system meets the specifications in
the contract. If the specifications are not met, your company can demand that the vendor fix the problems.

17.3.3 Multicomponent Permeation in Perfectly Mixed Systems
In the previous section we saw that the RT curve took the place of the equilibrium curve in binary flash
distillation. For multicomponent flash distillation the y-x equilibrium curve is replaced by equilibrium
expressions of the form yi = Ki xi and the combination of the operating equations and equilibrium are
summed using Σxi = 1, Σyi = 1, or Σyi − Σxi = 0. Since the operating equations for well-mixed permeators
are similar to the operating equations for flash distillation (Hoffman, 2003), if we can write the rate
expression in the form yi = Km,i xi, then the mathematics to solve the permeation problem will be very



similar to that used for flash distillation. Of course, Km,i has a totally different meaning than Ki in flash
distillation.
The operating equation is essentially Eq. (17-8a) written for each component,

(17-8c)

For ideal gases since molar ratios are equal to the volume ratios, θ is the same in molar and volume units.
In addition, for ideal gases mole frac equals volume fraction; thus, Eq. (17-8c) can be used with either
molar or volumetric flow rates. The rate expression Eq. (17-4) can be written for molar flows as,

(17-11a)

or in volumetric flow rates,

(17-11b)

Solving Eq. (17-11b) for yp,i, we obtain

(17-11c)

where, after some rearrangement,

(17-11d)

In a design problem permeate volumetric flow rate Fp will be known but the area A is unknown. If Eqs.
(17-8c) and (17-11d) undergo exactly the same algebraic steps used for flash distillation [from Eq. (2-36)
to (2-37)], the resulting equation for yr,i (equivalent to xi in flash) is,

(17-11e)

and the summation equation Σ yr,i = 1, (equivalent to Σxi = 1 in flash) is

(17-11f)

which is essentially the same as flash distillation Eq. (2-40) (see Problem 17.C5).
To find the area required for a multicomponent permeator, we estimate the value of Fp/A (or equivalently
of yp,i for one of the components, which becomes the key component), calculate all the values of Km,i,



check to see if Eq. (17-11f) is satisfied, and if not repeat with a new value of Fp/A. Unlike the flash
distillation counter part, this procedure converges rapidly using Σ yr,i = 1 as the basic equation, and it is
easy to solve on a spread sheet or in a mathematical program such as MATLAB, Mathematica or
Mathcad. Once correct values for Km,i and Fp/A are known, we can calculate area A, yr,i from Eq. (17-
11e), and yp,i from Eq. (17-11c). This procedure is illustrated in Example 17-3. Although shown only for
gas permeation, this approach can be used with other membrane separators.

Example 17-3. Multicomponent, perfectly mixed gas permeation

A perfectly mixed gas permeation unit is separating a mixture that is 20 mol% carbon dioxide, 5
mol% oxygen and 75 mol% nitrogen using a poly(dimethylsiloxane) membrane at 25°C. Feed flow
rate is 20,000 cm3 (STP)/s. The membrane thickness is 1 mil (0.00254 cm). Pressure on the feed side
is 3.0 atm and on the permeate side is 0.40 atm. We desire a cut fraction = 0.225. Find the membrane
area needed, and the outlet mole fracs of permeate and retentate.

Solution

Permeabilities (Table 17-2) are PCO2 = 3240 × 10−10, PO2 = 605 × 10−10, PN2 = 300 × 10−10, all in
[cm3 (STP)cm/(cm2 s cm Hg)]. So that we don’t forget, change the units of the pressures: pr = 3.0 atm
(76 cm Hg/atm) = 228 cm Hg, pp = 0.40 atm = 30.4 cm Hg.

The K values can be calculated from Eq. (17-11d). For example, if we choose carbon dioxide as the
key component,

and similarly for oxygen and nitrogen. To use these terms in a trial and error procedure, we need to
start with a value for Fp/A. How do we find a reasonable first guess for Fp/A?

If we guess a value for yp,i for the key component, we can then calculate yr,key from the rearranged
component operating Eq. (17-8c),

and determine our guess for Fp/A by rearranging Eq. (17-11b).

Fp/Aguess = [Pkey/(tmsyp,key)](pryr,key – pp,yp,key)

For example, we can arbitrarily guess that yp,CO2 = 0.50. Then the first guess for Fp/A = 0.002689.
With this guess we use Eq. (17-11d) to find Km,CO2 = 4.42857, Km,O2 = 1.6827, Km,N2 = 0.8834 and
then from Eq. (16-11e) find yr,02 and yr,N2. Then the check is Eq. (17-11f), which becomes,

. We need a higher value of Fp/A or a lower guess for yp,key.

The following values were generated with a spreadsheet, by guessing the next value for yp,CO2. (If
desired, use Solver or Goal Seek.)



Then A = Fp/(Fp/A) =[θ(Fin)]/(Fp/A)= [(0.225)(20,000)]/(0.004189) = 1,074,360 cm2. From Eq. (17-
11c) we find Km,CO2 = 3.60554, Km,O2 = 1.1748, and Km,N2 = 0.5922. Since Fin and FP are
cm3(STP)/s of ideal gases, FP/Fin = .

The converged values of the retentate mole fracs from Eq. (17-11e) are: yr,CO2 = 0.1261, yr,O2 =
0.0481, yr,N2 = 0.8258; and the permeate mole fracs from Eq. (17-11c) are: yp,CO2 = 0.4546, yp,O2 =
0.0565, yp,N2 = 0.4890.

To be sure you know how to do multicomponent permeation problems, set up your own spreadsheet
and solve either this example or Problem 17.H1. Geankoplis (2003) solves the multicomponent
permeator system by a different method, but the results are identical (see Problem 17.H1).
Note that permeate is not very pure. Although nitrogen has the lowest permeability, there is still more
nitrogen in the permeate than carbon dioxide. This occurs because the large amount of nitrogen in the
feed produces a large driving force to push nitrogen through the membrane. Retentate is significantly
purer than the feed. To obtain a still purer nitrogen stream in the retentate with this feed, we can
increase the cut and the retentate pressure; however, a better approach would be to use a membrane
with higher selectivity.

17.4 Reverse Osmosis (RO)
Reverse osmosis (RO) is a process commonly used to purify and desalinate water (Reisch, 2007). RO is
also an integral part of industrial water management plans to reach zero-liquid discharge goals (Kucera,
2010). The liquid water is forced under pressure through a non-porous membrane in the opposite
direction to osmosis (osmosis is defined shortly). Most salts and uncharged molecules are retained by the
membrane. Thus, permeate is much purer water and retentate becomes significantly more concentrated.
The commonly used membranes shown in Figure 17-3 are: 1) a blend of cellulose acetate and cellulose
triacetate, 2) aromatic polyamides (aramids), and 3) cross-linked aromatic polyamides (Eykamp, 1997).
Currently, the best membranes are thin-film interfacial composite membranes (Baker, 2004). Both
hollow-fiber and spiral-wound modules are used for RO (Figure 17-1), but about 85% of applications
use spiral-wound membranes (Baker, 2004). Spiral-wound membranes are used because techniques for
making hollow-fiber composite membranes have not been developed. In addition, spiral-wound
membranes do not clog as easily as hollow fibers; thus, less pretreatment is needed for spiral-wound
membranes.
The feed to an RO system usually requires pretreatment to remove any particulates that would clog the
membrane. If there are ions or solutes in solution that have limited solubility, the design must include a
solubility calculation to determine if they will precipitate onto the membrane when retentate is
concentrated. If precipitation is likely, these ions or solutes must either be removed or made more soluble
to prevent them from precipitating. A simple schematic of a simple RO system including the most
important auxiliary equipment is shown in Figure 17-8. In practice, large-scale systems may have
hundreds of membrane modules arranged both in series and in parallel (Figure 17-2C) in what is often
called a “Christmas-tree” pattern (Baker, 2004). More details on equipment are available in Baker et al.



(1990), Eykamp (1997), Ho and Sirkar (1992), and Noble and Stern (1995). Kucera (2010) discusses
details of operation and maintenance of RO systems.

Figure 17-8. Schematic of RO system

17.4.1 Analysis of Osmosis and Reverse Osmosis
The driving force for solvent flux in RO is the difference between the pressure drop across the membrane
and the osmotic pressure difference across the membrane (Δp − Δπ). Then the mass flux of solvent is

(17-12a,b)

In these equations K′solv is the permeability of the solvent (usually water) through the membrane with an
effective membrane skin thickness of tms. The pressure drop across the membrane, Δp = pr − pp. Δπ is the
difference in the osmotic pressure across the membrane (see description below). The mass solute flux
across the membrane J′A can be written as

(17-13)

where K′A is the solute permeability and Δx is the difference in mass frac of solute across the membrane.
For a membrane with perfect solute retention, K′A = 0. Typical units are pressure p and osmotic pressure
π in atm, the solvent permeance K′solv/tms in g/(atm·s·m2), the solvent flux J′solv in g/(m2s), the salt
permeance K′A/tms in g/(m2s·mass fraction), and the salt flux J′ in g/(m2s).

To study RO, we must first study osmosis. In osmosis solvent flows through a semipermeable membrane
(one which passes solvent but not solutes or ions) from the less concentrated region to the more
concentrated region. For example, if we have pure water on one side of a semipermeable membrane and a
sugar solution on the other side, the water will flow into the sugar solution to dilute it. Thus, in Figure 17-
9 osmotic flow is from the right side (pure water) to the left side (sugar solution). This natural direction
of solvent flow is the direction that will cause chemical potentials to equalize. We can stop or reverse the
flow by increasing the pressure on the sugar solution using the piston shown on the left. Osmotic pressure
π is the additional pressure required on the concentrated side to stop osmotic flow assuming the permeate
side is pure water that contains no solute.

Figure 17-9. Osmotic pressure apparatus



Osmotic pressure is a thermodynamic property of the solution. Thus, π is a state variable that depends
upon temperature, pressure, and concentration but does not depend upon the membrane as long as the
membrane is semipermeable. Osmotic equilibrium requires that the chemical potentials of the solvent on
the two sides of the membrane be equal. Note that the solutes are not in equilibrium since they cannot pass
through the membrane. Although osmotic pressure can be measured directly, it is usually estimated from
other measurements (e.g., Reid, 1966). For an incompressible liquid osmotic pressure can be estimated
from vapor pressure measurements,

(17-14)

where vsolvent is the partial molar volume of the solvent. Another common method is to relate osmotic
pressure to freezing point depression (Reid, 1966). For dilute systems the osmotic pressure is often a
linear function of concentration,

(17-15a,b)

where â or a′ are determined by plotting the data as a straight line. As the solution becomes more
concentrated, the osmotic pressure increases more rapidly than predicted by the linear relationship. For
some dilute systems the linear constant can be estimated from the van’t Hoff equation,

(17-15c)

Since the van’t Hoff equation assumes that Raoult’s law is valid, this result will be incorrect if the
solution associates or dissociates even though empirical Eq. (17-15a) may still be accurate.
The osmotic pressure for natural waters containing salts can be determined from the following empirical
relation with T in °C and salt concentration Cs in kg/m3 (Geraldes et al., 2005).

(17-15d)

(17-15e)

Unfortunately, natural osmotic flow is in the opposite direction to what we want to do (produce pure
water). In RO we push the solvent out of the concentrated solution into the dilute solution. Thus, it takes
energy to concentrate the retentate. Because RO is reversing the natural flow direction, RO is inherently a
nonequilibrium process. The increase in osmotic pressure as retentate becomes more concentrated also
puts a natural limit on the recovery of pure solvent by RO. If one tries to recover too much solvent,



retentate becomes very concentrated, the osmotic pressure difference becomes extremely large, and the
pressure drop required by Eq. (17-12) for a reasonable flux rate becomes too large for practical
operation.
The analysis procedure developed in the previous section for gas permeation forms the basis for
analyzing RO. However, the RO analysis is more complicated because of 1) osmotic pressure, which is
included in Eq. (17-12), and 2) mass transfer rates are much lower in liquid systems. Since the mass
transfer rates are relatively low, the wt frac of solute at the membrane wall xw will be greater than the wt
frac of solute in the bulk of the retentate xr. This buildup of solute at the membrane surface occurs because
the movement of solvent through the membrane carries solute with it to the membrane wall. Since the
solute does not pass through the semipermeable membrane, its concentration will build up at the wall and
it must back diffuse from the wall to the bulk solution. This phenomenon, concentration polarization, is
illustrated in Figure 17-10. Concentration polarization has a major effect on the separations obtained in
RO and UF (see next section). Since concentration polarization causes xw > xr, the osmotic pressure
becomes higher on the retentate side and, following Eq. (17-12), the flux declines. Concentration
polarization will also increase Δx in Eq. (17-13) and flux of solute may increase, which is also
undesirable. In addition, since concentration polarization increases solute concentration, precipitation
becomes more likely.

Figure 17-10. Concentration polarization: buildup and back diffusion of solute

Since  [where x is mass frac in RO], we can expand Eq. (17-12) using Eq. (17-3a) as,

(17-16a)

The x values are mass fractions, and the osmotic pressure on the retentate side depends on the
concentration of solute at the membrane wall. To simplify the analysis, we will temporarily assume that
the osmotic pressure data are linear and are satisfactorily fit by Eq. (17-15b). Then the flux equation
becomes

(17-16b)

To relate the wall concentration to retentate concentration, we define the concentration polarization
modulus M in terms of the wt frac,



(17-17)

Methods to measure or predict M will be developed shortly. Substituting the definition for M into Eq.
(17-16b), we obtain

(17-16c)

The solute flux Eq. (17-13) can also be expanded and written in terms of the concentration polarization
modulus.

(17-18)

Essentially the same procedure used to solve for the concentrations in gas permeators will be used. That
is, after assuming that  is not zero and is independent of the solvent transfer rate, and that  is
independent of the solute transfer rate, we will solve Eqs. (17-16c) and (17-18) for , set the two
equations equal to each other, and solve for the desired concentration. Setting the equations equal, we
obtain

(17-19)

It is convenient to define the selectivity of the membrane α′ as,

(17-20)

We can now solve for either xr as a function of xp, or vice versa. Since it is easier to solve for xr, we will
do that here.

(17-21a)

This RT equation represents the transfer rate of solvent and solute through the membrane in mass frac
units. If  = 0, α′ will be infinite, xp will be zero, and xr must be determined from a mass balance. If the
selectivity is not constant, α′ will depend upon xw = Mxr. It will then be convenient for calculation
purposes to solve for xp as a function of xr.

Since RO often operates with high retention of solute and thus very low values of xp, it is useful to
simplify RT Eq. (17-21a) for small xp. As xp → 0, Eq. (17-21a) becomes

(17-21b)

Usually, α′ρsolv(pr − pp) >> 1 and



(17-21c)

The simplified linear equations are easier to use. Note that if the modules are well mixed, then xr = xout.

The RT Eq. (17-21) needs to be solved simultaneously with an expression for the mass balance. We will
again assume the membrane module is well mixed. The module is identical to Figure 17-6A except the y
terms are replaced by liquid wt frac. The external mass balances for this well-mixed module (in mass
units) are

(17-22a,b)

Solving for xp, we obtain the operating equation

(17-23a)

or the alternative,

(17-23b)

where  is the cut in mass units. Equation (17-23) is analogous to Eq. (17-8) obtained for the well-
mixed gas permeator.
In the well-mixed module xr is constant and is equal to xout. Thus, Eq. (17-21) is valid with xr replaced by
xout; however, since there is usually concentration polarization, xw = Mxout and M must be determined.
Once M is known, simultaneous solution of Eqs. (17-21) and (17-23) can be obtained either analytically
(see Example 17-3) or by plotting both equations on a graph of xp vs. xout. Equation (17-23) is a straight
line that is identical to the operating line obtained for gas permeation. The curve representing Eq. (17-21)
is plotted by calculating values in the same way as in Example 17-2. Note that this curve will be below
the xp = xout line on a graph of xp vs. xout. This equation serves as an alternate RT equation for RO.

Figure 17-11. Solute retention on Amicon Diaflo membranes (Porter, 1997), reprinted with
permission from P.A. Schweitzer (Ed.), Handbook of Separation Techniques for Chemical

Engineers, 3rd ed., (1997), copyright 1997, McGraw-Hill.



RO data are often reported as the rejection coefficient R.

(17-24a)

The rejection coefficient when there is no concentration polarization (M = 1) is called the inherent
rejection coefficient R°. By manipulating Eqs. (17-21c) and (17-24a), we can find a relationship between
retention R at one set of conditions and R at another set of conditions for well-mixed systems. Often the
base case (Case A) condition is an experiment with no concentration polarization (MCase A = 1 and RCase

A = R°). Substitute Eq. (17-21c) into the definition of R, Eq. (17-24a), for both Cases A and B. Solve for
1 – R in both equations and then divide the Case B equation by the Case A equation. The ratio is

(17-24b)

This equation is valid for the linearized RT equation (17-21c). Equation (17-24b) allows calculation of R
for a different set of conditions, M and (pr –pp) if R is known at the Case A conditions. Equation (17-24b)
is only valid for systems where the RT equation can be linearized to Eq. (17-21c). If the pressure
difference (pr –pp) is the same in the two runs, then

(17-24c)

Remarkably, this equation can be obtained exactly without linearization (except for osmotic pressure) by
starting with Eq. (17-21a) and requiring constant (pr − pp) and constant permeate mass fraction yp. Since
Eq. (17-21a) required that osmotic pressure is a linear function of weight fraction (the a′ term), the
requirement of a linear relationship between π and x restricts these equations to relatively low
concentrations.
When R is known, we can solve the RT Eq. (17-24a) simultaneously with operating Eq. (17-23) for a
completely mixed system,



(17-25)

which is a very convenient and simple solution. Alternatively, we can solve for xp

(17-26)

In these equations  is the cut in mass units. Use of these equations is illustrated in Example 17-5.

17.4.2 Determination of Membrane Properties from Experiments
Experimental values of xp and xout can be used to determine α′ and M. First, an experiment is done in a
very well mixed cell under conditions where there is no concentration polarization. Solving Eq. (17-19)
for the selectivity, we obtain

(17-27)

where under the conditions of the experiment M = 1 and all other terms on the right-hand side are known.
This method is illustrated in Example 17-4.

Example 17-4. Determination of RO membrane properties

We test a new composite membrane. Both experiments were done with a retentate pressure of 15.0
atm and a permeate pressure of 1.0 atm. The temperature is 25°C. The following data were obtained:
Experiment a. The pure water flux was 1029 L/(m2 day).
Experiment b. In a perfectly mixed laboratory system with wt frac sodium chloride, xin = 0.0023, the
rejection coefficient R was measured as 0.983. Operation was with θ′ = 0.30. The system was highly
stirred and you can assume there was no concentration polarization (M = 1.0).
Find the water permeance and the water-salt selectivity.

Solution

A. Define. Find  and .
B and C. Explore and plan. Experiment a allows us to calculate  with xr = xp = 0.0 from Eq.

(17-16c). Experiment b allows us to calculate xp and xout from Eqs. (17-25) and (17-26). Then, Eq.
(17-27) (with xr = xout and M = 1.0) can be used to find the selectivity, .

D. Do it. Experiment a. With xr = xp = 0.0, we can solve Eq. (17-16c) for .

(17-28)

Experiment b.



Plugging in numbers to Eqs. (17-26) and (17-25) we obtain

Equation (17-27) with M = 1 becomes,

(17-29)

The term a′ is the linear coefficient for the effect of concentration on the osmotic pressure in mass frac
units. Osmotic pressures are given for aqueous sodium chloride solutions in Perry and Green, 6th
edition (1984, p. 16–23). At 25°C and 0.001 mole frac the osmotic pressure is 0.05 atm. Thus, in
molar units â = 0.05 atm/0.001 mole frac = 50 atm/mole frac.
We must convert â to a′ in mass frac units.
π = a′x or a′ = âm/x where m is mole fraction. For very dilute solutions, (m, mole frac solute) = (x,
mass frac solute) (MW water)/(MW solute)

Then 
The selectivity α′ can be determined from Eq. (17-29),

E. Check. The numerical values are within reasonable ranges.
F. Generalize. This example illustrates how to determine parameter values from experiments. The

selectivity determined from the experiments will be used in Example 17-5 to calculate expected
behavior of a membrane module when there is no concentration polarization.
1. The pure water flux is often measured and used to find the value of . This is a preferred

method because it is very easy and is quite reproducible. Note that the flux declines significantly
when there is salt present. Thus, the pure water flux values should never be used as a direct
estimate of the feed capacity of the system.

2. Rejection data are commonly used to find the value of selectivity, α′w-salt. This selectivity does
not have the same meaning as the selectivity in gas permeation. Here the selectivity is given by
Eq. (17-20), but the permeabilities refer to equations with different driving forces, and the
permeabilities have different units.

Example 17-5. RO without concentration polarization

We continue testing the new composite membrane from Example 17-4 in a perfectly mixed membrane
system but now with a retentate pressure of 10.0 atm and a permeate pressure of 1.0 atm. Find the
outlet wt fracs of the permeate and the retentate streams. There is a very high mass-transfer coefficient
and M = 1.0.
a. θ′ = 0.30 (in mass flow rate units) and the inlet stream is 0.009 wt frac sodium chloride.
b. θ′ = 0.40 (in mass flow rate units) and the inlet stream is 0.010 wt frac sodium chloride.

Solution

A. Define. Find xp and xout for both parts a and b.



B and C. Explore and plan. Equations (17-21a) and (17-23) can be solved simultaneously to find xp
and xout. Since the change in operating conditions only affects the operating Eq. (17-23), the RT
equation is the same for parts a and b.

D. Do it. The RT Eq. (17-21a) in weight units is,

(17-21a repeated)

If we use Eq. (17-23b) to substitute for xr in Eq. (17-21a), we obtain

With θ′, xin, α′, a′, pp, pr, and M known, this is a quadratic equation in xp. The equation can be
solved by the quadratic formula, although this requires a fair amount of algebra. The equation can
also be solved with an Excel spreadsheet using Goal Seek or Solver.
Part a. θ′ = 0.30 and xin = 0.009. The spreadsheet result is xp= 0.000339 and xr = 0.0127.
Part b. θ′ = 0.40 and xin = 0.010. The spreadsheet result is xp= 0.000439 and xr = 0.0164.

E. Check. Graphical solution and linearization give the same results. For example, the linearized
equations using the retention [Eqs. (17-24b) and (17-24c)] can be used with the retention reported
in Example 17-4. Calling Example 17-4 Case A, we have the following values:

The problem in Example 17-5 part a is now Case B with pr = 10 atm, pp = 1 atm, (pr – pp) = 9, and
M = 1.0. Then from Eq. (17-24b),

For part a of Example 17-5, xin = 0.009, pr = 10 atm, pp = 1 atm, θ = 0.30, and RB = 0.974. Then
from Eq. (17-25),

and from Eq. (17-26)

These results agree closely with the part a results obtained previously from the solution of the
complete quadratic equation. Thus, at these low mass fractions, linearization is valid.

F. Generalize. This example showed that at low concentrations the linearization procedure used for
Eqs. (17-24b) to (17-26) is valid. This will prove to be particularly useful when there is
concentration polarization (see Example 17-7).

17.4.3 Mass-Transfer Analysis to Determine Concentration Polarization
Once values for a′ are known, experiments can be done under conditions where concentration polarization
is expected. M can be determined by solving Eq. (17-19) for M.



(17-30)

All terms on the right-hand side are known and M can be calculated. However, estimation of M will
allow us to avoid doing expensive and time consuming experiments, and is illustrated in Example 17-6.
Concentration polarization was shown schematically in Figure 17-9. This figure applies to the simplest
situation that is steady-state, one-dimensional back diffusion of one solute into the bulk retentate stream
with a perfectly rejecting membrane (R = 1). [If rejection is not almost complete, more detailed theories
are required (e.g., Ho and Sirkar, 1992; Noble and Stern, 1995; Wankat, 1990).] The differential mass
balance for this simple situation using a Fickian analysis is (Problem 17.C3)

(17-31)

where D is the Fickian diffusivity in the liquid solution in m2/s and ρsolv is in g/m3. This equation is
subject to the boundary conditions that concentration equals the wall concentration at z = 0,

(17-32a)

and the concentration becomes the bulk concentration xr when z is greater than the boundary layer
thickness δ. The value of δ depends on the operating conditions (geometry, velocity, T).

(17-32b)

Defining the mass-transfer coefficient as

(17-33)

the solution is

(17-34)

The mass transfer coefficient depends on the operating conditions and has units m/s. If there are multiple
solutes, a Maxwell-Stefan analysis (Section 15.7) is recommended.
This short development is useful to determine what affects concentration polarization. If the solvent flux 

 increases, M increases. If the mass transfer coefficient k increases, concentration polarization
decreases. Increasing the diffusivity will increase k. Thus, operating at a higher temperature will decrease
M although there are obvious limits based on the membrane thermal stability and the thermal stability of
the solutes (e.g., most proteins are not thermally stable). Decreasing the boundary layer thickness δ by
promoting turbulence or operating at very high shear rates in thin channels or narrow tubes will also
increase k.
The quantitative use of Eq. (17-34) requires either experimentally determined values of the mass transfer
coefficient k or a correlation for k (which is ultimately based on experimental data). If experimental data



are available which allow the calculation of M from Eq. (17-30), then Eq. (17-34) can be used to find k.
A large number of mass transfer correlations are available for a variety of geometries and flow
conditions (Wankat and Knaebel, 2008). Four that are useful for membrane separators are the correlations
for turbulent flow in tubes, for laminar flow in tubes and between parallel plates, and for well-mixed
tanks (Blatt et al., 1970; Wankat, 1990; Wankat and Knaebel, 2008). For turbulent flow in tubes the mass
transfer coefficient can be estimated from

(17-35a)

where Sh is the Sherwood number, and the Reynolds number Re, and Schmidt number Sc, are defined as

(17-35b,c)

and ub is the bulk velocity in the tube. Fully developed turbulent flow will certainly occur for Re >
20,000, and usually appears in UF devices for Re > 2,000.
Spiral-wound membranes (Figure 17-1C) are most commonly used for water treatment. The spacers in the
feed channel are designed to promote turbulence and increase mass transfer rates. Schock and Miquel
(1987) experimentally determined the following mass transfer correlation for typical spiral-wound
modules.

(17-35d)

Here Ds is the diffusivity of the salt, and the Reynolds number is defined by Eq. (17-35b) with d = height
of feed channel. This equation is similar to Eq. (17-35a), but predicts a higher mass transfer coefficient.
For laminar flow in a tube of length L and radius R with a bulk velocity ub, the average mass transfer
coefficient is,

(17-36a)

For laminar flow between parallel plates with a spacing of 2h, the average mass transfer coefficient is,

(17-36b)

For flat membranes in a well-stirred turbulent tank, the mass transfer coefficient can be estimated from

(17-37a)

In Eqs. (17-37) k is in cm/s, ω is the stirrer speed in radians/s, dtank is the tank diameter in cm, D is the
diffusivity in cm2/s, and the kinematic viscosity ν = μ/ρ is in cm2/s. Stirred tanks are a convenient
laboratory configuration.



Example 17-6. RO with concentration polarization

We continue testing the new composite membrane explored in Examples 17-4 and 17-5. An additional
experiment was done at 25°C with a retentate pressure of 15.0 atm and a permeate pressure of 1.0
atm. In addition to the data reported in Example 17-4, the following new data are obtained:
Experiment c. Experiments were done in a baffled stirred-tank system with a 35 cm diameter tank. We
expect that Eq. (17-37a) will be valid, except the coefficient 0.04433 has to be adjusted. The stirrer
was operated at 900 rpm. The inlet solution was 0.005 wt frac sodium chloride. The measured wt
frac were xp = 0.0001287, and xout = 0.006218.

Based on these experiments determine the value for the coefficient in the correlation for mass transfer
in turbulent stirred tanks (Eq. 17-37a).

Solution

A, B, and C. Define, Explore, and Plan. We can calculate the polarization modulus M from Eq. (17-
30),  from Eq. (17-16c), the value of the mass transfer coefficient from Eq. (17-34), and a new
coefficient for the correlation in Eq. (17-37a).

D. Do it. Experiment c. Since xp and xout were measured, and α′, a′, pr, and pp are all known, a
straightforward plug-and-chug in Eq.(17-30),

We can also calculate M from Eq. (17-24c) since (pr − pp) is constant. Calling experiment C case B,
we have

Eq. (17-24c) is

Very close to result from Eq. (17-30).
The solvent flux can then be determined from Eq. (17-16c) using K′solv/tms = 0.8483 determined in
Example 17-4, and because xr = xout for a well-mixed tank,

 = 0.8483{(15 − 1) − 15.446[(1.212)(0.006218) − 0.0001287]} = 11.78 g/(m2·s)
Note that this is smaller than the pure water flux (285.0) because the driving force is reduced by the
osmotic pressure difference.
Solving Eq. (17-34) for k,
k = ( /ρsolv)/ln M = {[11.78g/(m2s)]/(9.97 × 105 g/m3)}/ln(1.21)=6.21 × 10−5 m/s=0.00621cm/s

Eq. (17-37a) can be written with an unknown constant instead of 0.0443. Solving for the constant in
this equation, we obtain



(17-37b)

Since the solution is quite dilute, the properties of water can be used.

The diffusivity of NaCl in water at 25°C is 1.53 × 10−5 cm2/s.

E. Check. It is not unusual to have a general mass transfer correlation differ from experiment by this
much. We will use the measured value of the constant in Example 17-7.

F. Generalization. This example illustrates how we can take experimental data, and fine tune mass
transfer correlations by adjusting the constants.

Experiment c required a number of steps to eventually find the mass transfer coefficient k. This is
invariably the case since k is not a directly measured variable but depends upon interpretation of the data
using a model. Once k was obtained, we have a single data point to compare to the correlation Eq. (17-
37a). They disagreed. You may be tempted to use the correlation and ignore the data point. However,
mass transfer correlations are not very accurate. They usually predict the trends well (such as the effect of
Reynolds and Schmidt numbers), but the absolute value predicted can be significantly off. A single data
point can be used to adjust the constant in the correlation for application to this particular system. If more
data were available, we could check the entire correlation.

Example 17-7. Prediction of RO performance with concentration polarization

Predict the values of xp, xout, and Jsolv if a 0.01 wt frac sodium chloride in water solution is separated
by the membrane studied in Examples 17-4 to 17-6 in a stirred tank that is geometrically similar to the
one in Example 17-6 except the tank is 40 cm in diameter and the stirrer speed is 500 rpm. The
retentate pressure is 10 atm and the permeate pressure is 1 atm. Operate at a cut θ′ = 0.40 and at
25°C.

Solution

A, B, and C. Define, Explore, and Plan. We can now calculate mass transfer coefficient k using D, ρ,
μ, and the coefficient = 0.00846 from experiment c and Example 17-6.

From Eq. (17-37a) with the modified constant,



At this point we can proceed to use either a permeation analysis or the linearized retention analysis.
Both will be trial and error, but the easier retention analysis will be demonstrated.
Use Example 17-4 as Case A. RA = 0.983, MA = 1.0, (pr –pp)A = 14.

Case B is the current problem: (pr –pp)B = 9, θ′ = 0.04, xin = 0.01, a′ = 15.446,

. With a guessed value, MB,guess, we can use Eq. (17-24b) to find retention:

With RB known Eq. (17-26) gives xp

and then from Eq.(17-24a),

We now have enough information to find  from Eq. (17-16c).

Then Eq. (17-34) can be used to calculate MB,

To have consistent units, k has to be in m/s. If MB,calc –MB,guess = 0, then the calculation is correct. If
not, use a new value of MB,guess and repeat. This is relatively straightforward on a spreadsheet. Goal
Seek or Solver can be used to converge MB.
D. Calculations. A spreadsheet was set up to calculate the five equations in order. With a first guess

of MB =1.0, we found RB = 0.974, xp = 0.000433, xr = 0.01638, , and MB,calc = 1.19. Using
Goal Seek the converged solution was MB = 1.19, RB = 0.969, xp = 0.000513, xr = 0.01632, and 

.
E. Check. The results obtained are consistent with what we expect. This is a helpful and quick check

but does not guarantee there are no errors. We can also check the results for the limiting case when
M = 1.0 with the results obtained in Example 17-5 for the same feed concentration, pressures and
cut as this problem (xout = 0.0164 and xp = 0.000439). The spreadsheet gives xout = 0.0164 and xp
= 0.000433. The agreement is quite good.

F. Generalization.
1. The prediction of performance was trial-and-error because the unknown variables were needed

to calculate other unknowns that were needed to calculate the first unknown. This circle is broken
by guessing a variable, doing the calculation, and then checking the guess. Convergence was
rapid. In more concentrated systems or with less vigorous stirring with much larger M and larger
π values (which may be nonlinear functions of wt frac), convergence can be slower.

2. RO is commonly used to produce ultrapure water in the electronics and pharmaceutical



industries. In these applications R° is much closer to 1.0 and xin is smaller. These systems have
little concentration polarization (M ~ 1.0) and produce very pure permeate.

3. All of these calculations assume an undamaged membrane with no holes. Even a tiny pinprick
can cause a large increase in xp. The liquid will pass through a hole as convective flow at a salt
concentration of xw. This flux will be quite large because of the large pressure drop. In addition,
undesired large molecules can also pass through holes in the membrane. Performance of RO
systems needs to be monitored continuously, and damaged membranes need to be plugged or
replaced.

4. Membrane life will depend upon the membrane material and the operating conditions. Membrane
replacement costs should be included in the operating expenses.

5. If a limiting case does not agree with an independent calculation, then there must be an error in
either the original calculation, the method to produce the limiting case or the independent
calculation. If the limiting case agrees with an independent calculation (as it does for this
problem for M = 1), we have not proved that the calculation for M ≠ 1 is correct. As the number
of limiting cases that agree with independent calculations increase, our confidence in the general
solution increases.

6. The problem statement stated the tanks are geometrically similar. If they aren’t, the constant in
mass transfer correlation, Eq. (17-37a) is probably different in the two tanks. Geometric
similarity allows one to scale-up.

17.4.4 RO with Concentrated Solutions
A more complicated situation occurs when xr, and hence xw, are concentrated and osmotic pressure
depends upon xp in a nonlinear fashion. An Advanced RT equation can be developed if the osmotic
pressure of permeate is linear in xp, πp = a′xp. Since permeate is quite dilute, this equation is often valid
even if π is not a linear function of x at xin and xout. Start with Eq. (17-16a) and substitute in xw = Mxr and
πp(xp) = a′ xp. Solve resulting equation and Eq. (17-18) for . Then set equal and rearrange.

(17-38)

We assume the osmotic pressure π(Mxr) is available in tabular or equation form. Expand in terms of xp
and collect terms.

(17-39)

If we pick a value of Mxr we can determine π(Mxr) and calculate xp. Then we can generate the RT curve
including nonlinear osmotic pressure and concentration polarization. If the membrane module is perfectly
mixed, the operating equation is

(17-40)

The solution can then be done trial and error in a spreadsheet in a fashion similar to Example 17-7.



17.5 Ultrafiltration (UF)
Ultrafiltration (UF) is another membrane separation method used to purify liquids. UF is commonly used
for recovery of proteins and in food and pharmaceutical applications. It is useful for separating
“permanent” emulsions since the oil droplets will not pass through the membrane. UF is used for the
removal of fine colloidal particles, and for recovery of dyes from wastewater. In many applications such
as whey processing UF and RO are used in series. The valuable proteins are recovered by UF, and
permeate from the UF system is sent to the RO system. The remaining sugars and salts are concentrated in
the RO system by removing water. The concentrated permeate can then be fermented to produce ethanol,
lactic acid or other products.
The equipment for UF systems often looks very similar to RO systems although they operate at lower
pressures. However, this similarity does not extend to the molecular level. Remember that RO membranes
are nonporous and separate based on a solution-diffusion mechanism. UF membranes are porous and
separate based on size exclusion. Large molecules are excluded from pores in the thin membrane skin and
thus, the large molecules are retained in the retentate. Small molecules fit into the pores and pass through
to the permeate. Since there is usually a distribution of pore sizes, molecules within the range of pore
sizes partially permeate and are partially retained. In a somewhat oversimplified picture, UF is cross-
flow filtration at the molecular level.
Because of the different separation mechanism, UF membranes have significantly higher fluxes than RO
membranes. Thus, concentration polarization is usually worse in UF than in RO because there is a much
greater solvent flow from the bulk fluid through the wall. This concentration polarization can cause
membrane fouling which not only decreases the flux but also can drastically decrease the membrane life.
Hydrophilic membranes tend to foul less rapidly but have shorter lives than the more stable hydrophobic
membranes. The choice of the best membrane thus depends upon the operating conditions. Cellulose
acetate (Figure 17-3) membranes were the first commercial membranes and are still used where their low
level of interaction with proteins is more important than their relatively short life. Polymeric membranes
are used where more basic conditions are encountered. The most common polymeric membrane is
polysulfone (Figure 17-3). Membranes are tailor-made to sieve molecules in different size ranges
depending on the purpose of the separation (Figure 17-11). The nominal molecular weight exclusion
(shown by x in Figure 17-11) is often reported by manufacturers, but it is not nearly as useful as the
complete retention curve.
UF can be initially analyzed by the same procedures used for RO; thus, Eqs. (17-12) and (17-16) are
valid. However, in UF the molecules being retained are often very large and the resulting osmotic
pressure is very low. For most UF applications the osmotic pressure difference can be ignored and the
solvent flux equation can be simplified.
In mass units the solvent flux is

(17-41)

where  is the mass transfer rate of permeate (e.g., kg/s) and xp is the wt frac of solute in the permeate. As
we will see, ignoring the osmotic pressure difference is a more important simplification than it looks at
first.
For sieve type membranes if a pore does not exclude solute, it will carry solute at the wall wt frac, xw =
Mxr, through the pore. In sieve type membranes the inherent rejection R° (M = 1) can be interpreted as the



fraction of flux carried by pores which exclude solute. Then 1 − R° is the fraction of flux carried by pores
that do not exclude solute. Ideally, R° is independent of (pr − pp) and by definition R° is independent of
M.
The permeate wt frac, xp, is then

(17-42)

This equation can also be solved for the retentate wt frac,

(17-43)

Equation (17-42) or (17-43) are the RT equations for UF. They are particularly simple because the
inherent rejection R° is based on experimental data. Note that the retention definition for UF is
microscopic, which is different than the macroscopic definition used for RO (Eq. (17-24a)). The RT
equations for UF depend only on the inherent solute rejection and M. For a perfectly mixed membrane
module we assume that xr = xout. Then either Eq. (17-42) or (17-43) written in terms of xout can be solved
simultaneously with the mass balances, Eqs. (17-22) or operating Eq. (17-23). Equations (17-23) and
(17-43) or (17-44) can also be solved analytically or numerically to obtain,

(17-44)

Note differences between UF Equation (17-44) and RO equation (17-25). The value of R° in UF is
approximately constant, whereas in RO, the value of R depends on both M and (pr –pp).

Experimental results with low concentration feeds or under conditions where M is close to 1.0 are in
good agreement with the theoretical predictions. However, when the wall concentration becomes high, the
solvent flux Jsolv often cannot be controlled by adjusting the pressure difference. Thus, Eq. (17-40) no
longer holds! Some other phenomenon must be controlling the solvent flux. Careful examination of the
membrane surface after these experiments shows a gel-like layer covering the membrane surface. This gel
layer alters the flux-pressure drop relationship and controls the solvent flow rate.
The effect of gel formation at the wall can be studied using the diffusion equation. Return to Figure 17-10.
We implicitly assumed that the wall concentration was a variable that could increase without bound. In
gelling systems once the wall concentration equals the gel concentration, xg, the concentration at the wall
becomes constant at xw = xg. As additional solute builds up at the wall, the gel concentration is
unchanged, but the thickness of the gel layer increases; thus, xw becomes a constant set by the solute
gelling behavior. This is illustrated in Figure 17-12. The value of xg can vary from less than 1 wt % for
polysaccharides to 50 vol % for polymer latex suspensions (Blatt et al., 1970).

Figure 17-12. Concentration polarization with gel layer at wall



To analyze gelling systems we can again use Eq. (17-31) when R = 1. (Once a gel forms it is usually quite
immobile and 100% retention is reasonable.) With the coordinate system redefined as in Figure 17-12,
the boundary conditions are the same as Eqs. (17-32). The solution has the same form as in Eq.(17-34);
however, since xw and xr are fixed, the solvent flux is the variable. If we solve for the solvent flux, the
result is,

(17-45)

The consequence of this equation is that once a gel has formed the solvent flux is set by the rate of back
diffusion of the solute. We no longer control the solvent flux!
What happens if we increase the pressure drop across the membrane for a system with a gel present? The
solvent flux will temporarily increase, but more solute is carried to the membrane by the flow through the
membrane than can be removed by back diffusion. The extra solute is deposited on the gel layer, which
increases the thickness of the gel layer. This increases the resistance to flow, which reduces the flux
through the membrane until the steady state solvent flux given in Eq. (17-45) is again obtained. Note that
this effect is usually not reversible. Reduction of the pressure will result in a flow rate less than that
predicted by Eq. (17-45) because the thicker gel layer remains on the membrane. The gel layer can often
be removed by shutting down the system and backflushing (running pure solvent at a higher pressure on
the permeate side) or by mechanical scrubbing of the membrane surface. Unfortunately, the membrane may
become fouled after a gel forms and it may be very difficult to return the membrane to its original flux
behavior. The use of fouling-resistant membranes is highly recommended under gelling conditions.
The engineer does have some control since decreasing the boundary layer thickness, δ, with thin channels
or turbulence will increase the mass transfer coefficient k and hence the flux. To a limited extent D can be
increased by raising the temperature. The effect of these variables on the mass transfer coefficient can be
explored using correlation Eqs. (17-35) to (17-37). If fouling is severe after gel formation, it may be
necessary to operate so that a gel will never form: xw = Mxr < xg at all times. This can be done by
operating under conditions that reduce M (high values of k) and keeping xr low (low feed concentrations
and low cuts). The feed-and-bleed system in Figure 17-2 is frequently used because very high velocities
and hence larger k can be achieved. When a gel does not form the solvent flux in UF is controlled by Eqs.
(17-41), the concentration polarization modulus can be calculated from Eq. (17-34), and solution is
straightforward.
Most feeds processed by UF contain a number of different solutes. How should we analyze these
separations? The almost overwhelming temptation is to study each solute individually and then assume



that superposition is valid. That is, we assume that each solute in the mixture will behave in the same
way as it does alone. After all, this is what we did for gas permeation and RO. Thus, we would predict
that large molecules will be retained and small molecules will pass through the membrane. If no gel
forms, this behavior is often observed; however, if a gel forms, the gel is usually much tighter (less
porous) than the membrane, and the gel layer will usually capture the small molecules. Thus, the
separation behaviors with and without the gel are quite different. If the purpose of the UF operation is to
separate the large and small molecules, then we must operate under conditions where a gel will not form.
Gel formation and fouling have prevented UF from achieving its full potential because they often limit
both the separation and the flux.
RO membranes will also cause gelling and will foul if they are operated with feeds that can gel. To
prevent this it is common to use an UF system before an RO system. Then the UF system will remove
particulates and large molecules that could foul the RO membrane. This procedure is followed in the
processing of whey where the UF system retains proteins and the RO system retains sugars and salts.

Example 17-8. UF with gel formation

We are ultrafiltering latex particles which are known to form a gel when xw = xg = 0.5.

The well-mixed system is operated with permeate pressure of 1.0 bar and retentate pressure of 4.5
bar. We do a series of experiments with different values of the inlet concentration with a cut θ′ of 1/3.
The permeate wt frac is zero for all of the experiments. We find that gelling occurs when xin = 0.1466,
and the measured flux is J′ = 51.93 g/(m2·s). Predict the solvent flux for inlet wt frac xin = 0.20.

Solution

A. Define. Find  when xin = 0.20, θ′ = 1/3, pp = 1.0 bar, and pr = 4.5 bar.
B and C. Explore and plan. Use a mass balance to determine xr = xout for xin = 0.1466, and Eq. (17-

45) to determine k using the measured flux at this inlet wt frac. Then for xin = 0.20 find xr = xout
(since xp is reliably zero, we can assume it remains zero for xin = 0.20). Use Eq. (17-45) to find 
at this higher feed wt frac. Since xp = 0, ρsolv = 997,000 g/m3.

D. Do it. Experimental conditions:

When 
When xin = 0.1466, xout = 1.5 (0.1466) = 0.220.

Rearranging Eq. (17-45), 
Now solve Eq. (17-45) with xin = 0.20 and xout = 1.5 xin = 0.30.

Final result is 
E. Check: Qualitatively we would expect a lower flux since there are more latex particles carried

toward the wall per liter of fluid which permeates through the membrane. Other than checking the
equations and calculations, a check is difficult.

F. Generalize.
1. We have assumed k is not concentration dependent. This is reasonable for particles.



2. If a correlation for k was available, we could use Eq. (17-45) and  to estimate xg.
3. The general procedure was to:

a. Use rearranged design equation to find a design parameter (k) using experimental conditions.
Then
b. Use design equation to predict flux under design conditions.

This general procedure is very common in all types of separation problems.
4. It is critically important to determine if a gel layer forms.

Warning! Experimental results and equations for both UF and RO are reported in many different units. It
is easy to make a unit mistake if you do not carefully carry units in the equations. It is especially easy to
make a subtle mistake in the appropriate solution density to use when converting from concentration c in
g/L or mole/L to wt frac x. The correct conversion from g/L to wt frac is,

(17-46)

Unfortunately, the solution density ρsolution is a function of concentration. For a relatively pure permeate (R
close to 1.0) the permeate solution density is approximately the solvent density. For more concentrated
streams such as the feed or the retentate the density needs to be known or estimated as a function of
concentration.
When concentrations are given in units of g/L, approximations are often made to calculate fluxes. For
example, the correct equation for the solute mass flux is

(17-47a)

This is often approximated as

(17-47b)

For relatively high rejection coefficients permeate is quite pure, Jsolv >> JA and the approximation is quite
good. In other cases the approximation may not be as accurate.
The inherent rejection and concentration polarization modulus are often defined in concentration units,

(17-48)

With these definitions the solute mass flux is

(17-49)

Equations (17-48) and (17-49) are valid ways to formulate the problem. Unfortunately, it may be assumed
that R° = R°c and M = Mc when the exact equations are



(17-50a)

(17-50b)

If ρsolution,out and ρsolution,p are very different, confusing R with Rc and M with Mc can result in significant
error. To be exact, check how all terms are defined, use the appropriate solution densities of permeate
and retentate to convert to wt frac units, and then solve in wt frac units.

17.6 Pervaporation (PERVAP)
Pervaporation can be traced back to Graham’s work in the 1860s, but definite work was done by Binning
in the 1950s and 1960s, with first commercialization for ethanol purification in the 1980s (Baker et al.,
1990). Pervaporation is currently a rapidly expanding membrane separation technique because very high
selectivities with reasonable fluxes are often obtained. In pervaporation a high-pressure liquid is fed to
one side of the membrane, one component preferentially permeates the membrane, then evaporates on the
downstream side, and a vapor product, the permeate, is withdrawn (Figure 17-13). The word
“pervaporation” is a contraction of permeation and evaporation. The retentate, which does not permeate
through the membrane, is a high-pressure liquid product. Either permeate or retentate may be the desired
product.

Figure 17-13. Simplified schematic of single-pass pervaporation

In pervaporation the driving force for separation in Eq. (17-1) is the difference in activities across the
membrane. The flux equation is (Eykamp, 1997),

(17-51)

where ai is the activity. Unfortunately, neither this equation nor Eq. (17-1) is of great practical use. Since
a detailed analysis is usually not solvable in practical situations (e.g., see Neel, 1992) we will use a



greatly simplified theory, which relies heavily on experimental selectivity data. The modeling procedures
used earlier for gas permeation do not work for pervaporation because the fluxes of the two components
interact significantly, the membrane swells, and permeabilities are very concentration dependent.
Detailed models are available in the books by Dutta et al. (1996-97), Ho and Sirkar (1992), Huang
(1991), Mulder (1996), and Noble and Stern (1995).
Since both selective membrane permeation and evaporation occur, pervaporation both separates and
concentrates. Evaporating the liquid at the downstream side of the membrane also increases the driving
force. Assume that the driving force is adequately represented by the partial pressure difference across
the membrane. The local partial pressure on the upstream side, labeled 1 in Figure 17-13, is

(17-52a)

while the local partial pressure on the downstream side, labeled 2, is

(17-52b)

and the local driving force is

(17-52c)

Since xi,1, yi,2 and ptot,2 vary, the local values of the partial pressures and the driving force depend upon the
flow patterns and pressure drop in the membrane module. The driving force can be increased by lowering
ptot,2 either by drawing a vacuum as shown in Figure 17-13, or, less frequently, reducing yi,2 by using a
sweep gas on the permeate side. The driving force will also be increased if the upstream partial pressure
of component i is increased. This occurs for more concentrated feeds (higher xi,1) and at higher upstream
temperatures (larger VPi,1). Use of higher upstream temperatures may require a higher upstream pressure
to prevent vaporization of liquid on the upstream side. The higher upstream pressure does not increase the
permeation rate significantly (Neel, 1991). Although the feed concentration is not usually a variable under
the control of the designer in a single pass system (see Figure 17-13), it is a design variable in hybrid
systems (see Figure 17-14).

Figure 17-14. Hybrid pervaporation system coupled with distillation; (A) general two-column
system, (B) simplified one-column system shown for dehydration of ethanol



As usual with membrane separations, the membrane is critical for success. Currently, two different
classes of membranes are used commercially for pervaporation. To remove traces of organics from water
a hydrophobic membrane, most commonly silicone rubber is used. To remove traces of water from
organic solvents a hydrophilic membrane such as cellulose acetate, ion exchange membrane, polyacrylic
acid, polysulfone, polyvinyl alcohol, composite membrane, and ceramic zeolite is used. Both types of
membranes are nonporous and operate by a solution-diffusion mechanism. Selecting a membrane that will
preferentially permeate the more dilute component will usually reduce the membrane area required.
Membrane life is typically about four years (Baker, 2004).
The use of evaporation to increase the driving force allows one to use a highly selective membrane and
still retain a reasonable flux. However, evaporation complicates both the equipment and the analysis.
Typical permeate pressures are quite low (0.1-100 Pa) (Leeper, 1992). Because of this low pressure,
permeate needs a large cross-sectional area for flow or the pressure drop caused by the flow of the
permeate vapor will be large. Thus, plate-and-frame, spiral-wound, and hollow fibers with feed inside
the fibers are used commercially. Figure 17-13 shows that a vacuum pump and a condenser are required



to recover the dilute low-pressure vapor. Unless the cut is small, an additional energy source is required
to supply the heat of evaporation. If the cut is small, the energy in the hot liquid can supply this energy.
For larger cuts a portion of the retentate can be heated and then recycled. More details on equipment and
equipment design are given in Huang’s (1991) book.
Although selectivity in pervaporation units can be quite high, (e.g., Leeper (1992) reports values from 1.0
to 28,000) the values are not infinite. Thus, there will always be some of the less permeable species in
the permeate and some of the more permeable species in the retentate. If the feed concentration and the
selectivity are high enough, the single pass system shown in Figure 17-13 can produce either a permeate
or a retentate that meets product specifications. However, the other stream will contain a significant
amount of valuable product. The single pass system can produce high purity or high recovery but not both
simultaneously.
If both high purity and high recovery are desirable or the single pass system cannot meet the product
specifications, a hybrid system with recycle is often used (Huang, 1991; Suk and Matsura, 2006; Wankat,
1990). Hybrid systems use two different types of separation to achieve the desired total separation. The
most common pervaporation hybrid is to combine it with distillation with either two columns (Figure 17-
14A) or a single column (Figure 17-14B). In Figure 17-14A the feed to distillation column 1 forms a
minimum-boiling azeotrope. This distillation produces essentially pure component A as the bottoms
product. The distillate product from column 1, which approaches the azeotrope concentration, is sent to
the pervaporation unit. If component A preferentially permeates through the membrane, permeate will be
more concentrated in A than the distillate. Permeate is then recycled to column 1 to recover the A product.
Component B is retained in the pervaporation unit and is concentrated in retentate, which is the feed to
distillation column 2. The distillate from column 2 also approaches the azeotrope concentration, and is
part of the feed to the pervaporation unit. The bottoms product from column 2 is essentially pure B. The
two distillation columns in Figure 17-14A will be similar to the columns in Figure 8-4A. Since the
pervaporation unit replaces the liquid-liquid separator in Figure 8-4A, the azeotropic system does not
have to have a heterogeneous azeotrope; thus, Figure 17-14A is more generally applicable.
If the selectivity is high enough, retentate may meet the purity specifications. Then distillation column 2 is
not needed which results in obvious savings in capital and operating costs. This is illustrated with a
simplified one-column flowchart used for breaking the ethanol-water azeotrope (Figure 17-14B). Open
steam heating may be used instead of a reboiler (Leeper, 1992). A hydrophilic membrane that selectively
permeates water is used. This figure is essentially the same as Figure 8-1B with the pervaporation system
replacing the unidentified separator.
Hybrid systems are usually designed with a low cut per pass to prevent large temperature drops in the
system. The total cut for the entire unit can be any desired value. Typically the vacuum pump is the highest
operating expense. The load on the vacuum pump can be decreased by refrigerating the final stage of the
permeate condenser. Appropriate design of the heat exchanger system and thermally integrating the
pervaporation and distillation systems can significantly reduce the energy costs.
If selectivity and flux data are available, pervaporation units can be designed without knowing the details
of the concentration polarization, diffusion, and evaporation steps. For a binary separation the selectivity,
αA,B is defined as,

(17-53a,b)

Where x and y are the wt frac in the liquid and vapor, respectively. Molar units can also be used, and care



is necessary to keep units correct. This definition is superficially similar to the definition of relative
volatility in distillation. Of course, here the selectivity is for a rate process and represents the RT curve,
not equilibrium. Selectivity data are usually obtained under conditions where concentration polarization
is negligible. Experimentally determined selectivities are complex functions of temperature and liquid
mole frac (e.g., see Figure 17-15).

Figure 17-15. Effects of temperature and liquid composition for cross-linked PVA membrane with
12 wt % cross-linking agent. Plot of permeation rate and separation factor

(Huang and Rhim, 1991), copyright 1991. Reprinted with permission from Elsevier.

If data are available as selectivities, we can convert it to a y vs. x format by solving for yA in Eq. (17-
53a)

(17-53c)

Since the selectivity depends on the liquid concentration, Eqs. (17-53a,b,c) are valid locally.
We will again consider the simplest case—membrane modules that are well-mixed on both the retentate
and permeate sides. In this situation Eq. (17-53c) is valid with y replaced by yp and x replaced by xout,

(17-54)

where yp and xout refer to the wt frac of the more permeable component in the permeate and retentate,
respectively. The selectivity in Eq. (17-54) must be determined at the operating temperature T and the



liquid wt frac xout. If data are available in the form of Figure 17-16, it must be at the operating
temperature T of the pervaporation system.

Figure 17-16. Vacuum-pervaporation of water-ethanol mixtures through homogeneous films made
from hydrophilic polymer. c, c′: Water concentration (by weight in liquid (c) and in permeate (c′));

J′: Permeation flux. Polyacrylonitrile film (20 μm thick), T = 25°C.

(Neel, 1991), copyright 1991. Reprinted with permission from Elsevier.

The overall mass balance for the single pass system shown in Figure 17-13 is

(17-55a)

and the mass balance for the more permeable species is

(17-55b)

These equations are identical to the balances for gas permeation, Eqs. (17-7a) and (17-7b), except that x
has replaced y for the feed and retentate. These two equations can be solved simultaneously for yp. The
resulting operating equation is

(17-56)

where the cut θ′ = F′p/F′in. This result is essentially the same as Eq. (17-8). If we want to use a graphical
procedure, the operating equation will plot as a straight line on a graph of yp vs. xout.

If xout and T are specified (which means αAB is known), Eqs. (17-54) and (17-55a,b) can be solved
simultaneously. The resulting equation is quadratic in yp and linear in θ′ (Wankat, 1990, pp. 707–709).
We can easily solve for yp. Unfortunately, this procedure is more complicated and less useful in real
situations than it appears at first glance. Since neither xout nor T is usually known, the selectivity is not
known and the calculation becomes complicated. We will use a simultaneous graphical solution to
develop a somewhat simpler procedure that will be illustrated in Examples 17-9 and 17-10.
An energy balance is needed to estimate the temperature of the pervaporation system. We will assume that
the pervaporation system is operating at steady state and that it is adiabatic. Then the energy balance for
the system shown in Figure 17-13 is



(17-57a)

We choose the reference point as pure liquid component A at temperature Tref. Assuming that heat of
mixing is negligible, the enthalpies of the liquid streams are

(17-57b)

and the vapor enthalpy is

(17-57c)

where λp is the mass latent heat of vaporization of the permeate determined at Tref and the heat capacities
are also in mass units. Combining Eqs. (17-57) we obtain

(17-58)

Since the membrane module is well mixed, it is reasonable to assume that the system is in thermal
equilibrium, Tout = Tp. If we arbitrarily set the reference temperature equal to the outlet temperatures, Tref
= Tout = Tp, we obtain the simplified forms of the energy balance.

(17-59a)

(17-59b)

(17-59c)

From Eq. (17-59b) we can determine the cut necessary to obtain a specified outlet temperature, while Eq.
(17-59c) allows us to determine the outlet temperature for any specified cut. Note that the relationship
between cut and the temperature drop of the liquid stream is linear. Equation (17-59c) is instructive.
Since the latent heat is significantly greater than the heat capacity, the outlet temperature drops rapidly as
the cut is increased. To prevent this drop in temperature a recycle system with a low cut per pass is often
used.
We are now ready to develop the solution procedure for completely mixed pervaporation systems. This
procedure is straightforward if either the outlet temperature or the cut are specified. If the cut is specified,
calculate Tout from Eq. (17-59c). To plot the RT curve, pick arbitrary values for xout, calculate αAB from
appropriate data such as Figures 17-16 or 17-17, calculate yp from the RT Eq. (17-54), and plot the point
on the curve. If experimental y vs. x data at operating temperature T is available, plot it directly as yp vs.
xout. The simultaneous solution to the selectivity equation and the mass balances is at the point of
intersection of the RT curve and the straight operating line, Eq. (17-56) (see Figure 17-17 in Example 17-



9).
Figure 17-17. Solution for Example 17-9; RT curve for water-ethanol through 20 μm polyvinyl

alcohol at 60°C.

(Neel, 1991). Flux curve from Neel (1991), copyright 1991. Reprinted with permission from Elsevier.

Figure 17-18. Flow patterns in gas permeation systems; (A) cross-flow with unmixed permeate, (B)
co-current flow, (C) countercurrent flow

Example 17-9. Pervaporation: feasibility calculation

We wish to separate water from ethanol using a single-pass pervaporation system that uses a 20-
micron thick polyvinyl alcohol film. The perfectly mixed pervaporation system will operate at 60°C
with 1,000 kg/h of hot feed. The feed is 60 wt % water. If the retentate product is 20 wt % water, is
this process feasible?

Solution

A. Define. In this case, feasibility means: can the process be conducted with the feed at a reasonable



temperature? Thus, to determine feasibility we need to determine the required inlet temperature.
B and C. Explore and Plan. The rate transfer information and the flux data for this film are given by

Neel (1991), and are shown in Figure 17-17. The data required for the energy balances is
available in Perry and Green (1997) on pages 2-235 and 2-306:
Ethanol: CP,L,E = 2.78 kJ/(kg K) and λE = 985 kJ/kg. Estimated at 60°C.
Water: CP,L,W = 4.185 kJ/(kg K) and λW = 2359 kJ/kg. Estimated at 60°C.
We will solve for the cut and the feed temperature required and then discuss feasibility.

D. Do it. The data from Neel (1991) is plotted in Figure 17-17. The operating line (not shown by
Neel), Eq. (17-56) goes through the point yp = xout = xin which is on the y = x line. The operating
line must intersect the RT curve at xout = 0.20. The permeate wt frac can be read at this point as yp
= 0.95 wt frac water.
Since all the wt frac are now known, it is easiest to simultaneously solve Eqs. (17-55a) and (17-
55b) for the cut, θ′.

(17-60)

For this problem, θ′ = (0.6 - 0.2)/(0.95 - 0.2) = 0.533.
This cut appears to be too high. To check for feasibility, we can use the energy balance to estimate
the required inlet temperature. Rearranging Eq. (17-59c), we obtain

(17-61)

The latent heat of the permeate can be estimated as

(17-62)

The heat capacity of the feed at 60 °C can be estimated as

(17-63)

Then from Eq. (17-61), Tin = 60 + (0.533) (2290)/(3.62) = 396.9°C.
This is obviously too hot. The process is not feasible because the membrane will be thermally
degraded and the feed will not be a liquid. Too large a cut is used.

E. Check. Since typical values for the cut are approximately 0.1 or less, our conclusion that the
process is not feasible is reasonable.

F. Generalization. Example 17-9 illustrates that operation of single-pass pervaporation units is
controlled by the simplified energy balance, Eq. (17-59c). Essentially, there must be sufficient



energy in the feed liquid to vaporize the desired fraction of the feed. High cuts require very hot
feeds to supply the energy needed for vaporization.

Example 17-10. Pervaporation: development of feasible design

Since the operation in Example 17-9 was not feasible, choose an appropriate feed temperature, and
develop a feasible pervaporation process for the feed in Example 17-9. A permeate that is greater
than 95 wt % water is desired. Determine the cut, permeate and retentate wt frac and the membrane
area.

Solution

A. Define. An appropriate feed temperature is within the temperature limits of the membrane, and the
feed must be liquid at a reasonable pressure. There is no single correct answer.

B. and C. Explore and plan. A pressurized feed will still be liquid at 120 °C. With a smaller cut,
permeate will be greater than 95% water. If the cut were zero, the operating line will be vertical.
From Figure 17-17, yp = 0.98 in this case. We can use yp = 0.98 to estimate λp, which is needed to
calculate the cut. The accuracy of this estimate can be checked when we are finished.

D. Do it. We can estimate the latent heat of vaporization of the permeate product (yp = 0.98) as, λp =
0.98 λW + 0.02 λE = 2331 kJ/kg. The value of CPL,in = 3.62 kJ/(kg °C) was determined in Example
17-9. Then from Eq. (17-59b),

From Eq. (16-59) the operating line has a slope = −(1 − 0.093)/0.093 = −9.75. The operating line
is drawn in Figure 17-17. The permeate wt frac is about 0.98 (thus, the approximation was
accurate) and the retentate is slightly above 0.56.
The membrane flux can be determined from the flux part of Figure 17-17. J′ is about 5.2 kg/(h m2).
Then, membrane area = Fp′/J′ = 93/5.2 = 16.9 m2.

F. Generalization. At this retentate liquid concentration the membrane has a high flux. At the original
retentate value, xout = 0.2 used in Example 17-9, the flux is much lower and significantly more
membrane area would be required.

Of course, there are many different feasible designs. If a higher permeate concentration is desired, the
ethanol-water feed mixture in Example 17-10 would probably be concentrated in an ordinary distillation
column to a concentration much closer to the concentration of the azeotrope (see Figure 17-14B). The
retentate would typically be recycled to the distillation column. Pervaporation, azeotropic distillation
(Chapter 8) and adsorption (Chapter 18) are all used commercially to break the ethanol-water azeotrope.

17.7 Bulk Flow Pattern Effects
Completely mixed membrane systems are relatively common in laboratory units since the effects of
concentration polarization and gel formation can be minimized or eliminated. Commercial units usually
use one of the modules shown in Figure 17-1 since a large membrane area can be packaged in a small
volume. The flow patterns of the bulk fluid in these modules are unlikely to be perfectly mixed but are
more likely to approximate cross-flow (Figure 17-18A), co-current (Figure 17-18B) or countercurrent



(Figure 17-18C) flow. Since these bulk flow patterns all result in better separation than a perfectly mixed
module, our previous results are conservative estimates. In this section we will analyze ideal examples
(that is with no axial mixing and no concentration polarization) for gas permeation for these other flow
patterns to determine the improvement in separation. Because real systems usually have some axial
mixing, the separation is often between that predicted for the ideal case and the perfectly mixed case.

Example 17-11. Flow pattern effects in gas permeation

The increase in separation for the different flow patterns can be compared for separation of oxygen
and nitrogen. Geankoplis (2003) presents a problem with a feed that is 20.9% oxygen, pr = 190 and pp
= 19 cm Hg, PO2/tms = 1.9685 × 10−5, αO2−N2 = 10.0, Fin = 1,000,000 cm3 (STP)/s, and cut = 0.2. The
models discussed later in this section were implemented using the spreadsheets in the chapter
appendix. The results shown in Table 17-3 illustrate that a countercurrent flow pattern provides better
separation with less membrane area.
Table 17-3. Results for oxygen mole fracs for different flow patterns in gas permeation systems.

Binous (2006) solved the system with Mathematica and obtained essentially identical values for yp
and yr, and areas that agree to the first three significant figures.
Geankoplis (2003) presents a complicated analytical solution for the completely mixed and cross-
flow cases. He obtained identical results for the completely mixed case and almost identical results
for cross-flow.

It is convenient to use staged models (Figure 17-19) to analyze the different flow patterns in
permeation systems. Essentially, this represents a numerical integration of the differential equations
representing the three configurations shown in Figure 17-18 (Coker et al., 1998).

Figure 17-19. Staged models for different flow patterns in gas permeation; (A) cross-flow
system, (B) co-current system, (C) countercurrent system



17.7.1 Binary Cross-Flow Permeation
Spiral-wound membrane units are very close to cross-flow operation with an unmixed permeate (Figure
17-18A). We can approximate this cross-flow system as a series of N well-mixed stages as shown in
Figure 17-19A. Since we know how to solve each of the well-mixed stages in Figure 17-19A, we can add
all the results to find the behavior of the cross-flow system. Since a complicated analytical solution exists
for binary cross-flow gas permeation (Geankoplis, 2003; Hwang and Kammermeyer, 1984), we can
check the accuracy of our numerical solution.
For a design problem (cut is specified and membrane area is unknown) solution is easiest if we make the
permeate flow rate Fp,j for each small well-mixed stage the same Fp,j = Fp; thus, each stage has different
areas. Then the flow rates from the cross-flow system are

(17-64a,b)

and the area is

(17-65)

Since the stages are well-mixed and rapid mass transfer is assumed, yp = yt and yr = yr,w. Thus, we can
write Eqs. (17-6a) and (17-8a) for each small, well-mixed stage j using variables yp,j, yr,j (both for the
more permeable component), , and . For constant selectivity α, these equations can be solved



simultaneously by substituting Eq. (17-8a) into (17-6a), rearranging, and solving with the quadratic
equation. The resulting solutions for each stage are identical to Eqs. (17-10) (in Example 17-2) except yin
is replaced with yr,j-1 and θ is replaced by θj = Fp/Fr,j-1 because volumetric flow rates are in cm3(STP)/s.
Retentate flow rates and retentate mole fracs for each stage can be found from the external mass balances
Eq. (17-7), which can be written in terms of volumetric flow rates in cm3(STP)/s. (Note: For ideal gases,
mole fraction = volume fraction.)

(17-66a)

(17-66b)

Equations (17-10) and (17-66) are solved for each stage starting with j = 1. The area Aj for each stage
can be determined from a rearrangement of Eq. (17-4b),

(17-67)

Once every stage has been calculated, the mole fracs for the cross-flow system are

(17-68a,b)

and the total area is given by Eq. (17-65). This set of equations is easy to program within a mathematical
package. If N is large enough (in most cases N = 100 is sufficient) very good agreement will be obtained
with the analytical solution, with less effort and less time. The numerical solution has the advantage that
variable selectivity can easily be included. A spreadsheet program and example are in the chapter
appendix. Shindo et al. (1985) show an alternate numerical solution method based on solution of the
differential equations and apply it to multicomponent separations.
The cross-flow system with unmixed permeate increases the separation compared to a completely mixed
permeation system. The cross-flow system works better than the well-mixed system because the average
driving force, [Σ(pryr,j – ppyp,j)]/N, is considerably larger in the cross-flow system than the single driving
force, (pryr,out − ppyp), in the well-mixed system. A real system probably has some but not complete
mixing on both permeate and retentate sides; thus, the permeate mole frac is probably between the values
calculated for the ideal cases.
The analysis for cross-flow can easily be extended to multicomponent systems. Now each stage is a
perfectly mixed multicomponent system with a feed from the previous stage. The results for each stage can
be calculated using the procedure in Section 17.3.3. Thus, a trial-and-error is needed on each stage, but
the entire cascade is only calculated once. Coker et al. (1998) illustrate a different procedure for
multicomponent cross-flow.



17.7.2 Binary Co-current Permeation
Tubular and hollow-fiber membrane systems can be operated in co-current flow (Figure 17-18B). Binary
gas permeation with co-current flow can be analyzed with a staged model similar to that used for cross-
flow except now yp ≠ yt, and the flow pattern must be used to relate the permeate mole frac to the mole
frac transferring through the membrane. The co-current model is shown in Figure 17-19B. This model
again represents a numerical integration of the differential equations. Coker et al. (1998) present a
solution method for multicomponent permeation when the membrane area is known but the cut is unknown,
and show that N = 100 is usually sufficient.
The solution for a design problem (cut is specified, and membrane area is unknown) is again easiest if we
make the total permeate mass transfer rate through the membrane for each small well-mixed stage, Ft,
constant, which is the same as using the same fraction of the total cut on each stage.

(17-69a,b)

thus, each stage has a different area. The flow rates leaving each stage are

(17-69c,d)

Because volumetric flow rates are in cm3(STP)/s and gases are ideal, these equations are equivalent to
mole balances. The transfer rates for gases A and B are similar to Eqs. (17-5a) and (17-5b), respectively,
except yp ≠ yt,

(17-70a)

(17-70b)

The mass balance for the permeate is

(17-71a)

Solving for the mole frac of the transferred gas,

(17-71b)

Dividing Eq. (17-70a) by (17-70b) and simplifying we obtain

(17-72)

After substituting in Eq. (17-71b) and simplifying, this becomes



(17-73)

with

(17-74a)

(17-74b)

(17-74c)

In the limiting case of N = 1 Eqs. (17-74a) to (17-74d) simplify to Eqs. (17-10a) to (17-10d).
The solution, as expected, is

(17-75)

To use Eqs. (17-74) and (17-75), we must know yp, j-1. Then after yp,j has been calculated, we can obtain
yr,j from a mass balance around the permeator.

(17-76)

Now we can find yt,j from Eq. (17-71b), and Aj from either Eq. (17-70a) or (17-70b). The value of j is
increased by one and the calculation is repeated for the next stage. When stage j = N has been calculated,
the outlet mole fracs are yp,N and yr,N. The total membrane area can then be calculated by summing all the
Aj, Eq. (17-65). Since no trial-and-error is involved, the calculation is very quick. A spreadsheet
program and example are in the chapter appendix.
The analysis for co-current flow can easily be extended to multicomponent systems. This extension is
very similar to the extension for cross-flow systems.

17.7.3 Binary Countercurrent Flow
Tubular and hollow-fiber modules can be arranged to have approximately countercurrent flow patterns
(Figure 17-18c). Since these flow patterns are an advantage in equilibrium-staged systems, we would
expect that they might be an advantage in membrane separations also. Example 17-11 showed that this is
true. The staged model for countercurrent flow is shown in Figure 17-19c. Coker et al. (1998) present a
solution method for a staged model for countercurrent, multicomponent permeation when the membrane
area is known but the cut is unknown, and show that N = 100 is usually sufficient.
Developing a design method for a binary, countercurrent permeator is challenging. Typically the values of
Fin, yr,0, pp, pr, PA/tms, PB/tms, temperature, and one additional variable, typically the cut θ, will be
specified. The difficulty with countercurrent flow is deciding how to get started, since generally not
everything needed to start is known at either end of the system. We will again assume that Ft is the same
for every stage, which requires the area of each stage to be different. Since yr,N is unknown, we will



assume a value for yr,N so that we can step off stages from the retentate product end of the column. This
makes the calculation trial-and-error, but convergence to the correct value of yr,N appears to be rapid if an
appropriate damping factor is selected.
To start stepping off stages in Figure 17-19c, we know or have assumed Fin, yr,N, yr,0, N (~ 100), and cut
θ. Then because volumetric flow rates are in cm3(STP)/s, Fp,1 = θFin, Fr,N = Fin − Fp,1, and the transfer rate
Ft is,

(17-77)

The procedure to step off stages is similar to the procedure to step off stages for the co-current system,
Eqs.(17-69) to (17-76), but the mass balance equations change since the permeate flow direction has
changed and we are stepping off stages backwards. The steps in the derivation starting with the equation
equivalent to Eq. (17-69c) and ending with Eq. (17-76) are given in Table 17-4.

Table 17-4. Development of design equations for binary, countercurrent gas permeation

For the stage by stage procedure, start with stage N, since yr,N is known. Counter i goes from 1 to N. Then
for any i, stage j = N − i + 1.
1. Calculate flow rates Fr,j-1 and Fp,j from Eq.  and yr,j-1 from Eq.  (Table 17-4).

2. Calculate yp,j from Eq.  using a, b, and c values from Eqs.  (Table 17-4).

3. Calculate yt,j from Eq.  (Table 17-4), and Aj from either Eq. (17-70a) or (17-70b).
4. If i < N, let i = i + 1 and repeat starting with step 1.
5. Check if correct value of yr,N was used.



a. The calculated value of yin,calc = yr,0. If yin,calc ≠ yin, adjust the guess for yr,N. The following empirical
approach appears to work well

(17-78)

where the damping factor is to prevent excessive oscillation. A value of 0.9 is reasonable for small
cuts such as 0.2 in Example 17-11. For larger cuts lower values may be required, and some
experimentation may be required to obtain convergence.

b. When yin,calc = yin within some tolerance ε, go to step 6 and finish the calculation.
6. Calculate the area from Eq. (17-65).

This calculation is fast on a spreadsheet. A spreadsheet program and example for the binary design
procedure are in the chapter appendix.
Coker et al. (1998) present a staged model for multicomponent simulation problems (membrane area
known) that develops a tri-diagonal matrix similar to those developed previously for distillation and for
absorption. All internal flows need to be assumed initially, and a sum-rates method was used to find new
flow rates. A good initial guess of flow rates is required for convergence. This procedure is
recommended for multicomponent countercurrent modules instead of using a stage-by-stage calculation.
The difficulty with the stage-by-stage calculation is C – 1 mole fracs (C = number of components) need to
be estimated to specify the exiting retentate, and then trial and error is needed for these C – 1 mole fracs.
Countercurrent membrane systems can also use a sweep gas or retentate reflux on the permeate side to
increase separation (Baker, 2002). The spreadsheet in Appendix 17.A.3 is easily modified for these
systems.

17.8 Summary—Objectives
In this chapter we have studied membrane separations including gas permeation, RO, UF and
pervaporation. At the end of this chapter you should be able to satisfy the following objectives:
1. Explain the differences and similarities between the different membrane separation systems
2. For a perfectly mixed system with no concentration polarization, predict the performance of an

existing membrane separation system and design a new membrane separation system using both
analytical and graphical analysis procedures

3. Explain and analyze the effect of concentration polarization and include it in the design of perfectly
mixed membrane separators

4. Explain and analyze the effect of gel formation and include it in the design of UF systems
5. Use energy balances to determine appropriate operating conditions for pervaporation systems
6. Explain and analyze the effects of flow patterns on the separation achieved in membrane systems
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Homework
A. Discussion Problems

A1. Membrane systems are rate processes and flash distillation is an equilibrium process. Explain
why the solution methods are so similar for well-mixed membrane separators and flash
distillation.

A2. How would you use the counter-current spreadsheet program in Appendix A.17.3 as a simulator
instead of as a designer?

A3. What are the advantages of asymmetric membranes compared to symmetric membranes?
A4. What are the advantages of hollow-fiber membranes compared to other geometries? When would

one use other geometries?
A5. In large membrane systems it is common to have membrane cascades with membranes arranged

both in parallel and in series. What are the advantages of this? The arrangements after the first set
of membranes in series usually will have fewer membranes in parallel. This has been called a
Christmas tree pattern. Draw this.

A6. Two membranes may be made of the same polymer but have very different behaviors. Explain
why.

A7. We are operating a stirred-tank UF system to concentrate an intermediate molecular weight
polypeptide. Unfortunately, for the membrane available, the retention is significantly lower than
desired. Two options for improving the retention have been proposed. Explain the conditions for
which each option will or will not improve retention.
a. Increase the stirrer speed.
b. Decrease the stirrer speed.

A8. We try decreasing the stirrer speed to increase the retention of the intermediate molecular weight
polypeptide and find it works. Unfortunately, the separation between the intermediate molecular
weight polypeptide and a low molecular weight compound becomes much worse. Explain what
happened.

A9. The Fly-by-Night Membrane Separation Company claims to have the solution for the osmotic
pressure limitation that occurs in RO of aqueous solution of concentrated salts. Their proposal is
basically to use UF instead of RO. Your boss wants to know if your company should invest in the
Fly-by-Night Membrane Separation Company. What do you tell your boss, and what is the reason?

A10. Some azeotropic mixtures can be separated by sending the vapor mixture to a gas permeation
system—designated as vapor permeation if the mixture is easily condensed (Huang, 1991; Neel,
1991)—and some (probably different) azeotropic mixtures can be separated by sending a liquid
mixture to an RO system. Why is pervaporation a much more popular method of separating
azeotropic mixtures? Note: In all cases a hybrid membrane-distillation system will probably be
used.

B. Generation of Alternatives
B1. There are a number of ways distillation and membrane separators can be combined as hybrid

systems. Brainstorm as many methods as you can.
B2. Devise schemes that will increase separation of the intermediate molecular weight polypeptide

from a low molecular weight compound if the retention of the intermediate molecular weight
polypeptide is initially too low.



C. Derivations
C1. Derive Eqs. (17-10) for a gas permeator.
C2. Solve Eq. (17-19) for xp as a function of xr.
C3. Derive Eq. (17-31) from shell balances. You should obtain a second-order equation. Do the first

integration and apply the boundary condition R = 1.0 at z = 0.
C4. For an RO system where osmotic pressure is a linear function of weight fraction of solute, π =

a′x, show that at the same values of xp, the relationship between R, R°, and M is

R = 1 − M(1 − R°)
What assumptions have to be made to use this relationship for a different RO module?

C5. Derive Eq. (17-11e).

D. Problems
*Answers to problems with an asterisk are at the back of the book.

D1.* A gas permeation system with a cellulose acetate membrane will be used to purify a carbon
dioxide-methane stream. The permeabilities are given in Example 17-2. The effective membrane
thickness tms = 1.0 μm (a micron = 1.0 × 10−6 meter). Operation is at 35°C. pH = 12 atm and pL =
0.2 atm (a vacuum). The feed is 15 mol% carbon dioxide. Assume ideal gases.
a. *A single-stage, well-mixed membrane separator will be used. Operate with a cut, θ = Fp/Fin =

0.32. Find yp, yout, and flux of carbon dioxide. If we feed 1 kmol/h of feed, calculate the
membrane area needed, Fp and Fout.

b. Design the two-step gas permeation system shown in the figure on the following page. Each
stage is well mixed. Use the same feed to the first stage as in part a. Pressures and feed mole
frac are the same as in part a. Set Fp1 = Fp2 = 0.5 Fp,parta (then Fout,2 = Fout,parta). Find yp1, yp2,
yout1 = yin2, yout2 and Fout1. Find the methane fluxes in both stages and the membrane areas
required in both stages.

D2. We are separating a gas stream by gas permeation in a perfectly mixed system. The feed is 20
mol% carbon dioxide and 80 mol% methane. The membrane permeabilities are PCO2 = 15.0 ×
10−10 and PCH4 = 0.48 × 10−10 [ccSTP cm]/[cm2 s cm Hg]. The selectivity = 31.25. The effective
thickness of the membrane skin is tms = 1.0 microns. We operate with pp = 3.3 atm, pr = 60 atm, Fin
= 2 mol/s, and Fp/Fin = 0.3. Find:
a. yp, yout.

b. Membrane area needed in m2.
D3. We are doing RO experiments with a completely mixed laboratory unit.

Experiment A. With a very high stirrer speed so that there is no concentration polarization, we do
an experiment with a feed that is 0.0077 wt frac sodium chloride in water. The cut θ′ (in mass



units) is 0.22 and the measured inherent retention is R° = 0.9804. The permeate pressure was 1.1
atm and the solvent flux was 415.4 g/(m2·s). Ksolv/tms = 33.29 g/(atm m2·s). Data: Assume
solutions have same density as water = 997 kg/m3. For dilute systems the osmotic pressure of
sodium chloride is π = a′ x where x is in wt frac, π in atm, and a′ = 15.446 atm/(wt frac).
For experiment A, the retentate pressure was not recorded. Calculate the value of retentate
pressure that was used for this experiment.

D4*. A cellulose acetate membrane is being used for RO of aqueous sucrose solutions at 25°C.
Data: Density of solvent (water) is ρ = 0.997 kg/L.
Density (kg/L) of dilute aqueous sucrose solutions is ρ = 0.997 + 0.4 x where x is the wt frac
sucrose.
At low sucrose wt frac the osmotic pressure (in atms) can be estimated as π = 59.895 x where x is
the wt frac sucrose.
Molecular weight of water is 18.016. Molecular weight of sucrose is 342.3. (Note: Some of this
data may not be needed to solve this problem.)
Experiment A. This experiment is done in a well-mixed stirred tank. At 1000 rpm with a 3 wt %
solution of sucrose in water using pr = 75 atm and pp = 2 atm, we obtain  = 4.625 g/(m2s). The
mass-transfer coefficient k = 6.94 × 10–5 m/s. We measure xr = xout = 0.054 and xp = 3.6 × 10−4.
a. Calculate the concentration polarization modulus M.
b. Calculate selectivity α′, , and /tms.
c. Estimate the mass transfer coefficient k if the rpm is increased to 2000.

D5. We are using a cellulose acetate RO membrane to concentrate a dilute sucrose mixture.
Operation is at 25°C.
a. We measure the pure water flux (no sucrose present) and find at a pressure drop of 102 atm

across the membrane,  = 1.5 × 10−3 [g/(cm2 s)]. An experiment in a highly stirred system (M =
1) with a dilute sucrose solution gives a rejection R° = 0.997 for an inlet wt frac of 0.050 and
cut, θ′ = 0.45 (in weight units). Find ( ) and the selectivity.

b. We will design a perfectly mixed RO system to operate at conditions where M = 3.0. The feed
is 2.0 wt % sucrose. We want a cut, θ′ = 2/3. Feed rate will be 5 kg/s. Pressure drop across the
membrane is 78 atm. Find xp, xr = xout, , and membrane area.

Data: At low concentrations the osmotic pressure (in atm.) of an aqueous sucrose solution can be
estimated as π = 59.895 x, where x is wt frac sucrose, and the density (in g/ml) can be estimated
as ρ = 0.997 + 0.4 x.

D6. UF of a dextran solution in a well-mixed system with gel formation gives the following data:

Determine k and the wt frac at which dextran gels.
D7. An UF membrane is first tested in a stirred cell where there is no concentration polarization. The

experimental values obtained are listed in the table. Then the same membrane is used in a spiral-
wound module where there is concentration polarization. Values listed are obtained. Assume
membrane thickness and permeabilities are the same. Estimate  from the stirred cell data and
assume the inherent membrane rejection is unchanged. Calculate the expected solvent flux and the
concentration polarization modulus Mc in the spiral-wound membrane system. No gel layer forms.



Use concentration units, g/L. Assume density = 0.997 kg/L.

D8. A perfectly mixed membrane module is used to concentrate helium in the retentate. The feed is 5
vol % helium and 95 vol % hydrogen at 5 atm. The membrane is natural rubber of the type used by
Nakagawa (Table 17-2) and operation is at 25°C. Active portion of membrane is 1.0 micron thick.
Permeate pressure is 1.0 atm. Assume gases are ideal.
a. If ypHe = 0.025, what are cut θ and yrHe?
b. If θ = 0.75, what are ypHe and yrHe?
c. If yrHe = 0.06, what are cut θ and ypHe?

d. For part a, what membrane area is required for a feed of 100m3(STP)/h?
D9. The following data were obtained for UF of skim milk in a spiral-wound system (Conlee, et al.,

1998).

a. Estimate the gelling wt frac, xg, and the mass transfer coefficient, k.
b. If you were the technician’s supervisor and one more run could be done, what data would you

want the technician to obtain to improve the estimate of xg?
D10. We are separating CO2 from CH4 in a perfectly mixed membrane module using a silicone rubber

membrane at 25°C. The permeabilities are PCO2 = 2700 × 10–10 and PCH4 = 800 × 10–10 cm3

(STP) cm/[cm2·s·cm Hg]. The thickness of the active layer of the membrane is tms = 1.2 microns.
The permeate pressure pp = 0.5 atm, and the retentate pressure is pr = 2.0 atm. Both gases can be
assumed to be ideal gases. The feed is 25 mol% CO2 and 75 mol% CH4.
a. Find yp and yr if the cut θ = 0.30.

b. Find the area for part a if  = 1.0 mol/s of feed gas.

c. For θ = 0.4, yp = 0.325, and yr = 0.175, find the area if  = 1.0 mol/s of feed gas.
D11. We are testing a UF membrane in a perfectly stirred system. With pure distilled water we obtain

a pure water flux of J = 5000.0 L/(m2 day) for a permeate pressure of 1.0 bar and a retentate
pressure of 4.0 bar. The density of water is 997 kg/m3.
Next we do experiments in the completely mixed system with a constant stirrer speed to separate
an aqueous feed that is 0.001 wt frac polysaccharide. Previous experiments showed that with this
stirred speed, the mass transfer coefficient k = 2.89 × 10–5 m/s. Since the system is quite dilute,
the solvent density is the same as pure water. The inherent rejection coefficient is R° = 1.0. The



permeate pressure is 1.0 bar, and a cut θ′ (in weight units) of 0.4 is used. The retentate pressure
was increased in steps, and the following data were collected:

Find the wt frac of the polysaccharide at which gelling occurs.
D12. A perfectly mixed membrane module is concentrating helium in the retentate. The feed is 20 vol

% helium and 80 vol % hydrogen at 4.5 atm. Permeate pressure is 1.0 atm and gases are ideal. If
yp,He = 0.1, find cut θ′ and yr,He. The membrane is the natural rubber studied by Nakagawa at 25°C
with the permeabilities listed in Table 17-2.

D13. We are running an RO system with NaCl in the aqueous feed at 0.035 wt frac. This approximates
the concentration of sea water, but sea water is much more complex. Typically, the highest cut for
RO of sea water is approximately 0.50 to 0.55. In the United States, the EPA lists the preferred
salt weight frac. in drinking water as 0.00050. In other countries, a higher drinking water
maximum salt concentration is used.
a. If xfeed = 0.035, xp = 0.00050, and θ′ = 0.55, what value of the retention R (including

concentration polarization effects) is required?
b. If xfeed = 0.035, xp = 0.00100 and θ′ = 0.55, what value of the retention R (including

concentration polarization effects) is required?
c. For part b if the inherent rejection coefficient R° = 0.992 (R° is with M = 1, no concentration

polarization), what was the value of M?
Data: For dilute systems the osmotic pressure of sodium chloride is π = a′ x where x is in wt frac,
π in atm, and a′ = 15.446 atm/(wt frac). Although this is not a dilute system, assume that it is.

D14. A pervaporation system will be used to remove water from n-butanol using a cellulose 2.5
acetate membrane in a perfectly mixed module. Feed is 90 mol% n-butanol. Feed rate is 100 lb/h.
Flux is 0.2 lb/ft2h. The pervaporation unit operates at Tp = Tout = 30°C where the selectivity of
water compared to butanol is 43 (in mole fraction units. WATCH UNITS!).
Data: Latent heats: butanol = 141.6 cal/g; water = 9.72 kcal/gmole.
Cp,B (45°C) = 0.635 cal/g °C, Cp,w (45°C) = 1.0 cal/g °C, MWB = 74.12, MWw = 18.016. Assume
that the heat capacities and latent heats are independent of temperature.
a. If the feed is at 60°C, find the cut, permeate mole frac, outlet liquid mole frac and the membrane

area.
b. If a cut of θ = 0.08 is used, find the permeate mole frac, the outlet liquid mole frac, and the feed

inlet temperature.
c. If the outlet water liquid mole frac is 0.05, find the permeate mole frac, cut, and inlet feed

temperature.
D15. An UF system is being used to concentrate latex particles in an aqueous suspension. The

membrane system is perfectly mixed on the retentate side and operates with a permeate pressure
of 1.0 bar and a retentate pressure of 2.2 bar. Because of the extensive stirring, the concentration
polarization modulus is M = 1.2 and no gel forms (xwall < xgel = 0.5). The osmotic pressure of



latex particles is negligible. The density of the solutions can be assumed to equal the density of
pure water = 0.997 kg/L. All of the latex particles are retained by the membrane (R° = 1.0). The
feed to the UF module is xr,in = 0.10 wt frac latex (for all parts). We operate with a cut θ′ = 0.2.
The feed rate of the suspension, , is 100 kg/h. The flux rate of the membrane with pure water is
2500 L/(m2 day).
a. *Find , xp and xr,out.
b. What membrane area is required?
c. If we decrease stirring and M increases, at what value of M will gel formation occur (θ′ = 0.2)?
d. At M = 1.2, what value of the cut θ′ will cause gel formation to occur?
e. If M = 1.2 and θ′ = 0.2, at what feed wt frac will gel formation occur? What is xr,out?
f. We are doing an experiment of slowly decreasing the amount of stirring. If gel formation first

occurs with xF = 0.20 and θ′ = 0.25, what are the values of M and the mass transfer coefficient k
with this amount of stirring? Jsolv = 2500, but the area has changed.

g. With the same amount of stirring as in part f, but otherwise new conditions, we do an
experiment with xF = 0.20, pr = 3.4 bar, pp = 1.0 bar, and θ′ = 0.2. Does a gel form? What is the
solvent flux in L/(m2day)?

h. With the same amount of stirring as in part f, but otherwise new conditions, we do an
experiment with xF = 0.20, pr = 3.4 bar, pp = 1.0 bar, and θ′ = 0.26. Does a gel form? What is
the solvent flux in L/(m2day)?

D16. We are doing RO experiments with a completely mixed laboratory unit.  = 1.387 g/(atm m2

s). Data: Assume solutions have same density as water = 997 kg/m3. The osmotic pressure of
sodium chloride is π = a′x where x is in wt frac, π in atm, and a′ = 15.446 atm/(wt frac).
Experiment B. With a very high stirrer speed so that there is no concentration polarization, we do
an experiment with a feed that is 0.0077 wt frac sodium chloride in water. The cut θ′ (in wt units)
is 0.22, and the measured inherent retention is R° = 0.976. The permeate pressure was 1.1 atm,
and the retentate pressure was 12.06 atm.
Experiment C. In this experiment a feed with 0.0093 wt frac sodium chloride was separated with
a permeate pressure of 1.1 atm and a retentate pressure of 15.2 atm. A cut (in wt units) of θ′ = 0.26
was used. Since operation was at a lower stirring speed, concentration polarization is expected. A
retention of R = 0.939 was measured.
a. What is the value of the concentration polarization modulus M in experiment C? If you are

unable to calculate a value of M, use M = 3.0 for part b.
b. What are the values of xout, xp, and the solvent flux  in Experiment C?

D17. On a Robeson plot (a log-log plot of selectivity versus oxygen permeability in Barrers) the upper
bound for separation of oxygen from nitrogen plots as a straight line. Approximate values of the
end points are for PO2 = 0.0001 Barrers, αO2-N2 = 42; and for PO2 = 10,000 Barrers, αO2-N2 = 1.9.
A Barrer is 10–10 [ccSTP cm]/[cm2 s cm Hg].
a. Find the equation for the straight line.
b. If we need an αO2-N2 = 8.0, what is the maximum value of PO2 that can be obtained?

D18. A silicone rubber membrane at 25°C is used to separate a feed that is 25 vol% N2, 40 vol% CO2,



5 vol% He, and 30 vol% H2. Feed rate is 1.0 m3(STP)/s. The thickness of the active layer of the
membrane is 0.8 mil. The membrane module is perfectly mixed and a cut fraction θ = 0.40 is
desired. Data are in Table 17-2. Assume ideal gases. Note: 1.0 mil = 0.00254 cm.
a. If pr = 2.5 atm and pp = 1.0 atm, find membrane area and outlet mole fractions of permeate and

retentate.
b. If pr = 1.0 atm and pp = 0.4 atm, find membrane area and outlet mole for fractions of permeate

and retentate.
Suggestion: Solve with Spreadsheet.

E. More Complex Problems
E1. We are doing RO of dilute aqueous sucrose solutions at 25°C. A feed that is 2.2 wt % sucrose is

separated in a very well-stirred system (M = 1.0) with pr = 60.0 atm and pp = 1.1 atm. We
measure the flux as  when xp = 0.00032 and xr,out = 0.056.
a. Calculate the cut θ′, the inherent rejection R°, and the sucrose flux .
b. Calculate the selectivity , ,  and .
c. If we now repeat the experiment with less mixing so that M = 2.1 with xfeed = 0.022, pr = 60.0

atm, pp = 1.1 atm, and θ′ = 0.61, calculate xr, xp, , and .
Data: For dilute systems the osmotic pressure of sucrose is π = a′x where x is in wt frac, π in atm
and a′ and other data for sucrose are in Problem 17.D4.

E2. We wish to use pervaporation to increase the ethanol concentration in an ethanol water mixture to
98.5 wt %. The feed from the distillation column to the pervaporation unit is 90 wt % ethanol.
This feed is pressurized and heated to 85°C. It is then fed to a system similar to Figure 17-14,
except the retentate can be reheated to 85°C and be sent to a second pervaporation stage.
Additional stages can be added if needed. A 20-micron thick polyacrylonitrile film membrane is
used (see Figure 17-16). Assume that each stage of pervaporation is perfectly mixed and operates
at 25°C. The final retentate (the product) needs to be at 98.5 wt % ethanol or higher. The permeate
streams are pressurized and recycled to the distillation column. If we desire to process 100 kg/h
of the 90 wt % ethanol distillate, find:
a. Number of stages needed in the pervaporation system.
b. For each stage: the cut, the permeate flow rate and the product flow rate. Also the wt frac of the

combined permeate streams and the retentate wt frac.
c. The membrane area required for each stage.

F. Problems Requiring Other Resources
F1. We are using pervaporation to separate a benzene–isopropyl alcohol mixture. The pervaporation

unit is perfectly mixed. Figure 12-23 in Wankat (1990) shows the separation factor of benzene
with respect to isopropyl alcohol vs. the wt. fraction of benzene in the liquid for pervaporation. If
operation is at 50°C = Tp = Tout, xin = 0.30 wt frac benzene and the θ = 0.10, find yp, xout, and Tin.
(Assume heat capacities and latent heats are independent of temperature.)
Note: Use the lines on the selectivity diagram not the data points.

H. Spreadsheet Problems
H1.* In Section 17.3.3 the following statement appears, “Geankoplis (2003) solves the



multicomponent permeator system by a different method but the results are identical.” Solve
Example 13.5-1 in Geankoplis (2003) using the method in Section 17.3.3 with a spreadsheet and
show that the results agree with Geankoplis’ solution.

H2. Repeat Problem 17.D2, except do it as a cross-flow system on a spreadsheet.
a. Find solution for N = 1, which is the perfectly mixed answer.
b. Find solution for N = 1000, which is the cross-flow answer.

H3. A countercurrent membrane module with a poly(dimethylsiloxane) membrane operates at 35°C to
separate air (assume air is 20.9% oxygen and 79.1% nitrogen). We want a permeate product that
is 23.5% oxygen (above this limit for safety reasons, stainless steel has to be used in all later
equipment). Fin = 100,000 cm3(STP)/s, pr = 1.5 atm, pp = 1.0 atm, and tms = 0.00002 cm,
Find θ, yr,out, Fp and A.
WATCH YOUR UNITS
The spreadsheet in Appendix 17A.3 is not set up for this type of problem. The easiest approach is
to use the spreadsheet as is and guess thetatot. Change thetatot until you get the desired yp.

H4. Pervaporation problems are trial and error but can be conveniently solved on a spreadsheet if the
selectivity is constant.
a. Solve Problem 17.D14a with a spreadsheet and check your answer with the graphical solution.

The graphical and spreadsheet solutions should agree.
b. Repeat Problem 17.D14a but with the feed at 80°C.

H5. RO experiments are done in a laboratory stirred-tank membrane system. With pure water we
measure the pure water flux = 17.89 g/(m2 s) when pr = 15.2 atm and pp = 1.1 atm. We then do an
experiment with a highly stirred system (M = 1) with pr = 13.4 atm and pp = 1.1 atm and find R° =
0.971. We now plan on doing an experiment with pr = 11.3 atm and pp = 1.1 atm, θ′ = 0.55, xin =
0.006, and a mass transfer coefficient of k = 4.63 × 10–5 m/s. Density of water is 0.997 kg/L.
Predict M, R, , xp, and xr for the new experiment. Use of a spreadsheet or other computer solver
is highly recommended.

H6. Repeat Problem 17.H5, but find the value of k that gives M = 1.1. Report M, R, , xp, and xr.
Use of a spreadsheet or other computer solver is highly recommended.

H7. Repeat Problem 17.H5 (xin = 0.006) but doing an experiment with pr = 21.4 atm and pp = 1.1 atm,
θ′ = 0.45, and a mass transfer coefficient of k = 4.63 × 10-5m/s. Predict M, R, , xp, and xr for the
new experiment.

Chapter 17 Appendix. Spreadsheets for Flow Pattern Calculations for Gas
Permeation

The flow pattern calculations can be done with an Excel spreadsheet using Visual Basic (VBA).
In the spreadsheets shown here, data are input into the spreadsheet and all calculations are done in
the VBA program. All programs are done for constant values of the selectivity α, although it
would not be difficult to use an α that depended on gas mole frac. These programs are meant to
provide examples of VBA spreadsheet programs to analyze the three flow configurations shown in
Figure 17-19. The best way to learn this material is to write your own spreadsheet, not copy these
spreadsheets. If you are unfamiliar with VBA, read Appendix 4B, Part 1.



17.A.1 Cross-Flow Spreadsheet and VBA Program
The cross-flow calculation requires no trial-and-error and is very fast even with n = 20,000. The
spreadsheet inputs the required values and records results. All calculations of the equations in
Section 17.7.2 are done in the Visual Basic program. The spreadsheet is shown with input values
for the separation of oxygen and nitrogen in Example 17-11 and the final results.

17.A.2 Co-current Flow Spreadsheet and VBA Program
The co-current calculation requires no trial-and-error and is very fast. The spreadsheet inputs the



required values. All calculations of the equations in Section 17.7.3 are done in the Visual Basic
program. The spreadsheet is shown with values for the separation of oxygen and nitrogen in
Example 17-11.

17.A.3 Countercurrent Flow Spreadsheet and VBA Program



This calculation is trial-and-error since yr,N must be guessed. A loop using Eq. (17-78) to
converge on the correct value for yr,N is used with an arbitrary number of trials M (in this example
M = 5). The spreadsheet inputs the required values. All calculations of the equations in Section
17.7.4 are done in the Visual Basic program. The spreadsheet is shown with values for the
separation of oxygen and nitrogen in Example 17-11. Note that a very poor first guess for yr,N =
0.001 (not shown here) converged with M = 10 to the correct yin.





Chapter 18. Introduction to Adsorption, Chromatography, and Ion
Exchange

In the first 14 chapters we looked at separation techniques such as distillation and extraction that are often
operated as equilibrium-staged separations, and even when they are not operated this way can be
analyzed as equilibrium-staged separations. Except for Chapter 9, “Batch Distillaton,” and Section 13.6,
which discussed batch extraction, all separations were steady state. In Chapter 17 we studied membrane
separations that are not operated as equilibrium processes; however, well-mixed membrane separators
are analogous to flash distillation, and staged models are useful for integrating the mass balances and rate
expressions for more complex flow patterns. Since the membrane processes are normally operated at
steady state, the analysis is usually straightforward. In this chapter we will study three closely related
processes that are rarely operated or analyzed as steady state, equilibrium-staged systems. These sorption
processes are usually operated in packed columns in a cycle that includes feed and regeneration steps;
thus, as normally operated, these processes are inherently unsteady state.
Adsorption (note the “d” not a “b”) involves contacting a fluid (liquid or gas) with a solid (the
adsorbent). One or more of the components of the fluid are attracted to the surface of the adsorbent. These
components can be separated from components that are less attracted to the surface. Adsorption is
commonly used to clean fluids by removing components from the fluid or to recover the components.
Many homes and apartments use a carbon “filter” (actually an adsorber) for water purification.
Chromatography is a similar process that uses a solid packing material (an adsorbent or other solid that
preferentially attracts some of the components in the mixture), but the operation is devised to separate
components from each other. You may have analyzed the composition of samples with analytical
chromatography (gas or liquid) in chemistry or engineering labs. In ion exchange the solid contains
charged groups that interact with charged ions in the liquid. The best-known application of ion exchange
is water softening to remove calcium and magnesium ions and replace them with sodium ions. These
separation methods are complementary to the equilibrium-staged processes. They are often used for
chemical analysis, separation of dilute mixtures, and separation of difficult mixtures where the
equilibrium-staged separations either do not work or are too expensive.
Note: A nomenclature list for this chapter is included in the front matter of this book.
The three separation techniques studied in this chapter are similar since a solid phase causes the
separation. When we want to lump them together we will call them sorption processes. The general term
for an adsorbent, ion exchange resin or chromatographic packing is sorbent. The most common equipment
for sorption processes is a stationary packed bed of the solid. The solid in sorption systems directly
causes the separation, which is different than packed beds for the equilibrium separations studied earlier
where the solid was inert but increased the interfacial area and mass transfer coefficients between the gas
and liquid. If feed is introduced continuously into the sorption packed bed, the bed will eventually
saturate (e.g., approach the feed concentration) and separation will cease. Much of the art and expense of
designing these systems is in the regeneration step that removes the component from the packing material.
Regeneration is so important that different processes are often named based on the regeneration method
used.
This chapter is a simplified introduction to the fascinating and valuable sorption separation methods. The
first three-fourths of the chapter relies on equilibrium analysis—mass transfer is introduced in Section
18.6. The development is similar, but at a more introductory level, to that in Wankat (1986; 1990). Once
you understand this chapter, you will be able to discuss these techniques with experts and will be
prepared to begin more detailed explorations of these methods in more advanced books (e.g., Do, 1998;



Ruthven, 1984; Ruthven et al., 1994; Yang, 1987; 2003).

18.1 Sorbents and Sorption Equilibrium
Since sorption and sorbents are quite different from the equilibrium-staged processes and the membrane
separations studied earlier, we need to first carefully define the terms needed to study and design these
systems. After a short description of the different sorbents, the equilibrium behavior of sorbent systems
will be introduced. Then the last fundamental piece required is the mass transfer characteristics of
sorbents and sorption processes.

18.1.1 Definitions
The most common contacting device for adsorption, chromatography, and ion exchange is the packed bed
shown schematically in Figure 18-1. The particles are packed in the cylindrical column of cross-sectional
area Ac and the length of the packed section is L. Some type of support netting or frit is used at the bottom
of the packed section and a hold down device such as a net or frit is used at the top of the packed section.
Figure 18-1 illustrates a number of important variables. The external porosity εe is the fraction of the
column volume that is outside the particles. To some extent the value of εe depends on the shape of the
particles (e.g., εe is smaller for spheres than for irregular shaped particles) and the packing procedure
used. It is important to have a uniformly packed column with a constant value of εe. The internal porosity
εp is the fraction of the volume of the pellets that consists of pores and thus, is available to the fluid. The
total volume available to the fluid is

(18-1a)

Figure 18-1. Schematic of adsorption column and particle (Wankat, 1986), reprinted with
permission, copyright 1986, Phillip C. Wankat

From this equation we can define the total porosity εT as the sum of all the voids.

(18-1b)

Porosities are dimensionless quantities.
Although the fluid can fit into all the pores, molecules such as proteins may be too big to fit into some or



all of the pores. This size exclusion can be quantified in terms of a dimensionless parameter Kd where Kd
= 1.0 if the molecule can penetrate all of the pores and Kd = 0 if the molecule can penetrate none of the
pores. The value of Kd,i for a given molecule i can also be between 0 and 1 since the pores are not of
uniform size. The volume available to a molecule is,

(18-1c)

This picture is useful but does not match all adsorbents. Gel-type ion-exchange resins have no permanent
pores. Instead they consist of a tangled network of interconnected polymer chains into which the solvent
dissolves. In effect, εp = 0. Macroporous ion-exchange resins have permanent pores and εp > 0, but often
Kd < 1.0 for large molecules. Many activated carbons have both macropores and micropores; thus, there
are two internal porosities. Molecular sieve zeolite adsorbents are used as pellets that are agglomerates
of zeolite crystals and a binder such as clay. In this case, there is an interpellet porosity (typically, εe ~
0.32), an intercrystal porosity (εp1 ~ 0.23) and an intracrystal porosity (εp2 ~ 0.19), which has Kd,i ≤ 1.0
(Lee, 1972).
Two different velocities are typically defined for the column shown in Figure 18-1. The superficial
velocity, which is easy to measure, is the average velocity the volumetric flow of fluid would have in an
empty column. Thus,

(18-2a)

where Q is the volumetric flow rate (e.g., in m3/s), the cross sectional area  is in m2 and vsuper
is in m/s. The interstitial velocity vinter (also in m/s) is the average velocity the fluid has flowing in
between the particles. Since the cross-sectional area actually available to the fluid is εe Ac, a mass
balance on the flowing fluid is

vinter εe Ac = vsuper Ac

which gives

(18-2b)

Since εe is less than 1.0, vinter > vsuper. Very large molecules that are totally excluded from the pores and
are not adsorbed move at an average velocity of vinter.

There are also different densities of interest. The first, the fluid density ρf (e.g., in kg/m3) is familiar. The
second density is the structural density ρs (e.g., also in kg/m3) of the solid. This is the density of the solid
if it is crushed and compressed so that there are no pores and all of the air is removed. The particle or
pellet density ρp is the average density of the particles consisting of solid plus the fluid in the pores.

(18-3a)

Manufacturers often report a bulk density ρb of the adsorbent. This density is the weight of the adsorbent
as delivered, which includes fluid in the pores and between the particles, divided by the volume of the



container. The bulk density can be calculated from the other densities.

(18-3b)

The bulk and particle densities will also be in kg/m3. If the fluid is a gas with ρf << ρp,

(18-3c)

Unfortunately, it is often unclear as to which density is being referred to. By comparing the values given
by the manufacturer to the approximate values listed in Table 18-1, one may be able to determine which
density is being referred to.

Table 18-1. Properties of common adsorbents (Humphrey and Keller, 1997; Reynolds et al., 2002;
Ruthven et al., 1994; Wankat, 1990; Yang, 1987)

One last useful definition is the tortuosity τ. The tortuosity relates the effective diffusivity in the pores
Deffective to the molecular diffusivity in free solution, Dmolecular

(18-4)

Note that τ is dimensionless. Equation (18-4) was originally derived from geometric considerations using
a simple geometric model. However, measured values of τ are often much larger than expected from
purely geometric arguments because the diffusion is hindered by the walls or at the pore mouth. Thus, we
will treat τ and Deffective as empirical (experimentally measured) quantities. The molecular diffusivity can
be determined experimentally, but there are also a number of well-known methods to predict Dmolecular
(See Section 15.3).

18.1.2 Sorbent Types
A variety of sorbents are used commercially for separations. We will first present a very short
introduction to commercially used adsorbents. If more detail is required, refer to Yang (2003) who
presents very detailed analyses. The commercially important adsorbents are highly porous and have high
surface areas per gram. This high surface area greatly increases the capacity for adsorption at the surface.
Typically, 98% of the adsorption occurs in the pores inside the particles and only 2% on the external
surface. Molecules that adsorb are called the adsorbate. Adsorbed molecules typically have a density



close to that of a liquid. Thus, there are major density and volume changes when gases are adsorbed, but
very little change when liquids are adsorbed.
Activated carbon is a very porous adsorbent with a carbon backbone but a number of other species such
as oxides of carbon on the surface. Since activated carbon is inexpensive, strongly adsorbs organic
compounds, and has a large number of applications, it is the most commonly used adsorbent (Bonsal et
al., 1988; Faust and Aly, 1987). It is produced by carbonizing a material such as wood, coke, or coconut
shells. Activation is typically done with carbon dioxide or steam to create the porous structure and to
oxidize the surface. Additional chemical treatments such as with iodine can be used to produce specialty
carbons (Yin et al., 2007). Carbons are produced for both liquid and gas separations. Because the starting
materials and the chemical treatments vary, different activated carbons can have very different properties.
Thus, the average values reported in Table 18-1 should be used only for very preliminary calculations
and approximate designs. Experimental data on the particular brand, grade, and size of activated carbon
must be used for more detailed designs.
Because activated carbon has essentially a nonpolar surface, water is adsorbed weakly, often by capillary
condensation in gas systems (Yang, 1987). Thus, many organic compounds are much more strongly
adsorbed than water. This makes activated carbon the usual adsorbent of choice for processing aqueous
solutions and humid gases. Activated carbon is commonly used for pollution control to remove organic
compounds from water. Equilibrium isotherms have been measured for a large number of compounds
(Dobbs and Cohen, 1980). Activated carbon is also frequently used to adsorb small amounts of organics
from gases, process sugar, purify alcohol, provide personal protection as part of the complex mixture of
adsorbents included in gas masks, and many other applications.
Carbon molecular sieves (CMS) have very tightly controlled pore structures. They are prepared in a
manner that is similar to activated carbon except there is often an additional step where a hydrocarbon is
cracked or polymerized on the surface to create the desired uniform pore size (Ruthven et al., 1994).
Because of the extra care required in processing and because of patent protection, CMS are significantly
more expensive than activated carbon. Currently, CMS are commonly used for producing pure nitrogen
from air. Unlike the vast majority of commercial adsorbents, CMS can separate based on different
diffusion rates instead of different equilibrium behavior. The design of these kinetic adsorption processes
is highly specialized and is beyond the scope of this chapter (e.g., see Ruthven et al., 1994).
Zeolite molecular sieves are crystalline aluminosilicates with the general formula

Mx/n[(AlO2)x (SiO2)y ]z H2O

where M represents a metal cation such as lithium, sodium, potassium or calcium of valence n; x and y are
integers (y ≥ x); and z is the number of water molecules per unit cell. Since zeolites are crystals, the pores
have exact dimensions (Ruthven, 1984; Ruthven et al., 1994; Sherman, 1999; Yang, 1987, 2003). Thus,
zeolites can be used to separate based partially on steric exclusion although separations where steric
exclusion is not employed are more common. A large number of synthetic and naturally occurring zeolites
are known (Vaughan, 1988) although not all are used commercially as adsorbents. Commercial
applications of zeolites as adsorbents include drying air and natural gas, drying organic liquids, removal
of carbon dioxide, separation of ethanol and water to break the azeotrope, and separation of oxygen from
the nitrogen in air. The major steric exclusion application is the separation of straight-chain hydrocarbons
(used for biodegradable detergents) from branched-chain hydrocarbons. Some of the properties of
zeolites are reported in Table 18-1.
Silica gel is an amorphous solid made up of colloidal silica SiO2 that is normally used in a dry granular
form. [The name “gel” arises from the jellylike form of the material during one stage of its production.
(Reynolds et al., 2002).] Silica gel is commonly used for drying gases and liquids since it has a high



affinity for water. Silica gel is complimentary to zeolites since it is cheaper and has a higher capacity at
water vapor pressures greater than about 10 mm Hg (Humphrey and Keller, 1997) but cannot dry the fluid
to as low a water content. Columns with a layer of silica gel at the feed end and a layer of zeolite at the
product end are commonly used for drying since they can combine the best properties of both adsorbents.
Note that silica gel can be damaged by liquid water. Some of the properties of silica gel are reported in
Table 18-1.
Activated alumina Al2O3 is also commonly used for drying gases and liquids and is not damaged by
immersion in liquid water. It is produced by dehydrating aluminum trihydrate, Al (OH)3 by heating.
Activated alumina has properties that are similar to silica gel although it is physically more robust. It
competes with silica gel in drying applications although its capacity is a bit lower at water vapor
pressures greater than about 1 mm Hg (Humphrey and Keller, 1997). Activated alumina is also used in
water treatment to selectively remove excess fluoride. Some of the properties of activated alumina are
listed in Table 18-1.
A large number of other materials have been used commercially as adsorbents. These include an
uncharged form of the organic polymer resins commonly used for ion exchange (see Section 18.5).
Although considerably more expensive, these resins compete with activated carbon for the recovery of
organics. Activated bauxite is an impure form of activated alumina. A number of clays are used for
purification of vegetable oils. Bone char, which has both adsorptive and ion exchange capacities, is used
in purification of sugar.
When the common adsorbents are used in chromatography applications (Cazes, 2005), they are used as
much smaller particles with a much tighter particle size distribution. A number of specialized packing
materials have been developed for chromatographic applications. In gas-liquid chromatography a high-
boiling, nonvolatile liquid (the stationary phase) is coated onto an inert solid such as diatomaceous earth.
A similar method called liquid-liquid chromatography coats an immiscible liquid on an inert solid. This
packing is now often replaced with bonded packing where the stationary phase, often a C8 or a C18
compound, is chemically bonded to the inert solid, which is usually silica gel. The equilibrium behavior
of these specialized packings is usually similar to gas-liquid absorption or liquid-liquid extraction, but
because of the presence of the inert solid, the equipment and operating principles are similar to
adsorption-chromatography.

18.1.3 Adsorption Equilibrium Behavior
Equilibrium behavior of adsorbents is usually determined as constant temperature isotherms. Valenzuela
and Myers (1984, 1989) present the most extensive compilations of isotherm data, and are the best entry
point into the very large literature on adsorption equilibrium measurements and theories. Basmadjian
(1986) has extensive data on water isotherms from gases and liquids. Dobbs and Cohen (1980) and Faust
and Aly (1987) present adsorption data for common pollutants.
Relatively typical isotherm data for gas adsorption of single components are shown in Figures 18-2A and
18-2B. Figure 18-2A shows the effect of changing the gas. Hydrogen is least strongly adsorbed, followed
by methane. Adsorption peaks for ethane and ethylene and then the maximum is less for propane although
its adsorption is stronger at low partial pressures. Each adsorbent has an optimum size molecule for peak
adsorption. Figure 18-2B compares the adsorption of ethylene on different adsorbents.
Figure 18-2. Adsorption isotherms for pure gases: (A) Gases on Columbia grade L activated carbon

at 310.92 K (Ray and Box, 1950; Valenzuela and Myers, 1989), (B) Ethylene on different
adsorbents at varying temperatures (Valenzuela and Myers, 1989). Key: 1 = Columbia grade L

activated carbon at 310.92 K. 2 = Taiyo Kaken Co., Japan, attrition resistant activated carbon at



310.95 K. 3 = Pittsburgh Chemical Co. BPL activated carbon at 301.4 K. 4. Union Carbide 13X
Linde zeolite at 298.15 K. 5 = Davison Chemical Co. silica gel at 298.15 K.

At low concentrations or partial pressures isotherms are often linear. As the partial pressure of the gas
increases the isotherm becomes nonlinear, that is, it curves. Equilibrium data for adsorption of single
gases are often fit with the Langmuir isotherm,

(18-5a)

where qA is the amount of species A adsorbed and qA,max is the maximum amount of species A that can
adsorb (kg/kg adsorbent or mol/kg adsorbent), PA is the partial pressure of species A (mm Hg, kPa, or
other pressure units), and KA is the adsorption equilibrium constant in suitable units. Note that for very
small partial pressures, KA,p pA << 1.0 and Eq. (18-5a) simplifies to the linear form

(18-5b)

while at very high partial pressures, KA,p pA >> 1.0, Eq. (18-5a) simplifies to

(18-5c)

This is a horizontal line that represents saturation of the adsorbent.
For liquid systems the isotherm is usually written in terms of the liquid concentration cA (mol/m3 or
kg/m3),

(18-6a)

In the linear limit when KA cA << 1.0, this simplifies to

(18-6b)

The adsorption equilibrium constants KA,c and  will be in different units for liquid systems than for
gas systems. Equilibrium constants for several systems are listed in Table 18-2.

Table 18-2. Equilibrium Constants



Isotherm data at different temperatures invariably shows that there is less material adsorbed as the
temperature increases. The adsorption equilibrium constant often follows an Arrhenius form

(18-7a)

where KAo is a pre-exponential factor, ΔH is the heat of adsorption (e.g., in J/kg), R is the gas constant
and T is the absolute temperature (e.g., in K). Since adsorption is invariably exothermic, ΔH is negative.
If the Arrhenius form is followed, a plot of ln KA vs. 1/T will be a straight line with a slope of −ΔH/R.
Don’t automatically assume that data follow an Arrhenius form. Plot the data and check if they are on a
straight line. Typically, qA,max slowly decreases as temperature increases, perhaps in a linear fashion.

Langmuir used a simple kinetic argument (e.g., Wankat, 1990) to derive Eqs. (18-5a) and (18-6a). When
this argument is used, qA,max is the coverage obtained with a monolayer. Langmuir’s isotherm can also be
derived with a statistical mechanics argument (e.g., Ruthven, 1984). The Langmuir isotherm is used to
correlate data even when there is reason to believe that the mechanism postulated by Langmuir is
incorrect. For liquid systems it is common to write the Langmuir isotherm as

(18-6c)

and there is no implication that a or b have physical interpretations. Correlation of data is best done by
multivariable regression techniques, but is often done by plotting c/q vs. c (or p/q vs. p). In these plots the
Langmuir isotherm plots as a straight line (see Example 18-1 and homework Problem 18.D1).
The Langmuir isotherm is thermodynamically correct for single component systems. It has also been used
as the basis for a variety of other isotherms such as the BET isotherm (multiple layers of adsorbate), the
Langmuir-Freundlich isotherm, and the linear-Langmuir isotherm (add a linear isotherm and a Langmuir
isotherm Eq. (18-6c) with different values of a). The Langmuir isotherm is also commonly extended to the
adsorption of multicomponent mixtures. For example, for the simultaneous adsorption of components A



and B Eq. (18-6c) becomes

(18-8a,b)

This equation correctly predicts that the two adsorbates compete for adsorption sites. That is, if the
concentration of B increases the amount of A adsorbed will decrease. Unfortunately, very few systems
follow Eqs. (18-8) exactly, and if aA does not equal aB Eq. (18-8) is not thermodynamically consistent
(LeVan and Vermeulen, 1981). Despite these problems Eq. (18-8) and its extensions to more components
are commonly used for theories for multicomponent adsorption because this is the simplest form that
shows competition.
A thermodynamically correct approach, the Ideal Absorbed Solution (IAS) theory, uses the Langmuir
isotherm as the basic single component isotherm for the adsorption of mixtures. Since the details for these
additional isotherms are beyond the scope of this book, readers who need to use more complex isotherms
are referred to Do (1998), Ruthven (1984), Valenzuela and Myers (1989), and Yang (1987; 2003).

Example 18-1. Adsorption equilibrium

Experimental equilibrium data for the adsorption of methane on Calgon Carbon Corp. PCB activated
carbon are listed in Table 18-3. Determine if the Langmuir isotherm, Eq. (18-5a), is a good fit to the
data at T = 373 K and if the adsorption equilibrium constant KA,p follows the Arrhenius form, Eq.
(18-7). The other values for KA,p are KA,p (296 K) = 2.045 × 10−3 (kPa)−1 and KA,p (480 K) = 1.888
× 10−4 (kPa)−1 (see Problem 18.D1).

Table 18-3. Equilibrium data for methane on Calgon PCB activated carbon (Ritter and Yang,
1987; Valenzuela and Myers, 1989)

Solution

A. Define. Find the best-fit parameter values for KA,p and qA,max in Eq. (18-5a) for the 373 K data.
Then plot the isotherm data and the Langmuir isotherm to determine if this is a good fit. Finally,
determine if the KA,p data satisfies Eq. (18-7) and find ΔH.

B. and C. Explore and plan. Equation (18-5a) can be rearranged so that it will be a straight line.
Multiply both sides by (1 + KA,ppA) and divide by qA

(18-5c)



If the Langmuir isotherm is valid, a plot of pA/qA vs. pA will be linear. Direct nonlinear fitting of
the raw data can also be done instead of linearization.
Take the natural log of both sides of the Arrhenius relationship, Eq. (18-7a)

(18-7b)

A plot of ln KA,p vs. (1/T) will be a straight line if the Arrhenius equation is followed. We can also
check to see if qmax follows an Arrhenius form.

D. Do it. The values of p/q at 373 K are listed in Table 18-3. The plot of p/q vs. p is shown in Figure
18-3A.
Intercept = 360 = 1/(qmaxKAp)

Figure 18-3. Plots of equilibrium data for Example 18-1; (A) plot to give straight line for
Langmuir isotherm, (B) Langmuir isotherm, (C) check on Arrhenius relationship



and the Langmuir isotherm at 373 K is

The plot of this isotherm is shown in Figure 18-3B. Agreement between the Langmuir curve and the
data are quite good.
The values for the Arrhenius plot are,



The plots of ln KA,p vs. 1/T and ln qmax vs. 1/T are both shown in Figure 18-3C. Clearly the data for
both plots are well fit by straight lines and the Arrhenius relation is satisfied for both KA,p and
qmax. Then from Eq. (18-7b) for the KA,p plot, slope = −ΔH/R
Slope = 1840

E. Check. Figure 18-3B is a check on the fit of the Langmuir constants. Since the agreement between
the curve and the data points is quite good, the analysis is confirmed. The close agreement of the
Arrhenius plot is another check on the analysis procedure.

F. Generalize. The fit to the straight line in Figure 18-3C is closer than for many other adsorption
systems. Remember that although the amount adsorbed generally decreases as temperature
increases, adsorption does not always follow an Arrhenius relationship. Note that the values of
qmax are even less likely to follow the Arrhenius relationship although this system does.

18.2 Solute Movement Analysis for Linear Systems: Basics and Applications to
Chromatography
Packed columns similar to Figure 18-1 are the most common contacting devices used for adsorption and
chromatography. Although there are exceptions, they are usually operated vertically with the flow parallel
to the axis of column. Adsorption, chromatography, and ion exchange in packed columns are inherently
unsteady state or batch type processes. Since the sorbent is stationary, it will saturate at the feed
concentration if feed enters the column continuously. Thus, there must also be a regeneration step that
removes most of the sorbate from the packing. The commonly used regeneration methods are to use an
inert purge stream, change the temperature, change the pressure, and use a desorbent. After the
regeneration step, there may be an optional cooling or drying step. Then the next cycle starts with the feed
step. These processes will be analyzed in Sections 18.2 to 18.8 using increasingly complex analysis
procedures. In this section we will start with the simplest theory, solute movement theory for linear
isotherms, applied to elution chromatography, the simplest process to analyze.
Complete analysis of sorption processes requires computer simulation with a rather complex simulation
program to solve the coupled algebraic and partial differential equations. Unfortunately, simulators often
do not provide a physical picture of why the separation occurs and once a result is obtained simulators
don’t tell what to do to improve the separation. A relatively simple tool that is based on physical
arguments and can be solved with pencil and paper (or a spreadsheet) will prove to be very useful even if
it is not completely accurate. Solute movement analysis is a tool that allows engineers to use physical
reasoning and understanding so that they can understand the results from experiments or simulations. The
role of solute movement analysis in sorption processes is thus, analogous to the role of McCabe-Thiele
diagrams in distillation, absorption, and extraction. Solute movement theory is used to understand the
separations and for troubleshooting, not for final design.

18.2.1 Movement of Solute in a Column
Solute or sorbate within the packed section of a column can be in one of three locations. The solute can be
in the interstitial void space εe and be moving at the interstitial velocity vinter. If the solute is in the



intraparticle voids (1 − εe)εp or sorbed to the stationary solid it will have a net axial velocity of zero. In
other words, the solute molecules are either scooting forward axially at a high velocity (remember that
vinter is greater than vsuper), or they aren’t moving at all. The average solute velocity us is

(18-9)

(18-10)

This fraction can be calculated by considering the distribution of an incremental change in solute
concentration Δc (e.g., in kmol/m3) and its corresponding change in the amount sorbed Δq (e.g., in
kmol/kg adsorbent). The amount in each location can be determined by calculating the inventory of mass.

(18-11a)

(18-11b)

where Kd is the fraction of pores that molecules can squeeze into. This term becomes important in size
exclusion chromatography which separates molecules based on size and ideally has no adsorption, Δq =
0 (Wu, 2004).
Both Eqs. (18-11a) and (18-11b) are in kmoles adsorbate if c is kmol/m3.

(18-11c)

The Kd term is not included in Eq. (18-11c) since we assume Δq is based on a measurement that
automatically includes any steric hindrance. Equation (18-11c) will also be in kmoles adsorbate. If q and
c are in different units than in this derivation, the mass balances will be slightly different (compare Eqs.
18-14a, b and c to 18-13).
Inserting Eq. (18-11) into Eq. (18-10) one obtains,

(18-12)

After Eq. (18-12) is substituted into Eq. (18-9), the result can be simplified to

(18-13)

The exact form of Eq. (18-13) depends upon the units of the equilibrium data. For example, if q is in kg
solute/kg solid and x is in kg solute/kg fluid so that the isotherm expression is q = f(x), then there must be
a ρF (kg fluid/m3) term in Eqs. (18-11a) and (18-11b) and Δx replaces Δc in these equations. Then Eq.



(18-13) becomes

(18-14a)

If q and c are both in mol/m3, the equation for us is obtained by eliminating ρs from Eq. (18-13).

For gas systems equilibrium is usually expressed in terms of the partial pressure, pA (e.g., Eqs., (18-5a)
and (18-5b)). The solute velocity for gases is then

(18-14b)

where  is the molar density. For an ideal gas  and . Thus, for ideal gases,

(18-14c)

In some ion exchange and biochemical systems c and q are both in g/L or mol/L. Then Δq is also in g/L or
mol/L and the ρs term in Eqs. (18-11c), (18-12) and (18-13) does not appear. The result is,

(18-14d)

Equations (18-13) and (18-14) allow us to calculate the average velocity of the solute if we can calculate
(Δq / Δc), (Δq / Δx), or (Δq / ΔpA). If we assume that mass transfer is very rapid so that the solid and
fluid are locally (at each z value) in equilibrium, the solute velocity depends only upon the equilibrium
behavior (Δq / Δc), (Δq / Δx), or (Δq / ΔpA) and the properties of the packed column, not upon mass
transfer rates. Mass transfer will be critically important to determine how the solute spreads from the
average (see Sections 18.6 to 18.8). In Sections 18.2 to 18.5 and 18.6 we will insert the appropriate
isotherm into Eqs. (18-13) and (18-14).

18.2.2 Solute Movement Theory for Linear Isotherms
The theory becomes simplest when the linear isotherm, Eq. (18-5b) or (18-6b), is used. Since almost all
equilibrium data becomes linear at low enough concentrations or partial pressures, there are a number of
real applications of linear isotherms.
When Eq. (18-6b) is valid, , and Eq. (18-13) becomes

(18-15a)



for any adsorbate i. Note that none of the terms depend upon the concentration of adsorbate i. Thus, at low
concentrations where the linear isotherm is valid the solute velocity becomes constant. The solute
velocity us,i depends upon temperature since  depends upon temperature (e.g., following Eq. (18-7)). If
we have a number of different solutes with different values of the equilibrium constant, the weakest
sorbed solute (lowest value of ) moves the fastest, and the strongest sorbed solute (highest value of )
moves the slowest. Since they move at different speeds, they can be separated. A single-porosity form of
this equation is also commonly used (see Problem 17.C5, which includes Eq. (18-15b).
To visualize what this looks like, we will start with a packed column that is initially clean (cA = 0). At
time t0, we start adding a feed with a concentration cA,F at a known interstitial velocity. Equation (18-15a)
can be used to calculate the solute velocity us,A (the numerical calculation procedure is illustrated in
Example 18-2). In Figure 18-4A the solute movement or characteristic diagram for this process is
plotted. Solute starts at z = 0 at time t0, and moves upward at velocity us,A, which is the slope of the
characteristic line shown in the figure. The procedure will probably be easiest to understand after you
study Example 18-2. The concentrations in the column are shown at four times in Figures 18-4 B, C, D,
and E. The solute moves upward in a wave at a constant velocity us,A. If adsorption is strong the wave
moves slowly while if adsorption is weak it moves quickly. Waves for nonlinear systems are shown later
in Figure 18-15.
Figure 18-4. Wave movement for step change in feed concentration. (A) Solute movement diagram

for linear isotherm. B, C, D, E are concentrations in column at t = t0, t1, t2, and t3, respectively.
Since t3 = breakthrough time tbr = L/us,A, entire column and outlet are at cA,F.

For systems in wt frac, , or  (q in kg solute/total kg solid and x and y in kg solute/kg fluid),
Eq. (18-14a) becomes

(18-15c)

For ideal gases with  Eq. (18-14c) becomes

(18-15d)



With linear isotherms the denominator in Eq. (18-15a) through Eq. (18-15d) is independent of
concentration. Thus, for purposes of algebraic manipulation it is convenient to write these equations as

(18-15e)

Although very convenient, linear isotherms find limited applications in industrial processes. To decrease
the diameter of the columns and thus, reduce costs, most industrial separations are done at high
concentrations or very close to the solubility limit. Since the isotherms are probably nonlinear and use of
linear isotherms can lead to large errors, one needs to use the nonlinear theories in Section 18.6 for
concentrated systems.

18.2.3 Application of Linear Solute Movement Theory to Purge Cycles and Elution
Chromatography
The simplest regeneration cycle is a purge cycle using an inert carrier gas for gas systems or an inert
solvent for liquid systems. This cycle can be operated co-flow (Figure 18-5A) or counterflow (Figure
18-5B). When the purge gas or liquid enters the column, the partial pressure or concentration of the
adsorbate will drop since it is being diluted. This causes adsorbate to desorb (see Figure 18-2), thus,
allowing it to be flushed from the column. The ideal carrier gas or solvent has the following properties:
easy to separate from the adsorbate, easy to remove from the bed, nontoxic, nonflammable, available, and
inexpensive. For purge gas systems nitrogen and hydrogen are close to ideal as carrier gases. Since the
adsorbate is diluted, purge cycles are not commonly used for large-scale commercial adsorption
processes.
Figure 18-5. Purge systems. (A) co-flow (e.g., elution chromatography), (B) counterflow, (C) outlet
concentrations for elution chromatography of aspartic acid (asp), alanine (ala), and phenylalanine

(phe) on cation exchange resin (Agosto et al., 1989).

Reprinted with permission from Ind. Eng. Chem. Research, 28, 1358 (1989), copyright 1989 American
Chemical Society.



Purge cycles are commonly used in elution chromatography, particularly in analytical chemistry. Elution
chromatography involves input of a feed pulse into the packed column followed by co-flow (Figure 18-
5A) of an inert solvent or carrier gas. (If the solvent or carrier gas also adsorbs, the process can become
gradient or displacement chromatography, which are discussed later.) The column can be packed with any
of the adsorbents or chromatography packings mentioned previously. If the solutes have different
equilibrium isotherms, the solutes will move in the column at different velocities and will be separated
(Figure 18-5C). Both gas and liquid chromatography are commonly operated in this elution mode to
determine the compositions of unknown samples. Large-scale elution chromatography systems are also
becoming more common, particularly in the pharmaceutical and fine chemical industries. Detailed design
considerations for large-scale biochromatography systems are discussed in detail by Bonnerjea and
Terras (1994), Ladisch (2001), and Rathore and Velayudhan (2004). The dilution that is inherent in purge
operations tends to make these processes expensive for large-scale separation, but with complicated
feeds there may be no better alternative separation method.

Example 18-2. Linear solute movement analysis of elution chromatography

A 1-meter column is packed with activated alumina. The column initially contains pure liquid
cyclohexane solvent. At time t = 0 a feed pulse that contains 0.0001 mol/L anthracene and 0.0002
mol/L naphthalene in cyclohexane is input for 10.0 minutes. The superficial velocity is 20 cm/min for
both feed and solvent steps. Use the solute movement theory to predict the outlet concentrations.
Data: Bulk density (fluid is air) = 642.6 kg/m3, εp = 0.51, εe = 0.39, ρf (cyclohexane) = 0.78 kg/L. 

 adsorbent and  adsorbent where A = anthracene and N = naphthalene. Kd = 1.0 for
both anthracene and naphthalene.



Solution

A. Define. The apparatus is sketched in Figure 18-5a. We want to find when the anthracene and
naphthalene pulses exit the column.

B. Explore. Equation (18-15) can be used to determine numerical values us,A and us,N. Lines drawn on
a solute movement diagram with these slopes from the start (t = 0 min) and end (t = 10 min) of the
feed pulse outline the movement of average molecules of anthracene and naphthalene. Since 

, us,N > us,A, and the naphthalene should exit the column first.
C. Plan. Calculate us,N and us,A. Plot the solute movement diagram for a 10 minute feed pulse.
D. Do it. The interstitial velocity can be determined from Eq. (18-2b),

vinter = vsuper / εe = (0.2 m/min)/0.39 = 0.513 m/min.
The structural density can be determined by rearranging Eq. (18-3c),

ρs = ρb /[(1 − εe)(1 − εp)] = (642.6 kg/m3)/(0.61)(0.49) = 2150 kg/m3

The solute velocities can now be calculated from Eq. (18-15)

Note that we had to convert  from L/kg to m3/kg. Then,

These solute velocities are the slopes for each solute on the solute movement diagram (Figure 18-
6A). The lines for each solute can be drawn from the start and finish of the feed pulse. The resulting
solute pulses or waves exit the column at z = L = 1.00 m as shown in Figure 18-6B. The
naphthalene exits from 54.95 to 64.95 minutes and the anthracene exits from 74.07 to 84.07 minutes.
The naphthalene and anthracene peaks are both at their feed concentrations, 0.0002 and 0.0001
mol/L, respectively.

Figure 18-6. Results for Example 18-2 for elution chromatography; (A) solute movement
diagram, (B) outlet concentration profiles



E. Check. Naphthalene input at t = 0 will exit at t = L/us,N = 1.0 m/(0.0182 m/min) = 54.95 minutes.
Similarly the anthracene input at t = 0 exits at t = 74.07 minutes. Since the peaks both last 10
minutes the naphthalene exits at 64.95 minutes and the anthracene at 84.07 minutes. The peak
centers start at tfeed/2 = 5 minutes, and are at 59.95 and 79.07 minutes. These results agree with the
graph in Figure 18-6A.

F. Generalize. Since no spreading phenomena are included in the simple solute movement theory, the
outlet peaks are predicted to be square waves (Figure 18-6B). When mass transfer and axial
dispersion are included, the curves are spread out more as was illustrated in Figure 18-5C. The
solute movement theory correctly predicts the behavior of an average molecule. Thus, the time for
the center of the peaks is correctly predicted. Note that the dominant term in the denominator for
both solutes is the adsorption term. This will be the case when there is relatively strong adsorption.
Basmadjian (1997) reports that a typical linear velocity for the feed step for adsorption in liquid
systems is 0.001 m/s, which is 6 cm/min. The purge step may be roughly ten times faster. Thus, the
flow rates in this problem are reasonable.

There is an analogy that may be useful in understanding this solute movement analysis. The problems are
similar to algebra problems where two trains start to leave a station at the same time, but with different
velocities (uA and uB in chromatography). You want to calculate when each train arrives at a second
station (a distance L away) and when the tail end of each train (analogous to the feed time, tF) leaves the
second station.
In actual practice it is much easier to calculate the exit times as shown in step E of Example 18-2 rather
than drawing the solute movement diagram exactly to scale. This can easily be done with a spreadsheet



even for much more complex processes. However, a sketch of the solute movement diagram should
always be made since it will guide the calculations and provide a visual check on the calculations.
In real systems the results predicted by solute movement theory are spread considerably by axial
dispersion, mass transfer resistances and mixing in column dead volumes, valves and pipes. Thus, the
predictions for the simple elution chromatography system shown in Figure 18-6B would spread and the
two solute peaks would overlap as shown in Figure 18-5C. This calculation will be illustrated later in
Example 18-10. If high product purities are required, this zone spreading requires either a very short feed
step and/or a long column to move the peaks apart. In addition, the next feed pulse must be delayed for a
considerable time or zone spreading will result in too much overlap of the slow peak with the fast peak
from the next feed pulse. The net result is that elution chromatography can be very expensive for large-
scale applications. Simulated moving bed (SMB) systems are often less expensive for binary separations,
and are analyzed in Section 18.3.3.
A number of variations of elution chromatography have been developed. In flow programming the flow
rate is increased to more rapidly elute the late components in Figure 18-5C. This technique does not
change the volume of elutant required, but reduces the time of operation. Temperature programming
increases the temperature of the entire column during the elution. Increased temperature decreases the
adsorption of the solutes so that they exit both sooner and more concentrated. The related temperature
gradient method increases the temperature of the fluid entering an adiabatic column. Temperature changes
usually have more effect in gas systems than in liquid systems. In liquid systems it is common to use a
solvent gradient to change the solvent to decrease the sorption of the solutes. Common changes in the
solvent are to change ionic strength, polarity, pH, the fraction of organic solvent, and the addition of a
strongly sorbed material. Gradients, which can be done as continuous changes or as step functions, are
commonly used in bioseparations (Ladisch, 2001). If a step change is made in the concentration of a
chemical that is more strongly sorbed than all the components of the feed, the process is called
displacement chromatography [see Cramer and Subramanian (1990) for an extensive review].
A major commercial problem is the purification of strongly adsorbed species such as moderate molecular
weight (C10 to C20) straight-chain hydrocarbons (Ruthven, 1984). Purge systems require excessive purge
gas or solvent for these strongly adsorbed species. Pressure swing cycles (Section 18.3.2) also require
too much purge gas for strongly adsorbed materials. Thermal cycles (Section 18.3.1) can cause excessive
thermal decomposition since very high temperatures are required. Displacement cycles using a desorbent
(e.g., n-pentane, n-hexane, and ammonia) that is adsorbed have proven to be effective for this otherwise
intractable problem (Wankat, 1986). (Unfortunately, the nomenclature is confusing since displacement
cycles for adsorption have a desorbent that can adsorb less or more than the adsorbate while in
displacement chromatography the desorbent is the most strongly adsorbed compound.) The cycles will be
basically the same as the counterflow cycle shown in Figure 18-5B. Since displacement adsorption
requires that the desorbent be recovered from the product—often by distillation—they are relatively
expensive processes that are only used when other adsorption processes fail. Both purge and
displacement cycles are commonly used in SMB systems (Section 18.3.3).

18.3 Solute Movement Analysis for Linear Systems: Thermal and Pressure Swing
Adsorption and Simulated Moving Beds
Since purge cycles use large amounts of solvent, other regeneration methods have been developed. These
methods and their analysis with the solute movement theory is the topic of this section.

18.3.1 Temperature Swing Adsorption (TSA)
Temperature swing adsorption (TSA) is commonly used for gas systems particularly for the recovery or



removal of trace components that are strongly adsorbed (Ruthven, 1984; Yang, 1987). Typical
applications are removal of pollutants such as volatile organic compounds (VOC) (Fulker, 1972;
Reynolds et al., 2002) and drying gases (Basmadjian, 1984, 1997). The basic cycle using counterflow of
the hot regenerant gas is shown in Figure 18-7A. The cycle can be thought of as a purge operation with a
hot purge gas. The feed step can be done either with upward or downward flow. If the feed gas flows
continuously, two or more units are operated in parallel. Although the pure gas is usually the desired
product, in some cases the concentrated adsorbate is the valuable product. After the regeneration step, an
optional cooling step may be inserted. Cooling is required if the feed gas can react with the hot adsorbent.
Insertion of the cooling step tends to produce a purer product, but lowers the productivity (kg feed
processed)/(hour × kg adsorbent).

Figure 18-7. Thermal swing adsorption; (A) counterflow cycle for gas systems, (B) differential
control volume for mass balances when temperature changes uth > us. Part B is modified from

Wankat (1986) with permission, copyright 1986, Phillip C. Wankat.

The basis for this regeneration method is the large reduction in the equilibrium constant observed in most



systems when the temperature is increased, Eq. (18-7), and the simultaneous reduction in the partial
pressure or concentration with the addition of the purge gas. Both of these effects lead to removal of the
adsorbate from the column. Since large increases in the adsorbate concentration can occur, TSA systems
are also used to concentrate dilute gas streams. When cooling is not required to prevent chemical
reactions, a number of modifications of the basic cycle have been developed (Natarajan and Wankat,
2003). These modifications are explored as homework problems.
One major disadvantage of the TSA system shown in Figure 18-7A is that large amounts of pure
regeneration gas may be required to heat the adsorption column and adsorbent. This occurs because at
normal pressures the volumetric heat capacity of the gas is quite low compared to the volumetric heat
capacity of the adsorbent and the metal shell of the column. Thus, regeneration may be relatively slow,
expensive, and not produce the desired concentrated adsorbate product. This disadvantage tends to be
minor when the feed gas is quite dilute and the adsorption is strong. Since the feed step will be quite long,
the relative amount of hot regenerant gas used is reasonable. However, if the feed gas is concentrated
(above a few percent) the adsorbent will saturate fairly quickly and the feed step will be relatively short.
Since the same amount of hot regenerant gas is required to heat the column, the ratio (hot regenerant
gas/feed gas) becomes excessive.
To study TSA systems with the solute movement analysis we must determine the effect of temperature
changes on the solute waves, the rate at which a temperature wave moves in the column, and the effect of
temperature changes on concentration. The first of these is easy. As temperature increases the equilibrium
constants, KA and , both decrease, often following an Arrhenius type relationship as shown in Eq. (18-
7). If the effect of temperature on the equilibrium constants is known, new values of the equilibrium
constants can be calculated and new solute velocities can be determined.
Changing the temperature of the feed to a sorption column will cause a thermal wave to pass through the
column. The velocity of this thermal wave can be calculated by a procedure analogous to that used for
solute waves. The thermal wave velocity will be the fraction of the change in thermal energy in the
mobile phase multiplied by the interstitial velocity,

(18-16)

Since changes in the energy contained in the fluid in the pores, in the solid, and the walls are stagnant, this
fraction is,

(18-17)

In this derivation we are assuming a pure thermal wave with no adsorption, no reactions and no phase
changes. Thus, energy changes are totally due to specific heat. For example, the amount of energy change
in the mobile phase is

(18-18)

where CP,f is the heat capacity of the fluid and ΔTf is the change in fluid temperature. Substituting in the
appropriate terms, the fraction of energy change in the mobile phase is



(18-19)

where W is the weight of the column per length (kg/m),and ΔTpf, ΔTs and ΔTw are the changes in pore
fluid, solid and wall temperatures induced by the change in fluid temperature.
If we divide the numerator and denominator of Eq. (18-19) by ΔTf, we will have the ratios of ΔTpf, ΔTs
and ΔTw to ΔTf. If heat transfer is very rapid, the system will be in thermal equilibrium, Tf = Tpf = Ts =
Tw. This equality requires that the changes in temperature all be equal

(18-20)

and the ratios of changes in temperatures are all one. Combining Eqs. (18-17), (18-19) and (18-20), the
resulting thermal wave velocity is

(18-21)

As a first approximation, and solute movement theory is a first approximation, the thermal wave velocity
is independent of concentration and temperature. Temperature is constant along the lines with a slope
equal to the numerical value of uth.

In TSA processes the purpose of increasing the temperature is to remove the adsorbate from the
adsorbent. This happens when the thermal wave intersects the solute wave. Assume that the column is
initially at a uniform temperature T1, concentration c1, and adsorbent loading q1. Fluid at temperature T2
is fed into the column. This temperature change causes the concentration and adsorbent loading to change
to c2 and q2 (currently both unknown). Since the solute movement theory assumes local equilibrium, c2
and q2 are in equilibrium at T2. The control volume shown in Figure 18-7B (Wankat, 1986) will be used
to develop the mass balance for this temperature change. Initially, the thermal wave is at the bottom of the
control volume. The thermal wave is assumed to move faster than the solute wave, which is true for most
dilute liquid and some dilute gas systems. For a differential slice of column of arbitrary height Δz, the
temperature of the slice will change from the initial temperature T1 to the final temperature T2 if Δt =
Δz/uth.

The mass balance for the differential slice over the time interval Δt is,

(18-22)

Since Δt = Δz/uth, this simplifies to,

(18-23)

Equation (18-23) and the appropriate isotherm equation can be solved simultaneously for the unknowns c2



and q2. For a linear isotherm, Eq. (18-6b), the simultaneous solution is

(18-24)

For a liquid system where uth > us, the use of a hot feed liquid (T2 > T1) will increase the outlet
concentration. This is illustrated in Example 18-3.

Example 18-3. Thermal regeneration with linear isotherm

Use a thermal swing adsorption process to remove traces of xylene from liquid n-heptane using silica
gel as adsorbent. The adsorber operates at 1.0 atm. The feed is 0.0009 wt frac xylene and 0.9991 wt
frac n-heptane at 0°C. Superficial velocity of the feed is 8.0 cm/min. The adsorber is 1.2 meters long
and during the feed step is at 0°C. The feed step is continued until xylene breakthrough occurs. To
regenerate use counterflow of pure n-heptane at 80°C, and continue until all xylene is removed.
Superficial velocity during purge is 11.0 cm/min.
Data: At low concentrations isotherms for xylene : q = 22.36x @ 0°C, q = 2.01x @ 80°C, q and x are
in g solute/g adsorbent and g solute/g fluid, respectively (Matz and Knaebel, 1991). ρs = 2100 kg/m3,
ρf = 684 kg/m3, Cps = 2000 J/kg °C, Cpf = 1841 J/kg °C, εe = 0.43, εp = 0.48, Kd = 1.0.

Assume: Wall heat capacities can be ignored, heat of adsorption is negligible, no adsorption of n-
heptane, and system is at cyclic steady state. Using the solute movement theory
a. Determine the breakthrough time for xylene during the feed step.
b. Determine the time for the thermal wave to breakthrough during both the feed and purge steps.
c. Determine the xylene outlet concentration profile during the purge step.

Solution

A. Define. The process is similar to the sketch in Figure 18-7A but without the optional cooling step.
The breakthrough time for solute is the time that xylene first appears at the column outlet, z = L. The
thermal wave breakthrough times occur when the temperature starts to decrease (during the feed
step) or increase (during the purge step). The desired outlet concentration profile is xylene
concentration vs. time.

B. Explore. Since operation is at cyclic steady state (each cycle is an exact repeat of the previous
cycle), the column will be hot when the cold feed is started. The cold feed causes a cold thermal
wave during the feed step. We expect that this wave will move faster than the xylene wave (this
expectation will be checked while doing the calculations); thus, the waves are independent. When
the flow direction is reversed, the xylene wave concentration is unchanged until the xylene wave
intersects the thermal wave. This causes a period when the regenerated liquid exiting the bottom of
the column is at the feed concentration (study Figure 18-8 to understand this.) When the two waves
intersect the temperature changes, the isotherm parameter changes, and the xylene wave velocity
changes. At the same time, xylene is desorbed and the xylene concentration in the fluid increases.

Figure 18-8. Solute movement solution for counterflow TSA in Example 18-3



C. Plan. Since mass fractions are used in the equilibrium expression, we use Eq. (18-15c) to
calculate the velocity of the solute at both 0 and 80°C. The thermal wave velocity is determined
from Eq. (18-21) with W = 0. The effect of the temperature change on the fluid concentration can
be determined either from a mass balance over one cycle or from Eq. (18-24).

D. Do it.

To calculate solute velocity,
Use Eq. (18-15c),

Where K′ (0°C) = 22.36.
And xylene breakthrough time is,

The thermal wave velocity from Eq. (18-24) with W = 0 is

And thermal breakthrough time is,

For the purge step vinter,purge = –25.58 cm/min and uth,purge = −6.466cm/min. They are negative
because the flow direction is reversed. This breakthrough time is



Note that the thermal wave moves considerably faster than the solute wave and breakthrough is
quicker. After the temperature change K′ (80°C) = 2.01, and the solute velocity and breakthrough
time during purge are

The xylene mass balance on one cycle at cyclic steady-state is, In = Out.

The outlet stream shown in Figure 18-8, consists of one part at xF and one part that is concentrated.

Set In = Out, divide out Ac and ρf (assumed to be constant), and solve for xconc,

The xylene exiting the bottom of the column is at xout = xF = 0.0009 for the first 18.56 minutes of the
regeneration step. Then from 18.56 to 27.629 minutes of the regeneration xout = xconc = 0.02095. If
regeneration continues for times longer than 27.629 minutes, xout = 0. The average wt frac during
regeneration is xout,avg = 0.00748.

E. Check. Equation (18-24) can be used to check the outlet xylene wt frac. This equation is applied at
the point where the adsorbent changes temperature. From Figure 18-8, this occurs during the purge
step; thus, all velocities should be calculated at the purge velocity. Since solute velocity is directly
proportional to interstitial velocity,

and xxy (T = 80°C) = (23.277)(0.0009) = 0.02095, which agrees with the mass balance result.
F. Generalize. This large increase in the solute concentration during thermal regeneration is a general

phenomenon for strongly adsorbed solutes if the feed is dilute. The energy required to concentrate
the dilute xylene in the n-heptane by adsorption is significantly less than the energy required to do
the same concentration by distillation. (Going from 0.0009 to 0.02095 wt frac xylene may not seem
like much change, but removal of a very large amount of pure n-heptane is necessary to obtain this
amount of concentration.)

If the solute waves move faster than the thermal wave, which may occur in dilute gas systems, a mass
balance equation and solution similar but subtly different than Eqs. (18-22) to (18-24) can be derived. In
this situation the concentrated solute exits ahead of the thermal wave instead of behind it as predicted by



Eqs. (18-22) to (18-24). One other case that can occur but is rare in dilute systems is when us(Thot)> uth >
us(Tcold). In this case, which is beyond the scope of this introductory treatment, the solute concentrates, or
focuses, at the temperature boundary (Wankat, 1990).
A number of different thermal cycles are used commercially. Figure 18-9 shows an alternate TSA cycle
commonly used for recovery of solvents (typically volatile organic compounds (VOC) of intermediate
molecular weight ~45 to 200) from drying and curing operations (Basmadjian, 1997; Fulker, 1972;
Wankat, 1986). Activated carbon is used as the adsorbent and steam is used as the regeneration gas.
Horizontal beds with a depth of one to two meters are often employed since strong adsorption of the
solvent on the activated carbon allows for quite short beds and large gas flows require a large cross-
sectional area to avoid excessive pressure drop. If feed gas needs to be treated continuously, two or more
adsorbers are used in parallel, with a typical feed time of approximately two hours. Because the latent
heat of steam is high, a large amount of energy can be rapidly transferred into the adsorber heating it
quickly. A “heel” of leftover solvent is usually left in the bed since complete regeneration of the bed
would require excessive amounts of steam. Because of incomplete regeneration and competition with
water vapor for adsorption sites, the typical design capacity used for the activated carbon is about 25% to
30% of the maximum capacity of the carbon. Bed capacity can be increased by reducing the relative
humidity of the feed gas to less than 50%.

Figure 18-9. Solvent recovery with activated carbon and steam regeneration

In ideal applications of this process (e.g., removing small amounts of toluene from air) the peak mole
fractions of toluene are close to 1.0 (Basmadjian, 1997) and the toluene is almost completely immiscible
with water. Thus, the adsorbate can be recovered from the steam by condensing the concentrated
adsorbate stream and allowing the liquid to separate into an organic layer and a water layer. If the
adsorbate is miscible with water (e.g., ethanol), the condenser/settler shown in Figure 18-9 must be
replaced with a distillation column, which greatly increases capital and operating costs.
Note that there can be safety hazards in the operation of the activated carbon solvent recovery equipment
shown in Figure 18-9. If the solvent being recovered is flammable, care must be taken to prevent a fire. If
the feed gas is air, then the concentration of the solvent in the feed gas must be kept below the lower
explosion limit, and is often kept below ¼ of the lower explosion limit to provide a safety margin. This
requirement invariably means that the feed gas must be quite dilute and the flow rates are large. If the feed
gas is hot, it is often cooled before the adsorber to increase safety and to increase the adsorber’s capacity.
An alternative is to operate at much higher concentrations using nitrogen or carbon dioxide as the gas for
the drying or curing operation, but then the carrier gas must be recovered and recycled. If the hot activated
carbon can catalyze a reaction with the feed, a cooling step is added to the process. Sometimes a drying
step is added before the cooling step since water may interfere with the adsorption or react with the feed.



If the feed gas is concentrated, the adsorbent can become quite hot because of the large heat of adsorption.
Unfortunately, carbon beds occasionally catch on fire when this happens. This can be prevented by
significant cooling of the feed gas, incorporating a cooling step in the cycle, or replacing air in the
process with an inert gas.
Since several companies provide package units for activated carbon solvent recovery, new engineers are
more likely to be involved in the purchase and installation of a unit than in designing a new unit. The more
you know about solvent recovery with activated carbon, the better choice of unit and better bargain you
will be able to make for your company.
Various thermal cycles are also employed for liquid systems although they tend to be somewhat different
than those used for gases. The largest application of liquid adsorption is the use of activated carbon to
treat drinking water and wastewater (Faust and Aly, 1987). Since contaminant levels are very low and
adsorption tends to be very strong, the feed portion of the cycle may last for several months. Regeneration
of the activated carbon is difficult and is usually done by removing the carbon from the column and
sending it to a kiln to burn off the adsorbates. In small units (e.g., those used to purify tap water in homes)
the carbon is discarded after use. Activated carbon is commonly used in bottling plants to remove
chlorine from water by reacting with the carbon to produce HCl (Wankat, 1990). The slightly acidic
water should be used immediately after use since it no longer contains chlorine to stop microbial growth.
A major industrial application of liquid adsorption is the drying of organic solvents (Basmadjian, 1984).
A typical process is shown in Figure 18-10. Upward flow is used during the refilling and feed steps to
avoid trapping gas in the bed. Since the water content in the organic is usually low, the feed step may be
relatively long. Once breakthrough occurs (substantial amounts of water appear in the exiting solvent), the
feed is turned off and the column is drained. Regeneration is done with downward flow of hot gas and is
usually followed by a cooling step. Adsorptive drying competes with drying by distillation (Chapter 8).
Operating expenses for adsorptive drying are dominated by the cost of energy to evaporate residual liquid
and desorb water. Adsorptive drying usually has an economic advantage compared to distillation when
the water concentrations in the solvent are low.

Figure 18-10. Drying liquid solvents by adsorption

In concentrated systems the energy generated by adsorption can be as large or significantly larger than the
sensible heat from the temperature change. This causes a coupling of the concentration and temperature
waves, and they often travel together. Basmadjian (1997) presents a simple way to estimate the maximum
temperature rise in the system.

(18-25)



The typical range for the heat of adsorption |ΔHads| is in the range from 1000 to 4000 kJ/kg (average ~
2500) and typically the gas heat capacity CP,f is approximately 1.0 kJ/kg. This estimate gives a maximum
temperature rise of approximately 25°C for a feed containing 1.0 wt % adsorbate and a maximum
temperature rise of 1.25°C for a feed containing 0.05 wt % adsorbate. Basmadjian (1997) recommends
that an isothermal analysis can be used if the predicted maximum temperature increase is less than 1°C or
2°C. Situations with large temperature increases obviously need to be designed for and are economically
important, but the detailed theoretical treatment is beyond the scope of this introductory chapter.
Interested readers should consult Basmadjian (1997), LeVan et al. (1997), Ruthven (1984) or Yang
(1987). These more concentrated systems can also be simulated with commercial simulators.

18.3.2 Pressure Swing Adsorption
Pressure swing adsorption (PSA) and vacuum swing adsorption (VSA) cycles are alternatives to thermal
cycles for gas systems. They are particularly useful for more concentrated feeds and/or adsorbates that
are not strongly adsorbed. Figure 18-11A shows the steps in the basic Skarstrom cycle (named after
Charles Skarstrom, the inventor of the process) for PSA (Ruthven et al., 1994; Wankat, 1986). Usually,
the desired product is the pure product gas after adsorbate removal. Typical applications include drying
gases, purifying hydrogen, and producing oxygen or nitrogen from air.
Figure 18-11. Pressure swing adsorption; (A) steps for single column in Skarstrom cycle, (B) use of
two columns in parallel for continuous feed and product. Period of feed step = period of blowdown +

purge + repressurization steps.



Following the feed step at the higher pressure, the pressure in the column is reduced to the lower pressure
by counterflow blowdown. At this reduced pressure the column is purged (counterflow to the feed) using
part of the pure product gas. Since pure product gas is used as a purge, the purge product (or waste) gas
contains both adsorbate and carrier gas. The volume of purge gas required for the Skarstrom cycle is,

(18-26)

where γ typically is between 1.15 and 1.5. Because of the volumetric expansion of the product gas from
ph to purge gas at pL, significantly less moles of purge gas are needed than feed gas. Dropping the
pressure also reduces the partial pressure, which helps desorb the adsorbate. The final step in the
Skarstrom cycle is repressurization of the column. This step was originally done with fresh feed gas
although with concentrated systems it is now much more common to use high-pressure product gas as
shown in Figure 18-11. Usually two or more columns are operated in parallel, but with cycles out of
phase so that one column is producing product when the other needs to be purged or repressurized. One
method of doing this is shown in Figure 18-11B. PSA systems with from one to twelve columns are used



commercially. PSA has the advantage that cycles can be very fast—a minute or two is common in industry
and some cycles are as short as a few seconds. These short cycles lead to high productivity and hence
relatively small adsorbers.
Figure 18-12 illustrates a simple vacuum swing cycle. The feed enters at the high pressure, which may be
essentially atmospheric pressure. If ph is significantly above atmospheric pressure, a short optional
blowdown step is included. Then a vacuum pump is used to reduce the pressure to very low pressures. At
very low pressures the partial pressure is very low and very little adsorbate can be adsorbed (see Figure
18-2). Unfortunately, this step is slow and productivities of VSA systems are low. However, VSA has the
advantage that a relatively pure product gas and a relatively pure adsorbate product can be produced. For
example, VSA units can separate air into an oxygen product and a nitrogen product. The final step is
repressurization of the column. VSA units are usually operated with several columns in parallel. A large
number of variations of PSA, VSA, and combinations of PSA and VSA cycles have been invented
(Kumar, 1996; Ruthven et al., 1994; Tondeur and Wankat, 1985). For example, it is common for the purge
step in a PSA cycle to be operated at a pressure less than atmospheric pressure.

Figure 18-12. Basic vacuum swing adsorption cycle

The simple Skarstrom cycle for PSA shown in Figure 18-11A has constant pressure (isobaric) periods
and periods when pressure is changing. We will assume that a very dilute gas stream containing trace
amounts of adsorbate A in an weakly adsorbed carrier gas is being processed and that over the
concentration range of interest the linear isotherm, Eq. (18-5b), is accurate. If mass transfer is very rapid,
then the solute movement theory can be applied. Since the system is very dilute, the gas velocity is
constant and the system is assumed to be isothermal. In more concentrated PSA systems neither of these
assumptions are true, and a more complicated theory must be used (Ruthven et al., 1994).
During the isobaric periods (feed at ph and purge at pL) the solute moves at a velocity us. For a gas that
can be assumed to be ideal and an isotherm in partial pressure units, the solute velocity is given by Eq.
(18-15d). Normally, Kd,i = 1.0 and all of the adsorption sites are accessible to the small gas molecules.

During blowdown the mole fraction of adsorbate in the gas increases because of desorption as the
pressure drops. During repressurization the opposite occurs and the adsorbate mole fraction in the gas
decreases. When the pressure changes, the solute waves also shift location. Determining the mole fraction
changes and shifts in location for these steps requires solution of the partial differential equations for the
system (Chan et al., 1981). The results for linear isotherms are relatively simple. Define parameter βstrong



for the strongly adsorbed component as

(18-27)

This parameter measures the ratio of the amount of weakly adsorbed to the amount of strongly adsorbed
adsorbate in a segment of the column. If the weakly adsorbed component does not adsorb, then  in
Eq. (18-27). Since . Then the shift in mole fraction of the strongly adsorbed species
A is

(18-28a)

Equation (18-28a) predicts an increase in mole fraction yA for a decrease in pressure (try it to convince
yourself). The shift in location of solute waves can be found from

(18-28b)

where the axial distance z must be measured from the end of the column that is closed (this can vary
during the PSA cycles). Note that if zbefore = 0, then zafter = 0 also. Solute waves at the closed end of the
column cannot shift.
Application of the solute movement theory will be illustrated in Example 18-4. Before doing this, we note
that axial dispersion is normally significant in gas systems. Thus, we expect that the solute movement
theory will over-predict the separation that occurs. Alternatively, the value of γ required in Eq. (18-26)
for a given product purity will be larger in a real system than predicted by the solute movement theory (γ
= 1 for linear systems). For separations based on differences in equilibrium isotherms, if the solute
movement theory predicts that a separation is not feasible or will not be economical, more detailed
calculations will rarely improve the results.

Example 18-4. PSA system

A 0.50 m. long column is used to remove methane (M) from hydrogen using Calgon Carbon PCB
activated carbon. The feed gas is 0.002 mole fraction methane. Superficial velocity is 0.0465 m/s
during the feed step. The high pressure is 3.0 atm while the low pressure is 0.5 atm. A standard 2-
column Skarstrom cycle is used. The symmetric cycle is:

The operation is at 480 K. Use a pure purge gas with a purge to feed ratio of γ = 1.1. Carbon
properties: ρs = 2.1 g/cc, Kd = 1.0, εp = 0.336, εe = 0.43. Equilibrium data are available in Table 18-
3 and has been analyzed in Example 18-1. Draw the characteristic diagram for the first cycle
assuming the bed is initially clean at 0.5 atm and predict the outlet concentration profile.



Solution

A. Define. Plot the movement of solute during the four steps shown in Figure 18-11A and use this
diagram plus appropriate equations to predict outlet mole fractions.

B. Explore. The Table in Example 18-1 gives KM = 1.888 × 10−4 (kPa)−1 and qmax = 3.84 m mol/g at
480 K. Since the feed mole fraction is very low, the isotherm will be in the linear range (
) where  (1.888 × 10−4) = 0.000725 mmol/(K g Pa). Since hydrogen does not
adsorb,  = 0. We will assume operation is isothermal.

C. Plan. Start by repressurizing with the feed. We can calculate βM from Eq. (18-27) and the distance
the wave moves in the column can be determined from Eq. (18-28b). During the feed step at 3.0
atm the methane travels at a constant solute velocity given by Eq. (18-15d). There will be two
waves as shown in Figure 18-13A. During blowdown Eq. (18-28a) is used to determine the new
mole fraction. Waves during the purge step again follow Eq. (18-15d) but with vpurge = γ vfeed.

Figure 18-13. Solute movement solution for PSA system in Example 18-4; (A) solute movement
diagram, (B) outlet concentration profiles

D. Do it. Repressurization Step: From Eq. (18-27)



The units in the last term in the denominator are a little tricky. The gas constant used is  .
If a different gas constant is used, the units on the other terms have to be adjusted.
Equation (18-28b) is used for the shift in location of solute waves. Because the top of the column in
Figure 18-11A is the closed end, z is measured for this step from that end. Then the feed end is z =
0.50 m. From Eq. (18-28b)

This is 0.50 − 0.3415 = 0.1585 m from feed end of column (point 1 in Fig. 18-13A).
The mole fraction methane at this location can be determined from Eq. (18-28a)

where yM, before = 0.002 is the feed mole fraction from the bottom of the column which shifts during
repressurization to point 1. The mole fraction yM, after is lower since methane is adsorbed as the
column is pressurized.
Feed Step: Equation (18-15d) is used to determine the methane solute velocity uM,

(18-15d)

(Note the denominator is the same as the denominator for βM).

Since εevinter = vsuper = 0.0465 m/s,

In the 29 seconds of the feed step the methane waves can move 0.462 m. Thus, one of the waves
breaks through while the other does not (see points 2 and 3 on Figure 18-13A).
The wave that breaks through travels 0.3415 m, which requires (0.3415 m)/(0.01592 m/s) = 21.45
s. Including the 1.0 seconds for repressurization this is 22.45 s after the start of the cycle. Point 3 is
at z = 0.462 m.
Blowdown: Point 3 will shift according to Eq. (18-28b) with the closed end again at the top. Thus,
measuring from the top we have

zbefore = 0.5 − 0.462 = 0.038 m
and from Eq. (18-28b)

or 0.50 − 0.056 = 0.444 m from the bottom. With ybefore = yF = 0.002, Eq. (18-28a) gives



As expected, methane mole fraction increases as methane desorbs.
Purge Step. The methane velocity during the purge step is again given by Eq. (18-15d); however,
the interstitial velocity is increased, since γ > 1.0.

vsuper, purge = γvsuper, feed = (1.1)(0.0465) = 0.05115 m/s
Then

uM, purge = γuM, feed = (1.1)(0.01592) = 0.01751 m/s
There are two waves, (from top of column, point 5, and from point 4). They can both travel a
distance 0.508 m in 29 s; thus, they both exit the column.
Wave from Point 4 exit time: 0.444 m/0.01751 m/s + 31 s = 56.36 s (Point 8)
Wave from Point 5 exit time: 0.5 m/0.01751 m/s + 31 s = 59.57 s (Point 9)
Outlet Mole Fraction Profile: At the top of the column
0 to 1 s, No product
1 to 22.45 s (point 2), y = 0
At point 2, y = 0.000488
At point 6, to estimate mole fraction, follow solute back to point 7 at t = 1 second (end of
repressurization).

Z7 = tfeed/UM, feed = (29 s)(0.01592 m/s) = 0.462 m from top
The final mole fraction at point 7 follows solute that enters during repressurization at a specific, but
unknown, pressure between pL = 0.5 and pH = 3.0 atm. Equation (18-28) can be employed with
zafter = 0.462, zbefore = 0.50, pafter = 3.0, βM = 0.2128 to calculate this unknown pressure, pbefore.
Then

(18-28c)

Since the feed entered at yM, before = 0.002, Eq. (18-28a) can be used to estimate yM, after.

Since concentrations are constant along the trace of the solute movement, this is also the mole
fraction at point 6.
A similar procedure can be used (see Problem 18.D10) to find intermediate point 10 (shown at
26.126 s and yM = 0.000876). The outlet profile is not linear.
During blowdown, gas exits (at bottom of column) initially at yF = 0.002 and increases to yafter, BD
= 0.0082. The exact shape can be estimated by the procedure used above. The mole fraction is
constant at 0.0082 until gas from point 4 exits at Point 8 at 56.36 s. Gas mole fraction drops to yout
= 0 and the column is completely regenerated at point 9 (59.57 s). The intermediate point 11 shown
in Figure 18-13B is estimated (see Problem 18.D10).

E. Check. Because the flow rates vary in unknown ways during repressurization and blowdown steps,



a complete mass balance check is not possible. However, an approximate check balancing methane
flows in the feed and purge steps can be done.
Methane during feed = 
where the molar density is  for an ideal gas and Ac = cross-sectional area.

The integrals can be estimated by assuming the variation in yM is linear.

The inlet and outlet amounts are reasonably close.
F. Generalization Notes: 1. The ratio of moles gas fed to the purge gas used

is  and (ignoring repressurization and blowdown) the ratio of product gas (hydrogen) to
feed gas is

PSA produces a significant amount of high-pressure pure product because the gas is expanded
before it is used for purging.
2. This design is inappropriate if pure hydrogen is desired during the entire feed step. Breakthrough

can be prevented by changing the design (see Problem 18.B2).
3. Repressurization with feed causes the methane to penetrate the bed a significant distance during

this step. Repressurization with product works better (see Problem 18.D11).
4. This example uses complete regeneration (the column is clean at the end of the cycle).

Incomplete regeneration (leaving a heel) allows for more production of pure product and is
employed in industrial systems.

This section illustrates PSA calculations for the simplest possible case—the local equilibrium theory for
trace components for an isothermal system. If the mole fraction of the strongly adsorbed component is
higher in the feed, the isotherm is likely to be nonlinear and the velocity will vary along the length of the
column. In addition, operation is much more likely to be adiabatic instead of isothermal. It is also
common to have both components adsorb or to have more than two components. If dispersion and mass
transfer resistances are important, detailed simulations will be required. In addition, PSA has spawned a
large number of inventive cycles to accomplish different purposes. If you need to understand any of these
situations, Ruthven et al. (1994) provide an advanced treatment. White and Barkley (1989) and White



(2008) discuss practical aspects of PSA design such as pressure drops, the velocity limit to prevent
fluidization of the bed, retaining the heat of adsorption in the bed and start-up.

18.3.3 Simulated Moving Beds (SMB)
Most adsorption processes remove all adsorbed solutes from a nonadsorbed or weakly adsorbed carrier
gas or solvent. Elution chromatography, on the other hand, was developed to separate a number of solutes
from each other with all of the products containing the carrier gas or solvent. Simulated moving bed
(SMB) technology is a melding of purge or displacement adsorption and chromatographic methods that
was developed by UOP in the late 1950s and early 1960s (Broughton and Gerhold, 1961; Broughton et
al., 1970). SMBs are currently extensively used for binary separations. Although gas-phase systems have
been studied, all current commercial applications are liquid-phase (see Problem 18.A6). Common
industrial applications of SMBs are separation of aqueous solutions of glucose from fructose to make
sweeteners (heavily used in soft drinks), separation of p-xylene (used to make polyesters) from m-xylene,
and the separation of optical isomers in the pharmaceutical industry. The SMB process is relatively
expensive since the products must be separated from the solvent or desorbent usually by evaporation or
distillation (Ruthven, 1984; Wankat, 1986). Chin and Wang (2004) discuss practical aspects of SMB
systems such as pump placement, pressure drops, and valve requirements.
The most efficient approach to separating a binary mixture by adsorption appears to be to have a counter-
current process similar to extraction. Since it is convenient to regenerate the adsorbent within the device,
the result is the true moving bed (TMB) system (Figure 18-14A). Zones 2 and 3 do the actual separation
of the two solutes. (Zones are packed regions between inlet and outlet ports.) Zone 1, which is optional
but almost always included, adsorbs the weakly adsorbed solute A onto the solid so that desorbent D can
be recycled. Zone 4 regenerates the solid by removing strongly adsorbed solute B using a purge or
displacement with desorbent D. This figure is loosely analogous to a distillation unit: A is the light key, B
is the heavy key, zones 2 and 3 are the enriching and stripping sections, respectively; and zones 1 and 4
are analogous to a total condenser and a total reboiler, respectively. The TMB system would work if
chemical engineers had the technology to build large-scale systems that could move a solid counter-
current to a fluid with no axial mixing. Since this goal has proved to be elusive, UOP developed the
SMB.

Figure 18-14. Separation of binary mixtures by adsorption; (A) TMB, (B) SMB showing complete
cycle with four time steps



An SMB system is shown in Figure 18-14B for four different time steps. The system is arranged in a
continuous loop with inlet and outlet ports. After a set time period, the switching time tsw, the port
locations are all advanced by one column. From the viewpoint of an observer at the extract port the solid
moves downward when the switch is done while the fluid continues to move continuously upwards. Thus,
an intermittent, counter-current movement of the solid and liquid has been simulated. The port switching
is continued indefinitely. In Figure 18-14B with four columns the cycle repeats after every four switches.
If there are N columns, the cycle repeats after N switches. A large number of modifications to SMB
systems have been developed. The most common is to have two or more columns per zone instead of the
one column per zone shown in Figure 18-14B. This makes the operation closer to the TMB and improves
the purity of products.
The SMB system shown in Figure 18-14B is quite a complicated system, particularly if compared to the
simple elution chromatographic system shown in Figure 18-5B. The SMB is used in industry for high
purity separations of binary feeds since much less desorbent and adsorbent are required. The solute
movement analysis helps to explain how this complicated process works.
Each column in Figure 18-14B acts as a chromatographic column that undergoes a series of steps. The
solute velocity in each column of the SMB can be determined in the same way as for an elution
chromatography system. Thus, the solute velocity in any column of the SMB is given by Eqs. (18-15). The
chromatography and SMB processes differ only in the way columns are coupled, which are their
boundary conditions!
In order for the SMB in Figure 18-14B to separate solutes A and B completely the following conditions
must be met:
Zone 1. To produce pure desorbent for recycle, solute A must not breakthrough (that is, appear in the



outlet of zone 1) during the switching period, tsw. Thus,

uA,1 tsw ≤ L

Since the average port velocity is defined as uport = L/tsw, this condition becomes

(18-29a)

The equation is written as an equality instead of as an inequality since it is easier to manipulate equations
than inequalities.
Zones 2 and 3. To separate A and B we want net movement of A up the column and net movement of B
down the column. Since velocity is higher in zone 2, the condition on solute B controls.

(18-29b)

These conditions require that solute A will break through and solute B will not break through from zones
2 and 3 during the switching period.
In zone 3 upward movement of solute A controls.

(18-29c)

Zone 4. To regenerate the column, all solute B must be removed in zone 4. This requires that solute B
have a net upward movement.

(18-29d)

Equations (18-29a) to (18-29d) can all be simultaneously satisfied by changing the flow rates of feed,
desorbent and the two product streams in Figure 18-14B to change the velocities in each zone. For
example, since the A product stream is withdrawn between zones 1 and 2, v1 < v2. By proper selection of
the velocities and the port velocity, we can satisfy these four equations.
Usually the desorbent must be removed from the A and B product streams. Increasing the amount of
desorbent will increase the cost for this removal and will also increase the diameters of the columns
requiring more adsorbent. Thus, the ratio of desorbent to feed, D/F, often controls the cost of SMB
systems. For an ideal system with no zone spreading (no axial dispersion and very fast mass transfer
rates) the solute movement theory can be used to calculate D/F by solving Eqs. (18-29a) to (18-29d)
simultaneously with Eq. (18-15) and the mixing mass balances with constant density.

(18-30a,b,c,d)

where vFeed = F/(εe Ac) is the interstitial velocity the feed would have in the column. F is the volumetric
flow rate of feed and Ac is the cross-sectional area of the columns with similar definitions for the
desorbent and product velocities. If F and Ac are known, then we can first solve for uport, v1, v2, v3, and
v4, then for vA,product, vB,product, and vD. Then D/F = vD / vFeed. These calculations are developed in
Problem 18.C10. The minimum D/F ratio, (D/F)min can be calculated by setting all Mi = 1.0. This



minimum has a significance similar to that of (L/D)min in distillation. For linear systems (D/F)min = 1.0,
which is also the thermodynamic minimum.
In actual practice there is considerable spreading due to mass transfer resistances, axial dispersion, and
mixing in the transfer lines and valves. If the SMB is operated at (D/F)min, the raffinate and extract
products will not be pure. To obtain higher purities D/F is usually increased; however, the SMB is more
complicated than binary distillation. The additional desorbent must be distributed throughout the four
zones to give the optimum velocities in each zone. One approach to this optimization is to pick values of
the multipliers M1 < 1, M2 < 1, M3 > 1, and M4 > 1. Then the value of velocities and D/F can be
determined by solving the solute movement equations (see Problem 18.C10 for the equation for D/F). The
experiment or simulation is then run again with these new flow rates. The procedure is repeated until the
desired purities are achieved.

Example 18-5. SMB system

Ching and Ruthven (1985) found that the equilibrium of fructose and glucose on ion exchange resin in
the calcium form was linear for concentrations below 5 g/100 ml. Their equilibrium expressions are:
qgluc = 0.51 cgluc, qfruc = 0.88 cfruc, at 30°C where both q and c are in g/L. For this resin, εp = 0 and εe
= 0.4.
We want to design an SMB system to separate fructose and glucose. If the switching time tsw = 5 min
and Dcol = 0.4743 m, design an SMB system with one column per zone for this separation at the
minimum D/F = 1.0.

Solution

A. Define. To design the system we need to determine L, and all feed and product flow rates. Since
feed flow rate F is not specified, we can find flow rates as functions of F.

B. Explore. Since q and c are in mass/volume, us,i is obtained from Eq. (18-15a) by removing ρs.
Thus, in terms of Eq. (18-15e) the solute velocity constant is

where  and . The resulting velocities can be used in Eq. (18-29), (18-30) and uport =
L/tsw. The value of uport (derived in Problem 18.C10) is

(18-31a)

where CB is for the solute with stronger adsorption (fructose).
C. Plan. We can calculate the solute velocity constants Cgluc and Cfruc (fructose is more strongly

adsorbed). Then uport can be found as a function of vF or F. Equations (18-29) and (18-30) can be
used to calculate all other flow rates and L = uporttsw.

D. Do it. From the expression for Ci



The feed velocity  if F is in m3/min.
With Mi = 1.0, Eq. (18-31a) is,

L = uporttsw = (25.478 F m/min) (5 min.) = 127.39 F (in m).
From Eqs. (18-29b) and (18-15e) we obtain

v2 = M2 uport/Cfruc = (1.0) (25.478 F)/0.4310 = 59.113 F
From Eq. (18-30b)

v3 = v2 − vF = 59.113 F − 14.147 F = 44.966 F
Similarly,

v1 = M1 uport/Cgluc = (1.0)(25.478 F)/0.5666 = 44.966 F = vrecycle

v4 = M4 uport/Cfruc = (1.0)(25.478 F)/0.4310 = 59.113 F
Then, from Eq. (18-30a), Eq. (18-30c), and Eq. (18-30d)

E. Check. As expected, D/F = 1.0 since all the Mi = 1.0. Also Aprod/F = vA, prod/vF = 1.0 and Bprod/F =
1.0.

F. Generalization. The equal values for feed, desorbent and products; and v1 = v3, v2 = v4 occurs only
for all Mi = 1. Usually, v4 is the highest velocity. Further development of equations is done in
Problem 18.C10. Note: From Eq. (18-31a) with uport > 0, there are limits to how small M2 and how
large M3 can be.

To complete the design we need a value for F in m3/min. Then the velocities and pressure drops can be
calculated (e.g., with the Ergun equation). If pressure drop is too large, F or Dcol need to be adjusted.
Because of dispersion and mass transfer resistances the two products will not be 100% pure. The actual
purities can be determined by experiment or detailed simulation. If more separation is needed, one can
reduce M1 and M2 while increasing M3 and M4.

The TMB shown in Figure 18-14A is also of interest and can be analyzed using solute movement theory.

18.4 Nonlinear Solute Movement Analysis
Since most adsorption and ion exchange separations of commercial significance operate in the nonlinear
region of the isotherm, the previous analysis needs to be expanded to nonlinear systems. Nonlinear
behavior is distinctly different than linear behavior since one usually observes shock or constant pattern
waves during the feed step and diffuse or proportional pattern waves during regeneration. Experimental



evidence for constant pattern waves is shown in Figure 18-15A. The isotherm for carbon dioxide on
activated carbon is a Langmuir-type shape. During loading we expect shock or constant pattern waves.
This is clearly shown in the top figure since the waves can be moved along the time axis and easily be
superimposed on each other. During desorption (elution) a diffuse or proportional pattern wave is
expected (Figure 18-15B). These waves cannot be superimposed on each other. The width of
proportional pattern waves is directly proportional to the distance the wave travels in the column.
Figure 18-15. Adsorption and desorption of CO2 on activated carbon; (A) adsorption breakthrough

curves illustrating constant pattern behavior, (B) desorption (elution) curves illustrating
proportional pattern behavior, vsuper = 4.26 cm/s. Reprinted from Weyde and Wicke (1940).

Equation (18-14), which was derived for any type of isotherm, is the starting point for the analysis of
movement of solutes with nonlinear isotherms. We now need to substitute the desired nonlinear
equilibrium expression into the last term in the denominator for Δq/Δc. This insertion differs from
inserting Δq/Δc = K′ in the linear case because two separate forms of the equation result depending on the
operation and because the result will be concentration dependent. There are a huge number of expressions
for nonlinear isotherms. To be specific, we will focus on the Langmuir isotherm, Eq. (18-5a), Eq. (18-
6a), and Eq. (18-6c), which are probably the most popular forms.

18.4.1 Diffuse Waves
For an isotherm of Langmuir shape, if the column is initially loaded at some high concentration, chigh, and
is fed with a fluid of low concentration, clow, the result is a diffuse or proportional pattern wave. Since
the derivative of q with respect to c exists,

(18-32a)

We can now calculate this derivative for any desired nonlinear isotherm [for linear isotherms dq/dc = K′
and the result is Eq. (18-15)]. Specifically for the Langmuir isotherm in Eq. (18-6c)



(18-32b)

and the solute wave velocity is

(18-32c)

Note that for nonlinear isotherms the solute wave velocity depends upon the concentration. For Langmuir
isotherms as the solute concentration increases the denominator in Eq. (18-32b) will decrease and the
solute wave velocity increases. Another way to look at this is that dq/dc is the local slope or tangent of
the isotherm. Figure 18-2 shows that for a Langmuir isotherm dq/dc is largest and thus, the velocity us is
smallest as c approaches zero. Values for us can be calculated from Eq. (18-32c) for a number of specific
concentrations and the diffuse wave can be plotted as shown in Figure 18-16A. The times at which these
solute waves, which are at known concentrations, exit the column (at z = L) can be determined (see Figure
18-16A) and the outlet concentration profile can be plotted as in Figure 18-16B. Note that the outlet wave
varies continuously and is diffuse. This result agrees with experiments that show zone spreading is
proportional to the column length and have a smooth even spread in concentration. The analysis procedure
is illustrated in Example 18-6.

Figure 18-16. Diffuse wave analysis; (A) solute movement graph for Example 18-6, (B) predicted
outlet concentration profile



Example 18-6. Diffuse wave

A 100.0 cm long column is packed with activated alumina. The column is initially totally saturated at
c = 0.011 mol/L anthracene in cyclohexane solvent. It is then eluted with pure cyclohexane solvent (c
= 0) at a superficial velocity of 30.0 cm/min. Predict and plot the outlet concentration profile using
solute movement theory.

Data: εe = 0.42, εp = 0, Kd = 1.0, ρf (cyclohexane) = 0.78 kg/L, ρp = 1.465 kg/L, Equilibrium 
where q = mol/kg and c = mol/L.
Assume operation is isothermal.

Solution

A. Define. Find the values of the outlet concentration at different times using the solute movement
theory.

B. Explore. The most important decision is whether a diffuse or a shock wave (Section 18.4.2) will
result. With a Langmuir isotherm a diffuse wave results when a more concentrated solution (c =
0.011) is eluted with a dilute solution (c = 0.0). If this is incorrect, the analysis will show us that
there is an error.



C. Plan. Since εp = 0, the solute velocity (Eq. 18-32c) for a diffuse wave becomes,

Substituting in the parameter values this becomes

Since us depends upon the concentration, we can select arbitrary values of the concentration ranging
from 0.011 to zero, calculate us, and determine tout = L/us.

D. Do it. The values are tabulated below for selected values of concentration.

The solute movement solution using these values is shown in Figure 18-16A and the outlet
concentration profile plotted from the tabulated values is shown in Figure 18-16B.

E. Check. A check can be made with a mass balance over the entire elution time.
−Outlet − Accumulation = 0

where the outlet concentration = ∫ Ac vsuper cout(t), and
accumulation = Ac ρs [q(c=0) − q(c=0.011)] with q determined from the isotherm.

F. Generalize. The shape shown in Figure 18-16B, particularly the strong tailing at very low
concentrations is typical of elution behavior with highly nonlinear isotherms. Complete removal of
anthracene with an isothermal purge step will take a large amount of solute.
The width of the wave (in time units) at z = L is easily determined as

(18-33)

Since the width is proportional to the column length L, this result agrees with experimental
observations.

18.4.2 Shock Waves
For an isotherm with a Langmuir shape, if the column is initially loaded at some low concentration, clow,
(clow = 0 if the column is clean) and is fed with a fluid of a higher concentration, chigh (see Figure 18-
17A), the result will be a shock wave. The feed step in adsorption processes usually results in shock
waves. Experiments show that when a shock wave is predicted the zone spreading is constant regardless
of the column length (a constant pattern wave). With the assumptions of the solute movement theory
(infinitely fast rates of mass transfer and no axial dispersion), the wave becomes infinitely sharp (a
shock) and the derivative dq/dc does not exist. Thus, the Δq/Δc term in the denominator of Eq. (18-14)



must be retained as discrete jumps in q and c, and the shock wave velocity is,

(18-34)

Figure 18-17. Shock wave analysis: (A) inlet concentration; (B) shock wave following Eq. (18-34);
(C) outlet concentrations with solid line predicted by solute movement theory, and dashed line

representing experimental result (modified from Wankat, 1986).

Reprinted with permission, copyright, 1986 Phillip C. Wankat.

where the subscripts “before” and “after” refer to the conditions immediately before and immediately
after the shock wave. The fluid and solid before the shock wave (cbefore and qbefore) are assumed to be in
equilibrium as are the values of cafter and qafter after the shock wave. For a general Langmuir isotherm,
Eq. (18-6c), the shock wave velocity is

(18-35)



Now the shock wave velocity depends upon the concentrations on both sides of the shock wave. The
resulting shock wave is shown in Figure 18-17B and the outlet concentration is shown in Figure 18-17C.
Superficially, the outlet concentration profile in Figure 18-17C looks like the result from a linear isotherm
(concentration jumps to cfeed). However, for the linear isotherm this outlet step occurs at t = L/us, which is
constant regardless of the feed and initial concentrations. The shock wave outlet step occurs at t = L/ush,
which depends upon both the feed and initial concentrations. In addition, shock waves are self-
sharpening, a concept explored in Example 18-7. Waves in systems with linear isotherms are not self-
sharpening.

Example 18-7. Self-sharpening shock wave

A 100.0 cm long column is packed with activated alumina. The column is initially filled with pure
cyclohexane solvent (c = 0.0 mol/L anthracene). At t = 0 a feed containing 0.0090 mol/L anthracene in
cyclohexane solvent is input. At t = 10 minutes a feed containing c = 0.011 mol/L anthracene in
cyclohexane solvent is input. Superficial velocity is 20.0 cm/min. Predict and plot the outlet
concentration profile using solute movement theory.
Data: εe = 0.42, εp = 0, Kd = 1.0, ρf (cyclohexane) = 0.78 kg/L, ρp = 1.465 kg/L, Equilibrium q =
22c/(1 + 375c) where q = mol/kg and c = mol/L.

Solution

A. Define. Find the values of the outlet concentration at different times using the solute movement
theory.

B. Explore. The most important decision is whether a diffuse or a shock wave (Section 18.4.2) will
result for each feed step. With a Langmuir isotherm a shock wave results when a concentrated feed
(first c = 0.009 then c = 0.011) is fed to a column that is initially more dilute (first c = 0.0 then c =
0.009). Thus, we expect a first shock wave followed after 10 minutes by a second, which is faster.
If they intersect, there will be a third shock wave (feed cF = 0.011 and initial c = 0.0). (Realizing
that there could be a third shock wave is probably the hardest part of this problem.)

C. Plan. The shock velocity can be calculated from (Eq. 18-35) with εp = 0. With εp = 0, the solid
density ρs is equal to the particle density ρp. The interstitial velocity is

vinter = vsuper/εe = 20.0/0.42 = 47.62 cm/min
Substituting in the values of parameters, except for Δq/Δc, the shock wave velocity is

where

For the first shock wave, since cinitial = 0, q (cinitial) = 0. Since cF = 0.009, we can calculate qsh1 (cF)
from the Langmuir isotherm, which allows us to calculate Δq/Δc and ush1. A similar calculation can
be done to calculate ush2. Then we can calculate at what distance the two shock waves intersect. If
this occurs before the end of the column, we can determine the velocity of the third shock wave.

D. Do it.



Shock wave 1 (cinitial = 0, cF = 0.009)

Shock wave 2 (cinitial = 0.009, cF = 0.011). q2initial = 0.04526

The solute movement diagram is shown in Figure 18-18A. The intersection of the two shock waves
occurs at zintersect, tintersect. The first shock wave travels

zintersect = ush,1 tintersect

while the second shock wave travels
zintersect = ush,2 (tintersect − 10)

Figure 18-18. Analysis and results for Example 18-7: (A) solute movement diagram showing
intersection of two shock waves, (B) outlet concentration profile



Setting these equal and solving for tintersect

Then
zintersect = (4.262)(13.608 min) = 58.0 cm

After this distance there is a third shock wave with cinitial = 0.0 (the initial column concentration at t
= 0) and cF = 0.011 (feed concentration after 10 minutes).

This shock exits at

The complete solute movement diagram is shown in Figure 18-18A and the outlet concentration
profile is in Figure 18-18B.



E. Check. As expected ush,2 > ush,3 > ush,1. We can also check the mass balance until breakthrough
occurs

Inlet − Accumulation = 0
The inlet consists of feed 1 (cF = 0.009) for ten minutes and feed 2 (cF = 0.011) until breakthrough
at tout = 22.146 minutes. The accumulation = Δq ρs (πD2/4) L where the change in the amount
adsorbed, Δq = q(c = 0.011) − q(c=0) = 0.0472. This mass balance is satisfied.

F. Generalize. The single shock wave that results when two steps are input occurs because of the self-
sharpening behavior of shock waves. Diffuse waves can also be sharpened if they are followed
with a shock wave. This phenomenon is used in commercial cycles. The regeneration cycle will
require much less purge if an adsorbate tail (called a heel) is left in the column (see Figure 18-
16B). This diffuse wave is then sharpened when the next feed step forms a shock wave.

The wave interactions shown in Figure 18-18A are a very important part of the study of nonlinear
systems. Shock waves and diffuse waves can also interact (Wankat, 1990, Chapter 7). If there are two or
more adsorbates that compete for sites (e.g., with the multicomponent Langmuir isotherm, Eq. (18-8)),
interactions often occur between shock waves and diffuse waves from the different components (e.g.,
Ruthven, 1984; Yang, 1987). The theories for two or more interacting solutes are beyond the scope of this
introductory chapter.
In experiments (Figure 18-15A) the outlet concentration profiles are not sharp as shown in Figures 18-
17B and 18-18B. Instead the finite mass transfer rates and finite amounts of axial dispersion spread the
wave while the isotherm effect (illustrated in Example 18-7) counteracts this spreading. The final result is
a dynamic equilibrium where the wave spreads a certain amount and then stops spreading. Once formed,
this constant pattern wave has a constant width regardless of the column length.

18.5 Ion Exchange
Ion exchange is a unit operation in which ions held on a solid resin are exchanged for ions in the feed
solution. For most people the most familiar ion exchange system is water softening, which replaces
calcium and magnesium ions (“hard” water ions) in the feed water with sodium ions (“soft” water ions).
If the feed water containing calcium and magnesium is continued, eventually the resin will become
saturated with these ions and no additional exchange occurs. To produce soft water the resin needs to be
regenerated, which can be done with a concentrated solution of sodium chloride salt. A number of other
ion exchange separations are done commercially.
The most common materials used for ion exchange are polymer resins with charged groups attached
(Alexandratos, 2009; Anderson, 1979; Dechow, 1989; Dorfner, 1991; LeVan et al., 1997; Wankat, 1990).
Cation-exchange resins have fixed negative charges while anion-exchange resins have fixed positive
charges. The resin is called strong if the resin is fully ionized and weak if the resin is not fully ionized.
The most commonly used strong resins are based on polystyrene (see Figure 17-3E) cross-linked with
divinyl benzene. The most common strong cation exchange resin uses benzene-sulfonic acid groups while
the most common strong anion-exchange resins have a quaternary ammonium structure. These resins are
commonly used for water treatment and have very good chemical resistance although they are attacked by
chlorine. Copolymers of divinylbenzene and acrylic or methacrylic acid are used for weak acid resins.
No single type of weak base resin is dominant although the use of a tertiary amine group on a polystyrene-
DVB resin is common. Although the capacity of the weak exchangers is lower than for strong resins, they
also require less regenerant. The weak resins tend to be less robust than the strong resins and need to be
protected from chemical attack. Typical properties of ion-exchange resins are listed in Table 18-4.



Table 18-4. Properties of common ion-exchange resins (LeVan et al., 1997; Wankat, 1990)

Ion exchange involves a reversible reaction between ions in solution and ions held on the resin. An
example of monovalent cation exchange is the removal of sodium ions from the resin using hydrochloric
acid.

(18-36)

In this equation R− represents the fixed negative charges such as SO3
− on the resin. The hydrogen and

sodium ions that are exchanging are called counter ions. The chloride ion, which has the same charge as
the fixed SO3

− groups, is called the co-ion. Although the chloride anion does not directly affect the
reaction, at high concentrations it does affect the equilibrium characteristics. Exchange of a divalent
cation with a monovalent cation is also common, and is exemplified by removal of calcium ions from
water and replacement with sodium ions (water softening).

(18-37)

where X− is any anion. Of course, there are a variety of other possibilities.
Standard practice is to define the equivalent fractions of ions in solution xi and on the resin yi

(18-38)

where ci is the concentration of ion i in solution (e.g., in equivalents/m3), cT is the total concentration of
cations or anions in solution, cRi is the concentration of ion i on the resin (in volume units such as
equivalents/m3), and cRT is the total concentration of ions on the resin. The total concentration of ions on
the resin cRT, the resin capacity, is a constant equal to the concentration of fixed negative sites set when
the resin is made. One advantage of using equivalent fractions is they must sum to one.

(18-39)

18.5.1 Ion Exchange Equilibrium
For a simplified view of ion exchange equilibrium for binary ion exchange assume the equilibrium
constant can be determined by the law of mass action. Let A represent the hydrogen ion and B the sodium
ion. For monovalent ion exchange



A+ + RB + X− = AR + B+ + X−

illustrated in Eq. (18-36), the mass action equilibrium expression simplifies to

(18-40a)

where we have assumed the local concentrations of co-ion X− in the interior of the resin are both identical
(and very low) in the numerator and denominator and hence cancel. (These concentrations are very low in
the resin because of a phenomenon known as Donnan exclusion—the very high concentrations of fixed
charges on the resin exclude the free anion X− from the resin.) The equilibrium constant KAB isn’t really
constant (e.g., see Wankat, 1990), but in dilute solutions it will be very close to constant. Solving Eq.
(18-40a) for yA,

(18-40b)

Note that the order of the subscripts is important and KBA = 1/KAB. These equations can be applied to any
monovalent exchange by substituting in the appropriate symbols for the exchanging ions. Experimental
values for the equilibrium constant are required. A few representative values are given in Table 18-5. If
we know the equilibrium constants KAB and KCB, we can calculate the value of KCA from,

(18-40c)

Table 18-5. Approximate equilibrium constants for ion exchange (Anderson, 1997)

This result expands the usefulness of Table 18-5. However, since the values in Table 18-5 are
approximate [e.g., Dechow (1989) lists the following values for strong acid resins: H+ = 1.26, Na+ =
1.88, NH4

+ = 2.22, K+ = 2.63, Cs+ = 2.91, and Ag+ = 7.36], they should not be used for detailed design
calculations.
The equilibrium expression for a divalent ion exchanging with a monovalent ion [e.g., the reaction in Eq.
(18-37)] is not as simple. If we let D represent the divalent calcium ion and B the monovalent sodium ion,



the reaction is
D+2 + RB2 + 2X− = RD + 2B+ + 2 X−

and the equilibrium constant from the mass action expression is

(18-41)

Selected values of divalent-monovalent equilibrium constants are given in Table 18-5. If KDA and KBA
are known, then the desired constant KDB is

(18-42)

Substituting the summation Eqs. (18-39) into Eq. (18-41), we obtain

(18-43)

This equation can conveniently be solved for yD for any specified value of xD using the formula for
solution of quadratic equations, or by using Goal Seek or Solver in a spreadsheet. Note that the effective
equilibrium parameter in Eq. (18-43) is (KDB cRT/cT). Since the total concentration in the fluid can easily
be changed, this effective equilibrium parameter can be changed. This behavior is illustrated in Example
18-8 and Figure 18-19.
Figure 18-19. Equilibrium for copper-sodium exchange for Example 18-8; ♦ cT = 0.01 N,  cT =2.5 N

The equilibrium parameters are temperature dependent. However, ion exchange is usually operated at a
constant temperature near the ambient temperature.

18.5.2 Movement of Ions
The solute movement theory developed in Sections 18.3. and 18.4. is easily extended to ion movement.
For gel-type ion-exchange resins, which are most popular, there are no permanent pores and εp = 0. The
development of the solute movement theory from Eqs. (18-10) to (18-14) is modified by setting εp = 0,
expressing concentrations in terms of the equivalent fractions x and y, and including a Donnan exclusion
factor KDE. The result is



(18-44)

Co-ions (ions with the same charge as the ions fixed to the resin) are excluded and they have KDE = 0.
Exchanging ions are not excluded and KDE = 1. Note that the (1 − εe) ρs term does not appear in Eq. (18-
44) because volumetric units are commonly used for ion concentrations in solution and on the resin.
Equation (18-44) can be applied to either diffuse or shock waves. Diffuse waves occur if a column that is
concentrated in ion A (or D) is fed a solution of low concentration A (or D) and KAB > 1.0 [or (KDB
cRT/cT) > 1.0]. If KAB < 1.0 [or (KDB cRT/cT) < 1.0] diffuse waves occur when a column that has a dilute
amount of ion A (or D) is fed a solution that is concentrated in A (or D). For diffuse waves the ion
velocity is

(18-45a)

The derivative (dyi/dxi) can be determined from the appropriate equilibrium expression such as Eq. (18-
40b) or Eq. (18-42b). These derivatives are

(18-45b)

for monovalent-monovalent exchange and

(18-45c)

for divalent-monovalent exchange.
Shock waves occur when the conditions are the opposite of those for diffuse waves. For example, if KAB
> 1.0 [or (KDB cRT/cT) > 1.0] and a solution concentrated in A (or D) is fed to a column containing a
dilute solution of the ion, a shock wave would be expected. The shock wave equation is

(18-46)

The equivalent concentrations of ion A (or D) in solution xi and on the resin yi are assumed to be in
equilibrium both before and after the shock wave.
The ion velocities depend upon the ratio (cRT/cT) regardless of the form of the isotherm. This agrees with
our physical intuition. If the resin capacity cRT is high while the concentration of ion in solution cT is low,
we would expect that waves would move slowly.



Because changes in the total ion concentration can affect both equilibrium and ion velocities, we need to
balance the total ion concentration. When the total ion concentration in the feed is changed, an ion wave
passes through the column. For relatively dilute solutions the resin is already saturated with counter-ions,
and more ions cannot be retained. For a balance on all ions, the total ions are excluded, KDE = 0, and Eq.
(18-44) becomes

(18-47a)

This is the same result that is obtained for co-ions. The total ion and co-ion waves move rapidly through
the column. The total ion wave affects counter-ion (uA or uD) velocities for all ion exchange systems. For
exchange of ions of equal charges (e.g., monovalent-monovalent), the equilibrium is not affected and
xi,after = xi,before and yi,after = yi,before. The equilibrium for the exchange of ions with different charges (e.g.,
divalent-monovalent or trivalent-monovalent) is changed. A mass balance on a segment of column (see
Problem 18.C9) shows that

(18-47b)

For monovalent-monovalent exchange,

(18-47c)

while for divalent-monovalent exchange,

(18-47d)

but xafter_total_ion_wave is in equilibrium with yafter_total_ion_wave.

The calculation of these effects is illustrated in Example 18-8.

Example 18-8. Ion movement for divalent-monovalent exchange

An ion exchange column is filled with a strong acid resin (cRT = 2.0 equivalents/L, εe = 0.40). The
column initially is at a total cation concentration of cT = 0.01N with xNa = 0.90, xCu = 0.10. Chloride
is the co-ion. At t = 0 we feed a 2.5 N aqueous solution of NaCl (xNa = 1.0). The selectivity constants
can be calculated from Table 18-5. The column is 50 cm long. The counter ions are not excluded (KE
= 1.0). The superficial velocity throughout the experiment is 20.0 cm/min.
Predict:
a. Equilibrium behavior at cT = 0.01 N and at cT = 2.5 N
b. The time the total ion wave exits
c. The values of xCu and yCu after the total ion wave exits
d. The time and shape of the exiting sodium wave

Solution

A. Define. We first want to find the equilibrium parameters at cT = 0.01 N and at cT = 2.5 N, and then



plot the equilibrium results. Then, find the breakthrough time for the total ion wave, the equivalent
fractions of copper at cT = 2.5 N, and the outlet concentration profile for sodium.

B. Explore. The determination of the equilibrium behavior, the ion wave, and the values of xCu and
yCu follows the equations, but the order can be a bit confusing. One reason for showing this
example is to clarify how the calculations proceed. Sometimes, the biggest challenge is
determining if the sodium wave is a shock or diffuse wave.

C. Plan. The selectivity can be found from Eq. (18-42) and the equilibrium parameter is (KDB
cRT/cT). The equilibrium curves can be found at arbitrary x values from Eq. (18-43). The velocity
of the total ion wave is equal to the interstitial velocity. The equivalent fractions of copper can be
found by solving Eq. (18-43) with xCu,before = 0.10 and cT = 0.01 N to find yCu,before. When the total
ion wave passes, set yCu,after = yCu,before, and solve Eq. (18-43) with this value of yCu,after and cT =
2.50 N for xCu,after. Finally, the sodium breakthrough time can be calculated from either Eq. (18-45)
or Eq. (18-46) after we decide if it is a diffuse or shock wave, respectively. To do this we will
look at the shape of the isotherm for this decrease in copper concentration in the feed.

D. Do it.
First, find equilibrium curve at cT = 0.01 N. Since copper is divalent and sodium is monovalent,
use Eqs. (18-42) and (18-43). From Eq. (18-42)

Then Eq. (18-43) becomes

At xCu = 0.1 (the initial concentration)

Solving for yCu with a spreadsheet, we obtain yCu = 0.814. The equilibrium table below at cT =
0.01 N was generated using this spreadsheet.

When  and Eq. (18-43) is  and the
equilibrium results are

These two tables are plotted in Figure 18-19. Note that with cT = 0.01 N a very favorable isotherm
results while with cT =2.5 N the isotherm is unfavorable.
The velocity of the total ion wave is utotal_ion = vsuper/εe = 20.0/0.4 = 50 cm/min, and the
breakthrough time of this wave is tbr = L/utotal_ion = 50.0/50.0 = 1.0 min.
From the table of equilibrium values at cT = 0.01 N, when xCu,before = 0.10, yCu,before = 0.814. Then,
when the total ion wave passes (now cT = 2.5 N), yCu,after = yCu,before = 0.814. At cT =2.5 N and



yCu,after = 0.814, we can solve Eq. (18-41c) for xCu,after.

The result is xCu, after = 0.836.
Note the large increase in copper equivalent fraction in the liquid is caused by the change in
equilibrium at the higher total ion concentration. The increase in copper is supplied by removing
copper from the resin when the sodium cloride wave passes.
When the 2.5 N sodium chloride solution is fed to the column, the copper equivalent fraction, and
concentration in the feed drop to zero. Since the column is at 2.5 N when the sodium wave reaches
any part of the column, we use that equilibrium curve in Figure 18-19. This is an unfavorable
isotherm for copper; thus, with a drop in copper concentration in the feed a shock wave results.
Then use Eq.(18-46) to calculate the shock wave velocity.

This shock wave exits at tNaCl = L/ush = 50/16.96 = 2.95 minutes
The solute movement diagram is plotted in Figure 18-20.

Figure 18-20. Solute movement diagram for Example 18-8

E. Check. A copper mass balance on the entire cycle can be used as a check, Cu in − Cu out = Cu
accumulation
From t = 0 to t = 2.95 minutes there is no copper flowing into the system. The outlet copper amount
consists of one minute at (cT = 0.01 N, xCu = 0.10) and 1.95 minutes at (cT = 2.5 N, xCu = 0.836) as
shown in Figure 18-20. Since we know the conditions at the beginning of the cycle (cT = 0.01 N,
xCu,before = 0.10, yCu,before = 0.814) and at the end of the cycle (cT = 2.5 N, xCu,after_NaCl = 0.0,
yCu,after_NaCl = 0.0), we can calculate the accumulation term for the cycle. The mass balance then
becomes



This is certainly within the accuracy of the calculations.
F. Generalization. The change in equilibrium behavior from a favorable isotherm to an unfavorable

isotherm when cT is increased only occurs for exchange of ions with unequal charges. This change
can result in shock waves during both the feed and regeneration steps. Since shock waves show
significantly less spreading than diffuse waves, significantly less regenerant is required. This
phenomenon is used to advantage in water softeners that exchange “hard” Ca++ and Mg++ ions (they
precipitate when heated and foul cooking utensils or heat exchangers and interfere with soap) at
very low cT values with Na+ ions. Regeneration is done with a concentrated salt (NaCl) solution at
high cT.

This introductory presentation on ion exchange has been restricted to dilute solutions with the exchange of
two ions. A variety of more complex situations including complex equilibria and mass transfer, partial
ion exclusion, swelling of the resin (see Table 18-4), and the need for backwashing to remove dirt often
occur in practice, but are beyond the scope of this introductory section. Information about the variety of
phenomena, different equipment, equilibrium theory and mass transfer is discussed by Helferrich (1962),
Dechow (1989), and Tondeur and Bailly (1986) respectively.



18.6 Mass and Energy Transfer in Packed Beds
For detailed predictions and understanding of sorption separations we need to do a detailed analysis of
diffusion rates, mass and energy transfer, and mass and energy balances in the column. In order to make
the results somewhat tractable, we will make all the usual assumptions listed in Table 18-6.

Table 18-6. Assumptions for mass and energy transfer analysis

The fluid flowing in the external void volume in Figure 18-1 is usually assumed to have a constant
concentration (or partial pressure) at each axial distance z; thus, this bulk concentration is not a function
of the radial distance from the center of the bed. During the course of separation the sorbates are first
transferred down the column by bulk transfer. The sorbates then transfer across the external film and
diffuse in the pores until they reach the sorbent sites. At these sites they are sorbed in a usually rapid step.
For an equilibrium system, some sorbates will always be desorbing and diffusing back into the bulk fluid.
Desorption is favored during the regeneration step by increasing temperature or dropping the
concentration of the sorbate.
Since the first step in the separation process, bulk transport, is assumed to be rapid enough to keep the
bulk concentration (at any given value of z, t) constant, we will start with an analysis of film mass
transfer.

18.6.1 Mass Transfer and Diffusion
Mass transfer across the film (see Figure 18-1) occurs by a combination of diffusion and convection. As
is usual in film mass transfer, the driving force is assumed to be (c-cpore) where the concentration in the
pores cpore is calculated at the surface of the particles. The film transfer term becomes −kf ap (c-cpore)
where kf is the film mass transfer coefficient (m/s) and ap is the surface area of the particles per volume
(m−1). For spherical particles



(18-48a)

With porous particles the film equation is a bit more complicated than in Chapter 15 since the
accumulation of mass in the particle is distributed between the pores and the solid. The resulting equation
is

(18-48b)

The left-hand side of this equation is the accumulation of solute on the solid and in the fluid within the
pores. The right-hand side is the mass transfer rate across the film. Since the amount adsorbed in the
particles and the concentration of the pore fluid are functions of r,  and  are the average amount
adsorbed in the particle and the average pore fluid concentration, respectively.
A more familiar looking version of the film transport equation is obtained for a single-porosity model.
This result can be formally obtained by setting εp = 0 and ε = εe in Eq. (18-48b).

(18-49)

Since mass transfer rates in the film are usually quite high compared to diffusion in the particles, film
resistance is rarely important in commercial processes (Basmadjian, 1997).
After passing through the film, solute then diffuses in the pores by normal diffusion (large pores), Knudsen
diffusion (small pores), or surface diffusion. In polymer resins where there are no permanent pores, the
solute diffuses in the polymer phase. For spherical particles with a radial coordinate r, the diffusion
equation in pores is

(18-50)

For ordinary or Fickian diffusion Deffective is related to the diffusivity in free solution through the
tortuosity factor, Eq. (18-4). Equation (18-50) assumes that the mean free paths of the molecules are
significantly less than the radius of the pores. This is the usual case with liquids and gases at high
pressures.
Knudsen diffusion occurs when the mean free path of the molecules is significantly greater than the radius
of the pores. In this case instead of colliding with other molecules, a molecule collides with the pore
walls. The same diffusion equation can be used, but now Deffective is determined from Eq. (18-4) with DK,
the Knudsen diffusivity replacing Dmolecular. The Knudsen diffusivity can be estimated from (Yang, 1987)

(18-51)

where rp the pore radius is in cm, the absolute temperature T is in Kelvin, M is the molecular weight of
the solute, and DK is in cm2/s. If the mean free path of the molecules is the same order of magnitude as the
pore diameter, both ordinary and Knudsen diffusion mechanisms are important. The diffusivity can be
estimated as



(18-52)

This value of D is then used instead of Dmolecular in Eq. (18-4) to estimate Deffective. The use of Eqs.(18-
51) and (18-52) is often required for the adsorption of gases in adsorbents with small pores.
In surface diffusion the adsorbate does not desorb from the surface but instead diffuses along the surface.
This mechanism can be important in gas systems and when gel-type (non-porous) resins are used. The
surface diffusion flux is

(18-53)

where the surface diffusion coefficient Ds depends strongly on the surface coverage, q. Currently, values
of Ds must be back-calculated from diffusion or adsorption experiments. Ordinary, Knudsen, and surface
diffusion may occur simultaneously. More detailed descriptions of the diffusion terms are available in the
books by Do (1998), Ruthven (1984) and Yang (2003).

18.6.2 Column Mass Balances
The equations for film diffusion and diffusion inside the particle tell us what is happening at a given
location inside the column. To determine what is happening for the entire column we need a mass balance
on the solid and fluid phases. In order to write reasonably simple balance equations, we usually make a
number of “common-sense” assumptions such as those listed in Table 18-6. The resulting equation for the
two-porosity model is

(18-54)

The first three terms are the accumulation in the fluid between particles, within the pore fluid with an
average concentration , and sorbed on the solid, respectively. The fourth term represents convection
while the fifth term is axial dispersion. Coefficient ED is the axial dispersion coefficient due to both eddy
and molecular effects. The value of  in Eq. (18-54) can be related to ci and  through Eqs. (18-48b) and
(18-50). A slightly simpler equation is obtained using the single-porosity model,

(18-55)

Solution of the appropriate set of equations: equilibrium, 18-48b or 18-49, 18-50 (with diffusivities
calculated from Dmolecular, 18-51, or 18-52 inserted into 18-4 and/or use of 18-53), and either 18-54 or
18-55 plus a suitable set of boundary conditions is very difficult. This calculation is so difficult that even
with detailed simulators a simplified procedure is usually employed.

18.6.3 Lumped Parameter Mass Transfer



One very common simplification is to assume that the film diffusion and diffusion in the particles can be
lumped together in a lumped parameter mass transfer expression. In this form the total of all the mass
transfer is assumed to be proportional to the driving force caused by the concentration difference 
or by the driving force caused by the difference in amount adsorbed . The value  is the
concentration that would be in equilibrium with  and  is the amount adsorbed that would be in
equilibrium with fluid of concentration ci. Note that neither  nor  actually exist in the column—they are
hypothetical constructs. The two resulting equations are

(18-56a)

(18-56b)

Note that Eq. (18-56a) is very similar to Eq. (18-48b) except that c* replaces the concentration of the
pore fluid cpore and the lumped parameter mass transfer coefficient km,c replaces the film coefficient kf. As
expected, the lumped parameter expressions using the single-porosity model are simpler.

(18-57a)

(18-57b)

Equations (18-56a) and (18-56b) or (18-57a) and (18-57b) can be converted into each other if the
equilibrium is linear (km,q = km,c/K′). Since both Eqs. (18-57a) and (18-57b) are commonly used, it is
necessary to be clear which lumped parameter coefficient is reported—unfortunately, authors usually
don’t put a subscript denoting the driving force on this term. Look for their driving force equation to
determine which form they used.
The lumped parameter models are useful because they simplify the theory and the coefficients can often be
estimated with reasonable accuracy. The most common way to determine km,q is with a sum of resistances
approach (Ruthven et al., 1994) that is similar to the approach used in Section 15.1.

(18-58a)

The value of ap, the mass transfer area per volume, is usually estimated as 6/dp. A number of correlations
have been developed to estimate the film coefficient. The Wakoa and Funazkri (1978) correlation appears
to be quite accurate

(18-59)

where the Sherwood, Schmidt and Reynolds numbers are defined as,



(18-60)

A final value needed to solve the complete set of equations is the eddy dispersion coefficient, ED. The
Chung and Wen (1968) correlation is commonly used to determine ED.

(18-61)

where the Reynolds number was defined in Eq. (18-60) and the Peclet number is defined as

(18-62)

In many systems, particularly liquid systems, the resistance due to diffusion in the pores is much more
important than the resistance due to mass transfer across the film (Deffective is small and hence the second
term on the right hand side of Eq. (18-58a) is much larger than the first term). Then,

(18-58b)

Thus, when pore diffusion controls the mass transfer coefficient is independent of fluid velocity and
proportional to (1/dp)2. Basmadjian (1997) suggests that initial estimates can be made with km,cap values
of 10−1 1/s for gases and 10−2 to 10−3 1/s for liquids. More detailed discussions of the kinetics and mass
transfer in adsorbents can be found in the books by Do (1998), Ruthven (1984), and Yang (2003).

18.6.4 Energy Balances and Heat Transfer
Since there are usually significant heat effects in gas systems, energy balances will be required. For the
single-porosity model the energy balance (based on the assumptions in Table 18-6) for the fluid,
particles, and column wall is

(18-63)

The first two terms and the last term represent accumulation of energy in the fluid, the particle, and the
column wall. The third term is convection of energy while the fourth term is the axial dispersion of
energy. The fifth term (first term on right hand side) represents the heat transfer from the column walls.
Because industrial scale systems have a small ratio of wall area to column volume, the fifth term is often
negligible (the column is adiabatic), and the sixth term is often negligible because the mass of the column
wall is small compared to the mass of adsorbent.
The transfer of energy from the fluid to the solid can often be represented as a lumped parameter
expression of the following form:



(18-64)

The first term represents accumulation of energy in the solid, the second term is the heat transfer rate from
the fluid to the solid, and the last term is the heat generated by adsorption. This last term can be quite
large. Increases in gas temperature of over 100°C can occur in gas adsorption systems, and if oxygen is
present activated carbon beds can catch on fire.

18.6.5 Derivation of Solute Movement Theory
The solute movement equations can be derived rigorously by solving the mass and heat transfer equations
with a set of limiting assumptions. Start with the column balance on fluid and solid, Eq. (18-54).
Assuming that mass transfer is very rapid, the bulk fluid and solid will be in equilibrium. Thus, c = c*
which is in equilibrium with q = q*, and the lumped parameter expression, Eq. (18-56a) or (18-56b) is
not required. In addition, assuming that axial dispersion is negligible, Eq. (18-54) becomes

(18-65a)

Since the solid and fluid are in equilibrium, q is related to c and T through the isotherm. After assuming
that solid (εe, εp, Kd, and ρs) properties are constant, applying the chain rule and simplifying, Eq. (18-65a)
becomes

(18-65b)

The total derivative dT/dt = 0 for isothermal systems, systems with instantaneous temperature changes,
and systems with square wave changes in the temperature. With these simplifications Eq. (18-65b) can be
solved by the method of characteristics (e.g., Ruthven, 1984; Sherwood et al., 1975). The result for
constant interstitial velocity (valid for liquids, exchange adsorption and dilute gases) is that concentration
is constant along lines of constant solute velocity where the solute velocity is given by Eq. (18-14).
A similar analysis can be applied to the energy balance equation by assuming very rapid energy transfer,
negligible axial thermal diffusion, constant solid and fluid properties (e.g., densities and heat capacities),
constant interstitial velocity and the heat of adsorption can be neglected. The result is that temperature is
constant along lines of constant thermal velocity where the thermal velocity is given by Eq. (18-21).
The solute movement analysis is thus a physically based analysis that can be derived rigorously with
appropriate limiting assumptions. If mass transfer is slow and the velocity is high or the column is short,
the solute may not have sufficient residence time in the column to diffuse into the solid. The solute then
skips the separation mechanism (equilibrium between solid and fluid) and exits with the void volume of
the fluid. In this situation the predictions of solute movement are not useful. Basmadjian (1997) states that
one of the following conditions must be satisfied to avoid this “instantaneous breakthrough,”

(18-66)

Local equilibrium analysis can be extended to systems with variable interstitial velocity (concentrated
gases), interacting solute isotherms such as Eq. (18-8), or finite heats of adsorption (most important for



concentrated gases), but this extension is beyond the scope of this chapter (e.g., see Ruthven, 1984; Yang,
1987).

18.6.6 Detailed Simulators
Simultaneous solution of the combined mass and energy balances, the pressure drop equation [see Eq.
(18-90)], and the equilibrium expressions is a formidable task, particularly for multicomponent, nonlinear
systems. Until the 1990s solution of this set of differential, algebraic equations (DAE) was typically a
task done by Ph.D. students for their thesis or by a few industrial experts who devoted their careers to
simulation of sorption processes. This situation changed with the development of fairly general solvers
for DAEs such as SPEEDUP, gPROMS, and Aspen Custom Modeler, and later the development of
simulators such as ADSIM and Aspen Chromatography designed specifically for adsorption,
chromatography and ion exchange. Current versions of the DAE solvers and simulators are reasonably
user friendly. Currently, almost all designs of distillation and absorption processes are designed using
simulators. In the future the design of sorption systems will follow down the simulation path, and most
designs will be based on simulation programs. Teaching the use of these simulation packages is discussed
by Wankat (2006), and the introductory computer laboratories for Aspen Chromatography are included in
the appendix to this chapter.
In the next two sections the mass and energy transfer equations will be used to obtain realistic solutions
for a variety of simplified adsorption problems.

18.7 Mass Transfer Solutions for Linear Systems
The solution of differential equations is much simpler when the equations are linear. The various sets of
differential equations for mass transfer discussed in Section 18.6 are all linear if the equilibrium isotherm
is linear and the system is isothermal. (Note that nonisothermal operation introduces the Arrhenius
relationship, Eq. (18-7), which is decidedly nonlinear.) This section is limited to isothermal operation of
systems with linear isotherms Eqs. (18-5b) or (18-6b).
One characteristic of the solutions for Eqs. (18-54) and (18-55) for linear isotherms is mass transfer
resistances and axial dispersion both cause zone spreading that looks identical if the mass transfer
parameters or axial dispersion parameters are adjusted. Thus, from an experimental result it is impossible
to determine if the spreading was caused solely by mass transfer resistances, solely by axial dispersion,
or by a combination of both. This property of linear systems allows us to use simple models to predict the
behavior of more complex systems.

18.7.1 Lapidus and Amundson Solution for Local Equilibrium with Dispersion
In a classic paper Lapidus and Amundson (1952) studied liquid chromatography for isothermal operation
with linear, independent isotherms when mass transfer is very rapid, but axial dispersion is important.
Although the two-porosity model can be used (Wankat, 1990), the solution was originally obtained for the
single-porosity model. Starting with Eq. (18-55), we substitute in the equilibrium expression Eq. (18-6a)
to remove the variable q (solid and fluid are assumed to be in local equilibrium). Since the fluid density
is essentially constant in liquid systems, the interstitial fluid velocity vinter can be assumed to be constant.
The resulting equation for each solute is

(18-67)

An effective axial dispersion constant Eeff has been employed in Eq. (18-67) since it includes the effects



of both mass transfer and axial dispersion. Under most experimental conditions mass transfer resistances
are important and axial dispersion effects are rather small. If we use the value of ED predicted from the
Chung and Wen correlation Eq. (18-61), the spreading of the wave will be significantly under-predicted.
How do we determine the effective axial dispersion coefficient? Dunnebier et al. (1998) compared
solutions that included mass transfer and axial dispersion to the results of the Lapidus and Amundson
solution. The effective axial dispersion coefficient can be estimated from

(18-68)

where we have assumed that q and c are in the same units and K′ is dimensionless. If q and c are in
different units, then appropriate density(s) need to be included with K′ [the procedure is similar to that
used to derive Eqs. (18-14a) and (18-14b)]. The value of km,c can be estimated from Eqs. (18-58) to (18-
60) since km,c = K′km,q. For linear systems the Lapidus and Amundson solution with Eeff gives identical
results as solving Eqs. (18-55) and (18-57a).
For a step input from c=0 to c=cF, the boundary conditions used by Lapidus and Amundson were

c = cF for z = 0 and t > 0

c = 0 for t = 0 and z > 0
c = 0 as z approaches infinity and t > 0.

The last boundary condition, the infinite column boundary condition, greatly simplifies the solution. It is
approximately valid for long columns.
For sufficiently long columns the solution for each solute is

(18-69)

where us is the single-porosity form of the solute velocity, Eq. (18-15b) (included in Problem 18.C5).
The term erf is the error function, which is the definite integral

(18-70)

Since the error function is a definite integral, for any value of the argument (the value within the brackets)
the error function is a number. The values of the error function can be calculated from the normal curve of
error available in most handbooks, are tabulated in Wankat (1990), and are available in many computer
and calculator packages including Excel. A brief tabulation of values is presented in Table 18-7.
Spreadsheets are a convenient method for solving linear problems with the Lapidus and Amunelson
solution. These are explored in Problem 18.H1.

Table 18-7. Values for error function



Note that when z = ust, which is the solute movement solution, the argument of the error function is zero,
erf is zero, and c/cF = ½. Thus, the solute movement theory predicts the center of the spreading wave.

Equation (18-69) is the solution for the breakthrough curve for linear isotherms. Example 18-9 will
illustrate that the result is an S-shaped curve, which matches experimental results. S-shaped breakthrough
curves are also predicted by other solutions for linear sorption systems (e.g., Carta, 1988; Rosen, 1954).

18.7.2 Superposition in Linear Systems
Another characteristic of linear systems is that superposition is valid. In other words, solutions can be
added and subtracted to give the solution for a combined process. Note that superposition is not valid for
nonlinear isotherms. This was illustrated in Example 18-7 where two shock waves combined to form a
single shock wave. For linear systems the two waves remain separate and form a staircase type
arrangement.
We have already employed superposition in some examples. In Example 18-2 we solved a linear
chromatography system for the separation of anthracene and naphthalene. This solution was derived by
obtaining the solution for anthracene and the solution for naphthalene and then superimposing these two
solutions (Figure 18-6). We inherently assumed that the two adsorbates are independent. This type of
procedure cannot usually be applied to nonlinear systems since the solutes interact [e.g., as shown by the
multicomponent Langmuir isotherm, Eq. (18-8)].
Figure 18-6 also illustrates another aspect of superposition. The first step increase for naphthalene in
Figure 18-6 is the breakthrough solution (a feed of concentration cF is introduced to an initially clean
column) using the solute movement theory for a system with a linear isotherm. The solution to a step-
down in feed concentration from cF to zero is the feed concentration minus the breakthrough solution.
Although the solutions including mass transfer and/or dispersion are more complicated than the simple
solute movement solutions shown in Figure 18-6, the superposition principle remains valid for any linear
system.
Consider an adsorption column that initially contains no solute. At t = tfeed a feed with a concentration cF
is introduced. The breakthrough solution, which is the behavior of cout, is

(18-72)

where Xbreakthrough is any solution for breakthrough with linear isotherms including the solution in Figure
18-6 or in Eq. (18-69). Now suppose that we want the solution for elution of a column fully loaded at a
fluid concentration of cF using pure solvent to remove the adsorbate. Based on superposition this solution
is the solution for the loaded column [c (z,t) = cF] minus the breakthrough solution started at time t = telution
(we now have a step down in concentration instead of a step up). Thus, at the outlet (z = L)



(18-73)

If we use the Lapidus and Amundson breakthrough solution, Eq. (18-69), then the elution solution is

(18-74)

The advantage of using superposition is this result is obtained with little effort.
As another example, suppose a pulse of feed is input at t = tstart and stopped at t = tend and pure solvent is
fed to the column after the pulse is stopped. The solution for this pulse is the breakthrough solution (step-
up from t = tstart) minus a breakthrough solution (step-down from t = tend).

(18-75)

The period of this pulse is tF = tend − tstart. Any solution for breakthrough for linear isotherms, such as Eq.
(18-69) can be substituted into Eq. (18-75).

Example 18-9. Lapidus and Amundson solution for elution

A column is packed with ion exchange resin in Ca+2 form. The column is initially saturated with
glucose at a concentration of 10.0 g/L. It is then eluted with pure water starting at t = 0 at a velocity,
vinter = 20 cm/min. Column: L = 75.0 cm, Dcol = 4.0 cm. Properties: εe = 0.39, εp = 0, Eeff = 5.0
cm2/min, and Kd,i = 1.0. Determine the elution curve.
A. Define. Plot cout vs. time.
B and C. Explore and plan. Note that this problem is not ion exchange, but is a chemical complexing

of the glucose with the Ca+2 on the resin. Equilibrium data are given in Table 18-2, q = 0.51c. For
step down (elution) the Lapidus and Amundson solution is given by Eq. (18-74) where us is given
by Eq. (18-15b) but without the ρp term (because q and c are in same units).

D. Do it. The solute velocity is,

From Eq. (18-74) the argument  where telution = 0.

Thus, 



(A)

Given a Table of Values, the easiest solution method is to pick a value of the argument “a” listed in
the table and then calculate both cout and t for this value.
For example, if we select a = 0, which is in Table 18-7,

The equation for time becomes

For the general case (a ≠ 0) we can solve for t either directly or by multiplying both sides of Eq.
(A) by (t½) and rearranging

3.3354(t1/2)2 − a(t1/2) − 22.486 = 0
For example, if a = 0.4 [erf (0.4) = 0.4284 is listed in Table 18-7], and we find t = 6.437 min. Then
at this time

If this is done for other values of “a”, we can generate the table below and the curve shown in
Figure 18-21.

Figure 18-21. Outlet concentration profile for Example 18-9

E. Check. The center of the pattern (c=cF/2 for this symmetric curve) should occur at the time
calculated by the solute movement solution.

Thus, the overall mass balance checks.
F. Generalization. The symmetric S-shaped curve shown in Figure 18-21 is characteristic of linear

systems. In linear systems, the elution curve (Fig. 18-21) and the breakthrough curve (feed to a
clean column) are also symmetric. The shape of the breakthrough curve can be seen if the page is
flipped over and you look through the backside of the paper. This transformation comes from
comparison of the elution solution, Eq. (18-74), with the breakthrough solution, Eq. (18-69).



Spreadsheets’ solution is also convenient.

18.7.3 Linear Chromatography
In analytical applications of elution chromatography very small feed pulses are used. Thus, concentrations
are invariably very low and the isotherms are almost always linear. If the pulse is differential (tF is very
small compared to the time required to elute the components), Eq. (18-75) for the Lapidus and Amundson
solution applied to a differential pulse can be simplified to (Wankat, 1990)

(18-76)

where t is the time after the pulse is fed to the column. Equation (18-76) is the Gaussian solution for
linear chromatography, which in various forms is extensively used to predict outcomes for analytical
chromatography. Outlet concentrations are determined by setting z = L. The maximum outlet concentration
of the peak occurs at z = L and t = L/us

(18-77)

The classic paper by Martin and Synge (1941) on liquid-liquid chromatography used an equilibrium-
staged model with linear isotherms for the chromatographic column. Comparison of staged solutions with
Eq. (18-76) shows that the number of stages N is

(18-78a)

where N is also related to L through the height of an equilibrium plate (HETP).

(18-78b)

and PeL is the Peclet number based on the column length. These results allow one to calculate the value of
N or HETP if Eeff is known, or vice-versa calculate Eeff if N or HETP is known. This conversion is
useful since easy methods to estimate N from chromatographic results are available (see Example 18-10
and homework problems).
The Gaussian solution can be written in shorthand notation as

(18-79)

where x is the deviation from the location of the peak maximum and σ is the standard deviation. The terms
for x and σ must be in the same units—time, length, or volume. For example in time units

(18-80a)

and in length units



(18-80b)

where tR is the molecule’s retention time, tr = L/us.

In linear systems the variances (σ2) from different sources add. This is equivalent to stating that the
amount of zone spreading from different sources is additive. Mathematically, this ability to add variances
is the reason we can use an effective diffusion coefficient to model a system where mass transfer
resistances are important.
Equations (18-79) and (18-80a) can be used to analyze experimental peaks, which are essentially plots of
concentration vs. time, to determine the value of us and N. From Eq. (18-79) the peak maximum must
occur when xt = 0. Since the outlet concentration profile is being measured at x = L, the peak maximum
occurs when tmax = tr = L/us, which is identical to the solute movement result. Thus, us and hence an
experimental value for the equilibrium constant K′ can be determined from the time the peak maximum
exits the column. This procedure is illustrated in Example 18-10.
The value of N can be determined from (Bidlingmeyer and Warren, 1984; Giddings, 1965; Jönsson, 1987;
Wankat, 1990),

(18-81a)

where the peak maximum and width are measured in time units. The value of the constant depends upon
what width is used. The easiest derivation uses the width as the distance between intersections of the two
tangent lines with the base line, which is 13.4% of the total height. The simplest to use experimentally is
the width of the pulse at the half height (c = cmax/2).

(18-81b)

The standard deviation σt of an experimental Gaussian peak can be estimated from,

(18-81c)

There are a number of other methods for determining N and σt of Gaussian peaks (Bidlingmeyer and
Warren, 1984; Giddings, 1965; Jönsson, 1987; Wankat, 1990) that all give essentially the same results,
although the method presented here is less sensitive to peak asymmetry than some of the other methods
(Bidlingmeyer and Warren, 1984). The use of these equations is illustrated in Example 18-10.
The purpose of chromatography is to separate different compounds. Separation occurs because
compounds travel at different solute velocities. At the same time axial dispersion and mass transfer
resistances spread the peaks. If two peak maxima are separated by more than the spreading of the two
peaks then they are said to be resolved. As a measure of how well the peaks are separated,
chromatographers use resolution, defined as (Giddings, 1965; Jönsson, 1987; Wankat, 1990),



(18-82)

where tR,A and tR,B are the retention times when the peak maxima exit. When R = 1.0, the maxima of the
two peaks are separated by 2(σt,A + σt,B) ≈ 4σt, and there is about a 2 % overlap in the two peaks. An R =
1.5 is considered to be complete baseline resolution of the two peaks.
The resolution can also be predicted by substituting in the expressions for retention times and the standard
deviations. Assuming that the N values are the same for the two components (a reasonable assumption
since resolution is usually calculated for similar compounds) the resulting fundamental equation of
chromatography (Giddings, 1965; Wankat, 1990) is

(18-83)

This equation indicates how we can increase resolution if the separation is inadequate. For example,
increasing column length, which increases N according to Eq. (18-78b), increases resolution, but only as
L½. More effect can be obtained by changing the equilibrium isotherms (Schoenmakers, 1986) to increase
the distance between the two peaks (see Homework Problem 18.B3) or increasing N by decreasing the
particle diameter, which decreases H in Eq. (18-78b).

Example 18-10. Determination of linear isotherm parameters, N, and resolution for linear
chromatography

A chromatogram is run in a preparative chromatographic system to separate acetonaphthalene (AN)
from dinitronaphthalene (DN). The results are shown in Figure 18-22. Find K′AN, K′DN, N and the
resolution. The K′ values should be in units m3/kg adsorbent = L/g adsorbent.

Figure 18-22. Analysis of Gaussian chromatography peaks for Example 18-10

Data: L = 50.0 cm, Solvent flow rate = 100.0 cm3/min, Pulse time = 0.02 minutes, feed concentration
AN = 2.0 g/L, feed concentration DN = 1.0 g/L, Internal diameter of column = 2.0 cm, εe = 0.4, εp =
0.46, Kd,i = 1.0, ρs = 2222 kg/m3.

Solution



A. Define: Find K′AN, K′DN, N and the Resolution.
B. and C. Explore and plan. We can use the peak maxima in Figure 18-22 to find the times for the two

peak maxima, tmax,i. The solute velocities can then be determined as us,i = L/ tmax,i. This allows us to
determine K′AN and K′DN by solving Eq. (18-15a) for the K′ values. This equation is

(18-84)

The value of N for each solute can be calculated from Eqs. (18-81a) and (18-81b). Since the width
at the half height is easier to measure, we will use this approach.
The resolution can be determined from Eq. (18-82) using Eq. (18-81c) to estimate the values of
σAN and σDN.

D. Do it. The values of the peak maximum concentrations and the half height values are given in
Figure 18-22.
The solute velocity is
us,AN = L/tmax,AN = 50.0 cm/4.46 min = 11.21 cm/min. The interstitial velocity is,

vinter = vsuper/εe = volumetric flow rate/(πD2/4)/εe

= (100 cm3/min)/(π(2.0 cm)2/4)/0.4 = 79.58 cm/min
Then K′AN can be determined from Eq. (18-84)

Combining Eqs. (18-81a,b), we have

From Eq. (18-81c)
σAN = 0.425 (4.96 − 3.99) = 0.412
Similar calculations give K′DN = 0.00316, N = 117, and σAN = 0.429
The resolution can be calculated from Eq. (18-82)

E. Check: The values K′ of determined are within 2% of the values in the literature, K′AN = 0.00306
and K′DN = 0.00322.

F. Generalization: This is a very low resolution, which agrees with Figure 18-22 since the peaks are
clearly not separated. To obtain better resolution in an analytical system, much smaller particles
would probably be used to drastically increase N. An alternative is to use different
chromatographic packing that has a higher selectivity. In a preparative system these methods could
be employed and the column length would probably be increased.



18.8 LUB Approach for Nonlinear Systems
In general, we cannot obtain analytical solutions of the complete mass and energy balances for nonlinear
systems. One exception to this is for isothermal systems when a constant pattern wave occurs. Constant
pattern waves are concentration waves that do not change shape as they move down the column. They
occur when the solute movement analysis predicts a shock wave.
Experimental results (Figure 18-15) and the shock wave analysis showed that the wave shape for constant
pattern waves is independent of the distance traveled. This allows us to decouple the analysis into two
parts. First, the center of the wave can be determined by analyzing the shock wave with solute movement
theory. Second, the partial differential equations for the column mass balance can be simplified to an
ordinary differential equation by using a variable = t − z/ush that defines the deviation from the center of
the wave. This approach is detailed in more advanced sources (e.g., Ruthven, 1984; Sherwood et al.,
1975; Wankat, 1990).
A simplified analysis procedure called the length of unused bed (LUB), or mass transfer zone (MTZ),
method that uses experimental data to design columns during constant pattern operation is used in industry.
This method is based on the work of Michaels (1952). The constant pattern wave inside the bed is shown
schematically in Figure 18-23A. After being fully developed, the pattern does not change as it moves
through the bed. The width of this pattern (called the length of the MTZ, LMTZ) is usually arbitrarily
measured from 0.05 cF to 0.95 cF. The reason for not using zero or the feed concentration is it is very
difficult to determine exactly when these values are left or attained. During operation, the feed step is
stopped at tbr when the outlet concentration reaches a predetermined level, usually 5% of the feed
concentration. Note that a fraction of the bed is not fully used for adsorption since the feed step was
stopped before the bed was fully saturated.
Figure 18-23. Schematic of constant pattern profiles and unused portion of bed; (A) inside column,

(B) outlet concentration profile



Of course, it is difficult to measure what is happening inside the bed; however, if we run a column to
saturation and measure the outlet concentrations we can infer what happened inside the bed. The outlet
concentration profile is shown schematically in Figure 18-23B. The width of the MTZ tMTZ (which is
again arbitrarily measured from 0.05 cF to 0.95 cF) is now easy to measure. The length of the MTZ inside
the bed LMTZ can be calculated as,

(18-85a)

The shock wave velocity can be calculated from Eq. (18-34) or from experimental data.

(18-85b)

where tcenter is the time the center of the pattern, 0.5 (cF − cinitial), exits the column.

All of the bed up to the MTZ is fully utilized for adsorption. Within the MTZ the fraction of bed not used
is (Area unused bed in MTZ)/(Total area of MTZ). This ratio can be determined from Figures 18-23A, or
from the measurements shown in Figure 18-23B. Thus, the frac bed use is

(18-86a)

Measuring the ratio of the areas isn’t necessary if the adsorption system produces a symmetric
breakthrough curve (e.g., as shown in Figure 18-23B). For symmetric breakthrough curves the ratio of
areas is always one half. Thus, for symmetric breakthrough curves the frac bed use is

(18-86b)

For symmetric breakthrough curves if L/ LMTZ = 1.0, frac bed use = 0.5; if L/ LMTZ = 2.0, frac bed use =
0.75; if L/ LMTZ = 3.0, frac bed use = 0.833; if L/ LMTZ =4.0, frac bed use = 0.875, and so forth. The
optimal bed length for adsorption is often between two to three times the LMTZ. If a frac bed use is
chosen, the column length can be determined.

(18-86c)

Once the frac bed use is known, we can find the bed capacity.

(18-86d)

where qF is the amount adsorbed at the feed concentration in the appropriate units. Of course, qF can be
determined from the equilibrium isotherm for an isothermal adsorber or from the experimentally
determined value of ush.

We often measure the pattern velocity ush and the width of the MTZ tMTZ experimentally with a laboratory
column. This measurement needs to be done with the design values for the initial and final concentrations.
It is most convenient if the measurement is done with the same velocity and same particle sizes as in the
large-scale unit; however, if pore diffusion controls, we can adjust the results for changes in velocity and



particle diameter. For constant pattern systems the width of the MTZ tMTZ is inversely proportional to
km,qap (Wankat, 1990),

(18-87a)

If pore diffusion controls km,qap can be estimated from Eq. (18-58b). The result is,

(18-87b)

The use of these equations in the LUB analysis is illustrated in Example 18-11.

Example 18-11. LUB approach

A laboratory column that is 25.0 cm long is packed with 0.10 cm BPL activated carbon. The
operation is at 1.0 atm and 25°C. The column initially contains pure hydrogen. At t = 0 we introduce a
feed gas that is 5.0 vol % methane and 95.0% hydrogen. The inlet superficial velocity is 25.0 cm/sec.
We measure the outlet wave and find that the center exits at 18.1 s and the width (from 0.05 cF to 0.
95 cF) is 9.6 s. The breakthrough curve appears to be symmetric. Assume the hydrogen does not
adsorb and that pore diffusion controls methane mass transfer.
a. Determine the shock velocity ush, LMTZ, and frac bed use in the lab unit.
b. We now want to design a larger unit with the same particle size. The superficial velocity will be

increased to 50.0 cm/s and the frac bed use will be increased to 0.90. Determine the new column
length and new breakthrough time (when c = 0.05 cF).

Solution

Part a. This part is straightforward.
From Eq. (18-85b) the pattern velocity is

ush = L/tcenter = 25.0 cm/18.1 s = 1.38 cm/s

Then from Eq. (18-85a)
LMTZ = ushtMTZ = (1.38 cm/s)(9.6 s) = 13.3 cm

And for a symmetrical breakthrough curve the frac bed use can be obtained from Eq. (18-86b)
Frac. bed use = 1 − 0.5 LMTZ/L = 1 − 0.5 (13.3 cm)/25.0 cm = 0.73

Part b.
B. and C. Explore and plan. We need to relate LMTZ to velocity. Starting with Eq. (18-85a), we can
substitute in Eqs. (18-85c) and (18-87b) to obtain

(18-88)

The effective pore diffusion controls Deff is not a function of velocity. Taking the ratio of the flow



rates, we can find both ush and LMTZ for the large-scale unit. Since the desired frac bed use is known,
Eq. (18-86c) can be solved for length L.
The breakthrough time can be calculated from the time the center exits and tMTZ. Referring to Figure
18-23B, for a symmetric breakthrough curve,

(18-89)

The required values for the large-scale system can now all be calculated.
D. Do it. The values of ush and LMTZ for the large-scale unit are obtained from the values of the

laboratory unit by multiplying the lab scale values by the ratio of velocities.
ush,large scale = ush,lab (vsuper,large scale/vsuper,lab) = (1.38 cm/s)(50/25) = 2.76 cm/s

LMTZ,large scale = LMTZ,lab (vsuper,large scale/vsuper,lab) = (13.3 cm)(50/25) = 26.6 cm

From Eq. (18-85c),
L = 0.5 LMTZ/(1 − frac bed use) = (0.5) (26.6 cm)/(1 − 0.9) = 133.0 cm

Equation (18-89) can be used to find the breakthrough time by using Eq. (18-85a) to solve for tMTZ
and (18-84b) to solve for tcenter.

tMTZ = LMTZ / ush = (26.6 cm)/(2.76 cm/s) = 9.6 s (unchanged)
tcenter = L/ ush = (133.0 cm)/(2.76 cm/s) = 48.2 s
tbr = tcenter − 0.5 tMTZ = 48.2 − (0.5)(9.6) = 43.4 s

E. Check. As expected, both LMTZ and the value of tcenter scale proportionally to the velocity ratio.
The values for L and tbr are difficult to check independently, but the values are reasonable.

F. Generalization. If the frac bed use had been kept constant and only the velocity was changed, the
column length would double in the large-scale system (this comes from Eq. (18-86c) since LMTZ
doubles). The large increase in the required bed length is mainly caused by increasing the frac bed
use in the large-scale column. Since tMTZ is independent of velocity when pore diffusion controls,
there was no change in the value of tMTZ; however, the breakthrough time did change, but not
proportionally to the velocity change.

The LUB approach is used for the adsorption step. During desorption a proportional pattern (diffuse)
wave usually results as shown in Figure 18-15B (monovalent-divalent ion exchange can be an exception
to this—see Example 18-8). Since the shape of the pattern changes with length, the LUB approach cannot
be used for desorption. However, the results of the solute movement theory for diffuse waves are often
quite accurate. Thus, the diffuse wave predictions can be used for preliminary design. The desorption step
should be checked with experimental data.

18.9 Checklist for Practical Design and Operation
There are always practical considerations in the design of separation systems that may not be obvious
based on the theories. Since the practical considerations for adsorption, chromatography, and ion
exchange are very different than for the other separations considered in this book, they have been
collected here.
1. Broadly speaking, the sorption (feed) step makes money, and the regeneration step costs money. The



optimum sorbent is often a trade-off between these two steps (relatively strong sorption to process the
feed, but not so strong that regeneration is not feasible).

2. Regeneration (broadly defined) is always a key cost and is often the controlling cost. These costs are:
TSA—energy for heating, PSA—energy for compression, Chromatography and SMB—solvent or
desorbent recovery (ultimately energy if distillation or evaporation are used), IEX—regeneration
chemicals.

3. Sorption methods of separation always compete with other separation methods such as distillation or
gas permeation. Thus, always need to consider alternatives.

4. Compression costs are significant in large-scale adsorption systems for gases; thus, pressure drop is
critically important since it controls compression costs. A resonable gas velocity is 100 ft/min (Seider
et al., 2009). Pressure drop can be calculated from well-known correlations for flow in packed beds.
For example, the pressure drop in a packed bed of rigid particle in laminar flow is (Bird et al., 1960)

(18-90)

5. Pressure drop is also important in liquid systems but for different reasons than in gas systems.
Because liquids are almost incompressible, obtaining high pressures, and thus from Eq. (18-90) high
velocities and high throughputs (Acρfvsuperficial) is easy and inexpensive. High throughput reduces the
cross-sectional area and hence the cost of the adsorber. A common industrial design procedure is to
operate at the highest maximum pressure that the equipment is designed for. This is the highest
allowable Δp and hence the highest possible throughput. Of course, the increase in length of the MTZ
has to be accounted for in the design.

6. Theories all assume that the column is well packed. If it isn’t, it won’t work well. Want Dcol/dp > ~30.
This limit is often important in lab columns.

Special equipment is needed to pack small particles. Packing large diameter columns with small
particles needs to be done by experts.
If a wet column is allowed to dry out, the packing will often crack, which will cause channeling.
Packed beds are efficient depth filters. To prevent clogging, feeds containing particulates must be
filtered. It is common, particularly in IEX, to use upward flow wash steps to remove particulates from
the column.
Movement of the bed will cause attrition of brittle packings such as activated carbon and zeolites that
will result in fines that can clog the bed or frits. Use a hold down plate, frit, or net to help prevent
attrition.
Soft packing materials (e.g., Sephadex and agarose) require different packing procedures than rigid
packings. The swelling and contracting of polymer packings, particularly ion-exchange resins, must be
designed for.

7. Simulations and other solutions to the theories can only include phenomena that were built into the
model. Experiments are usually needed to find the unexpected.

8. If the fluid velocity is high and the mass transfer rate is low, there may not be enough residence time
for much of the solute to diffuse into the sorbent. This solute, which bypasses the packing, does not
undergo separation and exits at the feed concentration. If separation problems are observed, try
reducing the fluid velocity by one or more orders of magnitude. A reasonable liquid velocity is 1.0



ft/min (Seider et al., 2009).
9. Many adsorbents, particularly activated carbon, show a very high initial adsorption capacity. After

regeneration, this capacity is not fully regained. When testing adsorbents do extensive cleaning and/or
washing first, and then do several complete cycles. Do not use initial results for design of cyclic
processes.

10. Slow decay of adsorbents due to irreversible adsorption of trace components or thermal deactivation
of active sites is also common. When this occurs, operating conditions must be adjusted accordingly.
Because of this poisoning, adsorption processes, which use surface phenomena, are often much more
sensitive to trace chemicals than distillation and other separation techniques that rely on bulk
properties. An occasional wash step or extreme regeneration step may be needed. A short life for the
sorbent, which can be a problem in biological operations, often makes the process uneconomical.
Long-term pilot plant tests with the actual feed from the plant are useful to determine the seriousness
of these problems.

11. The surface properties and surface morphology of sorbents is critically important. Thus, different
activated carbons are different adsorbents and are not interchangeable. Different batches of what is
supposed to be the same sorbent may differ significantly. Thus, batches must be sampled and tested
before being used on a large scale.

12. Pressure and flow spikes can be very detrimental if they cause the bed to shift since this can result in
channeling or attrition. Unfortunately, these spikes naturally occur when concentrated feeds are
adsorbed. They are greatly reduced if the concentrated feed is introduced in steps (e.g., go from 0% to
45% and then to 90% in two steps instead of a single step from 0% to 90%).

13. Temperature increases must be controlled. Adsorbates may be thermally sensitive and some
adsorbents such as activated carbon readily burn. Hot adsorbents are also more likely to catalyze
unwanted reactions.

14. Beds in series are often treated as if they were equivalent to a single long bed. However, their
transient behavior is different and depends on the connecting pipes and valves.

15. For safely reasons, personnel must always wear respirators when entering chromatography or
adsorption columns. Many adsorbents adsorb oxygen, and others may desorb toxic gases. Strong acid
and strong base ion exchange resins are essentially solid forms of acid and base. Thus, they can cause
chemical burns, particularly in the eyes. The use of eye protection and normal protective clothing is
recommended (Shuey, 1990). In addition, spills of any adsorbent or ion exchange resin should be
cleaned up immediately because they “can act as miniature ball bearings” (Shuey, 1990, p. 278) and
cause falls. The resin expansion can also fracture vessels if sufficient room for expansion is not
available.

16. Ion exchange columns need to be backwashed periodically to remove solids and fines from the resin
and to relieve pressure built up by periodic contraction and expansion. Backwashing will reduce the
pressure drop and extend the life of the resin (Shuey, 1990).

18.10 Summary—Objectives
In this chapter the basic concepts for adsorption, chromatography, and ion exchange separations were
developed. At the end of this chapter, you should be able to satisfy the following objectives:
1. Determine equilibrium constants from data and use the equilibrium equations in calculations
2. Explain in your own language how the different sorption processes (e.g., elution chromatography,

adsorption with thermal regeneration, PSA, SMB, monovalent-monovalent ion exchange, and water
softening) work



3. Explain the meaning of each term in the development of the solute movement equations and use this
theory for both linear and nonlinear isotherms to predict the outlet concentration and temperature
profiles for a variety of different operations including elution chromatography, adsorption with
thermal regeneration, PSA, SMB, and ion exchange

4. Explain the meaning of each term in the column mass and energy balances, and in the mass and heat
transfer equations

5. Use the Lapidus and Amundson solution plus superposition to determine the outlet concentration
profiles for linear adsorption and chromatography problems

6. Use the theory of linear chromatography with very small pulses to analyze chromatography systems
7. Use the LUB theory in combination with experimental data to design columns
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Homework
A. Discussion Problems

A1. Feed Step. Column is initially clean (cinit=0). Feed at concentration cF>0.
1. If solute follows a linear isotherm, the resulting solute wave will be a) diffuse wave, b) shock

wave, c) simple wave.
2. If solute follows a favorable isotherm, the resulting solute wave will be a) diffuse wave, b)

shock wave, c) simple wave.
3. If solute follows an unfavorable isotherm, the resulting solute wave will be a) diffuse wave, b)

shock wave, c) simple wave.
A2. Elution. Column initially is saturated with solute at concentration cinit > 0. The feed to the column

is cF = 0.
1. If solute follows a linear isotherm, the resulting solute wave will be a) diffuse wave, b) shock

wave, c) simple wave.
2. If solute follows a favorable isotherm, the resulting solute wave will be a) diffuse wave, b)

shock wave, c) simple wave.
3. If solute follows an unfavorable isotherm, the resulting solute wave will be a) diffuse wave, b)

shock wave, c) simple wave.
A3. Sorption separations are not always used in industry in cases where they would be most

economical. What are some of the non-economic barriers to more use of sorption separations?
A4. Explain why an adsorption isotherm that is too steep may not work well in a PSA process.
A5. Briefly explain why the SMB system is much more efficient (i.e., uses less solvent and less

adsorbent) than an elution chromatograph doing the same binary separation. Assume that both
systems are operating in the migration mode using isocratic elution. Both systems are optimized.
The elution chromatograph uses repeated pulses of feed.

A6. There are a number of important industrial separations such as separation of meta and para xylene
that can be operated as either gas or liquid. All of the current commercial adsorption applications
are operated as liquids. What are the advantages of operation as a liquid as compared to operation
as a gas?

A7. In an SMB suppose the A product purity is OK, but the B product purity is too low. We can
increase the B product purity while maintaining the A product purity by, a) Increasing all Mi, b)
Decreasing all Mi, c) Increasing M4 and increasing M3, d) Decreasing M1 and increasing M3, e)
Increasing M4 and decreasing M2, f) Decreasing M4 and decreasing M2.

A8. Why doesn’t the LUB approach work for linear systems?
A9. We desire to separate a dilute ternary mixture consisting of A, B, and C dissolved in D (A is least



strongly adsorbed component and C is most strongly adsorbed component) in a normal SMB
(modify Figure 18-14b for the ternary separation). One product is A (plus D) while the other
product is B + C (plus D). The four SMB design Eqs. (18-29) are:
a) unchanged, b) the same except Eq. (18-29c) becomes uc,2 = M2c uport (M2c ≤ 1.0), c) the same
except Eq. (18-29c) becomes uB,3 = M3B uport (M3B ≥ 1.0), d) the same except Eq. (18-29d)
becomes uC,4 = M4C uport (M4C > 1.0), e) the same except Eq. (18-29b) is changed as in answer b
and Eq. (18-29d) is changed as in answer d.

A10. For a differential pulse with a linear system you have calculated the standard deviation of the
Gaussian peak σt in time units. You now want to calculate σl inside the column. The formula you
would use is:
a. σl = σt,
b. σl = σt/vinter,
c. σl = σt(vinter),
d. σl = σt/us,
e. σl = σt(us).

A11. Many variations of the basic Skarstrom cycle shown in Figure 18-11 have been developed. One
variation is to include a partial co-flow blowdown step before the counterflow blowdown shown
in Figure 18-11. What are the likely advantages and disadvantages of doing this?

B. Generation of Alternatives
B1. Brainstorm some possible alternative adsorbents made from common agricultural and/or forest

products or wastes.
B2. The PSA cycle used in Example 18-4 does not produce pure hydrogen throughout the entire feed

step. Brainstorm what can be done to change the cycle so that it will produce pure hydrogen.
B3. Separation in chromatography is often limited because the selectivity is too close to 1.0. For both

liquid and gas systems, list as many ways as possible that the equilibrium constants can be
changed.

B4. What can be done to develop more economical sorption separations?

C. Derivations
C1. A molecular sieve zeolite adsorbent consists of pellets that are agglomerates of zeolite crystals

with density ρcrystal scattered in a continuous phase of clay binder with a density ρclay. In this case,
there is an interpellet porosity εe (between pellets—this is normal εe) an intercrystal porosity εp1,
(which is the porosity in the binder), and an intracrystal porosity εp2, (inside the crystals). If the
fraction of the particle volume that is crystals (including porosity within the crystals) is fcry,
derive formulas for the total porosity, Vavailable, and the particle and bulk densities.

C2. Derive the value for the limiting conditions in the Langmuir isotherm, Eq. (18-6a), when cA
becomes very large (KA,c cA >> 1.0).

C3. Use the mass action expression to prove Eqs. (18-40a) and (18-41).
C4. Derive Eq. (18-44).
C5. Derive the equation for the solute velocity for linear isotherms for systems using a single-porosity



model. The result obtained should be,

(18-15b)

C6. Derive the appropriate mass balance equation and solutions equivalent to Eqs. (18-22) to (18-24)
but for the case where us(Thot)> us(Tcold) > uth. Hint: Start by redrawing the differential control
volume in Figure 18-7B noting that the concentration, amount adsorbed and temperature above c2,
q2, and T2 are cchange, qchange and T1, where cchange is the concentration caused by the temperature
change, which moves ahead of the thermal wave.

C7. Derive an equation for tMTZ for a step input for a system with a linear isotherm using the Lapidus
and Amundson solution. The time for the MTZ is defined as the time required to go from 0.05
(cfeed − cinitial) to 0.95 (cfeed − cinitial).

Show that tMTZ is approximately proportional to L½.
Note: As far as I know the solution for tMTZ for a breakthrough curve is not available in any
books. The ability to derive this sort of solution (starting with a known solution and obtaining the
equation for a specific case) will be very valuable in industry and will help you stand out from
most engineers.

C8. Show that if the entire column is heated (or cooled) simultaneously (known as direct heating) Eq.
(18-24) simplifies to,

(18-24 direct heating)

Explain why direct heating is practical for laboratory-sized columns (small diameter) but not for
commercial units with large diameters. (Hint: consider the heat transfer characteristics.)

C9. For divalent-monovalent exchange, show that when a total ion wave passes through a segment of
the column, yi,after = yi,before. Hint: Use the balance envelope in Figure 18-7B and Eq. (18-22), but
with Δz/Δt = utotal ion = vinter.

C10. We want to operate an SMB (Figure 18-14B) doing a binary separation at (D/F)min. Assume that
the volumetric feed rate F and the cross-sectional area of the columns Ac are specified. Derive the
equations for uport, v1, v2, v3, v4, vA,product, vB,product, vD, and D/F = vD/vFeed that will satisfy Eqs.
(18-29) and (18-30) using Eq. (18-15e). Show that Eq. (18-31a) is correct. After simplification
you should obtain the following result for D/F,

(18-31b)

Show that this result becomes D/F = 1.0 when all the Mi = 1.0.
Hint: Start with the equations for zones 2 and 3 and v2 = v3 + vFeed, and solve for uport, v2 and v3.

C11. Derive the mass action equilibrium expression for trivalent-trivalent ion exchange and derive the
derivative of ytri with respect to xtri.



D. Problems
*Answers to problems with an asterisk are at the back of the book.
D1.* Find the values of KA and qmax for methane adsorption on PCB activated carbon at 296 and 480

K (Table 18-3).
D2.* The adsorption of anthracene from cyclohexane on activated alumina follows a Langmuir

isotherm,
q = 22c/(1 + 375 c) where c is in mol/L and q is in mol/kg. (Thomas, 1948)
Convert this to the form of Eq. (18-6a) in terms of qmax and KAc in units of g/L for c and g/kg for
q. The range of validity should be from c = 0.0 to 0.012 mol/L.
Data: density of cyclohexane = 0.78 kg/L, molecular weight cyclohexane = 84, molecular weight
anthracene = 178.22, ρp = 1.47 kg/L, εe = 0.4, εp = 0.0.

D3. We are separating acetonaphthalene (AN) from dinitronaphthalene (DN). The linear equilibrium
parameters and column parameters are:

K′ are in units L/g adsorbent. For a very small pulse of feed, we desire a resolution between the
two peaks of R = 0.97.
a. At what time does the AN peak exit the column?
b. At what time does the DN peak exit the column?
c. What values of N and HETP are required to achieve the desired resolution?
d. What is the width of the AN peak at half height and σt in minutes?

D4. We wish to use a thermal swing adsorption process to remove traces of toluene from n-heptane
using silica gel as adsorbent. The adsorber operates at 1.0 atm. The feed is 0.0011 wt frac toluene
and 0.9989 wt frac n-heptane at 0°C. Superficial velocity of the feed is 10.0 cm/min. The
absorber is 2.0 meters long and during the feed step is at 0°C. The feed step is continued until
breakthrough occurs. To regenerate, use counterflow of pure n-heptane at 80°C. Superficial
velocity during purge is 10.0 cm/min. Column is cooled to 0°C before the next feed step.
Data: At low concentrations isotherms for toluene: q = 17.46x @ 0°C, q = 1.23x @ 80°C, q and x
are in g solute/g adsorbent and g solute/g fluid, respectively (Matz and Knaebel, 1991). ρs = 2100
kg/m3, ρf = 684 kg/m3, Cps = 2000 J/(kg °C), Cpf = 1841 J/(kg °C), εe = 0.43, εp = 0.48, Kd = 1.0.
Note: Use Eq. (18-15c) for solute velocities. Assume that wall heat capacities can be ignored,
heat of adsorption is negligible, no adsorption of n-heptane.
Using the solute movement theory,
a. determine the breakthrough time for toluene during the feed step.
b. determine time for thermal wave to break through.
c. determine time to remove all toluene from column.
d. determine the outlet concentration profile of the regeneration fluid.

D5. We have a column packed with a resin that immobilizes a liquid stationary phase. The column is
initially clean, cA = 0. At time t = 0, we input a feed that is cA.feed = 1.5 g/L. The superficial
velocity is 20 cm/min. The column is 50 cm long. The packing has εe = 0.4, εp = 0.54, Kd = 1.0, ρs
= 1.124 kg/L, and the equilibrium for component A is an unfavorable isotherm,



q = 1.2 cA/(1 − 0.46 cA) where q is in g/kg and cA is in g/L.
Use solute movement theory to predict the outlet concentration profile of A (cout vs. time). (You
can report this as a graph or as a table or as both.)

D6. We are adsorbing p-xylene from n-heptane on silica gel. The n-heptane does not adsorb, and the
p-xylene follows a linear isotherm with Arrhenius temperature dependence. The calculated values
of the equilibrium are,

q = 12.1090 c at 300 K and q = 4.423 c at 350 K where q and c are both in g xylene/L.
The column is initially clean (c = q = 0) and is at 300 K. At t = 0 we input a feed that contains
0.010 g/L p-xylene at 300K. At t = 20 min, we input a clean solvent (c = 0) at 350K.
The interstitial velocity is constant throughout at vinter = 30 cm/min. L = 50 cm, εe = 0.43, εp =
0.50, Kd = 1.0, ρs = 1.80 kg/L, ρf = 0.684 kg/L, Cp,s = 920 J/kg/K, Cp,f = 2240 J/kg/K, and heat
storage in the wall can be neglected. The column is adiabatic.
a. Find us (T = 300 K), us (T = 350 K), and uth.
b. Find the breakthrough time for the thermal wave.
c. Predict the outlet concentration profile (cout vs. time).

D7.* A 60.0 cm long column contains activated carbon. The column is initially clean. At t = 0 we start
feeding the column in an upwards direction a dilute aqueous solution of acetic acid at 4°C. The
feed concentration is 0.01 kmol/m3. The superficial velocity of the feed is 15.0 cm/min. After a
very long time (1200 min) and when the column is certainly totally saturated (c = 0.01
everywhere), the feed is stopped, the flow direction is reversed, and the column is eluted with
pure water at 60°C at a superficial velocity of 15.0 cm/min. This elution continues for another
1200 minutes.

Data:   Equilibrium at 4°C, q = 0.08943 c
Equilibrium at 60°C, q = 0.045305 c, c is in kmol/m3 and q is kmol/kg carbon, ρf = 1000 and ρs =
1820.0 kg/m3, Kd =1.0,εe = 0.434, εp = 0.57, Cps = 0.25 and Cpf = 1.00 cal/(g°C). Ignore wall heat
capacity effects.
a. From t = 0 to 1200 minutes predict the outlet concentration profile (top of column).
b. Predict the outlet concentration profile (bottom of column) for the 1200 minutes of elution.

D8. Redo Example 18-3 but with co-current thermal regeneration. Input the hot thermal wave (co-
current purge step at superficial velocity of 11.0 cm/min) so that it exits at the same time that the
xylene breaks through at the product end. The hot thermal wave is stopped as soon as thermal
breakthrough occurs. After the hot thermal wave, cold feed (at superficial velocity of 8.0 cm/min)
is input immediately. Find the feed time, the time when the last solute leaves the column, the
average mass fraction of the peak from initial breakthrough to the last solute leaves, and the time
that the exit from the column becomes cold again. Compare the average outlet mass fraction of the
peak to the average mass fraction of the regeneration in Example 18-3.

D9. A very simple PSA cycle consists of the following three steps: 1) Pressurize the column with
feed. 2) Feed step withdrawing product gas at pH. 3) Counterflow blowdown to pressure pL. This
cycle is used with a single column to process a feed that contains 0.003 mol frac methane in
hydrogen using Calgon Carbon PCB activated carbon. Operation is at 480 K. The feed step has a
superficial velocity of 0.05 m/s, the column is 0.75 m long, pH = 4.0 atm, pL = 1.0 atm, and data
are available in Example 18-4. Assume the column is initially clean (filled with hydrogen that



does not adsorb).
a.

Is there breakthrough of methane in the first cycle? Is all of the methane removed in the
blowdown step? What are the highest and the lowest mole fractions of methane in the blowdown
step?

b. With the same repressurization and blowdown steps, how long should the feed step be to just
remove all of the methane in the blowdown step? Interpret your result.

D10.* Intermediate concentrations in the outlet concentration profile for trace PSA systems can be
estimated using Eqs. (18-28a) to (18-28c). For Example 18-4:
a. Show that point 10 in Figure 18-13B was determined by starting with t = 1 s (end of

blowdown) at zafter = 0.40 m (0.10 m from feed end). This can be done by using Eq. (18-28c) to
find pbefore and Eq. (18-28a) to find yM,after. Since solute of this mole fraction moves as a wave
at the known velocity uM during the feed step, the time it exits the top of the column can be
determined.

b. Starting at the point t = 1 s, zafter = 0.48m, calculate point 11 in Figure 18-13B.
D11. Repeat Example 18-4 but using repressurization with pure product.
D12. We have a column packed with activated carbon that is used for adsorbing acetone from water at

25°C. The isotherm can be approximated as a Langmuir isotherm (Seader and Henley, 1998), q =
(0.190 c)/(1 + 0.146c), q is mol/kg carbon and c is mol/m3. The bed properties are: Kd = 1.0, ρs =
1820 kg/m3, ρf = 1000 kg/m3, εe = 0.434, εp = 0.57. The bed is 0.50 m long and has an internal
diameter of 0.08 m. The flow rate is 0.32 L/minute for both parts a and b.
a. If the bed is initially clean (c = q = 0), determine the outlet concentration curve (cout vs. time) if

a feed containing 50 mol/m3 of acetone is fed to it starting at t = 0.
b. If the bed is initially saturated with a fluid containing 50 mol/m3 of acetone, predict the outlet

concentration profile when the bed is eluted with pure water (c = 0) starting at t = 0. Find outlet
times for concentrations of c = 50, 40, 30, 15, 5, and 0 mol/m3. Plot the curve of concentration
out vs. time.

Note: The solute movement theory works just as well for mole balances as for mass balances.
D13. We wish to use the local equilibrium model to estimate reasonable flow rates for the separation

of dextran and fructose using an SMB. The isotherms are linear and both q and c are in g/L. The
linear equilibrium constants are: dextran, 0.23 and fructose, 0.69. The interparticle void fraction =
0.4 and the intraparticle void fraction = 0.0. The columns are 40.0 cm in diameter. We want a feed
flow rate of 1.0 L/min. The feed has 50.0 g/L of each component. The desorbent is water and the
adsorbent is silica gel. The columns are each 60.0 cm long. The lumped parameter mass transfer
coefficients using fluid concentration differences as the driving force are 2.84 1/min for both
dextran and fructose. Operation is isothermal. Use multiplier values (see notation in Figure 18-14)
of M1 = 0.97, M2 = 0.99, M3 = 1.01, and M4 = 1.03. Determine the flow rates of desorbent,
dextran product, fructose product, and recycle rate; and find the ratio D/F.

D14. We have a 50 cm long column packed with a strong acid cation exchange resin (cRT = 2.2 eq/L,



εe = 0.42). Fluid superficial velocity is 25.0 cm/min. Cations are not excluded. Anions are
excluded. Anderson (1997) lists KH–Li = 1.3 and KK–Li = 2.9. DeChow (1989) lists KH–Li = 1.26
and KK–Li = 2.63.

a. If the resin is initially in the H+ form in equilibrium with a 0.1 eq/L solution of HCl and an
aqueous feed that is 0.1 eq/L KCl is fed to the column, calculate the predicted times that the K+

shock wave exits the column for both sets of equilibrium parameters.
b. If the resin is initially in equilibrium with a 1.0 eq/L solution of HCl and an aqueous feed that is

1.0 eq/L KCl is fed to the column, calculate the predicted times that the K+ shock wave exits the
column for both sets of equilibrium parameters.

c. If the resin is initially in equilibrium with a 1.0 eq/L solution of HCl and KCl (xH = 0.8, xK =
0.2) and an aqueous feed that is 1.0 eq/L solution of HCl and KCl (xH = 0.15, xK = 0.85) is fed
to the column, calculate the predicted times that the K+ shock wave exits the column for both
sets of equilibrium parameters.

d. Discuss your results.
D15. We have a 50 cm long column packed with a strong acid cation exchange resin (cRT = 2.2 eq/L,

εe = 0.42). Fluid superficial velocity is 25.0 cm/min. Cations are not excluded. Anions are
excluded. Anderson (1997) lists KH–Li = 1.3 and KK–Li = 2.9 and KNa–Li = 2.0.

a. The resin is initially in the H+ form in equilibrium with a 0.5 eq/L solution of HCl. Your
technician does the following two experiments: (1) an aqueous feed that is 0.5 eq/L KCl is fed
to the column, and (2) after re-equilibrating the column with 0.5 eq/L HCL, an aqueous feed that
is 0.5 eq/L NaCl is fed to the column. The results show that the K+ shockwave and the Na+

shockwave in the two separate experiments exit the columns at the same times. The technician
believes this result cannot be correct. Determine from calculations if this result is correct.

b. The technician then takes a column in equilibrium with xNa = 0.4 (CT = 0.5) and feeds with a
solution with xNa = 0.9 (CT = 0.5). He repeats the experiment with xK = 0.4 (CT = 0.5) and
feeds with a solution with xK = 0.9 (CT = 0.5). At what time do these two waves exit the
column?

c. The technician then decides to take a column saturated with K+ and elute it with 0.5 N HCl and
to separately take a column saturated with Na+ and elute it with 0.5 N HCl. Much to the surprise
of the technician, the center (xK = 0.5) of the K+ and the center (xNa = 0.5) of the Na+ waves do
not occur at the same time, and the K+ center exits earlier than the Na+ center. Calculate when
the centers of these diffuse waves exit the column.

d. The technician then looks at when the very tails of the two elution curves exit (xK → 0.0) and
(xNa → 0.0). The Na+ tail exits before the K+ tail. Calculate the times that these two tails exit.

e. Next, the technician looks at the times of the two elution curves when (xK = 0.90) and (xNa =
0.90). The K+ at this concentration exits before the Na+ exits. Calculate the times that these two
concentrations exit.

f. Finally, the technician notices that for the two diffuse waves there is a concentration of the
solute (Na+ or K+) that exits from the column at the same time. What is this concentration (xNa =
xK)?



g. The technician is thoroughly confused and does not understand why Na+ and K+ come out at the
same time in one experiment, the K+ comes out ahead in some experiments, and the Na+ comes
out ahead in different experiments. Explain the results to the technician.

D16. A column packed with gas-phase activated carbon is initially filled with clean air. At t = 0 a feed
gas containing y = 0.0005 wt frac toluene in air is started. This feed continues until t = 10.0 hours
at which time a feed that is y = 0.0015 wt frac toluene is introduced and continued throughout the
remainder of the operation. The superficial velocity is always 15.0 cm/s. Find the minimum
column length required to have a single shock wave exit the column.

q = kg toluene/kg carbon and y = wt frac, which is essentially kg toluene/kg air. T = 298 K, Ptot =
50 kPa. Assume gas has density of pure air, which acts as an ideal gas.

D17. A 25 cm long column packed with gas-phase activated carbon is initially filled with air
containing y = 0.0010 wt frac toluene. At t = 0 a feed gas containing y = 0.0005 wt frac toluene in
air is started. This feed continues until t = 20.0 hours at which time a feed that is pure air (y =
0.0000) is introduced and continued throughout the remainder of the operation. The superficial
velocity is always 21.0 cm/s.

q = kg toluene/kg carbon and y = wt frac, which is essentially kg toluene/kg air. T = 298 K, Ptot =
50 kPa. Assume gas has density of pure air, which acts as an ideal gas.

Predict the outlet concentration profile. Specifically, find when the following concentrations exit:
y = 0.0010, 0.00075, 0.0005, 0.00025 and 0.00000. Sketch the outlet concentration profile (y vs.
t) and label the times when these concentrations exit the column. Watch your units.

D18. We are separating glucose (G) from fructose (F) on an ion exchange resin in the Ca+2 form.
(Note: This is NOT an ion exchange problem—the sugars complex with the Ca+2 and there is no
exchange of ions.) The linear equilibrium parameter for glucose and values of εe, εp, Eeff, Kd are
given in Example 18-9. The equilibrium for fructose (Table 18-2) is q = 0.88 c with q and c in g
sugar/100 ml. The interstitial velocity is 20.0 cm/min. For a very small pulse of feed, we desire a
resolution between the two peaks of R = 1.05.
a. How long should the column be?
b. At what times do the glucose and fructose peaks exit the column?
c. What are the values of σt for glucose and fructose?

D19. We are exchanging Ag+ and K+ on a strong acid resin with 8% DVB. The total resin capacity is
cRT = 2.0 eq/L and the ionic concentration of the feed solution is cT = 1.2 eq/L, all of which is
Ag+. The column is initially at a solution concentration of cT = 0.2 eq/L all of which is K+.
a. How long does it take for the total ion wave to breakthrough?
b. At what time does the Ag+ shock wave breakthrough?
c. After the Ag+ shock wave breaks through, the column is regenerated with pure K+ solution with

cT = 1.2 eq/L. Predict the shape of the ensuing diffuse wave. (Reset t = 0 when start the K+



regeneration solution.)
Data: εe = 0.4, εp = 0.0, KE = 1.0, vsuper = 3.0 cm/min, L = 50 cm.

D20. A column is packed with a strong cation exchanger. The column is initially in the K+ form and cT
= 0.02 eq/L. The column is 75.0 cm long, the superficial velocity is 20.0 cm/min and the flow is in
the same direction for all steps, εp = 0, εe = 0.4, KE = 1.0 (for the cations), and cRT = 2.0 eq/L.
Equilibrium data are listed in Table 18-5.
a. At t = 0, feed the column with a solution with cT = 0.02 eq/L, xCa = 0.80, xK = 0.20. Plot the

outlet value of xCa vs. time.

b. At t = 500 minutes, the column is regenerated with a pure aqueous solution of K+ with xK = 1.0,
xCa = 0.0 and cT = 1.0 eq/L. Plot the outlet value of cT vs. time and the outlet value of xCa vs.
time.

Note: If either of these steps require you to calculate a diffuse wave, calculate velocities and
breakthrough times at three values of xCa: at the highest mole fraction, at the lowest mole fraction
and at xCa = 0.5.

D21. The isotherms for dilute amounts of toluene and xylene adsorbed on silica gel from n-heptane are
linear at low concentrations:  and  where q and c are in g/L (Kim et al.,
2005; Matz and Knaebel, 1991). The linear “constants” are functions of temperature and can be fit
to Arrhenius relationships:  = 0.0061exp(2175.2695/T) and 

 with T in degrees Kelvin. Find the appropriate zone, product, and
desorbent interstitial velocities (based on the column diameter) for an SMB separating toluene
and xylene if the interstitial feed velocity = 1.0 cm/min and the temperature is constant at 300 K.
Switching time is 100 min. Choose M1 = M2 = 0.95, M3 = M4 = 1.05.

Physical Properties: εe = 0.43, εp = 0.48. ρs = 2100 kg/m3, ρf = 684kg/m3, Kd = 1.0.
D22. Use the Lapidus and Amundson solution to predict the behavior of fructose in a column packed

with silica gel. The column is initially clean (contains no fructose). The feed is 50 g/L, the feed
pulse lasts for 8 minutes, and then it is eluted with water. The flow rate is 20 ml/min. The other
values are:

Lumped parameter with concentration driving force, km,cap = 5.52 1/min.
Isotherm is linear, K′fructose = 0.69. Isotherm parameter, q and c in g/L.
Calculate Eeffective, and then calculate enough points on the curve to plot it. Note that this is a step
up followed 8 minutes later by a step down.

D23. For a linear system the breakthrough solution is cout/cfeed = X (z,t). At t = 0 we have an
adsorption column that is initially at a uniform concentration cinitial, and the feed concentration is
also cinitial. At t = 17.5 minutes, the feed concentration is reduced to cF1(cF1 < cinitial). At t = 28
minutes the feed concentration is reduced to 0.0. Write the solution for cout in terms of cinitial, cF1,



and the breakthrough solution X.
D24. The isotherms for dilute amounts of toluene and xylene adsorbed on silica gel from n-heptane are

linear at low concentrations:  and  where q and c are in g/L (Kim et al.,
2005; Matz and Knaebel, 1991). The linear “constants” are functions of temperature and can be fit
to Arrhenius relationships:  and  with T in
degrees Kelvin. Find the appropriate zone, product, and desorbent interstitial velocities (based on
the column diameter) for an SMB separating toluene and xylene if the interstitial feed velocity =
1.0 cm/min and the temperature is constant at 300 K. Switching time is 100 min. Choose M1 = M2
= 0.9, M3 = M4 = 1.10. Compare results with Problem 18.D21. Physical Properties: εe = 0.43, εp
= 0.48. ρs = 2100 kg/m3, ρf = 684 kg/m3. Kd = 1.0

D25. TSA regeneration can be combined with an SMB to reduce desorbent usage (Kim et al., 2005;
Wankat, 1986). For the separation of toluene and xylene, repeat Problem 18.D24 except operate
zones 2 and 3 at 300 K, operate zone 4 at 350 K with M4 = 2.0, and operate zone 1 at 273 K with
M1 = 0.5. This will give a better separation than the M values in Problem 18.D24.

D26. A chromatograph is separating acetonaphthalene (A) from dinitronaphthalene (Dinitro) on 20-
micron silica gel. For a single-porosity model, [(1 − ε) ρs K′A/ε] = 5.5, and [(1 − ε) ρs K′Dinitro/ε]
= 5.8 in a solvent with 23% methylene chloride, and 77% n-pentane. When the interstitial velocity
v = 1.0 cm/s, HETP is 0.05 cm.
a. If we desire a resolution of R = 1.5 for an infinitesimal pulse of feed, what column length is

required?
b. Plot the outlet A curve as c/cmax, vs. time using the Gaussian solution for R = 1.5.
Note: In the chromatography literature the parameter  is known as the relative
retention. The relative retention is easily determined from experiments.

D27. For a linear system the breakthrough solution is cout = X (z,t). We have an adsorption column that
is initially at a uniform concentration cinitial = 0, and the feed concentration is also cinitial = 0. At t =
0 minutes, the feed concentration is increased to 0.33cF (cF > 0). At t = 0.4 tF minutes the feed
concentration is increased to cF. At t = 0.8 tF the feed concentration is decreased to 0.55 cF.
Finally, at t = tF the feed concentration is reduced to 0.0. Write the solution for cout in terms of cF,
tF, and the breakthrough solution X.

D28.* A 25.0 cm long laboratory column is packed with particles that have an average diameter of 0.12
mm. At a superficial velocity of 9.0 cm/min we measure the breakthrough curve for a step input of
solute. The column was initially clean. The center of the symmetrical breakthrough curve exits at
35.4 minutes while the width (measured from 0.05 cF to 0.95 cF) is 2.8 minutes. Pore diffusion
controls and the isotherm has a Langmuir type shape.
a. What is LMTZ in the lab unit?
b. We want to design a large-scale unit with 0.80 frac bed use. The average particle diameter will

be 1.0 mm. The superficial velocity will be 12 cm/min. How long should this unit be? What is
tbr (cout = 0.05 cF)? Assume εe is same in both units.

D29. A 90 cm long laboratory column packed with a strong acid cation exchange resin (cRT = 2.5 eq/L,
εe = 0.39). Cations are not excluded. Anions are excluded. Anderson (1997) lists KH–Li = 1.3 and
KK–Li = 2.9 and KCa–Li = 5.2. The resin is initially in the K+ form in equilibrium with a solution of



KCl that is 0.03 eq/L.
a. First, a 0.03 eq/L solution with xCa+2 =0.70 is fed to the column at a fluid superficial velocity of

25.0 cm/min at time t = 0. Does a shock or diffuse wave occur? What is the velocity and
breakthrough time of this wave?

b. After the column is totally saturated with the 0.03 eq/L solution with xCa+2 =0.70, reset the
clock to t = 0 and feed in counterflow the regenerant fluid that is 1.1 eq/L of KCl (no calcium)
with a superficial velocity of 35.0 cm/min. How long does it take for the total ion wave to
breakthrough?
A diffuse calcium wave occurs during elution. Calculate the velocity and breakthrough time of
the fastest  wave, the velocity and breakthrough time of the slowest  wave, and the
velocity and breakthrough time of the  wave with xCa+2 arbitrarily set equal to 0.5.

c. What concentration of regenerant fluid is required to not have a diffuse wave during the
regeneration step?

D30. We have a 500 cm long column packed with a strong acid resin (cRT = 2.2 eq/L, εe = 0.42). Fluid
superficial velocity is 25.0 cm/min. Counter-ions are not excluded. Co-ions are excluded.
DeChow (1989) lists KH–Li = 1.26 and KK–Li = 2.63. Note: The questions ask for three exit times
—if there is a shockwave, these times will be identical.
a. If the resin is initially in equilibrium with a 1.0 eq/L solution of HCl and KCl (xH = 0.8, xK =

0.2) and an aqueous feed that is 1.0 eq/L solution of HCl and KCl (xH = 0.15, xK = 0.85) is fed
to the column, calculate the predicted times that the K+ wave exits the column (give the exit
times for K+ concentrations of 0.01, 0.5, and 0.85 eq/L).

b. If the resin is initially in equilibrium with a 1.0 eq/L solution of HCl and KCl xH( = 0.2, xK
=0.8) and an aqueous feed that is 1.0 eq/L solution of HCl and KCl (xH = 0.85, xK = 0.15) is fed
to the column, calculate the predicted times that the K+ wave exits the column (give the exit
times for K+ concentrations of 0.15, 0.5, and 0.8 eq/L).

D31. We have a 30.0 cm long laboratory column packed with a strong acid cation exchange resin (cRT
= 2.4 eq/L, εe = 0.40). Cations are not excluded. Anions are excluded. Anderson (1997) lists KH–

Li = 2.9 and KNa–Li = 2.0. The resin is initially in the Na+ form in equilibrium with a 1.10 eq/L
solution of NaCl. Then a 1.10 eq/L solution of KCl is fed to the column at a fluid superficial
velocity is 10.0 cm/min. The breakthrough starts at (xK = 0.005) at 7.06 minutes, the center of the
breakthrough wave exits at 7.31 minutes, and the end of the breakthrough wave (xK = 0.95) at 7.57
minutes.
a. Calculate the time that the center of the wave is expected to leave the column (this is when the

shockwave exits) and the error between the experimental time and the calculated time.
b. The error could be caused by a number of small errors. Use the experimental data to determine

an experimental value of the shock velocity.
c. From the experimental values, calculate the LMTZ and the fractional bed use of the lab unit.
d. We desire to use a large-scale column (L = 200 cm) with the same resin (cRT = 2.4 eq/L, εe =

0.40), but with beads that are 4 times the diameter of the beads in lab column. The superficial
velocity is increased to 20 cm/min. Initial and feed concentrations are the same as in the
laboratory column. Calculate LMTZ, the fractional bed use, and the time that breakthrough starts



(xK = 0.05) for the large-scale column. Use the experimental values.

F. Problems Requiring Other Resources
F1. An adsorbent gas drier has been sized to contain 2580 cubic feet of adsorbent. The drier will be

an horizontal cylindrical vessel that has a circular cross-section and flow from top to bottom of
the vessel (across the circular cross-section). The adsorbent will be supported above the bottom
of the vessel. The area (width × length) of the adsorbent layer at the adsorbent support should be
860 ft2. Determine the vessel dimensions that will minimize the weight of the vessel (minimum
weight will be minimum cost) subject to the constraints that the vessel is designed for an operating
pressure of 6 atm, a maximum temperature of 500°C, a maximum diameter of 16 feet, and a
maximum length of 60 feet.
a. Report diameter, length, and shell thickness of the vessel and the width of adsorbent layer.

(Note: A spreadsheet is suggested for determining the vessel dimensions. Sizing pressure
vessels is covered in Chapter 16 of Seider et al., 2004.)

b. What was the purchase cost of the vessel FOB in mid-2000? (Use the weight method in Seider
et al., 2004.)

c. What was the purchase cost of molecular sieve adsorbent for this dryer in mid-2000? Ignore
curvature when finding the amount of adsorbent.

d. What are the purchase cost FOB and the installed cost of the vessel at current prices? (Update
cost with Chemical Engineering Plant Cost index.)

e. What is the current purchase cost of molecular sieve adsorbent for this dryer?

G. Simulator Problems
G1.

a. If you have access to a simulator such as Aspen Chromatography, repeat Problem 18.D22 on the
simulator.

b. Rerun Problem 18.D22 on the simulator, but with km,cap = 100,000 1/min and ED = Eeffective.
c. Compare your two simulator runs.
d. Compare the Lapidus and Amundson solution to the Aspen solutions. Note: you do need to

consider convergence and accuracy of the Aspen runs.
G2. Set up a chromatographic column with one feed, a column and a product. The components that

adsorb are acetonaphthalene (A) and dinitronaphthalene (DN). Use a model with convection with
constant axial dispersion coefficients (0.25 cm2/min for both A and DN), constant pressure, and
velocity. Use a linear lumped parameter model with driving force of (c − c*) and constant mass
transfer coefficients (km,cap = 50.0 1/min for A and 45.0 1/min for DN). The isotherms are both
linear, q = 0.003056 c (for A) and q = 0.003222 c (for DN) where q is in g adsorbed / kg
adsorbent and c is in g solute/m3 of solution. Operation is isothermal.
The column will be 50.0 cm long with a 2.0 cm diameter. The adsorbent has the following
properties: εe =0.40, εp = 0.46, KD = 1.0, ρs = 2222 kg/m3. The feed flow rate is 0.10 L/min, feed
pressure = 3.0 bar, and the feed concentration for A is 2.0 g/L, while the feed concentration of D
is 1.0 g/L.
a. Run a breakthrough curve for 10 minutes. Print, label, and turn in your plot. Accurately

determine the tMTZ for component A where tMTZ is measured from 0.05 times the A feed



concentration to 0.95 times the A feed concentration. Show this calculation.
b. Input a 0.010-min feed pulse, and develop with pure solvent for a total time of 10 minutes. Print

your plot.
G3. We want to separate component 1 from component 2 using an SMB. In the feed both compounds

are dissolved in water, component 1 is 40 g/L and component 2 is 60 g/L. Feed rate is 141.55
ml/min. The components both have linear isotherms where both q and c are in g/L. Component 1:
q1 = 1.5 c1; Component 2: q2 = 3.5 c2. The SMB has six columns: two columns between the feed
and the extract (B) product (zone 3 in Figure 18-14B) and two columns between the feed and the
raffinate (A) product (zone 2). There is one column between the desorbent addition and the extract
(B) product (zone 4). The SMB has closed recycle, and there is one column between the raffinate
(A) product and the desorbent addition (zone 1). Use constant pressure and volume (pressure =
3.0 bars), linear lumped parameter with (c − c*) driving force, and isothermal operation. Each
column is 50.0 cm long and has a diameter of 10.0 cm. Data: εe = 0.40, εp = 0.45, KD = 1.0, ρbulk =
800 kg/m3. The density of the fluid can be assumed to be 1000 g/L. The values of both axial
dispersion coefficients are 0.35 cm2/min, the mass transfer coefficient (km,cap) for component 1 is
150 1/min and for component 2 is 100 1/min.
a. First, design your SMB to operate at the optimum point for D/F = 1.0 (all Mi = 1.0). Calculate

D, E, and R, and the switching time and the recycle rate, and report these values. Run the system
for at least 10 complete cycles (a cycle is 6 switching times). Turn in a plot of raffinate
concentrations (components 1 and 2) and a plot of extract concentrations (components 1 and 2).
Also, report the average mass fraction over the last cycle for component 1 in the raffinate, and
the average mass fraction over the last cycle for component 2 in the extract.

b. Next, increase D/F to 2.0 (there are, of course, many ways to do this). Calculate D, E, and R,
and the switching time and the recycle rate, and report these values. Briefly, explain your
rationale for how you did the design to increase D/F to 2. Run the system for at least 10
complete cycles. Turn in a plot of raffinate concentrations (components 1 and 2) and a plot of
extract concentrations (components 1 and 2). Also, report the average mass fraction over the
last cycle for component 1 in the raffinate and the average mass fraction over the last cycle for
component 2 in the extract.

G4. Ion Exchange. Use a bed that is 50 cm long and 20 cm in diameter. External porosity = 0.4,
internal porosity = 0.0. Use axial dispersion coefficients of 0.2 cm2/min for all components. Mass
transfer coefficients (km,cap) are 10.0 1/min for all components. For a strong acid resin, use cRT =
2.0 eq/L. KH-H = 1.0, KNa-H = 1.54. Operate with a feed rate of 5.0 L/min. Pressure is 2.0 bar.

a. Set the feed component concentration of H+ equal to 0.0. Use a feed concentration of 1.0 eq/L
for Na+. The column is initially in the H+ form with cT = 1.0 eq/L. Do a breakthrough run.

b. After the column is converted to the Na+ form, feed it with pure acid (H+) at 1.0 eq/L (Na+ is
0.0 and 1.0 eq/L H+). Do a breakthrough curve.

c. Now do a wash step with pure water (feed concentrations of all components are zero). Continue
the run until concentrations all become zero. Explain why this is so quick.

G5. Water Softening. Use the same column, same resin, same mass transfer and axial dispersion
coefficients as in Problem 18.G4, except exchange Mg++ with H+. KMg-H = 1.9527. The column is
initially in the H+ form with cT = 0.10 eq/L. We want a feed that is 0.0 eq/L of H+ and 0.10 eq/L



of Mg++ (cT = 0.10 eq/L). The value of cRT = 2.0 eq/L is unchanged. (There is no Na+ involved in
this operation.) To reduce run time, operate with a column length of 10.0 cm. Do a breakthrough
run and report results.
Unfortunately, most simulators will find this problem to be difficult since the equations are very
stiff. Change the convergence settings and the discretization procedure to obtain convergence.

G6. Separation of ternary mixture with a feed consisting of dextran, fructose and a heavy impurity. A
25.0 cm long column with a diameter of 2.0 cm is used. External porosity = 0.4, internal porosity
= 0.0. Pressure is constant at 2.0 bar. Use axial dispersion coefficients of 0.35 cm2/min for all
components. Mass transfer coefficients (km,cap) are 2.84 1/min for dextran and fructose, and 1.5
1/min for the heavy; and the driving force for mass transfer is concentration differences. The
isotherms are linear with q and c both measured in g/L. The isotherm parameters are 0.23 for
dextran, 0.69 for fructose and 10.0 for the heavy impurity. The feed flow rate is 20.0 ml/min, the
overall concentration of the feed is 100.0 g/L, and the feed is 48 wt % dextran, 48 wt % fructose,
and 4.0 wt % heavy.
a. Input a 1.5-minute feed pulse followed by pure solvent (water). Set up a plot with the outlet

concentrations of dextran, fructose and heavy and run for 100 minutes.
Where is the heavy? If your plot uses the same scale for all three components, it will be difficult
to see the heavy. To find it set up the plot with a separate scale for heavy concentration. Note
that the heavy has an initial peak and then a main, very broad peak (all at low concentrations).
The initial peak occurs because with the low mass transfer coefficient some of the heavy exits
the column without ever entering the packing material. This is called “bypassing” or
“instantaneous breakthrough” and is obviously undesirable. Check to see if Eq. (18-66) is
satisfied, and interpret your results.

b. Change the heavy mass transfer coefficient (km,cap) to 10.0 1/min and run again. Now it should
look more normal, except the concentrations of the heavy are very low. This type of problem (at
least two components that are difficult to separate plus very slow component(s)) is known as the
“general elution problem.” The column length needs to be set to separate the difficult
separation, but then slow components take a long time to come out.

c. (All mass transfer coefficients are km,cap = 10.0 1/min for this step.) Input a 1.0-minute pulse of
feed followed by 4.5 minutes of pure solvent. Then reverse the flow of solvent and elute for 15
minutes. Develop plots for both the forward flow and for the reverse flow.

G7. Thermal effects. We wish to adsorb toluene from n-heptane and then use co-current desorption
with a hot liquid. Set the feed rate = 16.0 cm3/min. Use a feed concentration of toluene of 0.008
g/L. Pressure = 3.0 atm. Feed temperature is 25.0°C. Column is initially pure n-heptane and is at
25.0°C.
a. Do a breakthrough curve with a run time of 125 minutes. Create plots of toluene concentration

and temperature.
b. We now want to develop this saturated column co-flow using hot pure solvent. Increase the

feed temperature to 80.0°C, set the toluene concentration = 0.0 and do the regeneration run. Print
the plots of outlet toluene concentration and temperature. Explain the results.

Column conditions and data: L= 100.0 cm, Dcol = 2.0 cm, εe = 0.43, εp = 0.5, dp = 0.0335 cm, ρs =
1800.0 kg/m3, ED = 0.2 cm2/s for both toluene and n-heptane, km,cap = 5.5656 1/min. The isotherm
is linear with Arrhenius temperature dependence: pre-exponential factor KToluene,o = 0.0061, and



exponential factor (-ΔH/R) = 2175.27. CP,s = 920.0 J/kg/K, and the effective liquid-solid heat
transfer coefficient, = 0.005 J/(sm2K).

H. Spreadsheet Problems
H1. Set up a spreadsheet and solve Problem 18.D12.
H2. Solve Problem 18.D22 with a spreadsheet. Note: For unexplained reasons, the argument for the

error function in Excel must be positive. An error is returned if the argument is negative. In this
case make the argument positive and use the equality erf (–a) = –erf (a).

Chapter 18 Appendix. Introduction to the Aspen Chromatography Simulator
The Aspen Chromatography V7.2 simulator is fairly complicated. This appendix contains material from
two of the nine labs that were developed for an elective course (Wankat, 2006). The complete set of labs
is available from the author by sending a request to wankat@ecn.purdue.edu. The numerical method used
by Aspen Chromatography is the method of lines, (e.g., see Schiesser, 1991).
Lab 1. The goal of this lab is to get you started in Aspen Chromatography V7.2. It consists of a cookbook
on running Aspen Chromatography, some helpful hints, and the simulation of a real separation. The
assistance of Dr. Nadia Abunasser in developing the original version of this lab was critically helpful.
1. Log in to the computer. Use your local operating system method of getting into Aspen

Chromatography. Most likely, Aspen Tech → Aspen Process Development → Aspen
Chromatography.

2. We will first develop a simple chromatography (or adsorption) column system. To do this, go to the
menu bar and on the left hand side (LHS) select File. Go to Templates. In that window click on “Blank
trace liquid batch flowsheet,” and then click on Copy. It will ask for a directory name. Use something
like, “column1.” This will be saved in your working file. NOTE: In all file names and names for
components, columns, streams, and so forth there must be no spaces.

3. On the “Exploring simulation” box (LHS), click on “component list.” Then in the Contents box below
double-click on Default. A and B are listed. Change these names to the names of the components to be
separated (fructose and dextran T6). First, click the “Remove all” button. In the window below, type
in the first component name (e.g., fructose), and click on the “add” button. Do the same for all the other
components. Click “OK.”

4. Now to draw the column. Click on the + to the left of “Libraries” and click on the plus left of
“Chromatography” in the Exploring Simulation box. This opens other possibilities. Click on the word
“chromatography.” This should give “Contents of Chromatography” in a box below. Double-click on
the model you want to use (Chrom_Reversible—since it is most up-to-date). Click and drag the
specific model you want—in this case “chrom_r_column”—and move to the center of the Process
Flowsheet Window. This gives a column labeled B1. Left-click on B1, then right-click to open a
menu. Click on “rename.” Call the block something like “column.”

5. Now for some confusion. Go to the Nonreversible model by clicking on the word
“Chrom_Nonreversible” in the upper box of “Exploring.” This will get you new contents. Click and
drag a feed stream (“chrom_feed”), and put it near the top of the column (since the nonreversible
column has flow downwards by arbitrary convention). Now click and drag a product stream
(“chrom_product”), and put it near the bottom of the column. Rename as feed and prod. (We are using
the code in the reversible model since it is up to date but are using nonreversible for feed, product,
and connecting lines as it is simpler and less likely to cause problems.)

6. Now to connect everything together. In Exploring Simulation under “Chromatography” click on the
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word “Stream Types.” This gives contents below. Click and drag “chrom_Material_Connection”
(avoid the one with “r”). Click on the blue arrow of a source (e.g., the feed), move over to the inlet
blue arrow for the column, and left-click. Repeat for column outlet and product arrow. (Note for
Aspen Plus users: In Aspen Plus we would click on the Next button, it would tell us that the
connections were complete, and would then lead us through the necessary steps. Unfortunately, Aspen
Chromatography does not have this feature.)

7. We will now set up the column operating conditions. Double-click on the column. This gives a box
labeled, “Configure Block/Stream Column.” For now keep the UDS1 PDE discretization scheme, but
change the number of nodes to 50. Note that Aspen Chromatography has a number of integration
schemes that can be used for more complex systems or longer columns, but they are not required for
this lab. The important issue of accuracy of numerical integration will be explored in detail in lab 2.

a. Go to the Material balance tab. Select Convection with constant dispersion. The box for trace liquid
assumption should be checked!

b. Under the Kinetic tab, the fructose-dextran T6 data we have use (c – c*) as the driving force; thus,
choose “fluid” for film model assumption. For Kinetic model assumption use linear lumped
resistance. For mass transfer coefficient use “constant.”

c. In the Isotherm tab, the fructose-dextran T6 system has a linear isotherm that is based on fluid
concentration (select “Volume base, g/L”) for loading base.

d. Energy balance tab—isothermal should be checked.
8. Now click on the Specify button. This opens an imposing table where you specify the column

dimensions, isotherms, and so forth. Note that it lists fructose and dextran T6 because in step 3 you
told it to do this. Use the following values to start with: L = Hb = 25 cm, column diameter Db = 2.0
cm, external porosity Ei = 0.4, particle porosity Ep = 0.0, dispersion coefficients Ez = 0.15 for both
components. Mass transfer coefficient MTC = 5.52 min−1 (fructose) and = 2.84 min−1 (dextran T6).
Isotherm coefficients: Aspen uses the formula for linear isotherm: q = (IP1) c + IP2.

Set IP2 = 0.0 for both components. The adsorbent used was silica gel, and the solvent was water. (This
information is never entered into Aspen when a template is used.) For fructose IP1 = 0.69, and for
dextran T6, IP1 = 0.23. (Units on q and c are in g/volume solid and g/volume fluid.) Hit Enter, and then
close this window (click on X).

9. Click on the button for “Presets/Initials.” For an initially clean column (which is what we want) all
values should be zero. If they aren’t, insert 0.0 values, hit enter, and close window.

10. Click on the “Initialize “button. This makes all concentrations the proper values. Close the Configure
Block/Streams window.

11. To set the feed concentrations and flow rates, double-click on the arrow for the feed. This opens a
window labeled Configure Block/Stream Feed. Click on the Specify button. Use a feed concentration
of 50 g/L for both components. Set pressure at 2 bar (this has little effect). Flow rate of 20.0 cm3/min
is reasonable (Note: You have to change the units in the menu to the right of the number. Change the
units first, and then enter the desired value.) Hit enter. Check that your values are correct, and close
the window. Close the Configure block/stream feed window.

12. Do not touch the product stream—specifying something here will over specify system.
13. Set integration step size: Go to Run in the toolbar. In the Run menu click on “solver options, which

opens the Solver Properties window. In the Integrator tab, pick the “Implicit Euler” method, and click
on the Fixed radio button. Typically use a step size that is approximately (run time)/200. Might try
0.025 as a first try. For now, ignore the other tabs. Click OK.



14. We now need to set up the plots we want. Left-click and then right-click on the name of your product
stream. In the menu that opens go to Forms, and click on “All Variables.” This opens a table for this
product stream. We will use this for dragging variables. Click on the icon of a star on top of a square
donut (in toolbar). Name the plot (e.g., “Chromatography1”). Click on plot. Click OK. Drag the
variable “Process_in.C(“fructose”)” to the y axis. Do this for dextran T6 as well. Double-click on the
plot, which opens a window, “Pfs Plot 24.0 Control Properties.” Click on the second tab, Axis Map,
and click on “all in one.” Then click OK. This puts the two concentrations on the same scale. (The
problem with two scales is Aspen has a tendency to use different ranges, which makes comparisons
rather difficult.) Close the product line table.

15. We will now set up a breakthrough run: Go to Run on the toolbar, and click on Run Options in the
menu. Click on “Pause at.” Try 10 minutes. Click OK.

16. To initialize the separation, in the center of the toolbar in the window choose Initialize. (This is not
strictly necessary, but it is good practice because it allows you to use the rewind button later.) Click
on the Play button (to the right of the menu). Click on OK after it runs. The run is initialized. Now, go
back to the window, and select Dynamic. Cross your fingers, and click on the Play button. After it
runs, click OK. Right-click on the figure. Select “Zoom Full.” You can print the figure if you want.
Right-click on the figure again. In the menu select, “Show as history.” This gives a table of both
concentrations. This table can be cut and pasted into Excel if further manipulation of the numbers is
desired. It is better to not close the plot—we will reuse the plot. If you minimize it, you can find it
under Window. Note: If you close the plot (or close and later reopen the entire file), go to the All
Items box in the “Exploring Simulation,” and click on the word “flowsheet.” The plot will be next to
an icon that looks like a square donut and will be listed by name in the contents box. Double-click on
the name to recover the plot.

17. Now do a pulse input of 1.0 minute. Start with a clean column. If you initialized, then you can simply
restart to the initial state (this is the rewind button on a VCR—fourth button over from the menu in
toolbar). Now you will have a clean column. To check this, double-click on the column, then click on
the results button. All concentrations should be zero. If it is not zero, input zero values, and click on
the Initialize button. Close the windows. There are a number of ways to add a pulse. One easy way is
as follows: First, go to Run in toolbar, and click on Run Options. Select “Pause at,” and insert your
pulse length (1.0 minute). Initialize the simulation again (using the menu in the center of toolbar).
Select “dynamic,” and click on the Start button. (Since a plot was already drawn, you will get one
automatically.) The run for this pulse is very short (lasts one minute). We have now input the pulse,
and we must now develop the pulse with pure solvent. Double-click on the feed, click on specify, set
the concentrations to zero (the template, since it is for a dilute system, “knows” there is solvent
present), hit enter, close the windows. Go back to Run (toolbar), click on Run Options, and change the
“Pause at” time to the desired run time (10 minutes will work for this system). Click OK. Do not
initialize this time. We want the pulse to remain in the column. The menu on the toolbar should read
“Dynamic.” Click on the start button. When run is finished, click on OK, and look at the plot and the
history.

18. When you look at the figure, it will probably appear to be a series of connected straight lines instead
of a smooth curve. We can fix this by using more points in the plot. Click on rewind to get a clean
column. Go to Run (toolbar) and then Run Options. Change “Communication” to 0.1 minute. Click OK.
Follow the procedure for running the pulse [input the feed for one minute (use “Pause at”) and Run.
Then set the feed concentration to zero, set “Pause at” to 10 minutes, and Run.] Look at your plot. It
should be smooth curves. Print this plot, and label it. Note: “Communication” just sets the number of
points that are plotted but does not affect the integration. Thus, you can keep communication at 0.1



minutes for the remaining runs. You can also obtain a useful report by right-clicking on the column and
selecting Forms, then Chromatography Report.

19. The two peaks are not completely separated. There are a number of ways they can be separated more
completely. For example, double the value of L to L = 50 cm. Hit rewind, change L in the column
dimensions table, and then rerun the one minute pulse input. When you run pure solvent, a pause time
greater than 10 minutes is needed since doubling column length will double time for material to exit.
Do this run and look at the result. Separation is better, but still not complete. Save your file (remember
the file name), and exit Aspen.

Lab 2. The goal of this lab is to explore numerical convergence and accuracy of the simulator. Open your
file from Lab 1.
1. You need to increase accuracy of the discretization procedure. We will first do this by increasing the

number of nodes with UDS1.
a. Rerun the breakthrough curve from Lab 1 (step 15), but use UDS1 with 200 nodes. To do this,

double-click on the column, and in the Configure Block/Stream Column window use the General tab.
Change the number of nodes and then hit Enter. The integration method is Implicit Euler with time
step at 0.025 min. Check that preset/initials are all zero, and initialize in this block. Feed is 50g/L
both components. Then initialize the run. Do the run. Compare to your previous result with 50 nodes.
If there is significant change, 50 nodes was not enough.

b. Make the comparison quantitative by calculating the width of the MTZ for each solute. The time of
the MTZ, tMTZ, is measured from c = cinitial + 0.05(cfeed − cinitial) to c = cinitial + 0.95(cfeed − cinitial). If
the initial concentration is zero, measure from 0.05cfeed to 0.95cfeed. (The reason for using 5% and
95% of the change is that with experiments it is very difficult to tell when one is exactly at cinitial or at
cfeed.) Note: The graphs are not accurate enough—use the history for the calculation of tMTZ.

c. Try UDS1 with 800 nodes. Calculate tMTZ values and compare to previous runs.
d. Change to either the BUDS or the QDS integration schemes with 50 nodes. Integration is still

Implicit Euler with a time step of 0.025. [Change the number of nodes (no need to hit Enter), and then
change to BUDS or QDS using the menu. Hit Enter (probably not necessary), and reinitialize.]
Compare. Both BUDS and QDS work pretty well on this linear problem. Calculate the tMTZ for both
components and compare to previous.

e. Repeat the breakthrough runs for L = 50 cm and 100 cm, but using BUDS or QDS with 100 nodes
and integration time step of 0.025. Calculate tMTZ for both components for each run. Theory says that
the widths should be proportional to L1/2. (Runs with UDS1 with 50 nodes will not satisfy this. If you
have time, try this.) Plot your widths (for each component separately) vs. L½.

Note: BUDs and QDS are great for linear isotherms but often have convergence and/or oscillation
problems with nonlinear isotherms.



Appendix A. Aspen Plus Troubleshooting Guide for Separations

Although specific for Aspen Plus, many of these suggestions will be helpful for other simulators. If Aspen
Plus is too slow, close other programs and close extra windows within Aspen Plus. If none of the
correlations fit the equilibrium data, see Appendix B. If things are not working, check the following:
1. Probably the most common error occurs when specifying streams. You must specify total flow and

the composition of each component. The default for composition is molar flows. If the sum of the
component molar flows is not equal to the total flow, Aspen Plus still lets you run, but results are often
fouled up. Best practice: Always use mole or mass fractions. Another common error is to input the
wrong numbers or with the wrong units (e.g., using a feed temperature of 30K when you mean 30°C.
Separation modules won’t work with a feed this cold.)

2. If you expect two liquid phases and one vapor phase, you must enable this condition. In Setup, for
“valid phases” choose liquid-liquid-vapor from the menu. Do the same for Analysis. For Flash, use
Flash3 not Flash2.

3. A common error in distillation is to connect a product to the vapor stream from the condenser, and
then specify “total condenser” in the configuration page of the setup for the column. Aspen Plus gives
an error message for this one. You need to disconnect the product and connect it to the liquid distillate
product of the distillation column.

4. Aspen may ask you for conditions in an intermediate or product stream, and you do not know or want
to specify these. If this persists and Aspen won’t let you run when you push the Next button, delete the
block and then add a new block and reconnect it to the streams. An alternative is to delete the stream
and then add a new stream. One of these procedures will usually solve this problem.

5. Convergence problems:
a. Open up the block in the data browser. (You can always get to the data browser from the menu—go

to data and look at the bottom of the menu.) After opening up blocks and then the desired block, click
on “convergence.” Increase the number of iterations from 25 to 75. This often helps, but does not
always solve the problem. Try making a change in column specifications in Aspen Plus, change back
to the desired value (this tricks Aspen Plus into letting you run again) and then run again. If close to
convergence, this may work. An alternative is to reinitialize and run again.

b. Make sure that your numbers are compatible. For example, if the feed to a distillation column is 100,
D cannot = 110. If D = 100, then B = 0, which is also probably not what you want to do. Selection of
reflux rate and boilup rate (not ratios) will be compatible and should result in a successful run.
Conditions can then be adjusted to obtain desired purities.

c. For absorbers and strippers go to Block, Setup, Configuration, Convergence. Select “petroleum/wide
boiling” from the menu. This is also necessary for distillation if the boiling range is very long (e.g., a
feed containing both methane and n-octane).

d. For very nonlinear systems such as those forming two liquid phases (e.g., butanol and water) select
Convergence as “strongly non-ideal liquid.”

e. For recycle problems, convergence often requires a trick: Recycle Example 1, Extractive
distillation. First, solve without solvent recycle by using all fresh solvent. Then connect the recycle
and reduce solvent in steps down to steady state value. There must be a place for the “excess”
solvent to leave the system. Recycle Example 2, Two-pressure distillation system to break
azeotrope: Initially set B in one column and a low D value in the other. Then, without reinitializing,
increase D until it approaches the desired recycle value.



Recycle Example 3, Two-column binary separation with heterogeneous azeotrope. First, see Note 2
above. Then set up the system with total condensers and modest reflux ratios (say 0.5 or 1.0). Run the
system and reduce L/D in both columns in steps to very low values that approximate all of the reflux
coming from the decanter. Specify the value of B for one column, but not the other (try boilup ratio in
the stripping column).

6. In absorbers and strippers you need to draw RADFRAC with a vapor distillate product. In the
configuration page for the block pick condenser = none and reboiler = none in the menus. The
operating specifications section (where you would normally pick L/D and D) should turn gray—no
menu items will be available. If you try to change to no condenser and no reboiler after picking
operating specifications, Aspen Plus becomes confused and does not adjust (the menu items for L/D
and D remain in place). To correct, delete the block for the absorber/stripper, install a new block, and
reconnect all lines. Now pick condenser = none and reboiler = none, and everything should work.

7. Can’t get desired purity.
a. In distillation, this is often due to inappropriate choice of D (or B). Don’t select both! For high

purities redo your external mass balances (accurately!) assuming complete separation and use these
values of D and B.

b. In absorption or stripping you may need to make the equilibrium more favorable by changing the
column pressure or by changing the temperature of input streams. An alternative is to use a purer
solvent stream.

c. If mole fractions of impurity you are trying to obtain are too low, Aspen Plus may never reach these
values if the convergence parameters are not set tight enough. A more stringent value for mole
fraction (say E −06) will probably work.

8. Try Help in Aspen Plus.
Although often not too helpful, Help sometimes explains what the difficulty is.

9. Miscellaneous.
There are a number of other things that can happen. Probably 98% to 99% of the Aspen Plus problems
are operator error. Although hard to decipher, the Aspen Plus error messages often give a hint of where
to look for items to change. These errors may occur when you try to do something you have not done
before (e.g., set a pressure drop on every stage). If you are trying to do something different and get an
error message, stop doing what is different (e.g., return to constant pressure in the column) and see if
Aspen Plus will run. If it will, figure out a way to approach what you want to do in small steps (e.g.,
use very small pressure drop on each stage). This approach may show you what the problem is.

10. As a last resort, log out of Aspen Plus, and then log back in using a blank simulation. Rebuild your
entire system. Do not use a saved file as it is probably corrupted. Don’t do this step on “automatic
pilot.” If you do, you are likely to repeat the error without thinking about it.



Appendix B. Instructions for Fitting VLE and LLE Data with Aspen
Plus

The vapor-liquid equilibrium (VLE) and liquid-liquid extraction (LLE) correlations in Aspen Plus are not
always as accurate as possible. This can cause significant errors, particularly near pinch points in
distillation columns. If data is available, Aspen Plus will find values of the parameters for any of the VLE
or LLE correlations by doing a regression against the data you input. This is illustrated to obtain an
improved fit for the non-random two-liquid (NRTL) VLE correlation for the binary system water and
isopropanol (IPA). VLE data for water and isopropanol is listed in Table B-1. This system has a
minimum boiling azeotrope at ~80.46°C. The Aspen Plus fit to the data with NRTL is not terrible, but can
be improved.

Table B-1. VLE Data for Isopropanol-water at 1.0 atm. Perry’s Chemical Engineers Handbook
(Perry and Green, 1984, p. 13-13)

Open Aspen Plus with either a template or a blank flowsheet. When you get to the process flowsheet
window, draw either a distillation column (RADFRAC) or a flash distillation (Flash2) with the
appropriate feed and product streams. Then click Next and click OK to display the next input.
In the Setup window, change run type to Data Regression, and phases should be Vapor-Liquid. After you
click the Next button again, the components selection window appears. Enter as components “water” and
“isopropanol.” Click Next and select NRTL as the property method. Click Next, and then OK for message
“Enter the data sets to be regressed.” In the Properties Data-Data Browser, click New. Then select a
name (or use the default name), and in the dropdown menu, select Mixture as the type. Click OK. In the
setup window, the components listed should be water and IPA. Click the >> button to select both. Then
click the Data Type dropdown menu and select Txy. In the Category dropdown menu, select Phase



equilibrium. At the bottom of the form, input the desired pressure. Click Next.
On the Aspen Plus data page on the line with an *, input the temperature (you can select units) and the x
and y values for water or IPA (input the one listed first in your Aspen Plus table). When all data is input,
click Next. Click Specify the data regressions cases, and click OK. Click Next. Click on new and select a
name or use the default name, and click OK. In the Properties Regression window, the method should be
NRTL, and if you click the data set window, you will get the name of your data set. Calculation type
should be regression. Click Next. On the table that asks for parameters, input Binary, NRTL (the
“Element” to the left of name is 1), components in order of your table. Click Next, click Go to Next
Required Input Step, then click OK to run the regression now. Click OK to run the regression name. If you
already have NRTL parameters, you will be asked if you want to replace NRTL parameters: click Yes to
All. Look at your results (click the blue box with the checkmark in it), particularly the Profiles, to
compare with the data. To look at the VLE in graphical form, use Analysis. Now you can go to Setup-
Specifications and change the Run type to Flowsheet and run any simulation you desire.
Fitting LLE data is similar except start by drawing a decanter or extraction column. Then in the dropdown
menu for data type, select TPXX (temperature, pressure, and two liquid fractions). Input the temperature
(you can select units), the pressure, and the x1 and x2 values for two of the components. Aspen
automatically enters the third component. Ignore any error messages that three-phase flash results do not
agree and that constraints cannot be met.



Appendix C. Unit Conversions and Physical Constants

Unit Conversions1

Density and Weight
1000 g = 1.0 kg
1.0 g/cm3 = 1000 kg/m3

1.0 lbm = 0.45359 kg
1.0 lbm/ft3 = 16.01846 kg/m3

Transport Properties: Diffusivity, Viscosity, and Mass-Transfer Coefficient
1.0 ft2/s = 0.009290 m2/s
1.0 cm2/s = 0.0001 m2/s
1.0 Pa s = 1.0 (N s)/m2 = 1.0 kg/(m·s)
1.0 cP = 0.001 Pa·s = 0.01g/(cm·s)
1.0 lbm/(ft s) = 1.48816 Pa s
1.0 mol/[s m2(mol/L)] = 10.0 m/s
1.0 lbmol/[h ft2(lbmol/ft3)] = 0.00008467 m/s

Energy and Specific Heat
1.0 Btu = 1.055056 kJ
1.0 Btu = 0.0002931 kWh
1.0 cal = 4.184 J
1.0 kcal = 4.184 kJ
1.0 Btu/(lbm °F) = 4.1868 kJ/(kg K)
1.0 kcal/(kg °C) = 4.184 kJ/(kg K)

Length and Volume
1.0 μm (1.0 micron) = 10–6 m
100 cm = 1.0 m
1.0 feet = 0.3048 m
1000 liters = 1.0 m3

1.0 ft3 = 0.02832 m3

1.0 ft3 = 7.481 US gal
1.0 US gal = 0.003785 m3

1.0 US gal = 3.785 L
Pressure

100,000 Pa = 100 kPa = 1.0 bar
101.3 kPa = 1.013 bar = 1.0 atm
760 mm Hg at 0°C (density 13.5951 g/cm3) = 760 torr = 1.0 atm
33.899 ft water at 3.94°C = 1.0 atm



Temperature
T in °C = (5/9) (T in °F – 32)
T in °C = T in K – 273.15
T in K = (5/9) (T in °R)
T in °F = T in °R + 459.7

Time
24 h = 1 day
60 min = 1 h
3600 s = 1 h
60 s = 1 min

Ideal Gas Values

Useful Physical Constants



Appendix D. Data Locations

This Appendix gives the location of the large amount of data scattered throughout the textbook.
abietic acid-heptane-methylcellosolve+10% water: Distribution coefficient, Table 13-3
acetic acid: Adsorption isotherm on activated carbon, Table 18-2 and Problem 18.D7
acetic acid-benzene-water: Distribution coefficients, Table 13-3
acetic acid-1-butanol-water: Distribution coefficient, Table 13-3
acetic acid-3-heptanol-water: Distribution coefficient, Problems 13.D5 and 13.D6
acetic acid-isopropyl ether-water: Equilibrium data, Table 13-5
acetonaphthalene: Adsorption isotherm on silica gel, Table 18-2
acetone: Henry’s law constant in water, Problem 12.D1; adsorption isotherm on activated carbon,
Problem 18.D12
acetone-benzene-chloroform: Distillation curves, Figure 8-8
acetone-chloroform-water: LLE, Table 13-4 and Figure 13-12
acetone-ethanol: VLE, Problem 4.D7
activated alumina: Properties as adsorbent, Table 18-1 and Examples 18-2 and 18-6 and 18-7
activated carbon: Properties as adsorbent, Table 18-1 and Example 18-4 and Problem 18.D7;
isotherms for adsorption of hydrogen, methane, ethane, ethylene, and propane, Figure 18-2; hydrogen
and methane adsorption isotherms, Example 18-4
alcohol dehydrogenase-aqueous 5% PEG-aqueous 10% dextran: Distribution coefficient, Example 13-
2
ammonia-water: Solubility, Table 12-3 and Problem 12.D10 and Example 15-6 and Problem 16.D12
anions: Approximate equilibrium constants, Table 18-5
anthracene: MW = 178.22; adsorption isotherm on activated alumina, Table 18-2 and Examples 18-2,
18-6, and 18-7
argon: Solubility in liquid ammonia, Problem 12.D14
benzene: Vapor pressure, Example 8-1; solubility parameter, paragraph following Eq. (13-1)
benzene-acetone-chloroform: Distillation curves, Figure 8-8
benzene-ethanol-water: Residue curves, Figure 8-12
benzene-ethylene dichloride relative volatility, αB-ED = 1.11
benzene-toluene relative volatility: Problem 4.G2
benzoic acid-toluene-water: Diffusivity benzoic acid in water and in toluene and Distribution
coefficient between water and toluene, Examples 13-5 and 16-5; KLD and KO-ED, Example 16-5
bovine serum albumin: Adsorption isotherm on DEAE Sephadex A-50, Table 18-2
butane, iso-: K values, Figures 2-11 and 2-12, Table 2-3
butane, n-: K values, Figures 2-11 and 2-12, Table 2-3; vapor pressure, Problems 2.D14 and 5.D2
butanol, n-: MW = 74.12; λ, CP,L Problem 17.D14
butanol, n- n-propanol relative volatility, αnB-nP = 0.412
butanol, n- and water: VLE, Figure 8-2 and Table 8-2 (in Problem 8.D2); Selectivity in pervap,



Problem 17.D14
carbon dioxide: Henry’s Law constants in water, Table 12-1; normal CO2 % in air, Problem 12.D16;
Permeability, Figure 17-5 and Table 17-2
carbon monoxide: Henry’s Law constants in water, Table 12-1; Permeability: Figure 17-5
carbon tetrachloride-acetic acid-triethylamine: Equilibrium data, Table 13-A1 (appendix to Chapter
13)
cations: Approximate equilibrium constants, Table 18-5
chlorine: Solubility in water, Example 15-4
chlorinated compounds: Henry’s Law constants and solubilities in water, Table 12-2
chloroethane: 1,2-dichloroethane and 1,1,2-trichloroethane relative volatility, αdi-tri = 2.24
chloroform-acetone-benzene: Distillation curves, Figure 8-8
copper-sodium ion exchange: Equilibrium, Example 18-4
cost indices: Table 11-1
cost of

condensers: Eq. (11-3) and Figure 11-3
materials of construction: Table 11-2
packing: Figure 11-2
reboilers: Figure 11-3
towers: Figure 11-1
trays: Figure 11-2

cresol-phenol relative volatility, αPC = 1.76
cumene-toluene relative volatility, αTC = 0.21
cyclohexane: MW = 84; liquid density, Example 18-2 and Problem 18.D2
cyclohexane-n-heptane: Distillation tray efficiencies, Figure 10-15
decane,-n: MW = 142.28; λ and vapor pressure, Example 8-2
diffusivities

gases, Table 15-1
liquids, Table 15-3

dinitronaphthalene: Adsorption isotherm on silica gel, Table 18-2
dioxane-benzene-water: Distribution coefficient, Problem 13.D10
efficiencies, trays: O’Connell correlation for distillation, Figure 10-14 and Eq. (10-6) O’Connell
correlation for absorbers, Figure 12-8 and Eq. (12-36)
ethane: MW = 30.07; K values: Figures 2-11 and 2-12, Table 2-3; liquid density, Problem 2.D21;
adsorption isotherm on activated carbon, Figure 18-2a
ethanol: MW = 46; λ, CP,L, CP,V, liquid density and MW, Problem 2.D9; λ, Example 4-1; CP,L Problem
4.D20; solubility parameter, paragraph below Eq. (13-1); molar liquid density and vapor pressure,
Example 15-1; φB (solvent interaction parameter) = 1.5; surface tension, Example 16-2; λ, CP,L
Example 17-9
ethanol-acetone: VLE, Problem 4.D7



ethanol-benzene-water: Residue curves, Figure 8-12
ethanol-ethylene glycol-water: Residue curves, Figure 8-14
ethanol and n-propanol relative volatility, αE-nP = 2.17
ethanol-water: Activity coefficients, Example 15-5
ethanol-water: VLE, Table 2-1, Figures 2-2 to 2-4; appendix B of Chapter 2, Eqs. (2.B-1) and (2.B-2)
ethanol-water: Liquid densities, Example 15-5
ethanol-water: Diffusivity, Example 15-5
ethanol-water: Liquid viscosity, Example 16-2
ethanol-water: Vapor Schmidt number, Example 16-2
ethanol-water: Pervaporation data, Figures 17-15 and 17-16
ethyl benzene-β,β′-Thiodipropionitrile-n-hexane: Distribution coefficient, Table 13-3
ethylene: K values, Figures 2-11 and 2-12, Table 2-3; adsorption isotherms on activated carbon,
Figures 18-2a,b; adsorption isotherm on zeolite, Figure 18-2b
ethylene dibromide and propylene dibromide relative volatility, αEP = 1.30
ethylene dichloride-benzene relative volatility, αB-ED = 1.11
ethylene glycol-ethanol-water: Residue curves, Figure 8-14
fish oil leached from halibut livers with diethyl ether: Equilibrium data, Problem 14.E1
fructose: Adsorption isotherm on IEX resin in Ca2+ form, Table 18-2 and Example 18-5
furfural-MIBK-water: Distribution coefficient, Table 13-3
glucose: Adsorption isotherm on IEX resin in Ca2+ form, Table 18-2 and Example 18-5
heat transfer coefficients (approximate): Table 11-3
helium: Permeability, Figure 17-5 and Table 17-2
heptane: , n-: MW = 100.2; K values: Figures 2-11 and 2-12, Table 2-3; viscosity, Example 10-1 and
Problem 10.D2;: normal bp = 98.4°C; specific gravity and surface tension, Problem 10.D2; λ, CP,L,
Problem 11.D2 and Example 18-3; liquid density, Example 18-3 and Problem 18.D21
HETP: see packings
hexane, n-: MW = 86.17; K values: Figures 2-11 and 2-12, Table 2-3; λ, CP,L CP,V and boiling point,
Table 2-5; liquid density, Example 2-4; vapor pressure, Problems 2.D14 and 2.D.27 and 5.D2; λ, CP,L
CP,V, Problem 3.D6; viscosity, Example 10-1; liquid specific gravity and surface tension, Example 10-
2
human serum albumin: Adsorption isotherm on Ca-alginate magnetite bead, Table 18-2
H+ ion: Equilibrium values on cation exchange resins, Table 18-4 and Problems 18.D14 and 18.D15
hydrogen: Permeability, Figure 17-5 and Table 17-2; adsorption isotherm on activated carbon, Figure
18-2A
hydrogen chloride: MW = 36.46; Solubility in water, Problem 12.D8
hydrogen sulfide: Henry’s Law constants in water, Table 12-1
ion exchange resin: Properties, Table 18-4 and Examples 18-5 and 18-8; approximate equilibrium
constants, Table 18-5
K+ ion: Equilibrium values on cation exchange resins, Table 18-4 and Problems 18.D14 and 18.D15



Lennard-Jones potential parameters: Table 15-2
linoleic acid-heptane-methylcellosolve + 10% water: Distribution coefficient, Table 13-3
mercury, Hg: liquid density = 845.3 lbm/ft3. Example 10-3
methane: K values, Figures 2-11 and 2-12, Table 2-3; λ, CP,L CP,V and boiling point Table 2-5;
Solubility in liquid ammonia, Problem 12.D14; Permeability: Figure 17-5 and Table 17-2; adsorption
isotherms on activated carbon, Figures 18-2a and 18-3, and Tables 18-2 and 18-3, and Example 18-2;
adsorption isotherm on zeolite, Table 18-2
methanol: MW = 32.04; liquid density, Problem 2.D1; λ, CP,L CP,V, Problem 3.E1; λ, Example 4-2;
surface tension, Problem 10.D9; φB (solvent interaction parameter) = 1.9
methanol-ethanol relative volatility, αM-E = 1.69
methanol-isopropanol relative volatility, αM-iP = 2.26
methanol-methyl butyrate-toluene: Residue curves, Figure 11-11
methanol-n-propanol relative volatility, αM-nP = 3.58
methanol-water: VLE, Table 2-7 in Problem 2.D1
methyl butyrate-methanol-toluene: Residue curves, Figure 11-11
methylcyclohexane-n-heptane-water: Equilibrium data, Table 13-6 (in Problem 13.D18)
methylcyclohexane-toluene-ammonia: Equilibrium data, Figure 13-14
Na+ ion: Equilibrium values on cation exchange resins, Table 18-4 and Problem 18.D15
naphthalene: Solubility in carbon dioxide, Figure 14-6; adsorption isotherm on activated alumina,
Example 18-2
nitrobenzene: MW = 123.11; solubility in water, Problem 12-D4
nitrogen: Permeability, Figure 17-5 and Table 17-2; adsorption isotherm on zeolite, Table 18-2
nitromethane-water: VLE, Table 8-3 (in Problem 8.E1)
nonane, n-: K values, Figures 2-11 and 2-12, Table 2-3
octane, n-: MW = 114.22; K values, Figures 2-11 and 2-12, Table 2-3; liquid density, Example 2-4
octanol: MW = 130.23; vapor pressure, Problems 8.D11 and 9.D19
oil leaching from meal with benzene: Equilibrium data, Table 14-2 and Figure 14-5
oleic acid-heptane-methylcellosolve + 10% water: Distribution coefficient, Table 13-3
oxygen: Permeability, Figure 17-5 and Table 17-2
packings, random

absorption in water, approx. HOG: Table 16-3
capacity factor Nutter rings: Figure 10-29
F factor: Table 10-3
flooding: Figure 10-27 and Eq. (10-39a)
HETP (approximate): Paragraph above Eq. (10-37c)
HETP Nutter rings: Figure 10-28
HETP Pall rings: Figure 10-26
HTU estimation: Eqs. (16-37) and (16-38) and Figures 16-5 to 16-7



Alternate HTU estimation: Eqs. (16-40) and Table 16-2
pressure drop: Figure 10-27 and Eq. (10-39b) and Table 10-3
sizing factor: Eq. (10-38) and Table 10-5

packings, structured
capacity factor Intalox 2T: Figure 10-29
F factor: Table 10-4
HETP (approximate): Eq. (10-37c)
HETP Norton Intalox 2T: Figure 10-28

pentane, iso-: K values, Figures 2-11 and 2-12, Table 2-3
pentane, n-: MW = 72.15; K values: Figures 2-11 and 2-12, Table 2-3; λ, CP,L CP,V and boiling point
Table 2-5; vapor pressure, Problem 2.D27; liquid density, Problem 2.D21; Vapor pressure, Problems
2.D27 and 5.D2; λ, CP,L CP,V, Problem 3.D6
permeability of gases: Figure 17-5 and Table 17-2
phenol-cresol relative volatility, αPC = 1.76
polarities of compounds: Table 8-1
polymer latex suspensions: Gel formation in UF, xg ~50 vol %
polysaccharides: Gel formation in UF, xg < 1 wt %
propane: K values, Figures 2-11 and 2-12, Table 2-3; adsorption isotherm on activated carbon, Figure
18-2a
propanol, iso-: Vapor pressure, Problem 2.D22
propanol, iso and n-propanol relative volatility, αiso-n = 1.86
propanol, iso and water VLE, Table B-1 (in Appendix B)
propanol, n-: Vapor pressure, Problems 2.D22 and 6.D4; ΦB (solvent interaction parameter) = 1.2
propylene: K values, Figures 2-11 and 2-12, Table 2-3
propylene dibromide and ethylene dibromide relative volatility, αEP = 1.30
pyridine-chlorobenzene-water: Equilibrium data, Table 13-7
sand, dry: Density, Problem 14.D2
sea water: Approximate wt fraction total dissolved salts = 0.035
silica gel: Properties as adsorbent, Table 18-1 and Example 18-3 and Problems 18.D4 and 18.D6
sodium chloride: MW = 58.45; osmotic pressure coefficient, Example 17-4
sulfur dioxide: Henry’s law constant in water, Example 16-3
sucrose: MW = 342.3
sucrose, dilute aqueous solution: Density and osmotic pressure, Problem 17.D4
sugar: Effective equilibrium constant for leaching from sugar cane into water, Problem 14.D8 and
14.D9
toluene: MW = 92.14; liquid density and viscosity, Example 13-5; interfacial tension with water,
Example 13-5; liquid density, CP,L, and adsorption isotherm on silica gel, Problem 18.D4; Adsorption
isotherm on silica gel, Problem 18.D21; adsorption isotherm on gas-phase activated carbon, Problem
18.D16



toluene-benzene relative volatility, Problem 4.G2
toluene-cumene relative volatility, αTC = 1/0.21
toluene-methanol-methyl butyrate: Residue curves, Figure 11-11
toluene-xylene relative volatility, αT-X = 3.03
trays

Capacity factor: Figure 10-29
Crest height over weir: Eq. (10-26)
Downcomer pressure drop: Eq. (10-27)
Dry pressure drop: Eq. (10-24) and Figure 10-23
Efficiencies: O’Connell correlation for distillation, Figure 10-14 and Eq. (10-6)
Equivalent HETP: Figure 10-28
Kv valve trays: Eq. (10-34b) O’Connell correlation for absorbers, Figure 12-8 and Eq. (12-36)
Orifice coefficient: Eq. (10-25)

ultrafiltration solute retention: Figure 17-11
washing equilibrium: Eq. (14-1)
water: MW = 18.016; liquid density, Problem 2.D.2; λ, CP,L CP,V, liquid density, Problem 2.D9; λ,
CP,L CP,V, Problem 3.E1; λ, Example 4-1; λ, CP,L CP,V, Problem 4.D23; vapor pressure, Problems
8.D10, 8.D15 and 9.D19; viscosity, Problem 10.D14a and Example 15-4; surface tension, Problem
10.D15 and Example 16-2; solubility parameter, paragraph below Eq. (13-1); φB (solvent interaction
parameter) = 2.26 (2.6 also recommended); λ, CP,L Example 17-9
water-benzene-ethanol: Residue curves, Figure 8-12
water and n-butanol: VLE, Figure 8-2 and Table 8-2 (in Problem 8.D2)
water-ethanol: VLE, Table 2-1, Figures 2-2 to 2-4; Eqs. (2.B-1) and (2.B-2) in appendix B of Chapter
2
water-ethanol-ethylene glycol: Residue curves, Figure 8-14
water and iso propanol VLE, Table B-1 (in Appendix B)
water-methanol: VLE, Table 2-7 (in Problem 2.D1)
water-nitromethane: VLE, Table 8-3 (in Problem 8.E1)
xylene: Adsorption isotherms on silica gel, Example 18-3 and Problem 18.D21
xylene, p-: Adsorption isotherms on silica gel, liquid density and CP,L, Problem 18.D6
xylene (meta, ortho, para)-β,β′-Thiodipropionitrile-n-hexane: Distribution coefficients, Table 13-3
xylene-toluene relative volatility, αT-X = 3.03
zeolite molecular sieve: Adsorbent properties, Table 18-1; ethylene adsorption isotherm, Figure 18-2B
Zr(NO3)4: Extraction equilibrium data from aqueous solution into TBP-kerosene, Problem 13.D36



Answers to Selected Problems

Chapter 2
2D1.

a. y = 0.77, x = 0.48
b. V = 600 and L = 900
c. V/F = 0.25, y = 0.58
d. F = 37.5 kmole/hr
e. D = 1.705 feet. Use 2.0 feet. L ranges from 6 to 10 feet.
f. V/F = 0.17
g. x = 0.756, V = 16.18 mol/h, L = 33.82 mol/h

2.D2. Hint: Work backwards (start with stage 2).
a. (V/F)1 = 0.148
b. x1 = 0.51, y1 = 0.78, x2 = 0.25, y2 = 0.62

2.D8. V/F = 0.076, xmethane = 0.0077, xpropane = 0.0809
2.D9. Tdrum ~ 88.2°C, xE = 0.146, yE = 0.617, V = 326.9

2.D13.
a. Tdrum ~ 86°C, xC6 = 0.52, yC6 = 0.85
b. D = 10.96 feet. Use 11.0 feet

2.D15. zethane = 0.4677, znC4 = 0.2957
2.D18. Tdrum ~ 65.6°C, V/F ~ 0.57
2.D19. Tdrum ~ 57°C, V/F = 0.293

2.F2. x3 = 0.22, y3 = 0.461
2.F3. Tdrum ~ 57.3°C, V/F = 0.513

Chapter 3
3.D2. L/D = 2.77
3.D3.  = 1532.4 kg/h
3.D5. B = 76.4 kg/min, D = 13.6 kg/min, Qc = −13,357 kcal/min, QR = 3635.3 kcal/min
3.D6. B = 1502 lbmol/h, D =998 lbmol/h, Qc = − 45,385,050 BTU/h, QR = 50,861,500 BTU/h
3.F3. B = 5211.5 kmol/h, D = 19,788.5 kmol/h, Qc = −133,572,000 kcal/h, QR = 95,030,000 kcal/h
3.F4. B = 12.54 kg/kmol feed, D = 5.15 kg/kmol feed, Qc = − 5562 kcal/kmol feed, QR = 7815

kcal/kmol feed

Chapter 4
4.D3.

a. slope = −2.54



b. q = 0.58
4.D4.

a. slope = 0.6 and goes through y = x = z = 0.6
b. q = 0.6, slope = −1.5
c. q = −1/5, slope = 1/6

4.D5. L1/V2 = 0.55
4.D7.

a. x5 = 0.515
b. y2 = 0.515. Note: It is an accident these values are the same.
c. Optimum feed is seventh or eighth from the top; need 8 stages + partial reboiler. q = 0.692.

4.D8.
a. Nmin ~5.67
b. (L/D)min = 1.941
c. Multiplier = 2.06
d. 11 real stages + partial reboiler

4.D10.
a. y3 = 0.9078
b. x6 = 0.66

4.D16. q = 1.13
4.D19. xD = z = 0.75, xB ~ 0.01 to 0.02
4.D20. Optimum feed stage = first above partial reboiler

Need ~8 equilibrium stages + partial reboiler.
4.D22. y = (L/V)x + (D/V)yD − (W/V)xw = 0.75x + 0.17 Intersects y = x = 0.68 (not at yD).
4.D23. L/V = 0.77
4.D27. Optimum feed is 3rd above partial reboiler. Need ~ 5.5 equilibrium stages + partial reboiler.
4.D30.

a. N ~ 5 equilibrium stages
b. /B = 20

4.D31. L/D =0.636
4.D32. xB = z = 0.4
4.D33.

a. (L/D)min = 0.659
b. Optimum feed is third real stage from bottom; need 9 real stages + partial condenser.
c. S = 760 lb mol/h = 13,680 lb steam/h

4.D34. Trial-and-error. xB ~ 0.058
4.E2. xside = 0.0975, Trial-and-error to find xD ~ 0.85
4.E3. Optimum feed is tenth below condenser, vapor from intermediate reboiler is returned at stage



11; need 12½ equilibrium stages.
4.F3.

a. See Example 4-4.
b. CMO is OK.
c. CMO not valid. Latent heat of acetic acid is 5.83 kcal/gmole compared to 9.72 for water.
d. n-butane λ = 5.331 kcal/gmole and n-pentane λ = 6.16. This 15% error is marginal. Constant

mass overflow works better.
e. benzene λ = 7.353 kcal/gmole and toluene λ = 8.00. CMO is within ~ 6%

4G1.
a. *See Example 4-4, part E.

4.G3.
a. Optimum feed is eleventh below condenser; need 19.43 equilibrium contacts including the

partial reboiler.
b. Optimum feed is eight from the top; need 21.9 equilibrium contacts, including the partial

reboiler.

Chapter 5
5.D3.

a. D = 2217.8 and B = 7782.2 kmol/day
b. Bottoms mole fractions: Methanol = 0.0006, Ethanol = 0.6011, n-Propanol = 0.2313, n-

Butanol = 0.1670
5.D4.

a. D = 402 and B = 598 kmol/h.
b. Distillate mole fractions: isopentane = 0.9851, n-hexane = 0.0149, n-C7 = 0. Bottoms mole

fractions: isopentane = 0.0067, n-hexane = 0.4916, n-heptane = 0.5017
c. L = 1005, V = 1407,  = 1605,  = 1007 kg moles/hr

5.D13. T = 28.8°C

Chapter 6
6.C1. For a dew point calculation p and yi are specified. Proceed as follows:

1. Pick Tguess,
2. Find Ki,
3. Calculate Σxi = Σ(yi/Ki),
4. If Σxi = 1.0, are finished.
5. If Σxi ≠ 1.0 ± ε then Kref,new = Kref,current/[Σ(yi/Ki)calculated],
6. Determine Tnew from value of Kref,new, and
7. Return to step 2.

6.F1. T1 = 203.0 °F, T2 = 212.5 °F, T3 = 227.6 °F, T4 = 248.7 °F using data in Maxwell (1950) (see
Table 2-2). The exact answer will vary depending on the data used.



Chapter 7
7.D1.

a. Nmin = 5.97,
b. (L/D)min = 1.75,
c. N = 24.6 (including reboiler) and Nfeed = 14 from top

7.D3. α = 1.287
7.D5. xB = 0.229
7.D6. Nmin = 10.8, (L/D)min = 1.75, N = 25.3 (including partial reboiler)
7.D8.

a. (L/D)min = 22.83,
b. Nmin = 96.9,
c. N = 181.9. This separation would probably not be done by distillation.

7.D12.
a. Nmin = 10.47 and FRcumene,bot = 1.0
b. (L/D)min = 2.71
c. N = 20.24 (including partial reboiler) and optimum feed is stage 10 or 11

7.D13. (L/D)min = 0.2993 if α = 2.5 and (L/D)min = 0.3073 if α = 2.25. (L/D)min will be more sensitive
to α for sharper separations.

7.D15. N = 9.45 (including reboiler) and use stage 3 as the feed
7.D16.

a. Nmin = 12.7
b. (L/D)min = 2.13
c. (L/D)actual = 2.4

7.D18 Part a. N = 13.2 if use original Gilliland curve or N = 14.1 if use Liddle’s curve.

Chapter 8
8.D1. Optimum feed for recycle stream is 8th stage, opt. feed stage for fresh feed is ninth stage. Need

9-7/8 ~ 10 stages − both below condenser.
8.D2.

a. Butanol product = 3743.45 and water product = 1256.55 kmol/h
b. Column 1: Optimum feed is stage 3 below condenser, and need 3 stages + partial reboiler.

Column 2: Need ~ 2/3 stage + partial reboiler.
8.D8. Must convert wt frac to mole Frac, αwater-ether_in_ether_layer = 7.026 (L/D)min = 7.467, L/D =

11.2, Top stage is opt. feed and need ~4 3/5 equilibrium contacts.
8.D10.

a. T = 97.5°C
b. nwater/norganic = 10.81



8.E1.
a. Column 1: Optimum feed is top stage. Need ~ 2-7/8 or 3 eq. contacts (includes P.R.).

Column 2: Optimum feed is top stage. Need 1 stage + P.R.
b. (L/V)2 = 2.63. There is a net flow from separator into column 2.

8.F1.
a. T = 95.0°C
b. nwater/norganic = 5.045
c. mole water condensed/mole nonane vaporized = 1.009
d. t = 99.9°C and nwater/norganic = 245.75

Chapter 9
9.C2.

a.

9.D2. Wfinal = 35.2 and D = 64.8 moles. xD,avg = 0.86
9.D3. Wfinal = 39.7 and D = 60.3 kmoles. xD,avg = 0.85
9.D9.

a. D = 3.45
b. xw,final,min = 0.21

9.D14.
a. Tfinal = 99.7 °C
b. Wfinal = 1.11 and D = 8.89 moles
c. nwater/norganic = 107.2

9.D16.
a. (L0/D)initial = 0.47
b. (L0/D)final = 5.46
c. Wfinal = 5.79 and D = 4.21 kmoles

Chapter 10
10.D1. Eo = 0.73
10.D2. D = 12.35 feet
10.D4. At balance point: hΔp,valve = 1.34 inches of liquid

Closed: hΔp,valve = (0.0287) vo
2 inches, for vo < 6.83 ft/sec

Open: hΔp,valve = (0.00478) vo
2 inches, for vo > 16.73 ft/sec

10.D5. HETP = 0.31 m.
10.D6.



a. For α = 2.315, HETP = 0.32 m
b. For α = 2.61, HETP = 0.37 m
c. For αavg = 2.46, HETP = 0.34 m

10.D9. D = 10.27 ft.
10.D11.

a. D = 6.05 inches
b. D = 8.01 inches
c. D = 19.14 inches

10.D12. HETP = 2.5 feet; xB ~ 0.65
10.D16. D = 10 feet
10.D17. D = 15.4 feet
10.F3. Maximum diameter is 2.1 feet in enriching section. Probably use 2.5 feet since there is almost

no cost penalty. Need 22 real stages plus partial reboiler. Height is approximately 36 feet.
10.F4. Maximum diameter is 2.1 feet in enriching section. Need ~ 12 feet of packing.

Chapter 11
11.D1.

a. (L/D)min = 2.44
b. Nmin = 23.1
c. Nequil = 36.3 + P.R.
d. Nactual = 50 stages + P.R.
e. $1,054,000 as of Sept. 2001

11.D2. Qc = −3.39 BTU/h, QR = 3.423 × 107 BTU/h, Acond = 2850 ft2, AReb = 32,800 ft2, total cost =
$811,000. Areas and costs are very sensitive to the values of U used.

Chapter 12
12.D5. HETP = 1.7 feet
12.D6. McCabe-Thiele gave 5 real stages, and Kremser gave 5.07 real stages. In practice, use 6 real

stages.
12.D10. yout = 0.1267, xout = 4.93 × 10−4

12.D11. m = 1.414. m = 1.2 is incorrect (L/mV = 1)
12.D12. Need 4 equilibrium stages.
12.D15. N = 2.39, y1,C4 = 7.2 × 10−6, y1,C3 = 2.98 × 10−4

12.D17. L = 41.1 kmol/h
12.D23.

a. Absorber: N = 8 equilibrium stages, Xout = 0.2614 mole ratio
b. Stripper: G (stream B) = 723.7 mol carrier gas/day, Yout ≈ 0.287 mole ratio

12.F1. L/G = 18.4, HETP = 1.52 feet



12.F2. T = 99.1°F, T = 80.9°F, T = 73.9°F

Chapter 13
13.D4. yout = 0.0075, N = 33.6
13.D7. E = 639.6 kg/h.
13.D9. N = 5.44, Recovery linoleic acid = 87.7%

13.D11. N ~ 8.5 equilibrium stages
13.D15.

a. Column 1, y1 = 0.00092693, yN+1 = 6.929 E-6
b. Column 2: R = 50.35, xN = 0.0183

13.D22.
a. 6-2/3 equilibrium stages, yout = 0.0264
b. xout = 0.002

13.D24. Optimum feed is fourth stage and need 5.4 stages.
13.D27. Need 8 equilibrium stages.
13.D28. Recovery = 95.9%
13.D30. Solve problem in mass ratio units. Need ~ 5 1/8 equilibrium stages, xout = 0.171 (mass

fraction).
13.D32. mE = 1.313
13.D38. xout =0.0000275 and yout = 0.0037. If your answer is xout = 0.000102, which is incorrect, you

have not been careful with your units.
13.E1. ~ 93.5 % m-xylene recovery with 8 stages with feed on stage 4

Chapter 14
14.D1.

a. yAE = 0.06, yDE = 0.05, xAR = 0.42, xDR = 0.48
b. E = 214 kg/h

14.D4.
a. yA = 0.115, yw = 0.04, xA = 0.23, xw = 0.73
b. S = 85.7 kg/h

14.D6. S = 5600, EN = 6830, R1 = 770 kg/h. Extract: 10.5% acetic acid and 3.5% water Raffinate: 5%
acetic acid and 93% water

14.D9.
a. S = 2444 kg/h
b. N =2

14.D14.
a. Exit raffinate 27.5% acetic acid and 67.5% water
b. Entering extract 13% acetic acid and 0.0% water



c. R1 = 655 kg/h and Entering extract flow rate = 2155 kg/h
14.D18. Extract: yoil = 0.238, ysolid = 0.0; Raffinate: xoil = 0.078, xsolid = 0.656
14.D19. Outlet Extract: yoil = 0.38, ysolid = 0.0; Outlet Raffinate: xoil = 0.026, xsolid = 0.66
14.D20. Stage 1 extract: yoil = 0.35, ysolid = 0.0; Stage 2 extract: yoil = 0.18, ysolid = 0.0; Stage 3 extract:

yoil = 0.09, ysolid = 0.0; Stage 3 raffinate: xoil = 0.03, xsolid = 0.66

Chapter 15
15.D1. a. CA,L can be larger or smaller than CA,0. For smaller, CA,L = 0.9701 kg/m3.

15.D12. At 298.16 K, DAB = 1.114 m2/s. Calculate δ = 0.000115282 m, vy,avg = 0.04338 m/s, Re =
19.966. This is a long residence time with Re< 20, so there are no ripples. Shavg = 3.41 and kavg
= 3.295×10-05 m/s, and 0.000168 kg/s carbon dioxide are absorbed.

15.D18. Answers are compared in Example 15-5. Obviously, additional intervals can be added for
more accuracy.

15.D19. a. At t = 10,000 s, obtain following values of C/C0:

Chapter 16
16.D1. Average HOG = 2.1, nOG = 12.1, height = 25.4
16.D2.

a. G′flood = 0.75 lb/ft2, D = 5.8 feet
b. HG = 0.40, HL = 0.47 feet

16.D4. Height of stripping section = 9.8 feet, height of enriching section = 14.1 feet
16.D6. a. HOG = 1.67 feet
16.D8. height = 26.2 feet
16.D10.

a. nOG = 4.6 feet
b. nOG = 4.6 feet

16.D12.
a. h = 4.59 feet
b. h = 1.98 feet, lowest yout = 0.00081

16.D14.
a. kxa = 1408.19, kya = 366.32
b. EMV = 0.47

Chapter 17
17.D1. a. A = 2.80 × 106 cm2, Fp =0.32, Fout = 0.68 kmol/h
17.D4.



a. M = 1.069
b. α′AB = 2.29 atm−1, K′solv/tms = 0.0665g/(m2·s·atm), K′A/tms = 0.0665g/(m2s)
c. k = 0.000117 m/s

17.D15 a. xp = 0, xr,out = 0.125, F′out = 80 kg/h
17.H1. The solution is in Example 13.5-1 in Geankoplis (2003).

Chapter 18
18.D1. The answers are given in Example 18-1.
18.D2. qmax = 0.10456 g anthracene/g adsorbent, KAc = 2.104 L/g anthracene.
18.D7.

a. From t = 0 to 161.49 minutes cout = 0. Then cout = cF = 0.01 until 1200 minutes.
b. For downflow (t = 0 is start of downflow), cout = cF = 0.01 from t = 0 to t= 3.496 minutes;

from this time until t = 83.3 minutes, cout = 0.019796 kmol/m3.
18.D10. The answers are in Example 18-4.
18.D28.

a. LMTZ,lab = 1.9774 cm
b. L = 4.576 m, tbr = 389 min
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Abietic acid data, 506
Absorbers, 456, 459–462, 463–482, 626–628, 683–688, 688–690
Absorption

chemical, 455
co-current absorbers, 482–484, 688–690
column diameter calculation, 474–475
column failure, 403
computer simulations, 494–496
concentrated, 478–482
cross-flow, 489
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dilute multisolute, 476–478
efficiency, 469–470
equilibria, 457–459
graphical analysis, 459–462
irreversible, 482–484
Kremser equation, 463–469
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matrix solution, 478–482
McCabe-Thiele diagrams, 459–462
operating lines, 459–462
physical, 455

Absorption factor, 465
Acetic acid data, 376, 506, 538, 570, 815, 899
Acetonaphthalene data, 815, 904
Acetone data, 283, 487, 494, 900
Acetylene data, 814
Activated alumina, 811

data, 810, 815, 823, 853
Activated carbon, 809

data, 810, 812, 814–815, 816, 899–900
Adsorption. See also Sorption processes

definition, 805
example, 816–819
materials (See Sorbents)
processes (See Pressure swing adsorption, Simulated moving bed, Temperature swing adsorption)

Alanine, 824
Alcohol. See Ethanol
Alcohol dehydrogenase data, 516



Almost-ideal separations, 437–442
Ammonia data, 459, 490, 524, 617, 618, 620
Aniline data, 565
Anthracene data, 815, 823, 853
Argon data, 490
Aspartic acid, 824
Aspen Chromatography, 909–913
Aspen Plus. See also Computer simulations

absorption, 494–496
azeotropic distillation, 321–327
decanters, 323
downcomer design, 416–418
drawing flowcharts, 67–69
error messages, 70
extractive distillation, 325–328
flash drum setup, 67–68
LLE data fitting, 919–920
multicomponent distillation, 237–242
rate-based analysis of distillation, 721–724
simulating input data, 69–70, 71
simulations for binary distillation, 173–176
start-up, 67
stripping, 494–496
tray design, 416–418
troubleshooting guide, 915–917
two-pressure distillation, 321–323
VLE data analysis, 70
VLE data fitting, 919–920

Avogadro's number, 600
Azeotrope, 21–22, 266, 267
Azeotropic distillation, 286, 296–300

B
Balances. See specific balances
Barium sulfide data, 595
Batch distillation

binary
Rayleigh equations, 331–332
simple, 332–336

constant-level, 336–337
constant reflux ratio, 340–344
versus continuous operation, 331
energy requirements, 345



examples
low temperature, 605–607
multistage distillation, 341–344
Rayleigh equations binary distillation, 334–336
simple binary distillation, 334–336

history of, 329
inverted, 331, 355
multistage, 340–344
operating time, 344–346
schematic, 330
solvent-switching, 336
steam, 337–339
variable reflux ratio, 344

Batch extraction, 520–522
Benzene data, 227, 239, 272, 283, 287, 310, 506–507, 617, 618
Bibliography, 8–9
Binary batch distillation

Rayleigh equations, 331–332
simple, 332–336

Binary co-current permeation, 784–786, 798–803
Binary countercurrent flow, 786–788, 802–803
Binary cross-flow permeation, 782–784, 795–797
Binary distillation. See also Column distillation

computer simulation, 173–176
equilibrium relationships, 105–112
McCabe-Thiele method, 112–116
profiles, 127–129
solution methods, 105–112
spreadsheets for, 177–182
stage-by-stage methods, 105–112

Binary flash distillation. See Flash distillation, binary
Binary heterogeneous azeotropes, 266–270
Binary VLE. See Vapor-liquid equilibrium (VLE), binary
Boiling point. See Bubble-point
Boilup

column distillation, 81–84
definition, 81
versus recycling, 83
superheated, 153–155

Bolles-Fair correlation, 675–677
Books of reference. See Publications
Bovine serum albumin data, 815
Breaking azeotropes, 265–275



Bubble-caps, illustration, 359
Bubble-cap trays, 359
Bubble-point equilibrium calculations, 198–202
Bubble-point procedure, 217
Bubble regime, 86
Bulk density, 808
Butadiene-butylene separation process, 296–297
Butane data, 33, 618
Butanol data, 266, 307, 440, 506, 617

C
Caffeine, 589
Capital costs

design variables, 428
estimating, 419–425

Carbon dioxide data, 458, 617, 618, 620, 736
Carbon molecular sieves (CMS), 809
Carbon monoxide data, 458, 736
Carbon tetrachloride data, 458, 570
Cascading flash separators, 79–84
Cation-exchange resins, 861–863
Checklist for sorption system design, 890–892
Chemical absorption, 455
Chemical plants, typical layout, 2
Chemical potential equilibrium, 3
Chemical reaction distillation, 300–303
Chilton-Colburn analogy, 639–640
Chimney trays, 365
Chlorinated compound data, 458
Chlorine data, 617, 620
Chlorobenzene data, 566, 620
Chloroform data, 283, 458
Chromatography. See also Solute movement analysis

computer simulation, 909–913
definition, 805
elution

costs, 827
displacement chromatography, 827
example, 823–826
flow programming, 827
Gaussian solution, 882–886
purge cycles, 823–827
resolution, 883–884



simulated moving bed (SMB) systems, 846–851
solute movement, 823–827
solvent gradients, 827
temperature gradient method, 827
temperature programming, 827

examples
elution chromatography, 823–826
solute movement analysis, 823–826

CMO (constant molal overflow). See Constant molal overflow (CMO)
CMS (carbon molecular sieves), 809
Co-current absorbers, 688–690
Coffee, 589
Column distillation. See also Binary distillation

boilup, 81–84
bubble regime, 86
cascading flash separators, 79–84
concurrent cascades, 80–81
countercurrent cascade, 80
debottlenecking, 151–153
design problems, 88
diameter too large, 152–153
enriching section

balance envelope schematic, 102
definition, 83

entrainment, 86
equipment, 79–90
example, external balances, 93–95
external balances, 91–95
feed lines, 116–124
feeds

distillation with multiple feeds, 135–140
internal stage-by-stage balances, 116–124
phase and temperature effects, 107–109
subcooled reflux, 153–155
superheated boilup, 153–155

flowcharts, 156–157
flow regime, 86
foam regime, 86
froth regime, 86
increasing capacity, 151–153
isothermal distillation, 80–81
liquid carry-over between stages, 86
optimum feed stage, 88–90, 115–116



passing streams, 81–84
photograph, 85
pressure in, 88
purity levels, 152
rectifying section, 83
recycling versus reflux and boilup, 83
reflux, 81–84
reflux ratio, 88
reusing columns, 151–153
schematics, 83–84
sieve trays, photograph, 87
simulation problems, 88–90
specifications, 88–90
spray regime, 86
stages, calculating number of

Lewis method, 105–112
McCabe-Thiele method, 112–116, 132–133

stripping section, 83–84
variable pressure distillation, 80–81
variables, 88–90

Column distillation, internal stage-by-stage balances
analytical methods versus graphical, 155–157
binary distillation profiles, 127–129
binary solution methods, 105–112
column sections, 133–134
composition profiles, 127–129
condensers

intermediate, 143–144
partial, 140–141

constant flow rates, 106
constant molal overflow (CMO), 106, 155–157
efficiencies, 148–149
enriching columns, 144–145
equilibrium relationships, 101–105
examples

distillation with multiple feeds, 135–140
feed line calculations, 121–124
Lewis method, 109–112
McCabe-Thiele method, 124–127, 129–133, 135–140
open steam heating, 129–133

feed, phase and temperature effects, 107–109
feed lines, 116–124
flow rate profiles, 127–129



Lewis method
constant molal overflow (CMO), 106–107
example, 109–112
versus McCabe-Thiele method, 155–157
stage-by-stage calculations, 155–157

limiting conditions, 146–148
McCabe-Thiele method

description, 112–116
distillation with multiple feeds, 135–140
examples, 124–127, 129–133, 135–140
general analysis procedure, 133–140
versus Lewis method, 155–157
open steam heating, 129–133
problem algorithm, 134

minimum reflux, 146–148
Murphree efficiency, 148–149
open steam heating, 129–133
operating equation, 107
pinch points, 147
reboilers

intermediate, 143–144
total, 141

sidestreams, 141–143
simulation problems, 150–151
Sorel's method, 106
stripping columns, 144–145
subcooled reflux, 153–155
superheated boilup, 153–155
temperature profiles, 127–129
total reflux, 146–148
withdrawal lines, 141–143

Column mass balances, sorption processes, 873
Columns

coupling, 437–442
diameter calculation

absorption, 474–475
balancing, 376–378
description, 370–374, 392–397
examples, 374–376, 397–400
packed column flooding, 392–397
sieve trays, 370–374
stripping, 474–475
valve trays, 386–387



packed (See Packed columns)
pressure, cost effects, 427
sections, 133–134
staged (See Staged columns)

Complex distillation processes
azeotropic distillation, 286, 296–300
binary heterogeneous azeotropes, 266–270
breaking azeotropes, 265–275
chemical distillation, 300–303
computer simulation, 321–327
distillation boundary curves, 283
distillation curves, 281–285
drying organic compounds, 271–275
examples

drying organic compounds, 272–275
steam distillation, 277–279

extractive distillation, 290–296, 325–328
polarities of compounds, 295
residue curves, 285–290
schematic, 266
solvents

adding, 297–300
selecting, 295–296

steam distillation, 275–279
ternary distillation, 281–290
two-pressure distillation, 279–281, 321–323

Component mass balance, 34–42
Composition profiles

column distillation, 127–129
multicomponent distillation, 193–198

Computer simulations. See also Aspen Plus
absorption, 494–496
azeotropic distillation, 321–327
binary distillation, 173–176
chromatography, 909–913
downcomer design, 416–418
extraction, 542–543, 572–574
extraction, partially miscible, 544–545, 572–574
flash drum setup, 67–68
flowsheets, drawing, 67–69
input data, 69–70, 71
multicomponent distillation, 237–242
multicomponent distillation, matrix method, 237–242



multicomponent flash distillation, 67–73
rate-based analysis of distillation, 721–724
stripping, 494–496
tray design, 416–418
VLE data analysis, 70

Concentrated absorption, 478–482
Concentration polarization, 751–755, 758–764, 768–770, 793
Concentration profile, 195–198
Concurrent cascades, 80–81, 482–484, 690–692
Condensers

intermediate, 143–144, 377–378
partial, 98, 140–141
total, 92, 112, 219

Conjugate lines, 522–523
Constant flow rates, 106

leaching with, 582–584
Constant-level batch distillation, 336–337
Constant molal overflow (CMO)

column distillation, 106, 155–157
definition, 106
stage-by-stage calculations for, 189–193
validity, 133, 155–157

Constant pattern waves, 851–852, 861
Constant reflux ratio, 340–344
Constants, physical, 922
Continuous column distillation. See Column distillation
Convergence, 215–217, 221–227, 227–228
Costs of distillation

almost-ideal separations, 437–442
capital costs

design variables, 428
estimating, 419–425

coupling columns, 437–442
elution chromatography, 827
equipment costs (See Capital costs)
estimating, example, 430–432
factors effecting

column pressure, 427
energy costs, 433–436
feed rate, 430
operating effects, 425–432
reflux ratio, 427, 428, 430, 433
state of the economy, 420



heat exchange, 434–436
heat exchangers, 420–425
heuristics, 439–442
long-term trends, 433
Marshall and Stevens equipment cost index, 420
nonideal separations, 442–447
packed columns, 400–401
packings, 425
synthesizing column sequences

almost-ideal separations, 437–442
nonideal separations, 442–447

Countercurrent extraction
difference points, 533–537
dilute systems, 504–509
equilibrium stages, 531–533, 538–539
external mass balances, 531–533
Kremser method, 509–511
McCabe-Thiele diagrams, 504–509
stage-by-stage calculation, 533–537

Counterflow, 823–827
Coupling columns, 437–442
Cross-flow extraction, 514–518, 528–530
Cross-flow pattern, 360
Cumene data, 227, 283, 356
Cyclohexane data, 853

D
Data, 923–929
Debottlenecking, 151–153
Decane data, 33, 277
Decanters, 323, 549–552
DePriester charts, 31–34
Dew-point equilibrium calculations, 198–202
Dew point temperature, 194
Dextran data, 516, 900
Diagrams. See Enthalpy-composition diagrams; Temperature-composition diagrams; Y-x diagrams
Dialysis, 727
Diameter calculation, columns. See Columns, diameter calculation
Dichloroethane data, 239
Difference points, 533–537
Diffuse waves, 852–855
Diffusion

definition of, 599



examples, 605–607, 613–616, 648–649
irreversible thermodynamics model, 655
Maxwell-Stefan model of, 641–655
steady-state binary

with convection, 609–616
without convection, 604–607

unsteady binary, 607–609
Diffusivity

definition of, 599
examples

temperature effect, 619
Fickian binary gas, 616–619
Fickian binary liquid, 619–622
Fickian model, 599, 602–616, 640–641, 655
Fick's law, 602–604
thermal, 602

Diisopropyl ether data, 308
Dilute fractional extraction, 511–514
Dilute multisolute absorption, 476–478
Dilute multisolute stripping, 476–478
Dinitronaphthalene data, 815, 904
Dispersion coefficient, 873, 877
Displacement chromatography, 827
Distillation. See also column distillation and specific types of distillation

boundary curves, 283
costs (See Costs of distillation)
curves, 281–285
equilibrium stages, 1–2
rate-based analysis of, 708–712
stage-by-stage methods, 2
unit operation, 2

Distillation columns. See also Column distillation
as chemical reactors, 300–303
configurations (See Complex distillation processes; Extractive distillation; Two-pressure

distillation)
sequencing (See Synthesizing column sequences)

Divalent-monovalent ion exchange, 865–870
Documentation. See Publications
Double-pass trays, 360
Downcomers, 360–362, 416–418
Driving force, 731, 733
Drying organic compounds, 271–275
Dry tray pressure, 358–359



E
Economics of distillation. See Costs of distillation
Efficiencies

column distillation, 148–149
mixer-settlers, 543
Murphree, 148–149
trays

determining, 367–368
estimating, example, 369–370
Murphree, 366–367
O'Connell correlation for absorption, 469–470
O'Connell correlation for distillation, 368–369
scaling up, 369
valve trays, 387
and vapor velocity, 367

Electrodialysis (ED), 727
Elution chromatography. See Chromatography, elution
Energy balances

binary flash distillation
sequential solution, 23–28
simultaneous solution, 28–30

column distillation (See Column distillation, external balances; Column distillation, internal stage-
by- stage balances)

multicomponent distillation, 189–192
multicomponent flash distillation, 34–42
pervaporation, 776–778
sequential solutions, 23–28
sign convention, 92
sorption processes, 875

Energy costs, 433–436
Enriching columns, 144–145
Enriching section, 83–84, 101, 377
Enthalpy-composition diagrams

graphing binary VLE, 18–22
isotherms, 19–20

Enthalpy equations, 23–28
Entrainment

bubble-cap trays, 359
definition, 86
inlet ports, 362–365
outlet ports, 365
sieve trays

column diameter, 370–378



example, 383–385
hydraulics, 378–385
tray layout, 378–385

vapor velocity, 367
Equilibrium

adsorption, 811–816
chemical potential, 3
description, 2–4
distillation stages, 1–2
ion exchange, 863–865
K values (See K values)
mechanical, 3
phase, 3
plotting, 24
relationships, column distillation, 101–105
stages, applicability, 1–2
thermal, 3

Equilibrium equations
binary flash distillation

sequential solution, 23–28
simultaneous solution, 28–30

sequential solutions, 23–28
Error function, 878
Esterification in distillation column, 302–303
Ethane data, 33, 618, 812
Ethanol data, 15–22, 240, 287, 292, 310, 376, 440, 503, 617, 618, 620, 648, 774–775
Ethanol-water separation processes, 124–127, 290–292, 297–300
Ethyl acetate production, 300–303
Ethyl benzene data, 506
Ethylene data, 33, 812
Ethylene dichloride data, 239
Ethylene glycol data, 292
Evaporation. See Batch distillation
Excel

binary flash distillation with, 74–75, 177–182
multicomponent flash distillation with, 75
regression of binary vapor-liquid equilibrium with, 73–74

External mass balances
binary distillation, 91–95
column distillation, 91–95

Extraction
solid-liquid (See Leaching; Washing)
solutes, separating (See Dilute fractional extraction)



Extraction, immiscible. See also Extraction, partially miscible
batch, 520–522
concentrated solutions, 518–520
countercurrent, 503–511
cross-flow, 514–518
definition, 499
dilute fractional, 511–514
distribution coefficients, 506
equilibrium data, 507
equipment used, 500
examples

countercurrent immiscible extraction, 507–509
cross-flow extraction, 516–518
single-stage extraction, 516–518

Kremser analysis
countercurrent extraction, 509–511
dilute systems, 509–511

mass transfer in, 693–708
McCabe-Thiele diagrams

concentrated immiscible extraction, 518–520
countercurrent extraction, 504–509
cross-flow extraction, 514–518
fractional extraction, 513–514

mixer-settlers, 543–557
nomenclature, 504
raffinate, 504
single-stage, 514–518
solvent selection, 506

Extraction, partially miscible. See also Extraction, immiscible
computer simulation, 542–543, 572–574
conjugate lines, 522–523
countercurrent

difference points, 533–537
equilibrium stages, 531–533, 538–539
external mass balances, 531–533
stage-by-stage calculation, 533–537

cross-flow, 528–530
examples

countercurrent extraction, 537–539
cross-flow extraction, 528–530
single-stage extraction, 528–530

minimum solvent rate, 540–542
mixing point, 526



plait points, 522
saturated extract, 522, 523, 524
saturated raffinate, 522–523
single-stage, 528–530
solubility envelope, 522

Extractive distillation, 290–296, 325–328

F
Fair method for column diameter calculation, 370–374
Feed lines

calculating line slope, 121–124
column distillation, 116–124
distillation with multiple feeds, 135–140
effect on flow rates, 107–112
internal stage-by-stage balances, 116–124
intersection of operating lines, 117–121
multiple, 135–140
optimum location, 88–90
phase and temperature effects, 107–109
plotting, 116–124
q value (feed quality), 118–124
subcooled reflux, 153–155
superheated boilup, 153–155

Feed plate, optimum location, 234–237
Feed rate, cost effects, 430
Feed stage, optimum, 115–116
Fenske equations, 223–228
Fibrinogen data, 620
Fickian model, of diffusion, 599, 602–616, 640–641, 655
Fick's law, 602–604
Film theory, for mass transfer, 623–626
Finite reflux ratios, 233–237
Fire prevention, packed columns, 403–404
Fish liver oil data, 597
Flash distillation. See also Flash drums

adiabatic, 71
basic processes, 13–15
degrees of freedom, 13–14
equipment required, 13–14
examples

flash drums, sizing, 51–53
multicomponent flash distillation, 39–42
simultaneous multicomponent convergence, 45–47



multicomponent
component mass balance, 34–42
description, 34–42
energy balance, 34–42
example, 39–42
with Excel, 75
Newtonian convergence, 37–38, 42–44
overall mass balance, 34–42
Rachford Rice equations, 37–38, 39–42
simultaneous convergence, 45–47
simultaneous solutions, 34–42
wide-boiling feeds, 42–43

simulating (See Computer simulations)
spreadsheets for, 73–77
three-phase, 47–48

Flash distillation, binary
energy balance

sequential solution, 23–28
simultaneous solution, 28–30

equilibrium equations
sequential solution, 23–28
simultaneous solution, 28–30

mass balance
sequential solution, 23–28
simultaneous solution, 28–30

sequential solution
energy balance, 23–28
enthalpy equations, 23–28
equilibrium data, plotting, 24–25
equilibrium equations, 23–28
examples, 26–28
fraction vaporized (V/F), 23
mass balance, 23–28
operating equations, 23
relative volatility, 27–28

simultaneous solution, 28–30
Flash drums. See also Flash distillation

example, 51–53
requirements, 13
reusing, 53–54
setup, computer simulation, 67–68
sizing, 48–53

Flooding



packed columns, 392–397
sieve trays, 370–378, 380, 382
valve trays, 386–387

Flood regime, 86
Flowcharts

column distillation, 156–157
drawing, 67–69

Flow patterns
membrane separation

binary co-current permeation, 784–786, 800–801
binary countercurrent flow, 786–788, 802–803
binary cross-flow permeation, 782–784, 795–797
example, 781–782
overview, 781–782
spreadsheet calculations, 798–803

trays, 360
Flow profiles

column distillation, 127–129
multicomponent distillation, 193–198

Flow programming in chromatography, 827
Flow rates

multicomponent distillation
correcting, 189–192
initial guess, 220–221
theta (τ) method convergence, 221–227

Foam regime, 86
Fouling, 765–766
Fraction vaporized (V/F), 23
Froth regime, 86
Fructose data, 815, 900, 908
Furfural data, 506

G
Gamma globulin data, 620
Gas permeation

binary mixtures, 735–739
concentration polarization, 793
examples, 739–745, 747–748, 755–756
membrane types, 735
overview, 733–735
perfectly mixed systems, binary permeation, 736–746
perfectly mixed systems, multicomponent permeation, 746–748
rate-transfer (RT) equation, 736–737



Gas treatment plants, 456
Gaussian solution for linear elution chromatography, 882–886
Gel formation, 767–771
Gilliland correlation, 233–237
Glucose data, 815

H
Heat exchange, 434–436
Heat exchangers, 420–425
Heat transfer, sorption processes, 875
Heat transfer coefficients, 427
Heavy key (HK) components, 184
Heavy non-key (HNK) components, 184
Height of packings, 390–392
Helium data, 620, 736
Hemodialysis, 727
Hemoglobin data, 620
Henry's law, 457–459
Heptane data, 33, 369, 397, 506, 565, 831, 898
Heptane-toluene separation process, 292–296
HETP measurement, 391–392
Heuristics for distillation, 439–442
Hexane data, 33, 45, 51, 98, 369, 376, 397, 506, 617
Hollow-fiber system, 728–729
HTU-NTU (mass transfer analysis). See Mass transfer analysis (HTU-NTU)
HTUs, 665
Human serum albumin data, 815
Hydraulics, sieve trays

description, 378–383
example, 383–385

Hydrogen data, 617, 620, 736, 812
Hydrogen sulfide data, 458
Hydrophilic membranes, 774
Hydrophobic membranes, 774

I
Ideal gas constant, 922
Immiscible extraction. See Extraction, immiscible
Inlet ports, 362–365
Intermediate components, multicomponent distillation, 197
Intermediate condensers, 143–144
Intermediate reboilers, 143–144
Internal stage-by-stage balances. See Column distillation, internal stage-by-stage balances



Interstitial velocity in sorption columns, 807–808
Inverted batch distillation, 331, 355
Inverting tridiagonal matrices, 220
Ion exchange

calcium-form resin, 815, 849
cation-exchange resins, 861–863
definition, 805
divalent-monovalent, 865–870
equilibrium, 863–865
example, 866–870
ion movement, 865–870
monovalent, 864–866
overview, 861
resin data, 862, 864
strong resins, 861

Ion movement, 865–870
Irreversible absorption, 482–484
Isobutane data, 33, 617
Isopentane data, 33
Isopropanol data, 440
Isopropanol-water VLE, 920
Isopropyl ether data, 538
Isothermal distillation, 80–81
Isotherms, 19–20, 811–816

K
Karr columns, 557–558
Knudsen diffusion, 872
Kremser analysis

absorption, 463–469, 509–511
extraction, 509–511
generalized process, 522–524, 575–576
leaching, 584
stripping, 468–469
washing, 577–581

K values
activity coefficient, 34
constants, 33
DePriester charts, 31–34
equilibrium equation, 30
mole fractions in liquid, 32
multicomponent VLE, 31–34
Raoult's law, 33



selection guide, 35
in three-phase flash calculation, 47–48
vapor phases, 32

L
Labs. See Computer simulations
Lang factor, 419
Langmuir isotherms, 813–814
Lapidus and Amundson solution, 877–879
Leaching, 595

with constant flow rates, 582–584
example, 585–587

Length of Unused Bed (LUB) approach, 886–890
Lennard-Jones parameters, 618
Lever-arm rule, 28–30, 524–527
Lewis method

calculating number of stages, 105–112
constant molal overflow (CMO), 106–107
example, 109–112
versus McCabe-Thiele method, 155–157
stage-by-stage calculations, 155–157

Light key (LK) components, 184
Light non-key (LNK) components, 184
Linear chromatography, 882–886
Linear driving force model, for mass transfer, 600, 622–628, 631, 655
Linear isotherms, 812–815

solute movement with, 821–851
Linoleic acid data, 506
Liquid carry-over between stages, 86
Liquid-liquid extraction (LLE). See Extraction, immiscible; Extraction, partially miscible
Liquid membranes, 727
LUB. See Length of Unused Bed (LUB)
Lumped parameter mass transfer, 873–875

M
Marshall and Stevens equipment cost index, 420
Mass balances

binary flash distillation
sequential solution, 23–28
simultaneous solution, 28–30

column distillation (See Column distillation, external balances; Column distillation, internal stage-
by-stage balances)

with convection, 609–616



multicomponent distillation, 217–220
sequential solutions, 23–28
without convection, 604–607

Mass transfer, 4–5
absorbers, 626–628, 863–690
analogous correlations, 639–640
coefficients, 628–640
correlations, 759, 874
definition of, 599
dimensionless groups, 628–630
empirical coefficient correlations, 635–638
examples, 637–638
film theory, 623–626
irreversible thermodynamics model, 655
linear driving force model, 600, 622–628, 631, 655
Maxwell-Stefan model of, 641–655
molecular movement in, 600–602, 655
strippers, 626–628
theoretically-derived correlations, 630–635

Mass transfer analysis (HTU-NTU)
absorbers, 683–688, 688–690
basic equation, 663–664
Bolles-Fair correlation, 675–677
co-current absorbers, 688–690
coefficients, 665
extraction, 693–708
examples

absorbers, 687–688
HG estimation, 677–682
HL estimation, 677–682
packed column distillation, 669–672
stage efficiency, 692–693

HTUs, 665
McCabe-Thiele diagrams, 667–668
overview, 663–667
packed columns, 663–672
packed tower correlation, 675–683
random packings correlation, 675–683
strippers, 683–688
sum-of-resistances model, 626
tray efficiency, 690–693

Matrix solution, 189–192, 215–220, 478–482, 542–543
Maxwell-Stefan model, of diffusion and mass transfer, 641–655



example, 648–649
ideal ternary system, 649–653
nonideal ternary system, 653–655

McCabe-Thiele diagrams
absorption, 459–462
bottom operating lines, 114
calculating number of stages, 112–116, 132–133
CMO validity, 133
column distillation, 112–116
concentrated immiscible extraction, 518–520
countercurrent extraction, 504–509
cross-flow extraction, 514–518
description, 112–116
dilute multisolute absorbers, 477
dilute systems, 463–469, 504–509
distillation with multiple feeds, 135–140
equilibrium relationships, plotting, 24–25, 112–116
examples, 124–127, 129–133, 135–140
fractional extraction, 513–514
general distillation analysis procedure, 133–140
generalized extraction process, 522–524
generalized procedure, 575–576
internal stage-by-stage balances, 112–116
leaching, 583
versus Lewis method, 155–157
mass transfer analysis (HTU-NTU), 667–668
open steam heating, 129–133
operating lines, 112
optimum feed stage, 115–116
problem algorithm, 134
stepping off stages, 113–116
stripping, 463
top operating lines, 113
triangular diagram relationship, 539–540
washing, 577–581

Mechanical equilibrium, 3
Membranes

definition, 727
for gas permeation, 735
hydrophilic, 774
hydrophobic, 774
liquid, 727
material, 731



polymer, 731
properties, determining, 755–756
semipermeable, 750
strength, 733

Membrane separation
concentration polarization (See Concentration polarization)
dialysis, 727
driving force, 731, 733
electrodialysis (ED), 727
energy balances, 776–778
equipment, 727–731
examples

pervaporation, 778–780
ultrafiltration (UF) with gel formation, 769–771

flow patterns
binary co-current permeation, 784–786, 800–801
binary countercurrent flow, 786–788, 802–803
binary cross-flow permeation, 782–784, 795–797
example, 781–782
overview, 781–782
spreadsheet calculations, 798–803

fouling, 765–766
gas permeation

binary mixtures, 735–739
examples, 739–745, 747–748
membrane types, 735
overview, 733–735
perfectly mixed systems, binary permeation, 736–746
perfectly mixed systems, multicomponent permeation, 746–748
rate-transfer (RT) equation, 736–737

gel formation, 767–771
hemodialysis, 727
hollow-fiber system, 728–729
liquid membranes, 727
microfiltration, 727
nanofiltration, 727
osmosis, 749–755
overview, 725–727
passed fluid, 727
performance prediction, 762–764
permeability, 731–733
permeance, 732
permeate, 727



permeate-in-series system, 729–730
pervaporation, 771–780
plate-and-frame system, 727–729
polymer membranes, 731
purifying liquids (See Ultrafiltration (UF))
retained fluid, 727
retentate, 727
retentate-in-series system, 729–730
retentate-recycle mode, 729–730
reverse osmosis (RO)

with concentrated solutions, 764–765
concentration polarization, 758–764
examples, 755–758, 757–758, 760–762, 762–764
membrane properties, determining, 755–756
versus osmosis, 749–755
overview, 749

spiral-wound system, 728–729
system properties, 726
thickness, 732
tube-in-shell system, 727–729
ultrafiltration (UF), 765–771
vapor permeation, 727

Methane data, 33, 45, 493, 617, 736, 812, 814, 816, 837, 900
Methanol data, 99, 129, 618, 620
Methylcellosolve data, 506
Methylcyclohexane data, 524, 565
Methylisobutyl ketone data, 506
Metric units, 7
Microfiltration, 727
Minimum reflux

definition, 146
limiting condition, 146–148

Minimum reflux ratio, 228–233
Minimum solvent rate, 540–542
Mixer-settlers, 543–557
Mixing calculations, 524–527
Mixing point, 526
Molecular movement, in mass transfer, 600–602
Monovalent ion exchange, 864–866
Multicomponent distillation

calculational difficulties, 183–189
complex methods (See Complex distillation processes)
composition profile, 193–198



computer simulation, 237–242
concentration profile, 195–198
examples

bubble-point calculation, 221–222
external mass balances, 186–189
matrix method, 184–189
theta ( ) method convergence, 184–189

external balance equations, 184–189
flow profile, 193–198
heavy key (HK) components, 184
heavy non-key (HNK) components, 184
intermediate components, 197
key components, 184
light key (LK) components, 184
light non-key (LNK) components, 184
Maxwell-Stefan equations, 649–653
Naphthali-Sandholm simultaneous convergence method for, 227–228
non-key (NK) components, 184
profiles, 193–198
sandwich components, 197
schematic, 184
temperature profile, 193–198
total flow rates, 193–198
trial-and-error, 185
vapor-liquid equilibrium (VLE), 197–198

Multicomponent distillation, approximate methods
examples

Fenske equations, 227–228
Gilliland correlation, 235–237
minimum reflux, 232–233
number of stages, 235–237
optimum feed plate location, 235–237
total reflux, 227–228
Underwood equations, 232–233

feed plate, optimum location, 234–235
Fenske equations, 223–228
finite reflux rations, 233–237
Gilliland correlation, 233–237
minimum reflux ratio, 228–233
stages, determining number of, 233–237
total reflux, 223–228
Underwood equations, 228–233

Multicomponent distillation, matrix method



boiling point (See Bubble-point; Temperature)
bubble-point procedure, 217
bubble-point temperature, 221–223 (See also Temperature)
computer simulation, 237–242
convergence, 215–217, 221–227
energy balances, 189–192
examples

matrix solution, 184–189
theta (τ) method convergence, 184–189

flow rates
correcting, 189–192
initial guess, 220–221

inverting tridiagonal matrices, 220
mass balances, 217–220
narrow-boiling procedure, 217
temperature calculations, 217 (See also Bubble-point)
temperature estimation, 221–223
theta (τ) method convergence, 221–227
Thomas algorithm, 220

Multicomponent flash distillation
example, 39–42
Rachford Rice equations, 37–38, 39–42
sequential solutions, 34–42

Multicomponent VLE. See Vapor-liquid equilibrium (VLE), multicomponent
Multiple-pass trays, 360
Multistage batch distillation, 340–344
Murphree efficiencies, 148–149, 366–367

N
Nanofiltration, 727
Naphthalene data, 587, 617, 823
Naphthali-Sandholm simultaneous convergence method, 227–228
Narrow-boiling procedure, 217
Newtonian convergence

determining V/F, 37
multicomponent flash distillation, 37–38, 42–44

Nitrobenzene data, 487
Nitrogen data, 736, 814
Nitromethane data, 313, 314, 315
Nonane data, 33
Nonideal separations, 442–447
Non-key (NK) components, 184
Nonlinear isotherms, 851–855



O
O'Connell correlation, 368–369, 469–470
Octane data, 33, 51, 617
Octanol data, 309
Oldershaw design, 362, 369–370
Oleic acid data, 506
Open steam heating, 129–133
Operating cost effects, 425–432
Operating equations, 23
Optimum feed location, 88–90
Osmotic pressure, 750–751, 756
Outlet concentration profiles

chromatography, 824–827, 882–884
linear systems, 831–835, 841–846
nonlinear systems, 886–888

Outlet ports, 365
Oxygen data, 736

P
Packed-bed column, 806–807
Packed columns

diameter calculation
absorption, 474–475
description, 392–397
example, 397–400
stripping, 474–475

economic trade-offs, 400–401
fire prevention, 403–404
flooding, 392–397
internal parts, 388–390
mass transfer analysis (HTU-NTU), 663–672
overview, 388
packings

costs, 425
data, 391, 394–395, 682, 683
description, 388–390
height of, 390–392
HETP measurement, 391–392
illustration, 389
random, 388–390, 393, 402
structured, 388–390, 393, 403

pressure drop per foot, 401
reflux ratio, 401



safety, 403–404
turndown capabilities, 388–389

Packed tower correlation, 675–683
Packings

costs, 425
data, 391, 394–395, 682, 683
description, 388–390
height of, 390–392
HETP measurement, 391–392
illustration, 388–390
mass transfer analysis (HTU-NTU), 675–677
random, 388–390, 393, 403
structured, 388–390, 393, 403

Partial condensers, 140–141
Partially miscible extraction. See Extraction, partially miscible
Particle pellet density, 808
Passing streams, 81–84
Peclet number, 629
Pentane data, 33, 45, 98, 617
Pentanol data, 617
Perforated plates, 359–360
Permeability, 731–733
Permeance, 732
Permeate, 727
Permeate-in-series system, 729–730
Pervaporation, 771–780

selectivity data, 774–775
Phase, effect on feeds, 107–109
Phase equilibrium, definition, 3
Physical absorption, 455
Pinch points

definition, 147
minimum reflux ratio, 228–233

Plait points, 522
Plate-and-frame system, 727–729
Polarities of compounds, 295–296
Poly(ethylene glycol) data, 516
Polymer membranes, 731
Polystyrene resins, 861–863
Ponchon-Savarit diagrams. See Enthalpy-composition diagrams
Potassium chloride data, 620
Prandtl number, 630
Pressure drop per foot, 401



Pressure swing adsorption (PSA), 837–846
Problem-solving

checking answers, 5–6
defining the problem, 5
exploring the problem, 5
generalizing to other problems, 6
heuristics, 6
How to Model It: Problem Solving for the Computer Age, 6
motivation, 5
planning an attack, 5
prerequisite skills, 5–6
reaching an answer, 5
rules of thumb, 6
steps involved, 5–6

Profiles. See Composition profiles; Flow profiles; Temperature profiles
Propane data, 33, 618, 812
Propanol data, 240, 440, 620
Proportional pattern waves, 851–852
Propylene data, 33
Publications

annotated bibliography, 8–9
batch distillation, 329
Chemical Engineering magazine, 420
Das New gross Distiller Buch, 329
How to Model It: Problem Solving for the Computer Age, 6
Index of Learning Styles, 7
Liber de arte distillandi, 329
VLE data sources, 16–17

Punched hole pattern, sieve trays, 378
Purge cycles, 823–827
Purity levels, 152
Pyridine data, 566

Q
q (feed quality), 118–120

examples, 121–124
q-line. See feed lines

R
Rachford Rice equations, 37–38, 39–42
RADFRAC, 237–242, 721–724
Raffinate, 504, 522–523, 544
Random packings, 388–390, 393, 403



Raoult's law, 33
Rate-based analysis, of distillation, 708–712, 721–724
Rate-transfer (RT) equation, see RT equation
Rayleigh equations, 331–332
Reboilers

intermediate, 143–144, 377–378
partial, 105
total, 141, 219

Reciprocating-plate columns (RPC), 557–558
Rectifying section, 83–84
Recycling versus reflux and boilup, 83
Reference books. See Publications
Reflux

class distillation, 81–84
definition, 81
minimum, 146–148
versus recycling, 83
subcooled, 153–155
total, 146–148

Reflux ratio
batch distillation, 340–344
constant, 340–344
cost effects, 427, 428, 430, 433
determining, 88
finite, 233–237
packed columns, 401
Underwood equations, 228–233
variable, 344

Regeneration steps, 819
Relative volatility, 27–28, 225

stage-by-stage calculations for, 189–193
Residue curves, 285–290

example, 445–447
Residuum Oil Supercritical Extraction (ROSE), 589
Resins, 861–862
Resources. See Publications
Retentate, 727
Retentate-in-series system, 729–730
Retentate-recycle mode, 729–730
Reusing distillation columns, 151–153
Reverse osmosis (RO)

with concentrated solutions, 764–765
concentration polarization, 758–764



examples, 755–756, 755–758, 760–762, 762–764
membrane properties, determining, 755–756
versus osmosis, 749–755
overview, 749

Reynolds analogy, 639
Reynolds number, 629
RO (reverse osmosis). See Reverse osmosis (RO)
ROSE. See Residuum Oil Supercritical Extraction (ROSE)
RPC. See Reciprocating-plate columns (RPC)
RT (rate-transfer) equation, 736–740, 754, 757, 764–765, 767, 775, 778–779

S
Safety hazards

absorption column failure, 403
activated carbon solvent recovery, 835
bed fires, 892
fire prevention, packed columns, 403–404
respirators in adsorbers, 892
total reflux distillation, 146

Salt data. See sodium chloride data
Sandwich components, 197
Saturated extract, 524
Saturated raffinate, 522–523
Scaling up tray efficiencies, 369
SCFs (supercritical fluids), 587–589
Selectivity, membrane

gas permeation, 735–736
pervaporation, 774–775
RO, 753, 756

Self-sharpening waves, 857–861
Semipermeable membranes, 750
Separation methods. See Absorption, Adsorption, Chromatography, Distillation, Extraction, Ion exchange,
Membrane separations, Stripping, and Washing
Sephadex, 815
Sequencing distillation columns. See Synthesizing column sequences
Sequential solutions

flash distillation, binary
energy balance, 23–28
enthalpy equations, 23–28
equilibrium data, plotting, 24–25
equilibrium equations, 23–28
examples, 26–28
fraction vaporized (V/F), 23



mass balance, 23–28
operating equations, 23
relative volatility, 27–28

flash distillation, multicomponent, 34–42
Settler design, 549–552
Sherwood number, 629, 633–635, 638, 658, 703, 759, 874
Shock waves, 851–852, 855–861
Sidestreams, 141–143
Sieve trays. See Trays, sieve
Silica gel, 811

data, 810, 815, 831, 898–899, 900
Simpson's rule, 333–336, 343, 667
Simulated moving bed (SMB) systems, 846–851
Simulations. See Aspen Plus; Computer simulations
Simultaneous convergence, 42–47
Simultaneous solutions

flash distillation, binary, 28–30
multicomponent flash distillation, 34–42

Single-stage extraction, 514–518, 528–530
Skarstrom cycle, 837
Sodium chloride data, 566, 595, 620, 756, 792
Solid-liquid extraction (SLE). See Leaching
Solubility envelope, 522
Solute movement analysis

basic chromatography
analysis of, 823–826
in a column, 819–821
counterflow, 823–827
elution chromatography, 823–826
for linear isotherms, 822–823
overview, 819
purge cycles, 823–827
regeneration steps, 819

derivation (mathematical) of solute movement theory, 875–876
derivation (physical) of solute movement theory, 821–823, 830–831
examples

diffuse waves, 852–855
pressure swing adsorption (PSA), 841–846
self-sharpening waves, 857–861
shock waves, 857–861
simulated moving bed (SMB) systems, 849–851
temperature swing adsorption (TSA), 831–835
thermal regeneration with linear isotherm, 831–835



linear systems
concentrated systems, 836
pressure swing adsorption (PSA), 837–846
safety hazards, 835
simulated moving bed (SMB) systems, 846–851
Skarstrom cycle, 837
temperature swing adsorption (TSA), 828–837
true moving bed (TMB) systems, 847–849

nonlinear systems
constant pattern waves, 851–852, 861
diffuse waves, 852–855
nonlinear isotherms, 851–855
overview, 851–852
proportional pattern waves, 851–852
self-sharpening waves, 857–861
shock waves, 851–852, 855–861

Solvent gradients, 827
Solvents

adding, 297–300
selecting, 295–296, 506

Solvent-switching, batch distillation, 336–337
batch extraction, 520–522

Sorbents. See also Sorption processes
activated alumina, 811
activated carbon, 809
bulk density, 808
carbon molecular sieves (CMS), 809
definition, 806
equilibrium behavior, 811–816
equilibrium constants, 814–815
equipment, 806–807
example, 816–819
interstitial velocity, 807–808
isotherms, 811–816
Langmuir isotherms, 813–814
packed-bed column, 806–807
particle pellet density, 808
properties of, 810
silica gel, 811
structural density, 808
superficial velocity, 807
tortuosity (See tortuosity)
types of, 809–811



zeolite molecular sieves, 809
Sorel's method, 106
Sorption processes. See also Adsorption; Chromatography; Ion exchange; Sorbents

column mass balances, 873
design checklist, 890–892
energy balances, heat transfer, 875
equipment, 827
Knudsen diffusion, 872
mass transfer

detailed simulators, 876–877
and diffusion, 870–872
film theory, 624
lumped parameter, 873–875

surface diffusion, 872
thermal regeneration with linear isotherm, 831–835

Soybean oil data, 589
Spacing trays, 359, 371–372
Spiral-wound system, 728–729
Spray regime, 86
Spreadsheets

for binary distillation, 177–182
for diffusion, 661–662
for flash distillation, 73–77
for mass transfer, 661–662
for ternary distillation with constant relative velocity, 209–213

Stage-by-stage balances. See Column distillation, internal stage-by-stage balances
Stage-by-stage distillation, 2
Staged columns. See also Trays

bubble-caps, illustration, 359
diameter calculation

absorption, 474–475
stripping, 474–475

downcomers, 360–362
entrainment

bubble-cap trays, 359
inlet ports, 362–365
outlet ports, 365
vapor velocity, 367

equipment description, 357–365
inlets, 362–365
outlets, 362–365
perforated plates, 359–360
performance issues, 357–359



turndown, 357–359
valve assemblies, illustration, 358
weeping

inlet ports, 362–365
valve trays, 359
weirs, 362

weirs, 360–362
Stages, calculating number of for distillation

Gilliland correlation, 233–237
Lewis method, 105–112
McCabe-Thiele method, 112–116, 132–133

Steady-state binary diffusion, 604–607
Steam batch distillation, 337–339
Steam distillation, 275–279
Steam heating, 129–133
Stokes-Einstein equation, 621
Strippers, mass transfer analysis (HTUNTU), 626–628, 683–688
Stripping

analysis, 462–463
column diameter calculation, 474–475
computer simulations, 494–496
concentrated, 478–482
definition, 455
dilute multisolute, 476–478
equilibria, 457–459
matrix solution, 478–482
McCabe-Thiele diagrams, 463
O'Connell correlation, 469

Stripping distillation columns, 144–145
Stripping section in distillation, 83–84
Strong resins, 861
Structural density, 808
Structured packings, 388–390, 393, 403
Subcooled reflux, 153–155
Sucrose data, 620, 792
Sugar data, 594
Sulfur dioxide data, 687
Sum-of-resistances model, 626
Supercritical fluids (SCFs), 587–589
Superficial velocity, 807
Superheated boilup, 153–155
Superposition, 879–880
Surface diffusion, 872



Synthesizing column sequences
almost-ideal separations, 437–442
nonideal separations, 445–447

T
Temperature

calculating, 217
effect on distillation feeds, 107–109
estimating, 221–223

Temperature-composition diagrams, 21–22
Temperature gradient method, 827
Temperature profiles

column distillation, 127–129
multicomponent distillation, 193–198

Temperature programming in chromatography, 827
Temperature swing adsorption (TSA), 828–837
Ternary distillation, 209–213, 281–290, 522–524, 649–655
Thermal diffusivity, 602
Thermal equilibrium, 3
Thermal regeneration with linear isotherm, 831–835
Theta (τ) method convergence, 221–227
Thiodipropionitrile data, 506
Thomas algorithm, 220
TMB (true moving bed) systems, 847–849
Toluene data, 227, 283, 898, 902
Tortuosity, 808

typical values, 810
Total flow rates, 193–198
Total reboilers, 141
Total reflux, 146–148, 223–228
Trays. See also Staged columns

bubble-cap, 359
chimney, 365
column diameter calculation

description, 370–374
example, 374–376

computer simulation, 416–418
cross-flow pattern, 360
double-pass, 360
efficiencies

determining, 367–368
estimating, example, 369–370
mass transfer, 528–530



Murphree, 366–367
O'Connell correlation, 368–369, 469–470
scaling up, 369
and vapor velocity, 367

flow patterns, 360
layout

description, 378–383
example, 383–385

mass transfer analysis (HTU-NTU), 528–530
multiple-pass, 360
selecting, 360–362
spacing, 359, 371–372
valve

column diameter calculation, 386–387
costs, 426
description, 358–359
design, 386–387
dry tray pressure drop, 358–359
efficiencies, 387
flooding, 386–387
turndown properties, 358–359

Trays, sieve
column diameter calculation, 370–378
costs, 426
description, 357–358
entrainment

column diameter, 370–378
example, 383–385
hydraulics, 378–385
tray layout, 378–385

examples
entrainment, 383–385
hydraulics, 383–385
layout, 383–385

flooding, 370–378, 380, 382
hydraulics

description, 378–383
example, 383–385

illustration, 87, 363
layout

description, 378–383
example, 383–385

mechanical supports, 363



operational limits, 383
punched hole pattern, 378
weeping, 383

Triangular diagrams
conjugate lines, 522–523
lever-arm rule, 524–527
McCabe-Thiele diagram relationship to, 539–540
mixing calculations, 524–527
mixing point, 526
saturated extract, 524
saturated raffinate, 522–523

Trichloroethane data, 239
Triethylamine data, 570
True moving bed (TMB) systems, 847–849
TSA (temperature swing adsorption), 828–837
Tube-in-shell membrane systems, 727–729
Turndown

packed columns, 388–389
staged columns, 357–359
valve trays, 358–359

Two-pressure distillation, 279–281, 321–323

U
Ultrafiltration (UF), 765–771

gel formation, 767–771
retention data, 766

Underwood equations, 228–233
Units and unit conversions, 921–922
Unit conversions, prerequisite skills, 7
Unit operation, 2
UOP (Universal Oil Products), 846–847

V
Valve assemblies, illustration, 358
Valve trays. See Trays, valve
van't Hoff equation, 751
Vapor-liquid equilibrium (VLE)

absorption and stripping, 457–459
analysis simulation, 70
binary

enthalpy-composition diagrams, 19–21
graphical representations, 18–22
heterogeneous azeotrope, 266–270



maximum boiling azeotropes, 21–22
minimum boiling azeotropes, 21–22
saturated liquid curves, 18–19
saturated vapor lines, 18–19
temperature diagrams, 18–19
y-x diagrams, 18

data, forms and sources, 15–18
description, 15–18
with Excel, 73–74
extensive variables, 17
Gibbs phase rule, 17
Henry's law, 457–459
intensive variables, 17
multicomponent

basic equipment, 30
DePriester charts, 31–34
K values, 31–34
Raoult's law, 33–34

multicomponent distillation, 197–198
resource bibliography, 16–17

Vapor permeation, 727
Vapor velocity

entrainment, 367
tray efficiencies, 367

Variable pressure distillation, 80–81
Variable reflux ratio, batch distillation, 344
V/F (fraction vaporized), 23

W
Washing, 575–582, 595
Water data, 15–22, 99, 129, 266, 272, 280, 287, 292, 307–309, 458–459, 506–507, 538, 566, 617, 618,
620, 648, 756, 774–775, 792, 815
Water desalination, 749
Water softening, 861, 870
Weeping

inlet ports, 362–365
sieve trays, 383
valve trays, 359
weirs, 362

Weirs, 360–362
Wide-boiling feeds, 42–43, 478
Withdrawal lines, 141–143

X



Xylene data, 506, 831, 899

Y
y-x diagrams

equilibrium data, plotting, 24–25
isotherms, 21

Z
Zeolite molecular sieves, 809

data, 810, 812, 814



Footnotes

1 Source: Green & Perry, Perry’s Chemical Engineers’ Handbook, 8th ed., Tables 1-4 and 1-7, 2008.
* This problem was adapted from Example 14.3.1 in R. Taylor and R. Krishna, Multicomponent Mass

Transfer, Wiley, New York (1993).
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